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On Hausdorff Dimension of Random Fractals

A. V. Dryakhlov and A. A. Tempelman

ABSTRACT. We study random recursive constructions with finite “memory” in
complete metric spaces and the Hausdorff dimension of the generated random
fractals. With each such construction and any positive number 3 we associate
a linear operator V(®) in a finite dimensional space. We prove that under some
conditions on the random construction the Hausdorff dimension of the fractal
coincides with the value of the parameter § for which the spectral radius of

V(B equals 1.
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1. Introduction

In this paper we compute the Hausdorff dimension of random fractals in a
complete metric space M which are generated by random recursive constructions.
This problem was studied by several authors (see Falconer [1], Graf, Mauldin and
Williams [4], Kifer [8], Mauldin and Williams [6], Pesin and Weiss [9], Tempelman
[11] and the references therein).

Let us remind here the definition of the Hausdorff measures and the Hausdorff
dimension. If 3> 0, J > 0 and A is any subset of M, write

o
HP(4) = inf{Z(diam(Ui))ﬂ CACUR T, 0 < diam(T;) < 5}.
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Let
H®(A) = lim 1 (4).

Then H® is the S-dimensional Hausdorff outer measure. It is known (see, for
example [2]) that there is a number dimpy A, called the Hausdorff dimension of A,
such that

HP(A) =00 if f<dimgA and HP(A)=0 if [>dimyA.

We study iterated random constructions with a fixed non-random number of
“daughter” sets at each step of the construction. In this case our model generalizes
random models studied by Falconer [1] and by Mauldin and Williams [6]. Unlike
these authors we do not assume that the random scale coefficients are identically
distributed. On the other hand, our model generalizes the deterministic model
with “finite memory” studied by Tempelman [11] in which the scale coefficients
depend on several previous steps. As in [11], we introduce for each 8 > 0 a linear
“transition” operator V(%) associated with the construction; we denote by p(3) the
spectral radius of this operator. Let K denote the random fractal obtained by the
iterating process. We prove that dimy K = « almost surely, where « is the unique
solution of the equation p(3) = 1.

In Section 2 we define random constructions in complete metric spaces and in-
troduce some additional properties of such constructions.

In Section 3 we define a non-random transition operator and study properties
of sequences of random variables associated with random constructions. We show
that for the number a defined above dimy K < a almost surely.

In Section 4 we study properties of random variables obtained as limits of some
martingales constructed in the previous section. In Section 6 these results are used
in the definition and study of a special random probability measure which is the
crucial tool in the proof of our main result.

In Section 5 we prove some auxiliary statements related to the metric space of
sequences with a metric that meets some restrictions specified below.

In Section 6 we prove the main result: dimy K = « a.s. In view of the upper
estimate for the dimension obtained in Section 2, we prove here that the lower
estimate is valid (this is actually the most difficult part of the proof). This is done
on one hand by constructing a random measure analogous to the one studied in [6]
and on the other hand by using methods developed in [11], namely, by the study
of local “cylinder-wise” dimension of this measure and its relation to the “global”
Hausdorff dimension.

2. Random constructions

First of all let us introduce some notation related to finite sequences. Denote
by N the set of all positive integers. Let A = {1,..., N}, where N € N. We
also consider A* = 77, A", the set of all finite sequences, and the set AN of all
infinite sequences of elements of A. If o = (01, ...,0k), then |o| = k is the length
and if n = (m,...,nn) then (o,n) = (01,...,0%,M1,...,7,) is the concatenated
sequence. AC contains only the empty sequence @) with the following property:
0,m) = (n,0) = n for any n € A*. If 7 € A* or 7 € AN then 7|n denotes the
sequence obtained by restricting 7 to the first n entries, where 7|0 = 0. In A* we
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consider a partial order: for o,n € A* we put n < o if and only if o = (n,&) for
some £ € A*.

Let (M, A) be a complete metric space; by diam(A) we denote the diameter of
a set A C M; [A] denotes the closure of A; B(x,r) denotes the open ball of radius
r centered at x. We consider a probability space (Q2,G, P) and for each w € 2 a
countable family of closed nonempty subsets of M:

I(w) ={I,(w):0 € A"}
We call the family I a random construction if for almost every w € 2

(2.1) lim max diam(/,) =0

n—oo gEA™

and
(2.2) I, Ccl, ifn<o.

We also consider a family of positive random variables {l, : 0 € A*}. We assume
that for almost every w this family is monotone in the sense I, ,(w) < ly(w) for
each o € A*and each p € A, and

lim I (w) =0, for every ™ € AN,

n—oo
Remark. It can be shown that in this case the convergence is uniform:
2.3 li l =0.
(2.3) Jim max Iy (w)

3

We study the properties of the “random fractal”

Kw= U Lw).

n=1 oc€An"

Remark. There are interesting examples of fractals obtained by constructions
without the property (2.2) (see, for example, [11]). But the same fractals can
be obtained by modified constructions satisfying this condition.

We recall the notion of the Moran index introduced explicitly in [9],[11] (this
characteristic was essentially used in [7]). Let m > 1 be an integer. Consider a
sequence 7 € AN and positive numbers r and b. If lizjm) = r we define the natural
number k(r,7) > m as follows: lizjkerm)+1] < 7 < Unjk(rm)]s i lxjm) < 7 Wwe put
k(r,m) =m.

The Moran index of the construction I(w), corresponding to a constant b, is the
minimal number 1, (b) with the following property: for any € M and any m € AN
and n > m there exist at most 7,,(b) pairwise disjoint sets I[n(t”k(lwnw(t))], teN,
where (V) € AN, such that B(2, bl jn)) N Ly i
~w(b) does not exist we put v, (b) = oo.

Let Ly p =1l5p/ls for o € A*, p € A. We assume in the sequel that the following
conditions are fulfilled:

Ut 1) # (); if such a number

i. For each o € A* and for almost every w
(2.4) diam(I, (w)) < Iy (w).

ii. The random vectors (Ly 1, ..., Ly n),0 € A*, are independent.
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iii. There exists an integer m > 1 such that for any o € A* and any n € A™~!
the random vectors (Lg 1, .-, Loy n) and (Ly1,. .., Ly n) have the same
distribution.

In case of need we also consider the following restrictions.

iv. If neither o < 1 nor < ¢ then for almost every w
(2.5) Iy(w) N Ip(w) N K(w) = 0.
v. For almost every w

log l[ﬂ.‘n_;,_l] (w)

im =1 forall 7 e AN,
n—oo logl[ﬂ'\n] (w)

(2.6)

vi. For almost every w there exists b = b(w) > 0 such that
(2.7) ~Yw(b) < 0.

Remarks. 1. The case m = 1 when the random vectors (Ls1,..., Lo n) are
identically distributed is covered in [1] and [6].
2. It is obvious that (2.6) is satisfied if there exists a positive random variable
a(w) such that for each o € A*and for almost every w

(2.8) Ly (w) > a(w).

Note that in [11] conditions (2.6) and (2.8) are referred to as “regularity” and
“strong regularity” respectively.
3. Tt is clear that condition (2.5) is fulfilled if

(2.9) I(w) N I, (w) =0

as long as neither ¢ < n nor n < o.
4. Condition (2.7) admits stronger but more tractable versions (see [11]). We
consider here the simplest one. Let

A(A,B) = inf{\(z,y) :x € A,y € B} for A,B € M.

It is easy to see that ~,(b) = 1 if the following stronger version of condition
(2.9) is met:

(2.10) AL (), I (@) > bmax(l, (@), I, ()

if neither o < n nor n < o.

5. While condition (2.4) establishes an upper bound for the diameter of the
set I,(w), condition (2.7) implies a lower bound. The stronger condition
(2.10) means that in the metric subspace K (w) C M the intrinsic diameter of
I,(w) N K(w) cannot be smaller than bl,(w) (see [11] for details).

There are numerous examples of fractals in finite dimensional spaces. We give
an example of a non-random fractal in the Hilbert space H that is not contained in
any finite dimensional subspace of H.

Example 2.1. Let ej,es,... be an orthonormal base in the Hilbert space H. De-
note a, = 47", r, = 47" !, we put here A = {0,1}. If 7 = (p1,p2,...) € AN
then

n o
Xxln = § agPLer, Xg = E GEPLek
k=1 k=1
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and I, = [B(Xzn,7n)]. The fractal K = {x, : 7 € AN}. It is easy to check that
our construction satisfies conditions (i)-(iii) and (2.10). If 7 = (1,1,...) then the
vectors Xy, n=1,2,... are contained in K and are linearly independent.

Following [11] we say that two constructions I M and I? are conjunctive if
L(jl)(w) N L(f)(w) # ) for almost every w and for each 0 € A*. The following
proposition is a simple corollary of this definition.

Proposition 2.1. For almost every w conjunctive constructions define the same
fractal.

This gives us the opportunity to study simple conjunctive constructions possess-
ing better properties and defining the same fractal as the given one. We will use
this opportunity later. Here we confine ourselves to the following example.

Example 2.2. Assume the random construction I,(w) = B(z,(w),7,(w)),0 €
A* meets condition (2.9); then for any d such that 0 < d < 1, the conjunctive
construction B(z,(w),dr,(w)),o € A*, enjoys the stronger property (2.10).

3. The transition operator and random sequences related to
random constructions
Let m > 1. Consider N™~!-dimensional real vector space
S ={u(z1,...,Tm-1):1<x1,...,2m-1 < N}
For any 8 > 0 we define a linear operator V) : y — uV®) = w in ® by

w(xa, ..., Ty) = Z w(@y,. .., em-1)ELY
T1EA

Remark. In case m = 1 we can also consider an operator V%) given by N x N
matrix with identical rows (E Lf, ., E L]ﬁv)

Let us introduce the random variables

S({)Z,...,pm) _ Z lg

oEA™:
On—m+2=P2;---;0n=Pm

Z l§7p2 seesPm

gEAn—m+1

Yo D Bppn

G’GA"77” PleAl

E ’ E : B B
lmpln-qpm—lLU,leqpm’

p1EAl  geAn—m

where pa,...,pm € A, n > m.
We shall consider the following o-algebras:

Fo=0{L,:neA” and |n|<n}) forn=1,2,...
and

F= i}fn.

n=1
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Denote by Sg,, the random vector (Sg?fl"“’pm) :1<pa,...,pm < N). By EY we
denote the expectation of a random variable or a random vector Y.

Lemma 3.1. For any 3 > 0 and n > m there ezists ESg,, and
E(Sﬁ,n|fn_1) = S/B,n—ﬂ/(ﬁ)

Proof. Using the fact that for any ¢ € A" "™ p1,...,pm € A the variables
lopi,.... pm_, are F,_;-measurable and Ly p, ..., »,. are independent of F,,_; we have

P2;--:Pm _ 16} B8
E(Sﬁ,n |fn—1) - Z Z lCﬂPhn-,mel ELU,plw--aPm
pleA o—eAn—nl

=2 (2 Lpnn VL,

P1EA ogeAn—™

= Z Sé?;;;‘l’p/'nil) E Llﬁ)l 7"')p'rn
p1EA

which holds for any pa,...,p, € A. O

Denote v(®(zy,...,2,,) = EL?, and let p(B) = p(V®) be the spectral

radius of the operator V(¥ . Since for every z1,..., 2z, € A almost surely 0 <
L.z, <1,itis easy to prove the following statement.

----- Tm

Lemma 3.2. p() is a continuous strictly decreasing function such that p(0) > 1
and limg_.o p(B) = 0. Therefore, there is a unique solution o of the equation

p(B) = 1.

Since ELgl,...,pm > 0 for any pi1,...,pm € A, the operators V) are inde-
composable. Therefore by the Perron-Frobenius theorem (see, for example, [3]),
p(B) is an eigenvalue of V) and there exists a positive right eigenvector r(# =
(r(ﬁ)(xl, cesTm—1) 1< a1 < N) € @, that is, VBB = p(ﬁ)r(’@).

Perform the following standard transformation:

v (zy, . )P (2g, . x)
pB)r P (a1, T 1)

We notice that the new operator Ve = (5(3)@1, ces ) i1 <@y, .. m < N)
is stochastic, i.e., for all z1,..., 2,1 € A

> (@, a) =1

Ty EA

(3.1) (2, .. ) =

We can rewrite (3.1) as

p(ﬁ)’r(ﬁ)(‘rla s axm—l):&(ﬁ)(fﬁl, e ,l'm)

®) =
v @y, ) = r®) (29, Tm)

Denote

and

Spn=(SF2 ") 1 < pyyo pm < N)yn > m.
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From Lemma 3.1 it follows immediately that

(3.2) E(gé};’gl ..... pm) |‘7:n71) — Z gﬁ({);:'l:p'mfl)'ﬁ(ﬁ) (p17 L ,pm),
p1EA

for any pa,...,pm € A, ie.,
E(SpnlFn_1) =SV, n>m.
Define

Lemma 3.3. The sequence (Zgn, F,,),n > m, is a positive martingale.
Proof. Indeed from (3.2) we have
E(ZgalFoa) = D BELIF, )

P2;---Pm
= 2 2SI G pa)
P2,--Pm P1

Il
™
e
L

7
L
™

S

=
)
s
3

P1s--sPm—1 Pm
SP1yesPm—1) _
= Y STV =Zsa,
P1s--Pm—1

since V() is stochastic.

105

O

Therefore, by the martingale convergence theorem, for almost every w there
exists the limit lim,,_,oc Zg,; if § = o we denote this limit by X. As an immediate
consequence we obtain the following upper estimate for the Hausdorff dimension of

the random fractal K.
Theorem 3.1. For almost every w
dimy K(w) < «,

where « is defined in Lemma 3.2.

Proof. Let > a. So by Lemma 3.2 p(§) < 1. Along with Zg,, we consider also

Toam ¥ ST

P2;---5Pm

Denote here

g = miﬂn r(ﬁ)(ml, cey Tp—1) > 0.
15 Lm—1

Then it is easy to see that for any n

0< Zsn < 0" (D) Zp -

Since p() < 1 and the sequence Zg ,, is convergent a.s., this implies that for almost

every w

Zgn — 0asn— cc.
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Now, for any n we have K C |J I,. By (2.3) for any small 6 > 0 we can find

ocEA™
n = n(d) such that I, < ¢ for every o € A™. Hence
HP(K) < 3" 18 =275,
ocEAN

Let § — 0, then n(§) — oo and, therefore, H®) (K) = 0 for any # > «. This proves
the theorem. O

Fix 0 € A*. Assume |o| = k. We define the random variables

( Pm) _
S = (20 B )

neAn—m+1
n
= Z H Lf,[n,pz,m,pm\t]’
nEAn—m+1t=1
where 3> 0, po,...,pm € A, n > m. We consider also the random vector
Soipmn = (SL%7™) 11 < ..o pm < N).
The following lemma generalizes Lemma 3.1.
Lemma 3.4. For any >0 andn >m
E(Soi5,0|Fpsn1) = Seipn—1V.

Proof. We have

ST = (X X B

P1 GA T]GA” m

(Z Z 4777;017 5 Pm— 1Lgnp1, ,pm)/ﬁ

P1EA  peAn—m

Now, since for each o € A* and 7 € A"~™the random variables I, and ., . ..

Pm—1
are Fy,,,_,-measurable, Ly ;. .. p,. is independent of 7, and E L? DL =
ELg1 77777 pos WE get

1
(Sgpgn . )|Fk+n71) = Z (liﬁ Z lg,n,pl,‘..,pm,l)’U(ﬁ)(pla cee 7pm)
prE€A "7 peAn-m
= > S oD ),
p1EA
which finishes the proof. O
Define

Zogn=( 3 1D pm) S5 [67(6)

The same way as before it can be shown that (Z,.5n, Fj,,), n > m, form a
positive martingale. Therefore by the martingale convergence theorem for almost
every w there exists lim, Z,.3,,. When 8 = a we denote this limit by X,. These
limit random variables X, play a significant role in constructing a special random
measure in Section 6 that will be an essential tool in the prove that dimy K(w) > a.
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4. Properties of the random variables X and X,

Note that for any k the family {X, : 0 € A*} consists of independent variables
and independent of F,,. There are the following relations between the limit random
variables X and X, o € A*.

Lemma 4.1.
(a) X@ = X/ZE‘
(b) For any k 1gXo =32, car g, Xom-
(¢) X = ZneAk Iy X

Proof. (a) For any n > m, pa,...,pm € A we have
Sé{)i,...,pm) _ ( Z npg ..... )/lm (pz,...>p7n)/lg’
neEAn—m+1

therefore, Zy.,, = Z,, /1§ for n =m,m+1,... and by taking limit as n — oo we get
Xy = X/1§.
(b) Fix pa,...,pm € A. Denote here

Enfm+1 = {7 eA™: Yn—m+2 = P2y Vn = pm}

Then
(4.1) Sip2rpm) = ( > l?ﬁ)/l? = > H o,y
YEAR —m+1 YEA a1
Let n € AF. Notice that
k
(4.2) low = lo || Loaia-
t=1

Also, if v € An_m_l,_l we have the following obvious identities for finite sequences in
A*:
(4.3) (0, [lt]) = (o, [nAE]), i 1<t<k,
(o0, [yt = k]) = (o, [n.ylt]), if k+1<t<k+n
From (4.1), (4.2) and (4.3) it follows that

Zl pz, -5Pm) Z Loy ( Z HLon[Vlt])

neAk neAk VEAp i1t
k+n
_Jo «
=l ) (HLU,M,W] > Iz m\t])
neak t=1 VERn_ iy =R
n+k

=1 Y Tl Ls g =testat.

TIGAn+k7m+1 t=1

This implies that for any o0 € A*;n > m and k

(44) ngU;Oé,TL+k = Z lg,nZUW;OCv”'
neEAk
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Now, by taking limit of both sides of (4.4) as n — oo we obtain (b).
(c) This follows from (a) and (b). O

Obviously, for almost every w X,(w) > 0 for each 0 € A*. We are going to
prove that each of X, is positive with probability 1. The key to this is the following
theorem about the moments of X, which is rather close to the one considered in
[6].

Theorem 4.1. For each o € A*the random sequence {Zy.,,n > m} is L*¥-bounded
for any k € N.

Proof. For simplicity, we will prove the theorem for the special case 0 = (J; the
general case of o # () can be handled analogously. Denote here

Zﬂ,n =Zgnp"(B) for B>0andn=m,m+1,...

Notice that

Zon= D D Wpe p P02 pm):

ceAn—m+1l Py, pm

Therefore Zgn < N"maxp, . p. r®) (py,...,pm) and thus EZt 5n < oo for any
B >0,t>0 and n. Using induction on ¢ we shall show that for any 0 > «, t € N

(4.5) EZ};’ngc*y",n:m,m+1,...

for some constants ¢ = ¢(8,t) > 0 and v = v(8,t) € (0, 1] such that v(3,¢t) < 1 if
[ > a. When t =1 we have

EZsn = p"(B)E Zs..

Since p(8) € (0,1) for § > « and (Zg,y, F,,) forms a martingale, (4.5) holds in this
case.
Let k > 1. Assume that (4.5) holds for any ¢t € [1,k — 1]. We have

Zﬂ,n+1 = Z l,ﬁ]( Lﬁpmr(ﬁ) (pg, . ,pm))

77:(0-:1)17'~-7an71) Pm

Thus
~k
Zﬁ,n+1 =

k .
Z Z Z Hlnm ZLBU T() (i)7-~-7p1(f@) 17pm)) )

h=1j12>-2p21  p) (W ean i=1
et jn—=k s
Jit-+in 0 £n(® sty

where 7(") = (a(i),pgl), e ,pg,?_l) €A™,
Since for every nn € A™ the random variable [, is F, -measurable and the family

{ZLWWTW (P2, Pm) 1N € A"}

Pm
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consists of independent random variables and does not depend on F,,, we find

k
(46) B(ZE, W|F) =Y >

h=1j12--2>jn21

Jittin=k
h s
B B (2) (4) ‘
Z Hli]( i) E [(ZLP“) p(i) pmr(ﬁ) (sz st 7pnlz 1apm)) ]
D, nMean i=1 pm Y
0 #£n®) szt
For the term in (4.6) with h = k the only choice is j1 = -+ = jir = 1. Recall that

for any p1,...,pm-1 € A
ZELPI, D021 ) = PO (b P).

Hence this term is

(4.7) A Hl W@, b)) < 0F (82,

g B ean i=1
n(#£n™ st

Now, if h < k in (4.6), then j; > 2. Since

J
L? r®(p,y, ... ) } <
25, 5 e B (S r O )] < o0

and

; ; (38)
min min r .. _1)>0
pin, , min R Pmet) >0,

there is a constant ¢; = ¢1(0, k) such that

h Y .
(48) Z H lf]z(?) E |:< Z Li(lz) (1) (B) (pg)v e 7p5:1) 1’pm))]l}
Pm

Pp—1:P
pD W ean i=1 rem
70 szt

h h
<c Z Hl;i('gr(”ﬁ)(pgz),...,px)fl) < ClHZ'fﬂ,w
i=1

gD ean i=1
7 #n® st

Thus, from (4.6), (4.7) and (4.8) it follows that

k—1 h
(4.9) E(Z5, | F) <o B2k, +ad . > [ Zisn

h=1j12->jn>1 =1
Jit+in=k

By the Holder inequality

h h
E([[Z.s0) <] 1Z8mlln-
i=1 i=1
Hence by taking expectations in (4.9) we can get

(4.10) EZ), 1 <" (B)EZL, + 1M,
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where

k—1

>

M, =

> I1Zisalln.

h=1 j12:2jn21 i=1
Jit+ijn=k

Iterating (4.10) backward we find

W) B2 < GO EZ o Y ()M,

t=m

Now, h < k — 1, and by our induction hypothesis if j; > 1
sup || Z5,p,n | < oo.
n

Since j; > 2 and 8 > « then j;18 > «. Again by the induction hypothesis we have
for any n

B Z}\5.n = | Zspalll < c(nB, )y (a B 1)
where ¢(j18,h) > 0 and (518, h) € (0,1). Thus, from (4.11) it is clear that (4.5)
holds for ¢t = k, which completes the proof. O

Corollary 4.1. Fach of the random variables X,, o € A*, has finite moments of
any order k € N.

We also have the following important property of the random variables X, .

Corollary 4.2.

(4.12) P(X,>0)=1 foreacho e A"

Proof. First, since for each o € A* the expectation E X, = E Z,., ,», > 0 we find

that P(X, > 0) > 0 or P(X, = 0) < 1. Consider here the following o-algebras
Fp=0{Ly:ne A"}, F'=oc{L,:neA* and |n|>n}, neN

Since F)}, n € N are independent and, by construction of random variables X, the

event {X, = 0} belongs to the “tail” o-algebra F” for any o € A™ and for any

n > 0, the relation (4.12) follows now by the Kolmogorov’s Zero-or-One Law (see,
for example, [10]). |

Now, we shall prove that in fact there are only finitely many different distribu-
tions of X,, o € A*. More precisely the following holds.

Theorem 4.2. Let |o| =k > m —1 and op—m+2 = P1,...,0k = Pm—1 for some
Pl Pm—1 € A. Then X, and Xp, . p,. . are identically distributed.
In order to prove Theorem 4.2 we establish the following lemma. Denote here
A = Jat, AV = ]al
t=1 t=0
Lemma 4.2. For any n the random vectors
(Loyin € A™) and  (Lpy....ppain € A™)

have the same distribution, provided that |o| =k >m — 1 and
Ok—m+2 = P1y---,0k = Pm—1-
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Proof. It’s enough to prove that for any family of Borel sets B,,, n € A
P(Loy € Byyn€ A™) = P(Ly,  p 1 € Byon€ AM).

First of all we have

(4.13) P(Lgy €By:neAM)=P(Lyy, € Byp:ne Al pen).

Recall that (Lyp,1, Lop,2,---), N € A(()"fl) are independent and distributed iden-
tically to

L

(Lp17---;p'rn71:77:17 Pl sPm—1,1,27 "« + )

Therefore each part in (4.13) is equal to

H P(Loyyp € Byp:p€A) = H P(Ly,....pm-1mp € Bpp:p €A)
neAénfl) neAgnfl)

=P(Lp,..pm 1 €EByin€ A(n))~

Since by the definition

n
(q1,5qm—1) _ _
Sa;n - LG’7[75q17"~7Q'77L71|t]7 nz=m 17

yEAn—mMFL t=1

we immediately get that S((,%"”’qm’l) is distributed identically to Sz(,(fl,f.'.';z’gf_]l;% pro-
vided |o| =k and  ojx_m42 =Dp1,...,0k = Pm—1. This implies that Z,.,, has the
same distribution as Zp, . p,. _,.n and since for each o € A*

Xy =1lim Z,.,, for almost every w ,
n

this establishes Theorem 4.2.

5. Dimension of the sequence space

In this section we prove some auxiliary statements related to the metric space
(AN X*), where \* is a metric that meets some restrictions specified below. We
define cylinders by

Cp(z) ={y e AV : [yln] = [z|n]}, forzc ANandneN.

Let us consider a family of positive numbers {l, : y € A*} with properties (2.3)
and (2.6). We assume that the metric \* satisfies the following condition:

Then the family Ij,,) = Cn(z),2 € A¥,n € N is a (non-random) construction. It
is clear that the generated fractal K = AN. The construction C,(x),x € AN, n € N
meets condition (2.5) and it is monotone.

Note that, since the construction is specified, the condition (vi) of Section 2
presents some restriction on the metric A*.

Let us denote by A the o-algebra generated by the cylinders. It is easy to check
(see, for example, Proposition 1.1. in [11]) that any A\*-Borel set is contained in A4;
moreover, the A*-topology in AV coincides with the product topology; in particular,
AN is M\*-compact.
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Let p be a finite measure on A. The ball-wise local dimension of i at a point
x € AN is defined as follows:
ef . . ol Bz,
dg,u(z) M Yim inf M.
' r—0 log r
We consider also the the cylinder-wise local dimension of ju at x € AN:

of . . 1og M(Cn(x))
(5.) de.p(w) S limint S0t
u( oo 10g[l[z(n]

The following theorem states an important relation between these notions of
local dimension.

Theorem 5.1. Under condition (vi) of Section 2,
dp,u(z) > de(x),x € AV,
The proof of this statement is contained in the proof of Theorem 1.4 in [11].

Theorem 5.2. Assume dg ,(z) > d on a set F' with u(F) > 0 where d is a positive
constant. Then dimg F' > d.

Proof. ! Fix 0 < € < d and s > 0. Let us consider the set F* C AN, where
W > d—eforany r <s. If § < s then for any d-cover of F by balls
{B(zi,r;)} with 2; € FS we have >, 797 > S u(B(xi,1;)) > p(FS) > 0 for
sufficiently small s. This implies that dimg Fy > d — € for such s. Obviously,
F =1 lim,_o F¢, and therefore dimg AN > dimyg F = lim,_odimg (F¢) > d — e.
Since € was chosen arbitrarily the theorem is proved. 0

Corollary 5.1. Let condition (vi) be fulfilled. Assume d¢ ,(x) > d on a set F' with
w(F) > 0 where d is a positive constant. Then dimy AN > d.

6. Main results

In this section we prove the main theorem that under restrictions on the random
construction I introduced earlier we have dimy K = a almost surely. We are going
to do this using cylinder-wise local dimension of a special measure y on the space AN
and its relation to the “global” Hausdorfl dimension as established in the previous
section.

Let A denote the o-algebra in AN generated by the cylinders. If ¢ = [r|n], where
o e A" me AN, we denote C,,(0) = Cp (7).

Lemma 6.1. For almost every w the relations
1 (Cr () = 1%(w) Xy (w) /X (w), me AN, neN,
define a probability measure on A.

Proof. Lemma 4.1 shows that for almost every w the measure p,, is a consistent
on the algebra of the cylindrical sets. Moreover for almost every w

1 o B
o (AY) = Z po(Cn(0)) = m Z 15 Xo(w) =1.

oEA™ oEA™

! This is an adaptation of the proof of Theorem 1.6 in [11].
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The proof of the following lemma is a modification of the proof of Theorem 3.5
in [6].
Lemma 6.2. With probability 1
deu(m) > for every m € AN,

Proof. Recall that by Theorem 4.1 we have E(X!) < oo for any ¢ > 0 and for each
o€ A*. Fix k > 0 and 8 < a. Then, since [, and X, are independent,

o E(lsPI'xt)  EIS'EXL e
P(2X, > kl?) < = - o <5

gm_1 (EX} . ) <00 by Theorem 4.2. Recall the notation

Zym= Y11,

E =9t

where ¢ = max,,

.....

O’EA"
and that
Zym <dp™(V)Zy, for some constant d > 0.
Thus
« c 7 Cd n
(6.1) > PgX, > ki) < 7B Zap < 50" (0= A E Zapytm-
O-GATL

Choose tg > 0 such that p((a — 8)tp) < 1. Then from (6.1) it follows

> P@EoceA": 12X, > k) < .
n=0

By the Borel-Cantelli lemma we find that
P(3ng :¥n > no Vr € AV, 18 Xip) < kI ) =1

[|n]
Fix w such that p, is well defined and there is ng = ng(w) € N such that for all
n > ng we have I, (W) X[r|n)(w) < klﬁrm] (w). For each such w
log pte, (Cn () > g4tk
lOg l[7r|n] (w) log l[ﬂ'\n] (w)

Letting n — oo in (6.2) we find

(6.2)

liminf M >
n—oo  10gl[x|n)(w)

which holds for any 8 < a and hence for 8 = a. (]

The random fractal K (w) corresponds to the whole space AN endowed with some
random metric. This correspondence is established as follows. Let 7 € AN. Since
the space (M, \) is complete, each of the sets I, is closed and diam(I,) — 0 as
lo| — oo for almost every w , the intersection NS Ijx|,,] is nonempty and consists
of a single point which we denote x,. It is easy to see that

K(Ww) = {z,(w): m € AN}.
For each such w we consider the “coding” map ¢ : K +— AN defined by ¢(2,) = 7.

The following lemma is proved in [11].
We assume that in the following three statements the condition (2.5) is fulfilled.
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Lemma 6.3. The map ¢ is one-to-one and ¢(Ijz)) N K) = Cy(m) for each m € AN
and n € N.

Now fix w and let Ax be the restriction of the metric A to K. Then A, = Ago¢p~!
is a metric in AN and for almost every w we have that ¢ is an isometry between
metric spaces (K(w),\x) and (AN, \%). Tt is obvious that for almost every w
the metric A}, satisfies the conditions stated in Section 5. Therefore the following
statement holds.

Proposition 6.1. The set K(w) is compact for almost every w.

The following lemma allows us to use the results of the previous section to
compute the dimension of the fractal K(w).

Lemma 6.4. For almost every w
dimy K = dimy A"

Theorem 6.1 (Main). Assume that conditions (iv), (v) and (vi) of Section 2 are
met. Then for almost every w

dimy K(w) = a.

Proof. We fix w € Q for which conditions (iv), (v) and (vi) of Section 2 are fulfilled,
the measure y,, exists and de (7, w) > « for all 7 € AN. Then by Corollary 5.1 we
immediately obtain that for almost every w

dimy K(w) = dimgy AN > q,
which along with the upper estimate, Theorem 3.1, finishes the proof. (]

Remark. As it is mentioned at the beginning, the condition (2.7), finiteness of
Moran index of the construction, is not very visual. We can replace (2.7) and (2.5)
with a stronger but more tractable condition (2.10).

In the following two corollaries we assume that condition (v) of Section 2 is
fulfilled.

Corollary 6.1. 2 Let J be a construction. Assume that for almost every w there
is a conjunctive construction D = {D, : 0 € A*} consisting of closed balls D, =
[B(zs,bls)], b=b(w) > 0 so that the balls D, and D,, are disjoint if neither o <n
nor n < o.Then for almost every w

dimy K(w) = a.
Proof. For cach w we consider another construction D = {B(z,,dl,) : ¢ € A*},
where d = d(w) < b(w). It is clear that for almost every w the construction D(w)
defines the same fractal K(w) as the constructions D(w) and J(w). Now as it is

noticed in Example (2.2), this construction D(w) satisfies the conditions (2.10) and
(2.4). It remains to apply Theorem 6.1. O

Let us note also the following simple particular case.

2See also [11].
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Corollary 6.2. Let J be a random construction. Assume that for almost every w
there is b = b(w) > 0 such that [B(z,,bl,)] C I, where the balls [B(zs,bl,)] and
[B(z,bl,)] are disjoint if neither o <1 norn < .3 Then for almost every w

dimy K(w) = a.

References

[1] K. J. Falconer, Random Fractals, Math. Proc. Camb. Phil. Soc. 100 (1986), 559582,
MR 88e:28005, Zbl 623.60020.

[2] K. J. Falconer, Fractal Geometry: Mathematical Foundations and Applications, John Wiley
and Sons, Chichester, 1990, MR 92j:28008, Zbl 689.28003.

[3] F. R. Gantmacher, The Theory of Matrices, v. 2. Chelsea, New York, 1959, MR 21 #6372c.

[4] S. Graf, R. D. Mauldin and S. C. Williams, The Ezact Hausdorff Dimension in Random Recur-
swe Constructions, Mem. Amer. Math. Soc. 71 (1988), no. 381, MR 88k:28010, Zbl 641.60003.

[5] P. R. Halmos, Measure Theory, Springer-Verlag, Berlin, 1974, Zbl 283.28001.

[6] R. D. Mauldin and S. C. Williams, Random Recursive Constructions: Asymptotic Geometric
and Topological Properties, Trans. Amer. Math. Soc. 295 (1986), 325-346, MR 87j:60027,
Zbl 625.54047.

[7] P. Moran, Additive functions of intervals and Hausdorff measure, Proc. Camb. Phil. Soc. 42
(1946), 15-23, MR 7,278f, Zbl 063.04088.

[8] Yu. Kifer, Fractals via random iterated function systems and random geometric constructions,
Fractal Geometry and Stochastics (Ch. Brandt et al., ed.), Birkhauser, Basel, 1995, pp. 145—
164, MR 97j:28013, Zbl 866.60020.

[9] Ya. Pesin, H. Weiss, On the dimension of deterministic and random Cantor-like sets, symbolic
dynamics, and the Echmann-Ruelle conjecture, Comm. Math. Phys. 182 (1996), 105-153,
MR 98i:58143, Zbl 878.28006.

[10] A. N. Shiriaev, Probability, Springer, New-York, 1996.

[11] A. A. Tempelman, Dimension of random fractals in metric spaces, (Russian) Teor. Veroyat-
nost. i Primenen. 44 (1999), 589-616, translation in Theory Probab. Appl. 44 (2000), 537-557,
CMP 1 805 822

DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK,
PA 16802
axd238@psu.edu http://www.math.psu.edu/dryakh_a/

DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK,
PA 16802
arkady@stat.psu.edu  http://www.stat.psu.edu/ arkady/

This paper is available via http://nyjm.albany.edu:8000/j/2001/7-8.html.

3A similar condition was considered in [9]


http://nyjm.albany.edu:8000/j/2001/7-8.html
http://www.stat.psu.edu/~arkady/
mailto:arkady@stat.psu.edu
http://www.math.psu.edu/dryakh_a/
mailto:axd238@psu.edu
http://www.ams.org/mathscinet-getitem?mr=1805822
http://www.emis.de/cgi-bin/MATH-item?878.28006
http://www.ams.org/mathscinet-getitem?mr=98i:58143
http://www.emis.de/cgi-bin/MATH-item?866.60020
http://www.ams.org/mathscinet-getitem?mr=97j:28013
http://www.emis.de/cgi-bin/MATH-item?063.04088
http://www.ams.org/mathscinet-getitem?mr=7:278f
http://www.emis.de/cgi-bin/MATH-item?625.54047
http://www.ams.org/mathscinet-getitem?mr=87j:60027
http://www.emis.de/cgi-bin/MATH-item?283.28001
http://www.emis.de/cgi-bin/MATH-item?641.60003
http://www.ams.org/mathscinet-getitem?mr=88k:28010
http://www.ams.org/mathscinet-getitem?mr=21:6372c
http://www.emis.de/cgi-bin/MATH-item?689.28003
http://www.ams.org/mathscinet-getitem?mr=92j:28008
http://www.emis.de/cgi-bin/MATH-item?623.60020
http://www.ams.org/mathscinet-getitem?mr=88e:28005


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


