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ABSTRACT. In this paper we solve positive and contractive multiblock prob-
lems in the Wiener algebra of almost periodic functions of several variables.
We thus generalize the classical four block problem that appears in robust
control in many ways. The necessary and sufficient conditions are in terms of
appropriate Toeplitz (positive case) and Hankel operators (contractive case)
on Besikovitch space. In addition, a model matching interpretation is given,
and some more general patterns are treated as well.
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1. Introduction

The suboptimal four block problem can be stated as follows. We let L, and H,
denote the Lebesgue space and Hardy space, with respect to the essential supremum
norm | - ||ee, on T = {z € C : |z| = 1}, respectively. We denote by XP*? the set
of p x ¢ matrices with entries in the set X. Let fi1; € L2X™1  f15 € LIAxm2,
for € L2*™ "and fog € LI2*™2 be given. Find, if possible, ¢ € H21*™2 so that

(1.1) sup ) folz) +6(2) < 1

|z]=1 f21(2) f22(2)
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Here || - || is the operator norm (=the largest singular value) of a matrix.

This problem, as well as many of its variations, including the optimal four block
problem (allowing equality in (1.1)) is ubiquitous in robust, or H.,, control. Its
solution is typically given in terms of appropriately defined Hankel-type operators.
The mathematical and engineering literature on the four block problem is extensive,
and we quote here only a representative sample of books [6], [13], [2], [7], [8], where
further information and references can be found.

The present paper grew out of the authors’ desire to provide a solution to a mul-
tivariable almost periodic analogue of the four block problem. In the multivariable
setting we impose a linear order on R¥ through the use of a halfspace. This idea
goes back to the seminal papers [11], [12] in which it was recognized that several of
the results in one-variable Hardy space theory carry over to the setting of Hardy
spaces on linearly ordered groups.

A natural starting point for solving the four block problem in our setting is to
consider a related positive definite extension problem. While we treat the problem
in great generality in subsequent sections, it may be instructive to state here a new
problem that we solve which is most closely related to (1.1). This concerns 4 x 4
block matrix valued functions with entries in the Wiener algebra

we{s0= 3 s 3 <o)
on the unit circle. Throughout the paper, a (bounded linear) Hilbert space operator
T : B — B is called positive definite (notation: T > 0) if (Tx,z) > e(x,x) for every
x € B, where ¢ > 0 is independent of x, and where (x,y) is the inner product in
the Hilbert space B.

Theorem 1.1. Let k;; € W™ *"™ 1,5 =1,2,3,4 be given. There exist ¢ € W™ *"4
with ¢(z) = D2 ¢z so that

k11(2) ki2(2)  kis(z)  kua(z) + o(2)
() = k21 (2) koo(z)  kas(2) koa(2) o0 =1,
k31(z) ks2(z) ka3 (2) k3a(z)
ka1 (2) + ¢(2)" kaz(z)  kas(2) kaa(2)

if and only if the following Toeplitz-like operator T : By — By is positive definite.
Here the Hilbert space By is given by

H;ll Xny L;ll XMng L;ll Xngz L;ll XMy o H;ll XMy

O H;lz XMng L;m Xn3 L;w XMy

BQ = O O Hn3 Xns3 L’n3 XMy
2 2

0 0 0 Hyaxna

where Lo and Ho are the Lebesque and Hardy space on T, respectively, with respect
to the Hilbert space norm,

T(g) = Ps, ((kij)?,jzlg) y 9= (gij);l,j:l € By,

and Ppg, is the orthogonal projection of Lénl+n2+n3+n4)x(n1+n2+n3+n4) onto Bs.
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The Hilbert space structure in By is the standard one: If &;;, i = 1,...,p,
j=1,...,q are Hilbert spaces, then the matrix X = [Xi,j]f”;.]:l is a Hilbert space
with the inner product

P q
<[xl,j]qu 1o yz,j z] 1 ZZ xz,jayz,] w50 LigrYig € Xi,ja
i=1 j=1
where (-,-)x, ; is the inner product in &; ;.

The above result is a special case of Theorem 2.3 corresponding to p = ¢ = 3 and
periodic functions defined on R (as opposed to almost periodic functions defined on
R¥). Observe also that Theorem 2.3 deals with arbitrary representations of R* as
unions of two halfspaces that overlap in the origin; for k£ = 1 there is essentially one
such representation: R = [0, 0c0)U(—00,0]. Theorem 2.3 also gives (i) a construction
of a specific kext(2), that enjoys a maximum entropy; and (ii) a linear fractional
description of the set of all solutions.

Using Theorem 1.1 one may solve a four block problem by letting

kii(2) = I, i =1,2,3,4,
klg(z) = kgl(z) = k34(2) = ]{143(2’) = 0,
ki3(z) = k31(2)" = f11(2),  k1a(2) = ka1 (2)" = f12(2),
ko3 (2) = k32(2)" = fo1(2),  kaa(z) = ka2(2)" = f2o(2).
Note that this particular four block problem is in the Wiener algebra rather than
in Lo

Our main results are stated and proved in the framework of algebras of almost
periodic matrix functions of several variables with Fourier spectrum in a given sub-
group (see the next section for definitions and basic properties). This generality
allows us to treat at once many particular situations, including the periodic case.
Related problems of factorizations, positive and contractive extensions (which may
be termed “one-block” problems in the context of the present paper) have been
studied and solved in [26], [24], [25] for almost periodic matrix functions of sev-
eral variables, and in earlier papers [28], [23] for almost periodic scalar and matrix
functions of one variable. This development was largely motivated by recent ap-
plications of almost periodic functions in convolution equations on finite intervals,
inverse scattering, and stochastic processes. We use in the present paper several
key results proved in [26], [24] and [25].

Abstract band methods served as key technical tools in [28], [23], [26], [24], [25].
A standard exposition of the abstract band method is found in Part IX of [10].
Another version of the abstract band method was developed and used in [25]. In
the present paper the abstract band method plays a key role as well. In Sections 2
and 3 we use the standard abstract band method (see, e.g., Part IX of [10]), while
in Section 5 we use the more general version constructed in [15].

The paper is organized as follows. In Section 2 we formulate and solve a general
banded almost periodic several variables positive extension problem of which The-
orem 1.1 is a very particular case. In Section 3 we apply the results of Section 2
to obtain solutions to a general contractive extension problem. The relation of the
results of Section 3 to those of Section 2 are based on the same principle that relates
the four block problem to the setting of Theorem 1.1. A class of problems of model
matching type is studied in Section 4. In Section 5 we shall solve positive extensions
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problems for a non-banded pattern, namely, a specific example of a whole class of
positive extension problems for almost periodic functions of several variables.

We use the standard notation C,R,T,Z, and N for the sets of complex num-
bers, of real numbers, of unimodular complex numbers, of integers, and of positive
integers, respectively.

2. The positive multiblock problem

We first introduce the concepts and notation concerning almost periodic func-
tions.

We let (AP*) denote the algebra of complex valued almost periodic functions
of k real variables, i.e., the closed subalgebra of L (R*) (with respect to the
standard Lebesgue measure) generated by all the functions ey (t) = M where
A= (A, -+, \x) € R*. Here the variable t = (t1,--- ,t;) € R¥, and

k
Aty =\t
j=1

is the standard inner product of A and t. The norm in (AP*) will be denoted by
| - lo- Recall that for any f € (AP¥) its Fourier series is defined by the formal
sum

(2.1) > faethn,
A
where

L 1 —i(08) k
(2.2) fir= Tll_{r;o T /[—T,T]k e f(®)dt, x e RY,
and the sum in (2.1) is taken over the set o(f) = {\ € R*¥ : fy # 0}, called
the Fourier spectrum of f. The Fourier spectrum of every f € (APF) is at most
a countable set. The mean M{f} of f € (AP¥) is defined by M{f} = fo =
limy o0 W Ji_rzp f(t)dt. The Wiener algebra (APW¥) is defined as the set of
all f € (APF) such that the Fourier series of f converges absolutely. The Wiener
algebra is a Banach *-algebra with respect to the Wiener norm || fllw = >\ crr |2l
(the multiplication in (APW*) and the involution are defined pointwise). Note that
(APW¥) is dense in (APF).

Denote by (AP*)™*" (resp., (APW*)™*") the set, which is an algebra if m = n,
of m x n matrices with entries in (AP¥) (resp., (APW¥)). The infinity norm in
(APk)an is

Il = sup [LF(®)], f € (APF)™",
tERk

where || - || is the operator norm. The mean M{F} for F = [Fpﬂ]ZL:’TlL g=1 €
(APF)m>n is defined by M{F} = [M{Fpﬂ}];l:’? 4—1- The Fourier spectrum o(F)

of F € (AP¥)™*" is by definition, the set of all A € R* such that M{e_,F} # 0.
In other words, o([Fp,q72} _1) = Uptt (2 10(Fpq)-

A matrix function f € (AP*)"*" is called positive definite if f(t) is Hermitian
for every t € R¥, and there exists an € > 0 such that f(t) > eI, for all t € R¥,

where I, is the n x n identity matrix. For the general theory of almost periodic
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functions of one and several variables we refer the reader to the books [3, 19, 20]
and to Chapter 1 in [22].

Let A be a non-empty subset of R*. Denote
(2.3)

(APM)a = {f € (AP"): o(f) C A}, (APWF)a = {f € (APWF): o(f) C A}.
If A is an additive subgroup of R, then (AP¥)A (resp. (APW¥)A) is a unital
subalgebra of (APF) (resp. (APW*)).

Introduce an inner product on (AP¥) by the formula

(2.4) (f.9) = M{fg"}, f.g € (AP").

Here and elsewhere we denote by g* the function g*(t) = g(t); if g € (AP*)™*",
then g* € (AP*)"*™ is defined by g*(t) = g(t)T, where 7 designates the transposed
matrix. The completion of (AP*) with respect to inner product (2.4) is called the
Besikovitch space and is denoted by (B¥). Thus (B*) is a Hilbert space. For a
nonempty set A C R¥, define the projection

Py Z Hreti | = Z Freth,

Aeo(f) A€o (f)NA

where f € (APW¥*). The projection P, extends by continuity to the orthogonal
projection (also denoted Pp) on (B¥). We denote by (B*), the range of Py, or,
equivalently, the completion of (AP*), with respect to the inner product (2.4).
The matrix valued Besikovitch space (B¥)"*™ consists of n x m matrices with
components in (B*), with the standard Hilbert space structure:

(2.5) ((fig)iz 1,j= 15 (9i5)i2 1] 1) ZZ fig9i3)

=1 j=1
Similarly, (B¥)}2*™ is the Hilbert space of m x m matrices with components in
(BF)A. In the periodic case (A = Z*) we may identify (B¥), with Ly(T*).
A subset S of RF is called a halfspace if it has the following properties:
(i) R* = SU(=9);
(i) SN (=5) = {0};
(iii) if z,y € S then z +y € S,
(iv) if x € S and « is a nonnegative real number, then az € S.
Note that conditions (iii) and (iv) mean that S is a cone, and conditions (ii), (iii),
and (iv) together mean that S is a pointed cone. A standard example of a halfspace
is given by
E, = {(.’131,"' ,xk)T ERk\{O} :
Ty =29=---=x;1=0, 2; #0 = z; >0} U{0}.
(The vectors in R¥ are understood as column vectors.) One can show using basic
results on linearly ordered real vector spaces (see [5], Section IV.5 in [9]) that a set
S C R* is a halfspace if and only if there exists a real invertible k x k matrix A
such that
def

(2.6) S =AE, = {Az : z € Ei}.

See Section 2 of [26] for more details.
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In this section we consider the following positive extension problem. Let S be a
halfspace in R* and A an additive subgroup of R¥. Further, fix

peN, q¢ge{l,...,p}, and ng,n1,...,n, €N

Given are:
fij = fr € (APWH)7™ for |j —i| <q,
and

=) e (APW’“)X%X:%), for j—i=gq.

ji
Find, if possible,

;jr_ - (fjﬁ)* c (APWk)X%X(gJ\'{O}), for j—i=q,
and
fij = [ € (APWH)™™ for  |j —i| > q,
so that
(2.7) (fi)} j=o0 > 0,
where

fig =T =15+ for j—i=q
The inequality in (2.7) is interpreted as follows:
(fij)7 j=o(t) > eI, for every te€ R¥,

where € > 0 is independent of t. An analogous interpretation is given to inequalities
of the form G > 0 in the sequel. The necessary and sufficient condition for existence
of a solution (2.7) will be the positive definiteness of an appropriately defined
Toeplitz operator. In addition, in that case we shall construct a solution to the
problem that has a certain maximality property, and we shall construct a linear
fractional description for the set of solutions as well.

Before we can state and prove our theorems we do have to introduce some ad-
ditional notation and derive some auxiliary results. We start by quoting a result
from [26] (Corollary 5.3) that will be used extensively in the sequel.

Theorem 2.1. Let G € (APW¥*)"*" and assume that the matriz G(t) is positive
definite for every t € R¥, and det G(t) > € for every t € R¥, where ¢ > 0 is
independent of t. Let also A’ be the minimal additive subgroup of R¥ which contains
o(G). Then G(t) admits canonical factorizations of the forms

(2.8) G(t) = A(t) - (Ar ()" = (A1) - A (),

where Ail,/~1jEl € (APWF)2X, - The factors Ail,gﬂ are defined up to a right/left
+ A4 SnA + 54
constant unitary multiple.

Let
'/\/t:(14F)I/I/Y'I{:)5\V><JV7 Z\f:'no_i-..._*_77/1)7

MlMZ{(fij)zj—OEM: Jij=0,j—-i<gq

and f;; € (APWk)X%X(Z]\'{O}), J—i= Q}7
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My = (M3)* = {(fij)f,j—o eEM: fi;=0,j—-1<0; fi; € (APW’“)Z{?(ZQ{O}),

=0, ,p fig € (APWH) M), j—i=q; and fi; =0, j =i > q},
and
My = CnoXno gy ... CleXnp,

We identify here C" %" with (APW*)(3 ", Then

p
€= @In7¢><ni S Md;
i=0

(2.9) M = My+MFMg+MG+ My,
and the following multiplication table holds:

My MY Mg M My
My [ My My My ME M
MY | My MY MY M. MO

(2.10) )
Mg | My MY My MY My
Mg Mi M. Mg MY My
My | M MO My My My
where

ML = MY = MIFMy,
M. = MFMg+M§,
My = M= MM,

For example, MIM4 C MY. Note that M? and MY are independent of . We
shall use the letter e to also refer to identity matrices of smaller size as well, e.g.,
e = @f;ol I,,. The appropriate interpretation should be clear from the context.
Notice that we may restate the positive extension problem formulated in this section
as follows: Given k = k* € M., find, if possible, m; € M so that

k+my+m7 > 0.

The element k+mj +mj > 0 is called a positive extension of k, i.e., f is a positive
extension of k if and only if f > 0 and f — k € M;+M,. It should be noted
that the problem is now completely formulated as in the general band method (see
Chapter XXXIV of [10] or [29]), except that we have to show that the notion of
positivity f > 0 coincides with the notion of positivity as required in the general
band method. This follows easily as a consequence of the next lemma.

Lemma 2.2. Let f € M be so that f > 0. Then there exist fi € Mg and
fa € My so that

(2.11) f=(e+ fo) fale+ f1),
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fa >0, fa € Mg, e+ fy is invertible in M and (e + fy)~' —e € MY Moreover,
this factorization is unique. In addition, f also allows the factorization

(2.12) f=(e+f) fale+ f-),

with ]?d >0, f~}1 EMgand f_, (e+ f_)t —e € MY. Again, factorization (2.12)
1S unique.

The factorizations (2.11) and (2.12) are referred to as the right and the left
canonical factorizations of f, respectively, with respect to the decomposition M =
MO My TMO.

Proof of Lemma 2.2. We do this by induction on the number of row and column

blocks p. Note that the statement of this lemma also makes sense when p = 0 (in
contrast with other parts of this section). In this case we interpret

ML = (APWR)T" G oy, Ma = Cm0X0, - MG = (APWF)RTE0 ).

It will be most convenient for the proof to include the case p = 0.
When p = 0, the result of Lemma 2.2 follows from Theorem 2.1. Now assume
the result has been established up to p — 1. Letting f = (fij)f,jzo and writing

(fij)i;io =(e+ fip_l))*fsp_l)(e + ffrp_l)),
we get that the right canonical factors of f in (2.11) are given by

r (p—1)

e+ f 0 e h
¢ + f+ = + [ ] ’
I 0 e+ g+ 0 e
i f(P_l) 0
fa = | ~
. 0 9d
Here h = [(fi;)%;20) " (fip)i=o - and

—1 -1 91— —1
for = (Foi)i=o [(fi)% 5=0) "fip)Zo = (e+9+) gale + g4)
is a right canonical factorization with respect to the decomposition

k\"pXnp el P k\npXnp
(APWE) 2 C6 oy TC™ 7" HAPWE) AR (50

Notice that
-1 -1 - -1
For = ()72 [(fig)F 0]~ (fin)izg > 0.
The uniqueness of the factorization follows using standard arguments (see, e.g.,
[26]). The proof of (2.12) is analogous. O

We shall formulate our necessary and sufficient condition in terms of a Hilbert
space operator. We thus start with introducing the appropriate Hilbert spaces. Let
B = (BF)N*N "and let

By, BY, Ba, By, BY, Bs, By, B°, BY, B_, By, By
be the closures of
My, M5, My = MO+ Mg, Mg, M, M3 = M3+M,,
My, MO MO M My, My
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in B, respectively. Alternatively, one may for example introduce B in the same way
M, was defined with APW?* replaced by B*. Notice that we have the following
orthogonal sum decomposition

B=DB3®B)® B¢ B D By

In addition, we introduce P;, PY, etc., as the orthogonal projections of B onto By,
BY, etc. Tt is not hard to see that if one of these projections is applied to a member
of M the result ends up in the appropriate subspace of M. So, for instance, if
m € M, then P.m € M..

We will now state our main result. For f € (APWk)™*™ we denote

[fllso = sup [[f(2)]],
zERF

where || X || is the operator norm of an operator or matrix X.

Theorem 2.3. Let k = k* € M, be given. Then the following statements are
equivalent:

(i) k has a positive extension;
(i) the operator T : By — By defined by T'(g) = Pa(kg), is positive definite;
(iii) the operator T : By — Bs defined by T(g) = Ps(kg), is positive definite.
In that case, let
e=T"Ye), y=T""(e).
Thenz=' e My, y~t € M_, Pyx >0, Pyy > 0, and
fo =" (Pgz)a™! =y (Pay)y ™!
is a positive extension of k. In fact, fy is the unique positive extension of k with
fo't € M.. Moreover, if we let u = a:(Pda:)_% and v = y(de)_%, then f is a
positive extension of k if and only if

f=(u+vg)* " He—g"g)(utvg)~!,

for some (unique!) g € My with ||g|lec < 1. Also, f is a positive extension of k if
and only if

f = (v4uh)* (e —h*h)(v+ uh)
for some (unique!) h € My with ||h|le < 1.

Lastly, if f is a positive extension of k with canonical factorizations
f= (et fr) fale+ f+) = (e+ =) fale + f-),

then
(2.13) fa < (Pax)™ and fq < (Pgy) ™,

i.e., the matrices (Pyx)™' — fy and (Pyy)~! — fd are positive semidefinite, and
equality holds in at least one of the two inequalities in (2.13) if and only if f = fo
(and thus both inequalities are equalities).

The “maximizing” property of fy exhibited in (2.13) may also be presented as
follows. Let f € (APW¥)N*N he positive definite. From Proposition 2.3 in [26], it
follows that log(det f) belongs to (APW¥). The number
(2.14) A(f) := M{log(det f)}

will be referred to as the entropy of f.
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Proposition 2.4. Let k = k* € M, be given and suppose that k has a positive
extension. Let fo be defined as in Theorem 2.3. If f is a positive extension of k
then

A(f) < A(fo),
and equality holds if and only if f = fy.

The main effort in proving Theorem 2.3 lies in showing that z=! € M, and
y~! € M_ provided T > 0 and T > 0. The remainder of the proof is a standard
application of the band method.

For the reader’s convenience, we state a result (that includes a particular case
of Theorem 2.1 of [24] and remarks thereafter) that will be used in the proof of
Theorem 2.3.

For g € (APW*)*™ where A’ is an additive subgroup of R¥, and for p € Z
define the generalized Hankel operator

H(g)a: (BY)&R — (BN
by
(2.15) H(g)ah = P-s(gh), he (B")sR.

We suppress the dependence of H(g)a on S in our notation. It is not hard to see
that the norm of H(g) is independent of the choice of the positive integer p.

Theorem 2.5. [24] Let f € (APWk)Z'iXSS’nA, be given, where A’ is an additive

subgroup of R¥. Then the following two statements are equivalent:
(i) f has a strictly contractive extension h € (APWF)7*" ie.,

|h]loo := sup [[R(#)|| <1, and hy=fy, for Ae(=S)NA.
tERF
(ii) The generalized Hankel operator H(f)ar is a strict contraction.
When one (and thus both) of (1)—(ii) s satisfied, put
a(t) = [I=H()wE(f)r)] " (o),

Bty = H(f)a [T — (H(f)a) H(f)al " (e),
) = (H(f)a)* [T —HF)a HF)a)] " (o),
3(t) = [I—ME(NHa)H)a] " (@),

where e stands for matriz function on R* that takes the constant identity matriz
value. Then @ is invertible in (APWF®)? ™ and M{Q} is positive definite. Simi-
larly, § is invertible in (APW*)? X" and M{6} > 0. Also, a~ ' € (APW’“)?T_XS%A,
and 6= € (APWH*)exR,.

Further, let

(2.16) at) =a)M{al "z, B(t)=B{t)M{s} 2;

(2.17) Y(t) =F(OM{G} "5, 6(t) = o(t)M {8} %,
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Then the function
(2.18) ho(t) = B(1)6(t) " = [a(t)*] " 'y(1)*, t € RY,
is a strictly contractive extension in (APW®)*™ of f.

Proposition 2.6. Let T : B, — By be as in Theorem 2.3 and suppose that T > 0.
Then x := T~ (e) is an invertible element of M .

Proof. Since x € By it has the form z = (z;;)] ;_ with z;; = 0 for j —i < 0;
Ty € (Bk)ximx;j fori =0,...,p;x; € (BF)\ " for 0 < j—i < q; xi; € (B’“)X}qx(%)
for j —i = ¢; and z;; = 0 for j — 7 > ¢q. It therefore suffices to show that
it € (APWF)20% and a5 € (APWR)7™ for j —i > 0.

Denote k = (ki;); —o- First observe that by applying T' to elements g =
(gij)f,j:o € By with ¢g;; = 0 for (4,5) # (0,0) we get that the operator Ty :
(BR)Roge — (BR)R¢ defined by

Too(g00) = Ps(koogoo)

is positive definite. Here P is the orthogonal projection of (B*)}"*™ onto (B*){.2&".
It follows from Section 5 in [26] that koo > 0, and therefore has a right canonical
factorization (Theorem 2.1)

koo = (e + koo,+) koo,a(e + koo, +)-

One easily checks that the equation x = T~!(e), or equivalently P;(kx) = e, implies
that zgp = (e + k007+)’1k&)17d, and therefore a3y € (APWF)Ros.

Next (assuming g > 2, otherwise this step is not necessary), observe that by
applying 7' to elements g = (gi;); j—g € Bz with g;; = 0 for j # 1 we obtain
positive definiteness of the operator

Moo My
My T

on (B’“)XOan D (Bk)x%gnl. Here
Moo(g0) = koogo, Mio(g0) = Ps(kiogo), g0 € (B¥)3"™,
and
Ti1(g1) = Ps(k1191), g1 € (BF)R2g™.

We had already established that kg > 0 and thus Myy > 0. Consequently, we get
that Siq1 :=Th1 — MloMO_OlMl*O > 0. Observe that Sy; is the operator

S11(g1) = Ps((k11 — k1okog kio)g1),
and consequently (using again Section 5 in [26]) we obtain
k11 — kiokgg ko > 0.
Performing a right canonical factorization
k11 — kiokgg ko = (e + 5114 ) s11.a(e + s11.4),
it is straightforward to check that

-1 -1 -1
zi1 = (e+s11,4) 8574 and o1 = —kgg kor211-
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(Note: k%o = ko1.) Thus zo; € (APWF)R0"*™ and z3i € (APWF)¢" . Repeat-
ing this argument we obtain that z;; € (APW¥)\"*™ for 0 <i < j < ¢— 1, and
aEl € (APWF)R for i =0,... ,q— 1.

Let us now look at the ¢ column of 2. For this, observe that by applying T to
elements g = (gij)g),j:o € By with g;; = 0 for j # g we get that

Too A H
A* M, B* | >0,
H* B T,

where

Too : (Bk)x%x(ffg) - (B’“)X?f(fg), foo(goq) = P_s(koogoq);

glq qg—1
A (BT LB Al | =P (zkg>
r=1

9q—1,q

H: (Bk)x%xan - (Bk)x%x(:“i@)a Hgqq = P-5(kog9qq),

91q 91q
My: (BMYC — (BT, My | | =[(ki)i ;] o
9q—-1,q 9q—1,q
914 q—1
B (BYPM - (B, B| | =Ps (Z “) |
9q—1,9 =t
Tyq - (B")X%Xan - (Bk)X%Xan7 T4q99q = Ps(kqq9qq);

and where Q =n; + -+ +ng—1. Thus My > 0 and

Too — AM;* A* H — AM; ' B*
(2.19) > 0.

H* - BMy'A* T, — BM;'DB*
Notice that JN“OO — AM:,_lA* is the Toeplitz operator

gog — P-s ((’foo - (koZ')?;ol[(kij)?,}il]_l(km)?;ol)%q) :

and thus its symbol

ha = koo — (koi) 1o [(kij)1524) " (kio)iZg

is positive definite: hy > 0. Likewise

ha = kag = (kgs)2 [ (Rig) (5% | (ki) > 0.
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Write now the canonical factorizations (which exist by Theorem 2.1)

hi=(e+hi,—)"hiale+h1-), ha=(e+hot) haale+hay),
where

hi—(e+h-)"t —e € (APWF)R0™ oy hia € COX™0 Ty g >0,
and
hoty (e 4 hoy) ™! —e € (APWF)ECt o0, hog € CX™ L hy g > 0.
Introducing the operators
(2200 Hi:(BCE) — (B, Ha: (BM)RRG™ — (BY)Rng"
by
1 1
Hig=hi,(le+hi_)g, Hag=h3,(e+hai)g,
we obtain the equalities
Too — AMy A" = HiHy, T,, — BM;'B* = HjH>.

Observe that

Hs = H{'(H - AMy'B*)Hy '« (BY)0s™ — (BY) ("%
is the operator defined by

x—17 =3 —1;-3 k\nqXng
Hsg=P_g ((6 +hi,=)" hy gdle+ha ) hy g 9) » 9 € (B)ahs
where
q-1 -1 17" q—1
6 = kog — (ko)) (k)15 | (ki)

By (2.19) we get that ||Hs|| < 1. Applying now Theorem 2.5, we get that

B = Hs(I— HjHs) '(e) € (APW*)R0X"
§ = (I—H;H3) '(e) € (APWk)X?WXanv

671 € (APWHF)10(" and M {8} > 0. Tt is now straightforward to check the equal-
ities

(2.21) zo, = (e + hl,_)*lhigﬁh;g, Tgq = (e+ h27+)*1h;7§6h;7§,
and
(222) (351‘11);'1:_11 = _Mfl(A*qu + B*xqq)

== [(kij)g,;il} - ([(koz')f;llr Toq + [(kqi)?:_f]* quq) .
Indeed, to verify (2.21) and (2.22), notice that

Too A H Toq 0
T1gq 0

(2.23) A* M, B* . = 1.1,
H* B T Tyq e

and substitute formulas (2.21) and (2.22) for x4 in (2.23). Now clearly,

Zog € (prkﬁoﬂx(ﬁg)’ xiql € (APWM)Rrd™,
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M{zgq} >0, (2:9)1=) € (APWF)Z™.

This yields that the ¢** column of x is of the required form. For columns ¢ + 1,

.»p of x one uses the same reasoning with (ki;){ ;_, replaced by (k,;j)gjis,

,--.,D— q, respectively. This concludes the proof. ([l

S =

1

Analogously to the proof of Proposition 2.6, one may prove the following.

Proposition 2.7. Let T: Bs — Bs be as in Theorem 2.3 and suppose T > 0. Then
y =T (e) is an invertible element of M_.

Now we may prove our main result.

Proof of Theorem 2.3. First assume (i), i.e., k has a positive extension f. Then
the multiplication operator g — fg is a positive definite operator on B. But then its
restrictions to By and Bs are also positive definite. Using the multiplication table
(2.10), one obtains easily that for g € Ms we have that T'(g) = Py(kg) = P2(fg).
But then the same holds for g € B;. Consequently, it follows that T" > 0. Likewise,
one shows that 7' > 0.

Assume now that (ii) holds. By Proposition 2.6 we have that z := T~ !(e) € Ma,
fz € e+ My+M§+Mj, and 271 € M. In addition, it is easy to see that Pyx > 0.
By Theorem 1.1 in Chapter XXXIV of [10] we obtain that f has a positive extension
fo (in fact, a so-called “band extension”), which is given by

fo =" (Pyx)z™t.

But then (i) holds, and consequently (iii) holds as well. It follows by Proposition 2.7
and Theorems 1.2 and 1.3 in Chapter XXXIV of [10] that fy may also be found via

fo=v""(Pay)y".

This shows the first part of the theorem.

Next, observe that in the terminology of Chapter XXXIV of [10], M is “an
algebra with band structure (2.9) in the unital C*-algebra B5”. Furthermore, note
that Axiom (A) in Chapter XXXIV of [10] is satisfied; in other words, if F' € M
is such that sup ||F(¢)|| < 1, then (I — F)~! € M. Indeed, by Proposition 2.3

teERF

n [26] (with f =1 — F and ¥(z) = 2~ ') we obtain (I — F)~! € (APW)N*¥: on
the other hand, the series (I — F)™! = I+ F + F? 4 --- converges in || - ||«, hence
we have (I — F)~! € M as required. Since Axiom (A) in Chapter XXXIV of [10]
holds, we may apply Theorem 2.1 of Chapter XXXIV in [10], yielding the linear
fractional description of the set of all positive extensions.

Next, we need to check that M with decomposition (2.9) satisfies Axioms (C1)
and (C2) in Chapter XXXIV, Section 4 of [10]. Indeed, if f € M is positive then
P, f is a positive semi-definite matrix, and P;f equals zero if and only if f = 0.
Thus we may apply Theorems 1.3 and 4.2 in Chapter XXXIV in [10] to obtain the
last statement in the theorem. (]

Proof of Proposition 2.4. Observe that if f has the right spectral factorization
(2.11), then

log(det f) = log(det(e + f1)*) + logdet fq + log(det(e + f4)).
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Notice: log(det(e + f1)) € M, (see Proposition 3.2 in [24]). Since (e + f1)*! €
e + MY we have that M{log(det(e + f1))} = 0. Thus

A(f) = logdet fg4.
But then it follows from (2.13) that
A(f) = logdet f4 < logdet(Pyx)~' = A(fo)

with equality if and only if f = fy (since for matrices A # B with A > B > 0 we
have det A > det B; in the terminology of Section XXXIV.4 in [10], the function
“log det” is strictly B-monotone). The reasoning may also be applied to the other
inequality in (2.13). O

It should be noted that similar results may be obtained when the ¢*" diagonal

of k does not solely consist of elements in (APW¥) An(—s) but is per block in any
of

(APW*) =5y, (APW®)xn—s\(0}):

(APW¥)5, {0}, (APW")xnw—s),
or
(APW*) xn(w—(5\{0}))
where v € A. Each time a mixture of choices is made, the spaces My, M9,
Mg, M3, My should be appropriately defined and will result in different types of
Toeplitz operators, each time yielding an analogue of Theorem 2.3. The proofs of

such variations require the same type of simple modifications as the ones outlined
in [23, Section 10] and [25, Section 4.5]. We omit further details.

3. The contractive st-block problem

Fix s,t € N, max{t — 5,0} < ¢ < t+ 1, a halfspace S of R¥ and a subgroup
A of RF. Our problem is the following. Let f = (fij)f’:tl’j:l be given so that

fi € (APWR){Z™ G —i < g, and fij € (APWF){0™0), j —i = ¢. Find, if
possible,
f: (ﬁj)fiLj:l c (Aj:)vvk)5\711-5‘“'4-713)><(7n1+~~-‘r7nt)7
so that
fij=fiy for j—i<g,
fij — fij € (APWk)XimX(?\j{o}) for j—i=gq,
and

[flloo < 1.

Such an ]?is called a strictly contractive extension of f.
In order to state the results we introduce the following spaces. Let

Alz{f:(fij);j_lz fij € (APWH)Y™ for i < j;

fij € (APWH)\Z for i=j; fi; =0 for i>j},
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Ay = {f = (fij)ilijr ¢ fig € (APWR)RZ™ for j—i<g;

fij € (APWF) (™0 for j—i=q; fi;=0 for j—i>q},

As = {f = i)y i € APWETO™ for < j.

fij € (APWHFYE™ for i=j; f;; =0 for i>j},

A4:{f (flj)z 1,5= 1: fU:O fOI‘ j_i<q;
fij € (APWk)XmX(?\J{O} for j—i=gq; fi; € (APW")V™™ for j—i > q}.
Further, let

(AD)a = CMXmgy... g CreXns, (A3)g = CmiXm gy L gy CmeXme

We let Cq, Co, and C3 denote the closures of A;, Ay, and Aj in (Bk)&zm)x(zm)’
(Bk)s\zm)x(zmi), and (Bk)f\zmi)x(zmi), respectively. Also, Cf and Cj stand for the
closures of A} and Aj in (Bk)(znl) =19 and (B’“)&Emi)x(zm)7 respectively. For a
closed subspace C of (B¥)N*M the symbol Pg stands for the orthogonal projection
of (BF)N*M onto C.

Theorem 3.1. Let f € Ay be given. Then the following statements are equivalent:

(i) f has a strictly contractive extension.
(ii) The operator H : C3 — Cy defined by H(g) Pe,(fg), is a strict contraction.
(iii) The operator H: Cs — C; defined by H(g) = Pe:(fg), is a strict contraction.
In that case, let
a=(I-HH*") '), &= (—HH) '(e).

~

Then a~1 € A3, 51 e As, and Py, (@) >0 and Pa,),(8) > 0. Further, put
. g1
a = alPuay),(@)]"?,
B=H(S) and v = H*(a). Then
0 :5571 _ a*il")/*

1

0= g[P(-AB)d(g)]_§7

is a strictly contractive extension of f. In fact, hy is the unique strictly contractive
extension with ho(e —hiho) ™" € Az. Moreover, h is a strictly contractive extension

of [ if and only if

h=(ag+B)(vg+d)",
for some (unique!) g € Ay with ||g|lc < 1. Also, h is a strictly contractive
extension of f if and only if

h=(a"+g8") 7" (v" + g6%),
for some (unique!) g € A} with ||g|lcc < 1.



Multiblock Problems for Almost Periodic Matrix Functions 133

In addition, let h be a strictly contractive extension of f, and perform factoriza-
tions

(3.1) I—h*h=(e+hsy) hiale+hy),
and
(3.2) I—hh*=(e+h_)"haqle+h_),

with h+,(€ + h+)_1 S .Ag,' P(Ag)d(h+) = 0; hl,d S (.A3)d,‘ h_,(e + h_)_l S AT,
P(.A{)d(h—) =0, and h27d S (-Al)d- Then

hl,d < P(A3)d(6)’ h27d < P(A1)d (a)v
and equality occurs in one of the inequalities if and only if h = hy (and thus both
inequalities are equalities).

Finally,
(3.3) hollr < e Wflls 7
\/1*HH||2 \/1_||fIH2
where
(3.4) llgll gx = [‘craceM{g*g}]l/Q7 g € (BF)(=mi)x(2my)

is the Besikovitch norm.

Proof. It is straightforward that (i) = (ii) and (i) = (iii) hold. Indeed, if fez: is
a strictly contractive extension of f, then the map

g featg

is a strictly contractive operator acting (Bk)s\zmi)xe — (B’“)E\En")xe7 where £ € N
(in particular, we shall use it for the cases when ¢ = ¥m; or £ = ¥n;). But then
so are any restrictions of this multiplication operator. In particular, it follows that
|H|| <1and ||H| < 1.

Let us show (ii) = (i). So assume that ||H|| < 1. Let Q@ = ny + ...+ ns and
R=mi+...4+m;. Put

(3.5) M = (APWR)@HIXQH — pf F MSF Mg+ M3+ M,
where 4 ey
10 4 0o _ 1 2
Ml_{o 0}’ M2_[0 Ag]’
A 0 . .
My = { e o } MG = (M), Ma = (M),

with
A ={f=(fir)jr €A : M{fu}=0foralli}, r=1,3.

Furthermore, let
_| e f
- [ . }

Now we are in the setting of Theorem 2.3. Moreover, with k as defined above, we
find that the operator T in Theorem 2.3(ii) corresponds to

I H
[ 7]
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Thus we apply Theorem 2.3(ii) and obtain that k has a positive extension

kea:t — [ f .fext :l ,

ext e

where fe,: — f € Ay4. But then it follows that f has a strictly contractive extension
fext. This shows (i) = (i).

In the same manner one may show (iii) = (i) using Theorem 2.3.

In particular, the equivalence of (i) and (iii) shows that |H|| = || H].

Next we observe that with T" and 71" as in Theorem 2.3 with the above choice of

k, we have that
e —f8 e O 7 a 0] |e 0
0o 5 | [0 e]’ -~y e | |0 el

where 3 = H(g) and 7 = H*(@). Thus when we apply Theorem 2.3 with the above
choice of k, we find that  and y defined in Theorem 2.3 correspond to

e—B a 0
x[o 3]’ y{—? e]

Thus we obtain from the properties of # and y that a=! € A3, = Az, and

~

Py, (@) > 0 and Piy4,),(6) > 0. Next, when we introduce u and v as in Theo-
rem 2.3, and let

T

_|0 9
g_|:0 0:|€M17

then we get that

(u+vg) " He—g g)(utuvg) ™t = [ [(a§+g)(§g+5)—1]* (g + ﬁ)(e’y§+ 51

This yields the first linear fractional description of the set of all solutions. Likewise,
using the linear fractional description (v+uh)*~(e—h*h)(v+uh)~* of Theorem 2.3
yields the second linear fractional description.

Note also that it follows from Theorem 2.3 that

—1
[T h ho(I = hiyho) ™ o
fol[hs 10] [I ol = aho)™" e g 4 My + M.

Thus ho(I — hiho) ™! € As. In addition, the statement regarding the inequalities

~

hia < Pag),(9), haa < Py, (@),

follows directly by applying (2.13).
Finally for the last statement, we use a similar type of argument as in the proof of
Theorem 7.1 in [24]. Indeed, without loss of generality we may assume that ||H|| #

0, excluding the trivial case f = 0. Let e = ﬁ Let now f(t) = B(t)6(t) "t — f(¢).

Using the easily derived inequality
trace M*M < —logdet(I — M*M),
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which holds for every M € CO*F with | M| < 1, we have:
~ . 1 ~ * ~
15+ e = Jim e [ e[ (o) ¢+ Do) a
. 1 ~ . -
< Jim /[T,T]k togdet (1 ((f + D)(®)*(f + 1)) dt

. 1 —1\* —1
—— Jim e /[T’T]k log det (T — (B(£)5(t) 1) B(1)5(t) ™) dt.

Since (5(t)P(A3)d(5)_1)i1 € e+ AY we get the equality
M {logdet (6(t)P(a,),(6)"")} =0.

Also
I— (B8 B~ = 8(t) " (8(1)"3(t) — BB)*BE))6(t) ™! = 8(t) " *o(t) "
Using the last two equalities, we obtain
(3.6)

1f + Flle < M {logdet (5(£)3(1)*)} = log det(Pay),(0)) = trace(log Pra,),(9))-
Note that
Plag),(0) = Piag), (I = H H) ™ (Is: 1)) = Peag),(I+ H (I~ HH*) " H)(I5: 1,))-
From the inequality log(1 + r) < r valid for » > 0 we get that
(3.7) log det Py a,y,(0) < trace [P a,,(H*(I — HH*)"'H)] .
Since ||H|| = ¢, it follows from (3.6) and (3.7) that

1 \ e
— trace M {(H*H) (Iy- 1n,) } = ﬁ“f”%k

This proves the inequality in (3.3). The equality there follows because ||H| =
IH][- O

If + fl < 5

Also in the contractive setting we may state an entropy result along the lines of
Proposition 2.4. Its proof is based on the same observations and we will omit it.

Proposition 3.2. Let f € As be given and suppose that f has a strictly contractive
extension. Let hg be defined as in Theorem 3.1. If h is a strictly contractive
extension of f then

A(I = h*h) < A(I — hiho),
and equality holds if and only if h = hg.

Analogously to the observation made at the end of Section 2, the same methods
apply for other situations in which the elements of f in the ¢** diagonal, per block,
are taken from one of the sets

(APW*) (=8, (APW*)xn—s\(0}):
(APW*)a, {0}, (APW*)xn(—544),

(APW*)An((—s\{0})40)»
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where v € A. For each selection of one of the above sets for every block on the ¢-th
diagonal, a theorem results which is analogous to Theorem 3.1. The corresponding
analogs of Proposition 3.2 hold true as well.

We state as an example the variation where the elements of f in the ¢th diagonal
are all taken from (APW’“)AO(,S\{O}). This variation will be used in the next
section.

Introduce

Ay = {f = (fij)fil,jzl L fig € (APWR)FT™ for j—i<g;

fij € (APW’“)X%X(E\{O}) for j—i=¢q; fi;=0 for j—i> q},

«14 = {f = (fij)fil,j:1 2 fij=0 for j—i<g
fij € (APWH) (™ for j —i=q;  fi; € (APW®){™ for j —i > q},

and let Cy and C3 denote the closures in (B*)(Zm)*(Zmi) anq (pk)Fmox () o
Ao and A%, respectively. The spaces As, Cs, A}, and C} are defined as before.

Theorem 3.3. Let f € .le\g be given. Then the following statements are equivalent:

(i) f has a strictly contractive extension, i.e., there exists an
fe (APWk)XlH“"-Hls)X(m1+~“+mf,)
such that Pj2(f) = f and ||f]|ls < 1.

(ii) The operator Hy : C3 — Co defined by Hy(g) = P@Q(fg), is a strict contraction.

(i) The operator Hy : C3 — C; defined by Hy(g) = Pe:(fg), is a strict contrac-
tion.
In that case, let

&= (I—HoHg) '), &= (I—HyHo) ' (e).
Then a~' € A7, 5! € As, and Py, (@) >0 and P(.Ag)d(g) > 0. Further, put
~ ~\7— L i~ N1 1
a = O‘[P(AI)d (a)} 2, §= 5[P(A3)d(6)] 2,
B = Hy(0) and v = HZ (). Then
ho:=B6" ! =a 1y

is a strictly contractive extension of f. In fact, hy is the unique strictly contractive
extension with ho(e — hiho) ™! € As. Moreover, h is a strictly contractive extension

of [ if and only if
h=(ag+B)(vg+6)7",
for some (unique!) g € Ay with ||gllee < 1. Also, h is a strictly contractive
extension of f if and only if
h=(a"+g8) 7 (v" +g0%),
for some (unique!) g € A; with ||gllse < 1.
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In addition, let h be a strictly contractive extension, and perform factorizations
(31) and (32)) with h+7 (6 + h-‘r)il € A3; P(.A3)d (h+) =0; hl,d S (AB)d; h—v (6 =+
h_)~' e Aj; Piagy,(h-) =0, and ha 4 € (A1)a, as in Theorem 3.1. Then

~

hl,d < P(AS)d(6)’ h2,d < P(.Al)d (a)v

and equality occurs in one of the inequalities if and only if h = ho (and thus both
inequalities are equalities). Finally,

ol < Wl Ul
IR A LU BRRVAR T AT

where || - || gx is given by (3.4).

The proof of Theorem 3.3 requires a modification of the proof of Theorem 3.1
(and thus implicitly, of the proof of Theorem 2.1). These modifications are of the
same type as the ones in [23, Section 10], [24, Section 4], and [25, Section 4.5]. We
omit further details.

4. Model matching

It is well-known that solutions of the standard four block (as well as one-block
and two-block) problems lead, when using frequency domain approach, to results
concerning model matching, a key problem in control systems. This approach to
model matching has been extensively studied in the the engineering literature (see,
for example, [4], [7], and references there), especially for one-dimensional systems,
and see [27] for some recent results in this direction for multidimensional systems.
In this section we provide an interpretation of Theorem 3.3 in the context of model
matching. We consider filters acting on square summable sequences indexed by an
additive group in R¥. The case of the group Z in R is the familiar case, treated
extensively in the literature (see, e. g., [21]).

Let A be an additive subgroup of R*. For A C A we let ) (A) denote the Hilbert
space of sequences (vy)aea wWhere at most countably many vy € CV are nonzero
and which are square summable in norm, i.e., Y, A [[oall? < 00. By (VM (A)
we denote the Banach space of sequences (f))rea where at most countably many
fr € CV*M are nonzero and which are summable in norm, i.e., Y- o [I/al] < 0.

Fix a halfspace S of R¥. With S we associate an ordering <g on A by ¢ <g p if
and only if p—q € S. We shall use the interval notation with the usual conventions.
So, for instance, S N A = [0, 00). With an element f € (Y ([0,00)), we associate
a filter X ¢ : £37([0,00)) — £5([0,00)), defined by

Ef((uA)AE[O,oo)) = (yA)AE[O,oo)a Yx = Z fatr—a-
a€[0,A]

‘We shall depict the filter as

FIGURE 1
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and call (uy)x the input and (yx)x the output of the filter. The concatenation of
two filters results in the product filter 33 ;. The difference filter ¥; — ¥, may be
depicted as in Figure 2.

Xh

FIGURE 2

With an element f = (fx)xejo,00) € (XM ([0, 00)) we may associate a member
of (APW’“)XOXSM , which with a slight abuse of notation we shall also denote by f,
and which is defined via

Note that ¥,X¢ = 3py and 3j, — Xy = Xj,_y. For a filter ¥ we define its norm by

— 1]
wzo  |ull
It is not hard to see that ||X|| = || flleo := supsers || f(2)]]-
The model matching problem for linear filters is the following. Given are filters
Y, Xy, Ly, find a filter Xj, so that the filter ¥y, — X 4,3,3 ¢, depicted in Figure
3 has minimal possible norm.

— Ef3 > Zh > EfQ

FIGURE 3

Equivalently, given f; € (APWF)A>M | £, € (APWF)V X and f5 € (APWk)grféw,
find h € (APWk)frfSQ so that || f1 — fahf3]|e is as small as possible.
We shall assume that fo and f3 allow factorizations

Gy O Gy 0
(4.1) fo = Ho { 02 0] Ko, f3=H; [ 03 O} K,
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where Hy € (APWF)\>N Hyb € (APWRIN | KFY € (APWRIXE HF
(APWHRCXE, Ky € (APWRADM =1 e (APWHR)AM Jand Gy € (APWH)k2xhe,
Gyle (APWFYExk2 Gy e (APWF)ksXks Gt e (APWF)ks*ks for some ko, ks €
N. It follows in particular that fo(t) and f3(¢) have constant ranks ko and ks,
respectively, for every ¢t € RF.

Under these assumptions we shall provide a solution to the suboptimal problem:
Let

v > inf 1f1 = fahfsllco,
construct one/all h € (APWk)frf SQ such that
(4.2) [f1 = fahfslloeo <v.

We emphasize that our setting of the suboptimal problem, including factorizations
(4.1), involves almost periodic functions with Fourier spectrum in A only. A sub-
optimal problem of the above type, but under the more restrictive hypotheses that
f2 and f3 are square size and invertible, was solved in [24]. We solve the above
suboptimal problem by reducing it to a contractive four block problem and subse-
quently applying the results of Section 3. For the reduction we follow closely the
ideas of [8].
We first need the following auxiliary result.

Proposition 4.1. Let fo and f3 satisfy the condition (4.1). Then there exist
fai € (APWH)IZS2, fao € (APWR)RS7,
faci € (APWH)TE, fco € (APWF)RTE™,
such that
(4.3) fo=foife00 f3= facofscis [oifoi=1, faeifse=1,
f2.0 has a right inverse fg)o € (APW’“)K??", and f3 .0 has a left inverse f;:,co €
(APWH)RLS.

Factorizations (4.3) of fa an f3 are to be understood as inner/outer factoriza-
tions, where the inner factor is “energy conserving” and the outer factor is “stably
invertible”.

Proof. We shall prove the statement regarding f>. Applying then this result to
f3(—=t)* will yield the factorization for fs.
Let

0

Then F*F is a positive definite element of (APW¥)k2**2 By Theorem 2.1 there
exists an invertible element g of (APWF)k2XF 5o that F*F = g*g. Let

F=H, [GQ].
—1
f27i - Fg_17 f2,o = [g O] K2a f;,o = Kgl |:go :| .

It is straightforward to check that f2;, f2,, and f;o have the required properties.
O
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Theorem 4.2. Let f € (APW*)N>M | £, € (APWRNXE and f3 € (APW*)UE!
be given so that (4.1) is satisfied. Introduce f2 o, f3.co, f2.i and f3 ¢ as in Proposi-
tion 4.1. Also, let v > 0. Write

l fék,z o . * ] fll f12
|y |:I— f2,if2*7i:| fl [I f3,czf3,cl f3,cl] - |:f21 f22:| ’

and let s =t =2 and ¢ = 1. Then the suboptimal model matching problem (4.2) is
solvable if and only if

fi1 PS\{O}(flz)]
(44) [fm fo2

has a strictly contractive extension. In that case, for every strictly contractive
extension

fi fio
(4.5) [f21 f22}

of (4.4) we have that
h = Vf21'70(f12 — .EQ)fL’T,CO

is a solution to the suboptimal model matching problem (4.2). Conversely, if h is a
solution to the suboptimal model matching problem (4.2) then

[fn fi2 — if2,ohf3,co:|
fa1 fa2

is a strictly contractive extension of (4.4).

Proof. First let (4.5) be a strictly contractive extension of (4.4), i.e.,

1[5 2] <

and P—S\{O}(J?H) = P_g\(0}(f12). Letting h := Vf;r,o(flz - fw)f;l,co, we get that
h e (APWk)imxg, and

)
o0

1= ot = [ T [ (= ) (1= s Sl

I3
I — fouf5;

[I— f3.if3.ci [fie) is a co-isometry. Thus,

_ fir fi2 0 fa,0hf3.co
||f1—f2hf3||oo_Hu[fm fm}—{o ; Mm

Van le}{O f12—J?12M <

the equality follows because V := { } is an isometry, i.e., V*V = I, and

for fo2 0 0
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For the converse, let h be a solution to the suboptimal model matching problem
(4.2), and let fiz = fi2 — £ fa.0hfs,co. Then P_g\ (0} (f12) = P_g\ (0} (f12) and

fu fiz+ f12 — fi2)
I 1.

fa1 fa2
Hfl f21 I— f2 zf2 z] |:0 f2 Ohf3 CO:| |:I§?§,21f3,c7,:| ‘Oo
= Ln - phfille <1

O

By using Theorem 3.3 it is now straightforward to obtain a full solution to
the suboptimal model matching problem in terms of Hankel type operators on
Besikovitch space. The solution to the classical model matching problem (k = 1,
A =7Z) may be found in [8, Section 8.1] for rational matrix functions.

Note that Theorem 4.2 together with Theorem 3.3 provide frequency—domain
formulas for solutions of the suboptimal problem. These formulas may be not
computationally practical. One might anticipate that a conversion to state space
formulas, if possible, would give more practical formulas. However, this must remain
a subject for future research.

One may wonder whether there exist systems in time domain giving rise to
transfer functions that are of the type f € (APWk)%rfSM as above. It has been
known since the 80s that delay systems give rise to almost periodic transfer functions
(see, e.g., [18]). Another source are multidimensional systems; [1] is a general
reference. 'We mention here also the following example (see [16], [17]), which is
relevant to the periodic case (A = ZF); for notational simplicity, we let k = 2:

xz(n1,n2) = A1z(ng — 1,ne) + Asx(ng,ny — 1)+
+Bju(ny — 1,n9) + Bau(ny,ng — 1)

y(ni,n2) = Crz(ny — 1,n9) + Cox(ny,ng — 1)+
+D1U(’I‘L1 — l,ng) + Dgu(nl,ng — 1)

x(n1,ne) =0 for (ni,n2) €Z% such that ny; <0, and ny + ny = 0;
x(ni,n2) =0 for (ni,ng) €Z% such that n; >1, and ny +ng =1

Here Ay, As, By, Bs, C1, Cy, D1, and D> are constant matrices of appropriate
sizes. It should be noted that the initial conditions on x are slightly different from
those in [16]. The vectors u(n),z(n) and y(n), where n = (n1,ng), are usually
referred to as the input, state and output vectors, respectively. We now apply the
z-transform, as follows. Let S be the halfspace

S = {(v1,v2) €R? : either vy +vo >0 or wv; <0 and v; + vy = 0}.

Letting
-~ n n
Z(z1,22) = E x(n1,m2)21t 252,
(n1,n2)€ESNZ2
Y(z1,22) = > y(n1,mz)z1" 257,
(nl,n2)65ﬂ22+(0,1)
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“ n n
u(z1,22) = E u(ny, ne)zyt 252,
(n1,m2)€SNZ2
and solving for 7 in terms of &, we obtain that

(4.6) Y(21,22) = f(21, 22)u(z1, 22),

where
f(Zl,ZQ) = ZlDl + ZQDQ + (lel + ZQCQ)(I — ZlAl — ZQAQ)_l(ZlBl + ZQBQ).

(To make (4.6) precise, one has to assume that «(0,0) = 0.) The function f is
known as the transfer function of the system ». Assuming that A; and A, are such
that the spectral radius of z1 A; + 22 A5 is less than one for every z1, 20 € T, upon
the substitution z; = €7, j = 1,2, we obtain that f € (APWz)JZVQEJg.

5. Multiblocks having more general patterns: An example

Using the semi-band structure version of the band method developed in [15]
instead of the standard band method we used in previous sections, we are able to
treat more general positive extension problems. In this section we shall treat one
example illustrating the main ideas. Though far more general results can be stated
and proved (the theory developed in [14] gives an indication how to produce the
most general setup), the notational complexity of doing this is so overwhelming
that we restrict ourselves to the following situation only.

Fix a halfspace S C R*, an additive subgroup A C R* and a vector v € S. Let
now

A+:(V—S)DSQA, and A:A+U(—A+)
A positive extension problem can be stated as follows: Given
ki € (APWF)R™ kpy = (k)" € (APWR)RL™%, kag € (APWF)27"2,
koy = (kfz)* € (APWHR)R20), kSy € (APWH)R™ ) kyy = ki € (APWF)™,
k44 S (APWk)X4xn4,
find
k= (k])4 L€ (APWk)E\nlJr---JrTM)><(n1+"-+n4)
ij)i,5= J
so that
k> 0, P_S(k‘lg) = k1_27 P_S(k‘24) = ]4;2_4, PA(kJ33) = ]<Z§3
We call k a positive extension of
ki ki O 0
ki, koo O kyy
0 0  k§3 ks34
0 kIZ k43 k‘44

In order to use the framework of [15] we need to introduce several subspaces
of A := (APW’“)%XQ, where Q = nq1 + -+ + n4. In the following formulas we
shall omit the subscript A (for example, (APW¥)A L\{o} is to be understood as

(APW*) (A, \{o})na) as well as the sizes of the individual blocks as they are clear
from the block’s position in a matrix.
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Let
A = (A0
[ (APWR)s\0)  (APWH) (APW") (APWF) ]
0 (APWH ) g\ {0y (APWF) (APWF)
- 0 0 (APW*) s\ 10y 0
i 0 0 (APWF)  (APW*)s\(0}
(APW*) (0} 0
Ai= A= )
0 (APWH) (03
[ (APWF)s oy (APWF)_s 0 0 ]
o 0 (APW) g\ 10y 0 (APW*)_s
0 0 (APW*) A\ (0) 0
i 0 0 (APWF)  (APW")5\(0} ]
[0 (APWH)g\0p  (APWF) (APWE) 7
~ 0 0 (APW" ) (APW*)s\ (o)
A=A = v
0 0 (APWH)s\a, 0
L 0 0 0 0 |
A = (A9
T (APWH) _g\ oy 0 0 0 7
(APWF) (APW*)_g\ j03 0 0
Sl apwh) aPwh) e 0
| (APWH) (APW*) (APWF)  (APW*)_g\(0
T (APWF) g\ (o) 0 0 0
B (APWh)s  (APWF) _g\ (o) 0 0
0 0 (APW") _a\ (0} 0
I 0 (APWH)g (APWF) (APW") _s\(0y
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Az = AQ+Aq, As = A4+ A,
Af = A = AT Ay, Al = AL = A2 A,
It is straightforward to check that the following multiplication tables hold:

AV A, AY ‘ A0 Ay ./TS)F

(5.1) A LA A2 A A A A a4
Ag | AC Ay A% Ay | A Ay AY

AL A AL AL A A A A

Moreover, we have: N L
Ay = A1+ A, A = A4+ A3,

and

A1AL C A, AsAg C Ay, ATA CAY,

AJAL C Ay, AsAgCA;, AjAs C v@p

A Ay CA°+ Ay, AsA- CA Ay, ASA-C A HA,.

We shall let By, BY, etc., denote the closures of Aj, AJ, etc., in B = (Bk)ng.
In addition, Py, PJ, etc., are the orthogonal projections of B onto By, BY, etc.,

respectively. We observe that when k£ > 0 is in 4, then we have that k allows the
factorizations

(5.2) k= (e+ky) kale+ ki),

where ki, (e + ki)t —e€ A(jr and kg € Ay. Indeed, applying a constant permu-
tation matrix that interchanges the third and fourth blocks, the factorization (5.2)
is reduced to that of Lemma 2.2.

We are now ready to state the main result in this section.

Theorem 5.1. Let k. = kf € A3+ A +AY = A+ A4+ AY be given. Then the
following are equivalent:

(i) ke has a positive extension.
(ii) The operator T : By — Bs defined by T'(g) = Pa(kcg) is positive definite.

(iii) The operator T : By — Bs defined by T(g) = Ps(keg) is positive definite.
In that case, let

Then B
ko = a* " Py(z)a™t =y Pa(y)y

is a positive extension of k.. Moreover, if we let u = xPy(x)"2 and v = yPy(y)~2,
then k is a positive extension of k. if and only if
k= (vg+u)" (e~ g g)(vg +u)”!

for some (unique!) g € Ay with ||g|loc < 1. Lastly, if k is a positive extension of k.
with factorization (5.2), then
ka < Py(x),

and equality holds if and only if k = kg.
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Proof. As before, the main effort goes into showing that x=! € A, and y=! € A_.
We proceed analogously to the proof of Proposition 2.6.
Observing that 7' > 0 when applied to g = (gij);{j:l € By with g;5 =0, j # 1,
yields that k17 > 0, and one checks that z17 = (e + k117+)’1k1_11d, where
ki1 = (e+ ki) kiale + ki 4)

is a right canonical factorization.
Next observe that by applying T to elements g = (gij)?,jzl € By with g;; =0
for j # 2, we get that the operator

Ty Hi
Hiy T

(5.3)

on (Bk)”lxm) @® (BF)R2¢" is positive definite. Here

AN(=S
Ti(g1) = P-s(k11g91), g1 € (Bk):{%x(fzsy

and

Hi3(g92) = P_s(k1292), Th2(92) = Ps(k2292), 92 € (B’“)X%é"2~
Since T, 11 > 0 and Thy > 0, it follows that their symbols k17 and ks are positive
definite. Write the canonical factorizations (which exist by Theorem 2.1)

ki1 = (6 + k‘1,7)*/€1,d(€ + kl’f), koo = (6 + k2’+)*k2’d(e + k:2,+),
where

k- (e+ ki)t —e € (APWR)RILTG (1) kra € T kg >0,

and

Fag, (et ko)™ — e € (APWR)RIGH o)) hoa € C"2X72, ka0 > 0.
Introducing the operators

Hy: (B = (BYRE and Hy: (BRRRE™ — (BY)3

by the formulas

Hig=kZ (e+ ki )g, Hag= k2 (e+kai)g,
we get that
Ty, = HiHy, Ty = HiH,.
Consider the operator

Hy:=H{ "HipHy' o (B35 — (B

We have
Hszg=P_g ((6 + kl’,)*_lkifkﬁ(e + k2,+)_1k2_,39) ., g€ (B)RRE™.
Since the operator (5.3) is positive definite, it follows that ||Hs|| < 1. Applying

Theorem 2.5, we get that
B = Hy(I— HiHy) \(e) € (APW)

niXng
AN(=S)?

§ = (I—H;H3) (e) € (APWF)R2x2,
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571 e (APWHR)R2¢" and M{§} > 0. It is now straightforward to check, analo-
gously to (2.21) and (2.22), that

_1 _1 1 —
Ti2 = (e +ki,-) Tk G0k 5, won = (et ko) Ty 50Ky ]
and moreover
z1o € (APWF)ILE a5yt € (APWF)R26™, M{wss} > 0.

In order to obtain that x33 is of the desired form, observe that T applied to
(gij)jijzl € By with g;; =0, j # 3, yields that

Ts3 M,
> 0,
M43 M44

where
T3393 = P, (k5393), Mazgs = ka3gs, g3 € (Bk)zg'fm’
Myags = kaaga, ga € (B¥)™7.
Notice that operator T35 — M3 M, 411M43 is positive definite, and
(T35 — Mi3Myy' Mys) g3 = Pa, ((k§3 — kaakii'kas)g) . g3 € (BR)R ™.

It follows from (the proof of) Theorem 4.4.1 in [25] that

x5 = (T35 — MMy Mas) ' (1),
has the property that z33 € (APW’“)Z‘;X”“Q', Ty € (APWF) " and M{z33} > 0.
In addition,

T43 = —k;llk‘zlgxggg S (APWk)X4><n3.
For the fourth column of x observe that T applied to (gij);l’j:l € By with g;; =0,
j # 4, yields that N
Tos  Hag

H3y Taa

>0,

where N
T22(92) = P*S(kZZ.gQ)a g2 € (Bk)X?T)E:L?S')v

Hau(g1) = P_s(k3u91), Taa(9a) = Ps(kaags), g1 € (BF)Ro5™.

The same reasoning as for the second column of = yields that x4 and x44 are of
the required form.

We are now in a position to complete the proof of Theorem 5.1, by applying
Theorems 1.1, 1.3, 1.4, 1.6, 1.10 in [15] to the current setting. The only additional
observation that needs to be made is the following equality (in the notation of
Theorem 1.6 of [15]):

(—cug + cu)(vg + u)~L + (vg + 1) (~c"vg + cu)”
= (vg+u)* " H—g"v*ctvg + g*vieu — utctug + utcu
—g* v evg + utctvg — g*vteu + utcrul(vg +u) Tt

= (vg+u) N—g'g+e)(vg+u)",

where we used that ¢ + ¢* = v* "y~ = v*~ 1y~ 1, U
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We may state an analog of Proposition 2.4 in the current setting as well.

Proposition 5.2. Let k. = k} € M, be given and suppose that k. has a positive
extension. Let ko be defined as in Theorem 5.1. If k is a positive extension of k.
then

A(k) < Alko),

and equality holds if and only if k = kg.

The proof of this proposition is analogous to the proof of Proposition 2.4, and is
left to the reader.
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