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Reconstruction of functions from their triple
correlations
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ABSTRACT. Suppose that A is a subset of an abelian group G. To know the
3-deck of A is to know the number of occurrences in A of translates of each
possible multiset {0,a,b}. The concept of the 3-deck of a set is naturally
extended to L! functions on G. In this paper we study when the 3-deck of a
function determines the function up to translations. The method is to look at
the Fourier Transform of the function. Our emphasis is on the real line and
the cyclic groups.
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1. Introduction

The aim of this article is to address a problem that arises independently in
combinatorics and in diffraction theory.

In combinatorics, a common problem is to reconstruct an object (up to isomor-
phism) from the collection of isomorphism classes of its sub-objects. The most
famous problems of that nature are the Reconstruction conjecture and the Fdge
reconstruction conjecture and we refer to Bondy [Bo] and Bondy-Hemminger [BH]
for surveys on the subject. In that direction, Radcliffe and Scott investigated in
[RS1, RS2] the problem of reconstructing subsets of R, Z", Q™ or Z/nZ from the
collection of isomorphism classes of their subsets of prescribed size. (Here two sets
are isomorphic if they are translates of each other).

To be more precise, fix an integer k > 3 and let G be one of the groups R, Z",
Q"™ or Z/nZ. A subset E of G is locally finite it E N (E — z) is finite for every
nonzero x € G. The k-deck of E is then the function on G*~! defined by

NE(Z‘l,...,.Z‘k_l) = |Eﬂ(E—x1)ﬂ-~-ﬂ(E—xk_1)|

where |.| stands for cardinal.
The problem addressed by Radcliffe and Scott is the following:

Problem 1. Assume that E and F' are two locally finite sets in an abelian group
G that have the same k-deck, for some integer k. Are E and F translates of each
other?

It turns out that, in the particular case of G = Z/nZ, this problem also arises in
the mathematical theory of diffraction. It is well-known that the answer is negative
for k = 2, but for k£ > 4, Grunbaum and Moore showed that the answer is positive.
This result can be further improved in some cases. For example it is shown in [RS1]
that if n is a prime, then the answer is still positive for k = 3.

One of our aims here is to summarize the knowledge on the problem in the Z/nZ
case, to improve some of the proofs and to give the last possible positive results in
the cases n = p® and n = pq with p, ¢ primes. This bridges the results in [RS1] and
[GM], and essentially closes the problem. To do so, we make a more explicit use of
the Fourier transform than in [RS1].

Radcliffe and Scott in [RS2] further prove that the answer to Problem 1 is pos-
itive if the group is one of R, Z", Q™. Moreover they ask for measure-theoretic
counterparts to their results in R. This is the main question that we will address
here.

To be more precise, we will consider the Lebesgue measure on R and write again
|E| for the measure of a measurable subset E of R. The k-deck of E is still defined
as the function on R¥~1 given by

NE(Z'l,...,.’Ekfl) = |EO(E—£L'1)0"'Q(E—$]C,1)|.

We will also consider the k-deck of a nonnegative function f € L'(R), naturally
defined by

Nf(l’l,--ka—l):/f(t)f(terl)--~f(t+Ik—1)dt~

If xg is the characteristic function of a set E of finite measure, then Ng = N, .
The problem we address is the following:
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Problem 2. Let k > 3 be an integer and let N¢ denote the k-deck of the function
I

(a) Suppose 0 < f,g € L'(R) such that Ny = N, almost everywhere. Does there
exist an a € R such that g(x) = f(x — a) for almost every x € R ?

(b) Let E, F be two sets of finite measure such that Nz = Np almost everywhere.
Does there exist an a € R such that F = E — a up to a set of zero measure.

If this happens we say that f (resp. E) is determined up to translation by its k-deck.

Again, this problem occurred before in the context of texture analysis as well
as in crystallography where the k-deck is known as a higher order autocorrelation
function (see [AK, CW, Rot]). In these fields, a common problem is to be able to
reconstruct a function from its 2-deck or autocorrelation function. This is easily
seen to be equivalent to that of reconstructing a function knowing only the modulus
of its Fourier Transform and is therefore called the phase retrieval problem. We refer
to the surveys [BM, KST, Mi] the book [Hu] or the introduction of [Ja] for further
references. Note that the 3-deck has been proposed to overcome the non-uniqueness
in the reconstruction (see [Mi]).

We will only give a partial answer to this question and show that in many cases,
the 3-deck will be enough for the answer to be yes. In particular, we managed to
do so for characteristic functions of compact sets, a fact independently proved by
Rautenbach and Triesch [RaT]. These positive results are described in Section 2.2.

In the opposite direction, for k fixed, building on a construction in [Ja] (and
on an earlier construction in [CW]), we construct in Section 2.3 an uncountable
family of functions (f;) that all have same 3-deck but are not translates of one
another. However, these functions are not characteristic functions of sets, and
we have not been able to settle completely the second problem. Nevertheless, in
Section 2.4, we have managed to prove that if f = yz and g € L!(R) is nonnegative,
then Ny = Ny implies that g is also a characteristic function of some set F', thus
reducing Problem 2 (a) to Problem 2 (b). However we do not know if F = E —a
for some a € R.

In Section 2.5 we show that if E belongs to a rather wide class of measurable
sets of finite measure then it is determined up to translation from its 3-deck, among
all measurable sets. This class consists of all sets which are unions of intervals with
endpoints that do not have an accumulation point and such that the complementary
intervals have length bounded below by a positive constant.

To conclude this introduction, let us point out that our investigation on the
3-deck problem for sets establishes a link between phase retrieval problems and
uncertainty principles. Namely, the obstruction to uniqueness in the 3-deck problem
is the possibility to have large gaps in the spectrum (i.e. support of the Fourier
Transform) of a function. Although this is easy to achieve for general functions, it
is not known whether characteristic functions may have many gaps in the support
of their Fourier Transform. The best results in that direction, due to Kargaev
and Volberg [Ka, KaV], state only that the Fourier Transform of a characteristic
function may be zero on an interval. However this is not enough for proving a
counterexample (to determination from 3-deck) as the results of Section 2.5 are
applicable to sets of the type used by Kargaev and Volberg, where we prove that
the specific sets used in [Ka, KaV] are determined by their 3-deck up to translation.
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This article is organized as follows. In the Section 2, we will focus on results on
the real line, starting with the reformulation of the problem in terms of the Fourier
Transform, continuing with positive and negative results and concluding with the
stability result mentioned above. In Section 3 we focus on the Z/nZ case, starting
with a survey of known results with the aim of bridging the knowledge in both
communities that are interested in the problem. We are then focusing on our own
results.

Acknowledgements. The authors wish to thank Professor C.C. Moore for pro-
viding several useful references.

2. The results on R

2.1. Reformulation in terms of Fourier transforms. In this section we will
reformulate the problem in terms of the Fourier Transform. For the the sake of
simplicity of notation, we will only focus on the case of the real line, although the
results generalize without difficulty to other locally compact abelian groups.

Also the results here have been proved in a similar way in [CW] and again in
[RaT]. As we need the notations, we prefer reproducing the proofs for sake of
simplicity and completeness.

To fix notation, we define the Fourier Transform of ¢ € L'(R?) by

p(6) = /R p()e S dr.

It is easy to see that if f € L'(R), then Ny € L'(RF1) with ||N¢||, < ||f|I¥, with
equality when f is nonnegative. It is not difficult to see that actually ||Ny||, <

H;?:l ||f||pj as soon as 14 =1 = Z§:1 p%_ and that Ny is continuous as soon as

f € LY(R) N LP(R) for some p > 3. Actually all results for convolutions apply for
k-decks with essentially the same proofs.
Further, the Fourier Transform of Ny is

Np(&ry- o &hm1) = (&) - F&) F(— (& + - + &)

This implies that solving N, = Ny is equivalent to solving

(2.1)
9(&) . 9(&r—1)g(— (& + -+ &—1) = (&) - fE1) (= + -+ 1))
for all &1,...,&—1 € R.

As our primary interest is in characteristic functions, we will from now on con-
sider that f and g are nonnegative L' functions and that f(O) = [ f(t)dt # 0.
Another reason for considering only real functions is to avoid the extra complication
due to the fact that the functions f and wf have the same k-deck whenever w is a
k-th root of unity.

In the sequel we will only consider Problem 2 for nonnegative functions.

Then, taking £; = -+ = &,_1 = 0in (2.1) gives g(0)* = f(O)k, and since g(0) and
f(O) are nonnegative, they are equal. Further, as f and g are real f(—{) = f(f),
It follows that, if we take & =&, &= - and 5=+ = &1 = 01in (2.1), we

-~

get [g(&)| = [f(&)]-
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Now, let us write
(2.2) g(&) = 2™ f(e)

where, by the continuity of ]?7 g, we may assume that ¢ is continuous on the support
of f. Introducing this in Equation (2.1), it reduces to the following

(2.3) e+ +&—1) = p(&1) + -+ o(Ek-1) (mod 1)

for all &1,...,&_1 € suppfsuch that & + -+ &k—1 € suppf.

The solution of such an equation is then dependent on the group on which one
might consider it. In the case of the real line, it is easy to show that the following
holds (see e.g., [Ja], Lemma 3):

Lemma 2.1. Suppose that f,g € L*(R) are nonnegative and have Ny = N, It
follows that f,g are connected by (2.2). Write supp f = U I; to be the decompo-

J€Z
sition of supp f into disjoint open intervals numbered so that 0 € Iy, I_; = —I;.
Then, there exists w € R and a sequence 0; that satisfies g = 0 and 0_; = —0,

such that, if x € I,
o(z) = wx + 0.
Moreover, if there are &1, ..., Ek—1 with § in some I, such that & + -+ &k—1 € I
then
(24) 9]‘1 + -+ ij—l =0,.
In particular, if 0; # 0; then I; and I; are distant by at least % x diam [j.

Sketch of proof. One first proves the result on Iy N Q where it is trivial, then
extends it to all of Iy by continuity.

The extension to Ij is then obvious taking = € I,y € Iy. Finally (2.4) is a
reformulation of (2.3). O

2.2. Positive results. Recall that a measure p has divergent logarithmic integral
if one of the two following integrals

o _ _ 0 _
e P e T
oo 1+ 22 0 1+ 22

)

is divergent.
We will now prove the following;:

Theorem 2.2. Assume that f € L'(R) is real valued. In each of the following
cases, the function f is determined up to translations by its 3-deck:

1. f is of compact support;

2. for some M > 0 the integral [ |f(z)|[eMI=l dx is finite;

3. ]? is analytic in a neighborhood of the real line;

4. the measure fdx has divergent logarithmic integral.

Proof. Case 1 is a particular case of 2 which in turn is a particular case of 3. In
these cases, {f = 0} is a discrete set. In the last case, a theorem of Beurling (see

[Ko] p. 268) states that fcannot be zero on a set of positive measure. In conclusion,
this theorem is proved once we have proved the following lemma:
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Lemma 2.3. If]? does not vanish on a set of positive measure, then f is uniquely
determined up to translations by its 3-deck.

Following the notation of Lemma 2.1, write suppf = suppg = U I; and let
JEL
p(x) = wx + 0; be the function given by the lemma. Write Iy = (—a,a). Up to
changing g into g(. — w), we may assume that g(&) = 2% f(¢) if x € ;.
Contrary to what we want to prove, assume that f is not almost everywhere

ES

equal to g and let s = inf{z > 0: f(z) # g(z)}. It follows that s is finite, otherwise
f=g

From this we get that there is j € N with 6; # 0 such that I; is of the form
I; =]s, s + A[. By the last assertion of Lemma 2.1 we get that

(0,8)N{w >0: 0# f(z) =)} € (0,5 —a),
which implies that fE 0 on (s — a,s), in contradiction to our assumption on the
support of f. [

Remark. 1. The proof of the lemma actually tells us that if supp fhas no gap
of size diam I then f is determined up to translations by its 3-deck. This, as
well as Point 1 of the theorem has been independently proved by Rautenbach
and Triesch in [RaT].

2. Further remarks of that order can be made. For instance, one might notice
that diam I; has to stay bounded. Indeed, if this is not the case, we may
write { € I; as £ = & + & — & with &, § + £ in some [;. Then 0; = p(§) =
P&+ &) +(=&) =0. R

3. As a corollary of the proof, we immediately get that if “supp f is negligible,
then the only solution of (2.4) are ¢(&) = w¢ for some w € R.

2.3. Negative results.

Theorem 2.4. For every k > 3, there exist two nonnegative and smooth functions
that have the same k-deck but are not translates of each other.

Proof. We will only give full details of the proof in the case k = 3.

Let
b(x) = (sinﬁfx)) .

Then ¢ € L*(R) and its Fourier Transform is
1 : 1
. Lo el) el <4
M:{(Q €l) i le] < 3

0 else.

-~

Consider f(z) = (14 cos(4mz))v(x) so that f(§) = D(E+2) + (&) + (€ —2).
The support of f is then [-1, 1] +{-2,0,2}.

Now define ¢ to be such that ¢ = —1 on [—1, 3] + {-2,2}, p =1 on [-1,1]
and ¢ = 0 elsewhere. It is easy to see that ¢ satisfies p(z+y) = p(z)p(y) whenever
T,Y, T+ Y€ suppf.

Finally, let g(z) = (1 — cos(4mz))1(z) so that g(&) = ¢(&) 7(¢). Then Ny =Ny

but f and g are not translates of each other.
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To adapt the proof to the case k > 4, it is then enough to replace the cos(4mx)
in the above argument by (say) cos(2%-7z). O

Using the same ideas as for the proof of Theorem 3 in [Ja], one may improve
this to get the following result:

Proposition 2.5. For every k > 3, there exists a function f € L*(R) such that
there are uncountably many functions, not translates of each other, that have the
same k-deck as f.

Sketch of proof. The only thing to be done is to replace the factor 1+cos(k+1)mx
by the Riesz product

H (1 + anen cos(k + 1)"mx)

nez
where a,, decreases fast enough to ensure the convergence of the product and each
en = £1. O

On the other hand we cannot have this situation for all k:

Lemma 2.6. If f and g are such that there k-decks are the same for every k, then
f and g are translates of each other.

This is Theorem 2 in [CW] (see also [Rot] for some generalizations). However,
the proof below is a bit simpler. Let us also stress that similar results in the setting
of locally compact groups can be found in [RoST] and [RoT]. There martingale
properties of the sequence of k-decks (with some normalization) of a given function
are studied and it is shown that this sequences may uniquely determine f, up to
translations.

o~

Proof. Using the notation of Lemma 2.1, let us write g(¢) = e2mH(«w&+%) f(¢) if
& € 1. Recall that the §;’s satisfy, for every k,

(2'5) 0j1 +oee Tt ejk—l =0

if there exists & € Ij,,...,&—1 € I;,_, such that & + ... &—1 € I;. Write I

(ai,b;). Then, for k > Q#I‘HIO, there exists &£1,...,&x—1 € Iy such that & +--- +

&k—1 € I;. Equation (2.5) then implies that 8, = 0 so that g(§) = 62”‘*’5]?(5) and g
is a translate of f. O

2.4. A stability result for characteristic functions. In this section, we will
prove that, under some mild restrictions, if a function has the same 3-deck as a
set, then this function is a characteristic function of a set. More precisely, we will
prove:

Proposition 2.7. Let E C R be a set of finite measure, let f = xg and let g €
L' (R) be a nonnegative function such that N, = Ny almost everywhere. Then there
exists a set F' of finite measure such that g = xp.

Proof. First note that, as f = xz, | fll; = |I£]|3 and [|f]l; = | f]2?. Further, in
this case Ny is continuous.
Next, as we assumed that g > 0, we get

1/3 1/3
lgll, = INg 17 = IN£ 12 = 11 £,
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o~

Further, as [g| = | f| we get
lgllz = llgllz = [Ifll2 = [I/]l2

with Parseval.

Now, if g ¢ L3(R) then, by positivity of g, N, is not essentially bounded in a
neighborhood of 0. This would contradict N, = N; almost everywhere.

Now that we know that g € L3(R), N, is also continuous and we get that
Ny = Ny everywhere. In particular,

lgll3 = Ng(0,0) = N7(0,0) = || ;.
Finally, we have equality in the Cauchy-Schwarz inequality:

1/2 1/2
/92:/91/293/2§(/g> </gs)
= llglh®llgls™ = 1F1 2115 = 113 = ol
It follows that ¢g*/2 = Ag'/? which implies that g = Axsuppg. Finally, from [ g? =
J g we get A\=1and g = xsuppy- O

2.5. A restricted problem. One might think that if f and g are characteristic
functions of sets of finite measure it would be impossible to arrange for examples
similar to those of the previous section.

However the situation is subtle, and one should remark that it is known ([HJ] p.
376, [Ka, KaV]) that there are measurable sets of finite measure on R of which the
Fourier Transform of their characteristic function vanishes in a prescribed interval.
The sets with that property given in [Ka, KaV] are of the form

E=Jk— ek + M.
kEZ

with 0 < A\; < 1/2and (\x) € £*. We will consider slightly more general sets namely
open sets E = (J, oz (ar, Be), with ax < Bp < agy1, such that their complement
can be written as the union of closed intervals whose length is bounded below. We
call such sets, or any sets that differ from such sets by a null set, open sets with
lower bounded gaps.

We will now show that such sets are characterized up to translations by their
3-deck. For this, let us first note that such sets admit the following characterization:

Lemma 2.8. Let E C R. The following are equivalent:
1. There exists an € > 0 such that, for almost all x,y € E with |x — y| < ¢, the

interval (x,y) is contained in E up to a null set.
2. Up to a set of measure 0, E is an open set with lower bounded gaps.

Proof. That (2) implies (1) is obvious. To see that (1) implies (2) construct the
open set F; by taking together all open intervals (p, ) such that p and ¢ are rational
and |E N (p,q)| = g—p. This set clearly differs from E by a null set and it is obvious
that it has gaps bounded below by e. 0

We are now in position to prove the following:

Theorem 2.9. Let E be an open set of finite measure with lower bounded gaps.
Assume that the set F' has the same 3-deck as E. Then F is a translate of E.
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Proof. Let us first prove that, up to a set of measure 0, F' is also an open set with
lower bounded gaps. For this, observe that, for an arbitrary set F, Property (1) of
Lemma 2.8 holds if and only if there is € > 0 such that

Gg(z,y) ::/XE(t)XcE(t—i—x)XE(t—i—y)dt:0, whenever 0 < z < y < €.
R

Further Gg(z,y) = Ng(0,y) — Ng(z,y) and, as N = N, it follows that F is also
an open set with lower bounded gaps (up to measure 0).
As above, write £ = U (o, Br) with g < O < ag41 and let T'g := inf (a1 —

kEZ
Br) > 0 be the size of the smallest gap of E. Similarly, let I'r be the size of the

smallest gap of F.
Note that Np(z,y) = f+g(—x) where f(t) = xp(t)xe(t+y) and g(t) = xp(-t).
It follows that 0, Ng(x,y) = —f * g'(—x). Further,

9= 05— 0 ap

kEZ

where J, denotes a unit point mass at x € R, so that

azNE(xvy) = Z I 5*[31«(_‘%) =[x 670%(_‘%)

keZ
= flox =)~ f(B — )
kez
(2.6) = Z xe(ow —z)xe(ar —z+y) — xe(Br — 2)xe(B —2 +y)
kez

(the convergence of this series will soon be obvious in the case of interest to us).
Now, if —-T'p <z <0, then 0x < fr — & < ag41 so that xg(8r — z) = 0. Further,
as ag < ap — 2 < B +I'e < agy1, xE(ar —2x) = 1 only when f; — ap > —z. As
E is of finite measure, B, — o — 0 so that the sum (2.6) is finite and

(2.7) 0:Ng(z,y) = > xe(ak —z +y).
kEZ) Br—ap>—g

Fix 2 small enough and negative to have —z < min(I'g,T'r) and let Dg (resp. D)
be the Fourier transform in the y variable of 9; Ng(x,y) (resp. of 9, Np(x,y)). Then
Dg is of the form Dg(€) = Xg(€)p(€) where p(£) = ZkeZ/ PR e2im(ar—x)€
is an analytic function, that is not identically 0 if « is small enough and such that
o(—=€) = p(€). Further, Dp is of the same form Dp(£) = Xz (£)().

As we assumed Np = Ng, we also have 0, Ng = 0, N and consequently Dp =
Dg so that

Dg(§)De(n)De(=€ —n) = Dr(§)Dr(n)Dr(—¢§ —n).
Using the particular form of Dg and Dp, this is

Xe(©)XeMXE(=E —n)eE)eme(— —n) =
XE(©)XEMXE(=E — )Y ()Y (=E —n),
for all £,m € R. But

Xe(©XeMXE(=§ = 1) = XFE)XFM)XF(=§ —n)
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and is not zero if &, n are in some neighborhood of 0 so that

(2.8) o(&)p(me(=§ —n) = L)Yy (=€ —n)

in that neighborhood. By analyticity of ¢, %, (2.8) is valid for every &, n € R. It
is then easy to see that the function v = /¢ is of modulus 1 on the real line
and satisfies v(€ + 1) = v(£)v(n) (excepted for &, 1 in some discrete set) so that
7(€) = €2 for some a € R and (&) = €2 p(€) (see Remark 3 after the proof
of Lemma 2.3).

Returning to Dy; = D, we get T3(E)p(€) = TH(EB(E) = ™ ETH(€)p(6). As
©(&) is analytic and not identically 0 it follows that Yz (&) = €™ xFr(¢) almost
everywhere and F' is a translate of F. ([

3. The k-deck problem on Z/nZ

3.1. Introduction. The aim of this section is essentially to bring together the
knowledge about the problem in the combinatorics and crystallography communi-
ties. After summarizing known results and open questions, we will proceed with
our own contributions.

In order to do so, let us start with some notations: k,n will be two positive
integers, k > 2 and ¢ = €2/, We will not distinguish between sequences of n
elements, n-periodic sequences and functions on Z/nZ. If f = (fo, f1,. -, fn1) is
such a function, its Fourier transform is defined by

n—1
Foy =3 "t ez
=0

with the natural extensions to higher dimension. The k-deck of f is the function
on (Z/nZ)k=1 given by

k—1
N}C(jla cee ajk?71> = ijfj+j1 R fj+jk—1'
=0

Its Fourier transform is then given by

- o~ o~ ~

NE(y, o lemt) = ) o Fle) =l = = ).

Now let f, g be two functions on Z/nZ that take only nonnegative values. As in the
previous section, f, g have same k-deck if and only if we can write g(k) = (k) f(k)
where £(k) is unimodular and such that

(3.9) it lm1) =) - E(lk—1)

whenever l,...,lx_1 € suppfare such that I; +---+lx_1 € suppf. Note that &
is a priori only defined on supp f Our aim here is to know whether or not such a &
extends to a character of Z/nZ in which case g is a translate of f. This is of course
immediate if fdoes not cancel and k£ > 3. An other trivial case is when fcancels
everywhere excepted at 0, that is f is constant.
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3.2. A quick overview of the 2-deck problem. Let us first concentrate on the
case k = 2 when Condition (3.9) is void. We are seeking g such that [§| = |f|, which
is a well-known as the phase retrieval problem in crystallography. The study of this
problem originates in the work of Patterson and a full solution has been given by
Rosenblatt (see [Ro], [RoS] and the references therein).

Let us briefly describe what may happen in the case f = xg and g = xp with
E, F subsets of Z/nZ. One easily sees that E and F have same 2-deck if and only
if E— F = F — F (counted with multiplicity). From this, one easily gets the trivial
solutions F' = E —a and F' = —FE — a. If this are the only solutions, we say that F
is uniquely determined up to translations and reflections by its 2-deck.

Note that not all sets are uniquely determined by their 2-deck. For instance, one
may arrange for two sets A, B of cardinality at least 2 to be such that A — B and
A+ B (counted with multiplicity) are still sets (i.e. every element has multiplicity
1). One then immediately gets that E = A — B and F' = A+ B have same 2-deck,
but as A and B have more than 2 elements, F' is not of the form F —a nor —F —a.
Rosenblatt showed that this is almost always the case and gave a general solution
to the problem, which is a bit too long to be summarized here. However, as he
noticed himself, his solution may be difficult to use in practice. For instance, the
following questions are open:

Question 1 ([RS1] conjecture 2). Does the proportion of subsets of Z/nZ that are
not determined up to translation and reflection by their 2-deck go to 0 as n goes
to oo.

Question 2. How many solutions (up to translations and reflection) to the 2-deck
problem can a subset of Z/nZ of cardinality k have.

This question is implicit in [Ro].

3.3. Zeros in the spectrum of an indicator function. As noted in the in-
troduction of this section, the k-deck problem for k& > 3 is trivially solved if x&
has no zeros. Before pursuing with our study we will therefore gather here some
information about possible zeros of X z.

First assume that n = pg (p, ¢ not necessarily primes) and let f be n-periodic.
Assume that f is also p-periodic and write a = (fo, ..., fp—1) for the period. We
may see a as a function on Z/pZ and still write @ for its Fourier transform on

Z/pZ. An immediate computation shows that f is supported on the subgroup

~

{0,q,...,(p—1)q} of Z/nZ and that f(lq) = qa(l). In particular, we get:

Fact 1. A subset E of Z/pZ is uniquely determined up to translation by its k-
deck, if and only if its q-periodic extension to Z/pqZ is uniquely determined up to
translation by its k-deck.

Notation. We will write ¢Z/pZ = {0,q,...,(p — 1)q}.

Recall that an n-th root of unity (P, 0 < p < n is said to be primitive if it is

not an m-th root of unity for some m < n, that is, p and n are relatively prime.
In particular, (? is a primitive ﬁ-th root of unity. The cyclotomic polynomial of
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order n is then defined as

@)= ] @-w= [ @-¢).

w primitive {i: Gm)=1}
n-th roots

It is well-known that ®,, is the minimal polynomial of any primitive n-th root
so that if P is a polynomial such that P(¢') = 0 then one has a factorization of
P: P(z) = @, /(n(2)Q(z), and P(¢7) = 0 whenever j and n/(n,l) are relatively
prime.

For instance, for £ C Z/nZ, let Pr(x) = Z 27, so that Pg(¢) = xg(1). This

JjEE

leads us to:
Fact 2. If xg(l) =0 for some |l # 0, then Xg(j) =0 for all 1 < j < n with j and
n/(n,l) relatively prime.

Two particular cases are of interest to us:

1. If n = p® with p prime, then only the three following cases may occur:

a) Xe(l) # 0 for all 1.

b) Xz(l) = 0 only for I of the form [ = ¢gp®~°, 1 < q < p’.

¢) xu(l) # 0 only for [ of the form [ = gp®~%, 1 < ¢ < p®, in which case E is
pP-periodic.

d) xe(l) =0 for all [ # 0, in which case E = Z/nZ.

2. If n = pg with p, ¢ two distinct primes, then only the five following cases may
occur:

a) xe(l) # 0 for all 1.

b) Xe(l) # 0 unless [ is either of the form [ = jg, 1 < j < p, or of the form
l=jp, 1 <j<gq,in which case Yg(l) = fp + fq with f, p-periodic and f;
g-periodic.

¢) Xe(l) =0 unless | = jg, 1 < j < p, in which case E is g-periodic.

d) Xg(l) =0 unless | = jp, 1 < j < q, in which case E is p-periodic.

e) Xe(l) =0 for all I # 0, in which case £ = Z/nZ.

3.4. Known results on Z/nZ. Let us now turn to the k-deck problem. Most
questions that arise naturally have been solved either in [RS1] or in [GM]. More
precisely, let us summarize what we consider as the main facts:

1. If n is a prime number, then every set (and even every integer valued function)
is uniquely determined up to translations by its 3-deck; [RS1] Theorem 3. The
proof in [RS1] is rather involved and we will give a simpler one below by a
more explicit use of Fourier analysis.

2. Assume n is odd and E C Z/nZ. Let a = x g then if a(1) # 0, a is determined
up to translations by its 3-deck; [GM], Theorem 2.

3. Every subset of Z/nZ is uniquely determined up to translation by its 4-deck;
[GM] Theorem 5. This is further extended to integer valued functions in [GM]
Theorem 4: they are still determined up to translation by the 4-deck if n is
odd but the 6-deck is needed when n is even. Moreover, examples are given
there to show that these results are optimal. This disproves Conjecture 1 of
[RS1]. These examples show that as soon as n has 3 factors, n = pgr with
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p # g prime, then there are sets in Z/nZ that are not uniquely determined
up to translations by their 3-deck.

4. The proportion of subsets of Z/nZ that are not uniquely determined up to
translations by their 3-deck goes to 0 as n — oo; [RS1] Theorem 4. This is
done by proving that the proportion of subsets E of Z/nZ such that Xz has
a zero is at most O(n~1/2+¢).

3.5. Some new results. We will now settle the two remaining cases in which the
3-deck may suffice: n = p* with p prime and n = pg with p # ¢ prime.

Theorem 3.1. Let p be a prime number, p > 3 and let n = p®. Then every subset
E of Z/nZ is uniquely determined up to translations by its 3-deck.

Proof. Let us first prove the case n = p a prime. In this case, the particular cases
of Fact 2 imply that either:

e for all I, Yg(I) #0, or

o [ =17Z/nZ.
In both cases, E is uniquely determined up to translations by its 3-deck. This
simplifies the proof in [RS1].

Assume now that p > 3 and that we have proved that every subset of Z/p®Z is
uniquely determined up to translations by its 3-deck and let E C Z/p**1Z. Again,
there are only four cases that may happen:
for all I, Yg(I) # 0,

E=27Z/nZ,
E is pb-periodic for some 1 < b < a, or
xz(l) =0 only for [ = qp®, 1 < q < p*~°.

The two first cases are trivial whereas the third case is settled using the induction
hypothesis and Fact 1. Let us now assume we are in the last case.
Assume that g has same 3-deck as x g and write g(I) = £(I)xg(l) where & satisfies

(3.10) £(l1 + 1) = £(11)E(l2)  for all 11,15 € supp X g such that [; + Iy € supp X&-

As p > 3, our assumption on E implies Yg(1) # 0 and xg(2) # 0, so that (3.10)
implies £(2) = £(1+1) = £(1)%

Next, assume that we have proved that (1) = £(1)! for all I € supp Xz N [0, lo].

We are then in one of the following cases:

e ly,lp + 1 € supp Xz and then (3.10) implies £(lg + 1) = £(lp)€(1) = £(1)loF!
by the induction hypothesis.

e [y + 1 ¢ supp X and there is nothing to prove.

e Iy ¢ supp xg but lp + 1 € supp Xz. But then [y = ¢p® for some 1 < ¢ < p*~°
and as p > 3, Iy — 1 is not of that form and so lp — 1 € supp Xg. But then
(3.10) implies £(lp +1) = £(lp — 1)§(2) = §(1)"*.

We conclude that ¢ is a character of Z/nZ and that g is a translate of x . O

Remark. The case p = 2 can be settled similarly by using the 4-deck instead of the
3-deck. One may then write &(ko + 1) = (ko — 1)£(1)&(1), but this is not stronger
then the result in [GM].

Note that the proof also holds for rational-valued functions on Z/nZ.

Theorem 3.2. Let n = pq with p,q two distinct primes. Then every subset of
Z/nZ is uniquely determined up to translations by its 3-deck.
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Proof. In the case n = pq, four cases may happen:

for all I, xg(I) # 0,

E=27Z/nZ,

FE is p or ¢ -periodic, or

X£(1) =0 if and only if [ is neither a multiple of p nor a multiple of q.

The two first cases are again trivial whereas the third one is again settled using
Fact 1 and the case n prime.

Let us now exclude the last case using the fact that Xz = Xz * X&-

Define f,, f; by

i1Xe(0) ifl=0

Fo(k) =< X5(1) 1+ 0amultiple of p
0 else,
1Xe(0) ifl=0

J?q(l) =< xe() I # 0 a multiple of ¢
0 else,

so that xg = fp + f4. By assumption, fp (resp. fq) has support {0 Q.- ,( — 1)q}
QeSpA{O Dy ,(q—1)p}). But Xg = X& * X, that is fp prrfq *fq +2fp *fq
fp+ fq As fp = fp is supported in qZ/pZ + qZ/pZ = qZ/pZ, fq fq is supported
in pZ/qZ, we get that fp fq has to be supported in ¢Z/pZ U pZ/qZ. Now let
J € Z/nZ be outside this set. There exists a unique Iy € {0,...,p—1} and a unique
jo € {0,...,q — 1} such that j = loqg + jop. Further

0= T Fi) = S H0FG — 1a) = Byon) o 1op)

=0

so that one of fp(loq) fq(lop) is zero. This contradicts the assumption on the
support of these functions. O

Remark. In the case of a rational-valued function f, again the same four cases
are to be considered and only the last one causes problems. If g has same 3-deck
as f, we may write f = f, + f; and g = g, + g4 with f, , fy, gp, g4 defined as above
replacing xg by f or g.

It follows that f,, g, (vesp. fy, gq) are p-periodic (resp. g-periodic) functions,
their Fourier transforms over Z/pZ (resp. Z/qZ) don’t vanish and they have same
3-deck. Therefore g,, (resp. gq) is a translate of f,,, (resp. fq) on Z/pZ (resp. Z/qZ):

gp(l) = ezmlj/pq]? (1) and g4(1) = eQiﬂj'/qu’? (1)

so that g(z) = fp(z — j) + fq(x — j’) and this are the only possible solutions of the
3-deck problem for f.

Let us finally note that Grunbaum and Moore proved that one can not do any
better. Indeed, if n = pgr with p, ¢ two distinct primes and r > 3, let A = qrZ/pZ
and B = prZ/qZ. Let E=AU(B+1) and F = AU (B +2), so that F and F are
not translates of each other. Further, xg(z) = xa(z) + xp(x — 1), xr = xa(x) +
x5 (z —2) so that Y5 (1) = Xa(l) +e*™/"Xp(1) and X (1) = Xa(l) + "™/ X5(1).
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Finally, as X is supported in qrZ/pZ while X is supported in prZ/qZ, it is
easy to see that ¥/ and F' have same 3-deck.

Note that if r is also prime, this are essentially the only sets that have same
3-deck but are not translates of each other.
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