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Closed Legendre geodesics in Sasaki manifolds

Knut Smoczyk

ABSTRACT. If L C M is a Legendre submanifold in a Sasaki manifold, then
the mean curvature flow does not preserve the Legendre condition. We define
a kind of mean curvature flow for Legendre submanifolds which slightly differs
from the standard one and then we prove that closed Legendre curves L in a
Sasaki space form M converge to closed Legendre geodesics, if k2 + 043 <0
and rot(L) = 0, where o denotes the sectional curvature of the contact plane
& and k and rot(L) are the curvature respectively the rotation number of L. If
rot(L) # 0, we obtain convergence of a subsequence to Legendre curves with
constant curvature. In case 0 + 3 < 0 and if the Legendre angle o of the
initial curve satisfies osc (o) < 7, then we also prove convergence to a closed
Legendre geodesic.
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1. Introduction

Let (M,g) be a Riemannian manifold and F; : L — M a smooth family of
immersions such that

(1.1) %Ft =H,

Received September 8, 2002.

2000 Mathematics Subject Classification. Primary 53C44; Secondary 53D99, 58E10.

Key words and phrases. Legrendrian, mean curvature flow, geodesic, minimal, Lagrangian,
Lagrangian cone, Hamiltonian minimal, volume decreasing.

This article has been written at the MPI MIS in Leipzig, Germany and the author would like
to thank Jiirgen Jost for his support.

ISSN 1076-9803/03

23


http://nyjm.albany.edu:8000/j/2003/9-2.html
http://nyjm.albany.edu:8000/j/2003/Vol9.html
http://nyjm.albany.edu:8000/nyjm.html

24 KNUT SMOCZYK

where H is the mean curvature vector along L := Fy(L). This equation is called
mean curvature flow and it is the negative gradient flow of the volume functional of
L;. Hence the flow decreases the volume energy as fast as possible and stationary
solutions are minimal submanifolds. There is a vast amount of literature on this
equation which belongs to the most important equations in Geometric Analysis.
For a detailed account of what is known, the reader is recommended to look at the
survey article [14] where one can also find more references. If L is 1-dimensional,
then (1.1) is called the curve shortening flow. Most of the known results have
been obtained for hypersurfaces and in higher codimension only a few things have
been done [2], [3], [4], [5], [8], [19], [20], [24], [25], [26]. One example in higher
codimension is the Lagrangian mean curvature flow, in particular the Lagrangian
condition is preserved if (M, g) is K&hler-Einstein [18]. Legendre and Lagrange
submanifolds are closely related because any Legendre submanifold in a contact
manifold M generates a Lagrangian submanifold in the symplectization of M, e.g.,
the Legendre submanifolds of S?"*! (equipped with its standard contact structure)
are precisely the intersections of S2"*! with Lagrangian cones in R2"*+2. In contrast
to the situation for Lagrangian submanifolds, the mean curvature flow does not
preserve the Legendre condition (see Section 3 for details). On the other hand one
would like to minimize the volume energy in the class of Legendre immersions. The
aim of this article is to establish such a flow for Legendre submanifolds. We will see
that the flow preserves the Legendre condition, if the Sasaki manifold is pseudo-
Einstein (see Definition 2.6). Then we apply this flow to deform closed Legendre
curves into closed Legendre geodesics or more generally into Legendre curves of
constant curvature, i.e., one of the main theorems states:

Theorem 1.1. Let L C (M, &, g,J) be a closed Legendre curve in a compact Sasaki
manifold M with constant sectional curvature o on the hyperplane distribution &.
Suppose the curvature k of L satisfies

(1.2) k> +o0+3<0.

Then the Legendrian curve shortening flow (3.11) admits a smooth solution for
t €10,00). Ifrot(L) = 0, then the curves converge in the C*-topology to a closed
Legendre geodesic and if rot(L) # 0, then a subsequence of the flow converges in
the C*-topology to a closed Legendre curve of constant nonvanishing curvature.

The rotation number of a Legendre curve vanishes if and only if the (mean)
curvature form H (see Definition 2.5) is exact, i.e., if there exists a globally defined
Legendre angle a with daw = H. In particular the rotation number of a geodesic
vanishes and the Legendre angle is constant. In case 0 + 3 < 0 we will prove

Theorem 1.2. Let L C (M,&,g,J) be a closed Legendre curve in a compact Sasaki
manifold M with constant sectional curvature o < —3 on the hyperplane distribution
&. Suppose the rotation number of L vanishes and the Legendre angle o satisfies

(1.3) osc (a) < .

Then the Legendrian curve shortening flow (3.11) admits a smooth solution for
t € [0,00) and the curves converge in the C*°-topology to a closed Legendre geodesic.

Similar theorems for the curve shortening flow of curves on surfaces have been
obtained earlier [10], [17] (see also [11] for more references).
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In [9] the authors provide the classification of topologically trivial Legendrian
knots in tight contact 3-manifolds. They prove that for two topologically trivial
Legendrian knots, if their invariants tb, rot (Thurston-Bennequin invariant and
rotation number) are equal, then these knots are Legendrian isotopic. This together
with Theorem 1.2 implies the following: If a tight Sasaki manifold with ¢ < —3
admits a Legendre knot L with rot(L) = 0 and osc (o) < 7, then any Legendrian
knot with the same rotation number and Thurston-Bennequin invariant is isotopic
to a closed Legendrian geodesic.

In [15] a different and very natural volume decreasing flow of Legendrian immer-
sions is introduced that can be compared with the Willmore flow. This flow is of
fourth order whereas the flow defined here is a second order equation and stems
from the projection of the L?-gradient of the volume energy (the mean curvature
vector) onto the tangent space of the space of Legendrian immersions.

In this article we will discuss general Legendrian isotopies as well. As a result
we obtain the next theorem:

Theorem 1.3. Let Ly be a compact, oriented Legendrian immersion into a Sasaki
pseudo-Einstein manifold (M, &, g, J) with

Ric(V, W) = Kg(V,W), YV.WV €.

Assume that the mean curvature form H = da is exact, where « is the Legendre
angle. Then we have

a) If K =—2 and fLo cos(a)dp > 0, then there exists a constant ¢ > 0 depending
only on fLo cos(a)dp such that

Vol (L1) > ¢ >0

for any Legendrian immersion L1 Legendrian isotopic to Lg.

b) If K < —2 and « satisfies osc (o) < , then the same result as in a) holds
with a constant ¢ depending only on osc () and Vol (L) provided Lo, L1 are
isotopic by the Legendrian mean curvature flow.

The organization of this article is as follows: Section 2 is seperated into 3 subsec-
tions. In the first subsection we explain our terminology and recall the fundamen-
tal material needed in contact geometry, the second subsection explains associated
metrics, almost complex structures and Sasaki manifolds. Legendre submanifolds
are discussed in Section 2.3. In Section 3 we investigate variations of Legendrian
submanifolds, define the Legendrian mean curvature flow and prove Theorem 1.3.
Our focus in Section 4 is the Legendrian curve shortening flow and the proof of
Theorems 1.1, 1.2.

2. Basic material

2.1. Contact manifolds. A contact manifold (of restricted type)?) (M, \) is an
odd-dimensional manifold of dimension 2n+1 together with a one-form A such that

DMore generally a contact manifold M is a differentiable manifold of odd dimension 2n + 1
with a completely nonintegrable distribution £ of hyperplanes in the tangent space. Locally such
hyperplane fields can be described as the kernel of a nonvanishing one-form A. The nonintegrability
then implies that A A (dA)™ locally defines a volume form. If this one-form A exists globally then
we speak of a contact manifold of restricted type. In this paper we will only consider contact
manifolds of restricted type.
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A A (dN)™ defines a volume form on M. One observes that a contact manifold is
orientable and that the contact form A defines a natural orientation.

Assume now that (M, ) is a given contact manifold of dimension 2n + 1. A
defines a 2n-dimensional vector bundle £ over M, where at each point p € M the
fiber &, of £ is given by

& = ker),,.
Moreover, since A A (dA)™ is a volume form, we see that
w:=dA

is a closed nondegenerate 2-form on £ @ £ and hence defines a symplectic product
on ¢ so that (§,w|¢qe) becomes a symplectic vector bundle. Since the dimension of
M is odd, the 2-form w = d\ must be degenerate on T'M. Therefore one obtains a
line bundle [ over M via the definition

Ly ={Vel,M|wV,W)=0VW e}

The Reeb vector field (sometimes called characteristic vector field) X is given by
the natural section X in [ defined by

(2.1) )\(X)\) =1, X,ad\=0.

Thus a contact form A on an odd-dimensional manifold M of dimension 2n + 1
defines a splitting of the tangent bundle T'M into a line bundle [ with canonical
section X and a symplectic vector bundle (£, weqe):

T™ = (la X)\) 2] (£7w|f@f)'
We denote the projection of TM along [ by =, i.e.,
T : TM—E,

(V) = V-=XV)X,.

A submanifold L of a (2n+1)-dimensional contact manifold (M, ) is called isotropic
if it is tangent to &, i.e., if A\jp, = 0. This implies that d\;r = wjrp = 0 also. An
isotropic submanifold L of maximal dimension 7 is called Legendrian.

The following example shows that there exist closed Legendre curves:

Example 2.1. Consider M = R? with its standard contact form

A =dz — zdy.
Since d\ = —dx A dy we observe
0
Xy=—
AT 0z
and &, = ker), is given by
1 0
g:c = |1
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Suppose a,b € Z with a # b. For any ¢,d € R we define the curve

ccos(ag)

Vabed} (@) = dsin(bgp)
bed (sin((a—b)¢>) n sin((a+b)¢))
2 a—b a+b

If a,b are chosen such that there do not exist two constants k,l € Z with 2bk =
(204 1)a, then v(qp c,ay is a regular Legendre curve.

Proof. A curve v is Legendre iff \(') = 0. Here, this is the case if and only if
Y. =%z, = 0 which is true. v is regular if 7’ # 0,V¢. 7' can only vanish somewhere,
if there exist constants k,! € Z with 2bk = (2] + 1)a. O

Figure 1 is 7(5.2,2,3). Figure 2 depicts the same curve projected onto the three
coordinate planes.

FIGURE 1. The curve 7522 3}

0
N}

FIGURE 2. The projections of (522 3}
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2.2. Associated metrics, complex structures, etc. A Riemannian metric
g = Gapdy® @ dy? € T(T*M ® T*M) on a contact manifold (M,)\) is said to
be associated, if

(2.2) 9 A = X3,
ie.,
g( X\, V)=A(V), VYV eTM.

In the sequel we will always assume that a given contact manifold (M, \) is equipped
with an associated Riemannian metric and we will write

A% = XY,
If (M, ), g) is a contact manifold with associated Riemannian metric, then
(2.3) g(Xx, Xn) =1,
and
(2.4) g(X\,V)=0,VV ekt

If (M, \) is a contact manifold and J € T'(£* @ £) an almost complex structure on

the symplectic subbundle &, then one can extend J to a section J € I(T*M @ T M)
by setting
J(V) = J(x(V),
where 7 is the projection from above. Since jz(V) = -V, VYV € & we obtain
(2.5) J?=—m, JBJY = —7b.
From the definition of J it also follows
(2.6) kerJ = 1.
We introduce the bilinear form L by
(2.7) LV,W) :=w(V,JW) =d\V,JW).

J or J is said to be associated to w, if L is symmetric and positive definite, so that
by definition of X the tensor

g=L+A® )\
is an associated Riemannian metric on (M, A). Thus, in this case
(2.8) 9ap = MaAg + WarJj.-
The torsion T of J is defined as
T(J) = N(J)+ 2w ® Xy,
where N (J) denotes the Nijenhuis tensor of J, i.e.,
N()(X,Y):= J?[X,Y]+ [JX,JY] - J[X,JY] - J[JX,Y]

and J is called integrable, if T(J) = 0. A contact manifold (M, A\, J) with an
integrable, associated complex structure J is called Sasaki. It turns out that the
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torsion of an associated almost complex structure on a contact manifold (M, \)
vanishes if and only if

(2.9) Vadj = 63As — gap)™.

Lemma 2.2. Let (M, \,J) be a Sasaki manifold and g == X @ X\ + w(-,J-) the
corresponding associated metric with w := dX\. Then the following relations hold:

(2.10) VoWas = gypha = gras,

(2.11) JIA, =0,

(2.12) MVs\s =0,

(2.13) VaAs = Wap,

(2.14) RorAe = grads — GrpAas

(2.15) RgAc = 2n)g,

(2.16) Ry AP A = gay — oAy = Loy,

(2.17) R wes + Rip5Wne = 9asWary — 9pyWas — GasWsy + Jarwps,
(2.18) JPRG,, = R, wye + (2n — 1)wan,

(2.19) JPR 05 = 2(R wae + (2n — 1)way).

Proof. wag = J)g,p and (2.9) imply (2.10). (2.11) follows from (2.1), (2.2), (2.5)
and (2.8). Equation (2.12) follows from covariant differentiation of A’\s = 1. Then
from (2.11) and (2.9) we obtain

Vars ] = =AsVad) = gay — Aay.
We multiply this with J3 and (2.5) implies
Wa = —T3Vars = AgA’Vads — Vadg.
Then (2.13) follows from (2.12) and w3 = —wge. To prove (2.14) we observe that
(2.10), dw = 0 and (2.13) imply
Grads = Gypra = ViWpa

= Vawsy = VpWay

= VaVgA, —V5Vo,

= Rja e
This is (2.14). Equations (2.15), (2.16) follow from R, = R4, and by taking
the trace of (2.14) resp. by multiplying this with A?. With the same method one
can prove the last equation

R%avwﬂs + Reﬁatgw,ye = Vanww; — ngawws
Va 9850 = 95725) = V(gas Ay = gan Xs)
= g8sVary — 98y Vars — GasVary + Gay Vs
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and (2.17) follows from (2.13). To prove (2.18) it suffices to take the trace of (2.17)
w.r.t. 8,0. Finally, to prove (2.19) we use the Bianchi identity to obtain

JGBR;aB = Jeﬂ (R,EB’(W + Re@vﬂ) = QJER%OW

because JZ = gPw.s = —g?ws.. Then (2.19) is a consequence of (2.18). O
2.3. The geometry of Legendre immersions in Sasaki manifolds. Let L be
a smooth manifold and

F:L— (M,g)
a smooth Riemannian immersion into a smooth Riemannian manifold (M, g), i.e.,

the tensor F*g € T(T*L®T™*L) is positive definite and defines a Riemannian metric
on T'L. We set

9ij = gasFLFY,

where F := %I; ~ are the components of the differential dF € T(T*L @ F~'TM),
; 7]
dF = Fdz' @ —.
i 0T ® Dy
The second fundamental tensor A € I'(T*L ® T*L ® F~'TM) is then given by
A = VdF and in local coordinates

A= Afda’ @ da? ® 2

oy*

with

o o 0*F~ w OF® . OFPOFY
Moreover, dF' is normal, i.e.,
(2.21) gapFf AL = 0.
In addition, the Gauss equations and Codazzi-Mainardi equations are
(2.22) Rijri = Raﬁ’ﬂ;FiaFj@Flzﬂé + gagp( ?kAfl - 3A?k)v
(2.23) ViA%, — V;AS = —RL, F* + R sFUFF.

In case where F': L — (M, A, J) is a Riemannian immersion into a Sasaki manifold,
we define the section

v=1vids' ® ai ceN(T*L® F'TM)
ya

and the second fundamental form
h = hijrde’' ® dov? @ da® e (T*L® T*L @ T*L)
by
(2.24) v = JSF
and

(2.25) hijk = —waﬁFfAfk.
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Now let
F*\ = \da' := \ Fdx'
and
Ffw:= wijdzi Qda’ = waﬂFfFJde:ci ® da?
be the pull-backs of A and w = dX on L. Then we have:

Lemma 2.3. Let F : L — (M, \,J) be a Riemannian immersion into a Sasaki
manifold. Then the following relations hold:

(2.26) Vv = NFS — gig\* + JGAY,

(2.27) hiij — hjik = Viwkg + 9ij A — GikAjs

(2.28) Vihiji = )\BA?kgli - WaBAgAfk - waﬁFialeJ@k’

(2.29) Vihijk — Viha, = AB(A?kgli - Alﬁkgﬁ) - wag(Af;A?k - A?iAIlgk)
+ wimRZ‘Lk - WaﬂR»ByéeFiaFlvFJ{sFls’

(2.30) AaAfy = Vikj — wij.

Proof. For (2.26) we compute
Vil = Vi(J§FY)
=V, J§FF} + J§V,FY
= (05 Ay — g, AV F)FY + J5 A,
= /\iF;l — gij)\a + JSAZ
Also
Viw]'k = Vi(waﬁF]qF]?)
=V wasF] FOF + wap(ASFY + FPAL)
= (9267 = Gra ) FY P FY + hiig — hyi
= gik/\j — gij>‘k + hkij - hjik
which is (2.27). The covariant derivative of h;j, is given by
Vlhijk = —Vl(waﬁFfAfk)
= —(g1pra — Grarg) ) FP AT — wap(AR ALY + PV AT

which due to (2.21) gives equation (2.28). Equation (2.29) then easily follows from
the Codazzi equation (2.23) and (2.28). The last equation of the lemma follows
from

Vidj = VAa FOF] + 0 AS,
and (2.13). O
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From now on we will assume that

F:L— (MMJ)
is a Legendre immersion into a Sasaki manifold, i.e.,
(2.31) F*\ = \dz' =0
and dim(L) = n, where dim(M) = 2n + 1.

Corollary 2.4. Let F : L — (M,\,J) be a Legendre immersion into a Sasaki
manifold. Then the following relations hold:

(2.32) Aa Ay =0,

(2.33) ViFj = A% = —h* 0,

(2.34) Vv = —gijA* + h* B,

(2.35) hki; = hiji = ki,

(2.36) Vihije — Vihin = —wasRls FPF) F Ff.

Proof. Since F' is a Legendre immersion we must have A\; = w;; = 0. In particular
wij = wapFPF) = J)gysFF) = gopv] Y
and dim(L) = £(dim(M) — 1) imply that the normal bundle NL of L can be
decomposed as
NL=F"'oJdF(TL),

where the fiber of the bundle F~![ (the line bundle along F') at a point = € L is
given by lp(;). On the other hand the second fundamental tensor Af; is normal

and therefore there must exist p;; and s’“ij such that
A?j = pi A% + skiju,‘j.
From (2.30) we get
Pij = AaAi; =0
which is (2.32). Moreover

hiij = —wap P A7

= _Waﬁﬂaskilef = _waﬁ‘]'?FlaFlzskij
= *QMFZQF;:S]CM = *glkskij = —Skij,
which by Lemma 2.3 proves (2.33) and (2.34). Then (2.35) and (2.36) are just
equations (2.27) resp. (2.29) because the compatibility of J with w implies
wagufl/f = wagFiaFjﬁ =w;; =0.
d
Definition 2.5. Let F : L — (M,\,J) be a Legendre immersion. The mean
curvature form H = H;dx' € T'(T*L) is given by

(2.37) H; = g"hip.
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Since NL = F71 @ JdF(TL) and F*\ = 0 we can decompose a tangent vector

9_ along F so that

oy

9 ) )
B 9" 950 PP F + 6% goavf v + Ao X,

with Fy = Fkﬁ%, v = V,f%. For later purposes we compute

0 0 0

g““RwsﬂEViﬁF,g = ngR ( ,l/iBFk — Ffz/k)

2 Ay oy>’ oyP
1 o o0 0
= —¢PR(| — L gk o A
29 R(@y’*’@y‘s’ayﬁ’g gaa(yz Fk Fl Vk:))
L .5 o 0 0 0
=39 a~'a5'a 3°Y S o
2 oy’ Oys’ OyB’ " Oy°
16 1o
= 505
and with (2.19)
(2.38) gikR,ﬂ;gEz/iﬁF,j = —Rswye — (2n — 1)ws,.

Definition 2.6. Let (M, A, J) be a Sasaki manifold. Then (M,A\,J) is called
pseudo-Einstein, if there exists a constant K such that

RogVoW? = KgosVeWw?s

for all VW € £ = ker(\), i.e., the associated metric g is Einstein on the symplectic
subbundle &.

The following examples are taken from [6]:

Example 2.7. a) (Tanno [21], [22]). Let S*"*! be equipped with the standard
contact structure A, almost complex structure J and metric g that are induced
by C™*1. Suppose ¢ > 0 is a constant and define

= cA,
gi=cg+clc—1A® A
Then (S27+1, X, g, J) is a Sasaki pseudo-Einstein manifold with

K:1+(2n—1)(4—3).

c
b) (Okumura [16]). Let R?"*! be equipped with the contact structure
A= %(dz — y;dx?)
and the Riemannian metric
g= i(A ® A+ 6;j(da’ @ da? + dy' @ dy’)),
then (R*"*1 )\ g) is Sasaki pseudo-Einstein with
K =4—6n.
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c¢) (Tanno [22]). Let B™ C C™ be a bounded, simply connected domain with
a Kéhler structure (J, g) of constant holomorphic sectional curvature 6 < 0.
Let 3 be the real analytic 1-form such that d@ = w gives the Kéhler form on
B"™. We define a Sasaki structure (A, g) on B™ x R by

Ai=n"B+dt
and
g:=T"g+ AR A\,
where
m:B" xR — B"
is the projection and ¢ denotes the coordinate in R-direction. Then (B™, A, q)
is Sasaki pseudo-Einstein with

K=1+(2n—1)(0-3).

Lemma 2.8. Let F : L — (M, \,J) be a Legendre immersion into a Sasaki pseudo-
FEinstein manifold. Then the mean curvature form H is closed.

Proof. H is closed if and only if V,H; — V;H; = 0. We observe

ViH; =V;H = ¢*"(Vihiji — Vihar)
(2.36) i o .
= —Wapyg kaéeFi Fl’yF;st

= *gikaéﬂerFlng'ny

(Rs‘wye + (2n — 1)¢UM)FIAYFJ‘AS
= RopFfv)
and if (M, A, J) is Sasaki pseudo-Einstein, then (because v, F € §)
ViH; — V,;H = KgosFfv) = 0.

3. Variations of Legendre submanifolds

In this subsection we want to study necessary conditions for a variation to pre-
serve the Legendre condition. Geometrical interesting variations are only given by
normal variations because tangential deformations correspond to diffeomorphisms
of the given submanifold. As we have already seen, there exists a natural splitting
of the normal bundle for a Legendre submanifold. Hence a smooth normal vector
field V' can be identified with a pair (f,6) consisting of a smooth function f on L
and a smooth 1-form # on L via the decomposition

V = fX, + JAF(6%),

where § denotes the identification of a 1-form with a tangent vector via the metric
tensor g. Now assume that for t € Q := (—¢,€), € > 0 we are given a smooth family
of Legendre immersions F} : L — L; C M such that

OF;

—L = X\ + 0y
ot f AT Vi,
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where (f, ) is a smooth family of pairs consisting of functions f and 1-forms 6 on
L and v; = 1/(8 ) = JF, = JBF = JOF® 885 To compute time derivatives of
tensor expressions on L it is useful to c0n51der the manifold

L:=LxQ

and the smooth map
F:L— M,
F(z,t) := Fi(x).

The canonical connections on tensor bundles over L can then be extended to con-
nections on corresponding bundles over L, e.g.,

0 0
\V/ — T8
5 Oy Fwa B’
Vs dz' =0,

where here and in the following F=F2 — %—i. We have

By“f

0
VodF,=Va <F“d ® )

oy~
D2Fe : )
TV FP ) da' @ ——
(833’815 + ) i lw:
nlePr 0
i.e.,
(3.1) Vo Fi' = V. Fe.
In addition, for a section V € I'(T*L ® F~*TM)
(3.2) Vo ViV =ViVa Vi + Ry sFF) V)

because T*L does not depend on t but F~'TM does. The condition for L; being
Legendre is \;dz’ = F;\ = 0. We compute
Vo = Vo (A F})
ot ot
- VoA EY + AoV 2 FY

(2.13),(3.1) WFVF-“—F)\ v,

= oy (X OV FE 4 A Va(FA + 05 1)

= 0w V] F® + Y, f

FA(VAAYE) + V050 + 05V,0p)
GADCIDCAD gk, WTFE £V, f + AV
= Yo i A o A
0F (g Ao — gga) FY FY
+Vif + At (R FY — girA”)
- Vif — 26

because L; is Legendre. Therefore we have shown:

(2.5),(2.34)
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Lemma 3.1. Let L be a smooth n-dimensional manifold and for t € [0,¢€), € > 0
let (f,0) be a smooth family of pairs consisting of functions f and 1-forms 6 on L.
Moreover let Fy : L — M, t € [0,€) be a smooth family of immersions into a Sasaki
manifold (M, ), g) such that 25t = X, + 0%v), and assume that Lo := Fy(L) is
Legendre. Then Ly := Fy(L) is Legendre for allt € [0,€) if and only if df = 26.

In view of Lemma 3.1 we will from now on assume that Fy : L — M, t € [0,¢) is
a smooth family of Legendre immersions into a Sasaki manifold (M, A, g) such that

(3.3) F=2fX\+V¥fy,

for a smooth family of functions f : L — R. Next we compute the evolution
equations for various objects.

Lemma 3.2. If a family of Legendre immersions into a Sasaki manifold evolves
according to (3.3), then

(3.4) Vo 9ij =2V fhiij,
(3.5) Vo hiji = =VViVif + V' f(hiimh™ jic + higmh™ ;)
— 2V, fgin — Vifgi; — V' fwasF{ Ry ] F F,
(3.6) Vo Hj=—V;Af =2V, f = V' fRas F{'F) .
Proof.
V.2 9ij = Vs (gasFYFY)

= Vo9as FTFF] + gap(V o F{FY + FV o FY)
9ap(ViF*FY + FAV,FP)
= 905 (Vi(2F A" + V¥ fug) F)
FEOV (2N + VE 1))
= 2V fA; + 2V f
+2f Vo A FJ F) + 2fV Ao F FY
+ViVF fa(vi, Fy) + V; V" fg(Fiv)
+V*F(9(Vive, Fy) + 9(F;, Vi)
YV (9(Vivw, Fy) + g(Fi, Vivg))
2V fhiij.

F*A=F*w=0, (2.13)

(2.34), F*A=0

Vaat hijk: = —Véa (wagFf‘VjF,f)

(3il) —vaa,gF'ny‘Vij
— wap(ViE“V ] + F'V 2 V,FY))

(2410)7(2533)7(32) (g'ya)\ﬁ _ g'yﬁ)\a)(2f)\’y + vlfyl’Y)Fiaijkﬁ

+ wapVi(2FAY + V! fr )W v8)

— wagF{ (V;V o FY + RO FYF) FY)
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F*A=0, (2.34),(3.1) 2fwagV7/\aF]hmjkVﬂ

+ wapV (WP FS = gaA*)h™ v,

— wapF? (V; VP + R FYF)FY)

V! fhmah™ ), — wag FE (V; VRPN + V! 1))
+RCs FYFYF).

(2.13),

Iy

*A=0

Now
~wapFPViVe(2fA) = —wapF(2V,;VifN + 2V fIOF]
+ 2V fI0F] + 2V (JIF))
= —2Vifgi; —2V,;fgir
— 2fwagVsJIFPF)F] — 2fwap ] FV F)
=" =2Vifgij —2V;fgir
and
e FEV VLV ) = —wapFE(V ViV 1) + ViViV0)
+ VIV + VUV V)
—wapFEV VLV 1P
— WapF{ V(W F) — g NPV f
= —V;ViVif
+ wagﬂahmklhp]m ' AV f+ gkzw(,gFaJﬁFVV f
= —V;ViVif + VR hijm + Vi f i)

Therefore in a first step
Vohije = V'fhmah™;, — 2Vifai; =2V, fgin
— VViVif + VR g hijm + Vi f i
— wapFOREs FYFY
= —V;ViVif + V' f(hiim R i + hiemb™ i) — 2V f i
— kagij - wa,gFaRf&F'yFtsFe

It remains to compute
~wagFP R FVFF, = —wagFPRD; (2f\ + V' f1] ) FI Fy
~2fwasFP R’ N FOF

— V! fwapFP RO ] FY F

2.14
( = ) _2fwa,6’F'a(g6e)‘ﬁ - 5§A6)F]6FI:

— V! fwapFP R 1] FY F
—V! fwasF R 0] FF

€
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so that finally

— Vifgij — VlfwaﬁFfRf&el/;’FfF,j.

For the mean curvature form we compute
VaoHj = V%(gkihijk)
= —hijlcgkmgipv%gmp + gikvg hij
=2V fhimph? ™ = VA f + 2V fhipmh™ 7
— (2n+ 1)V, f = V' fg*was FORY; 1) FOFy.

Yyoe
= —V;Af =@+ )Vf =V fg*wasFrRY; 0] FF

vde
= —V;Af—(@2n+ 1)V f - V' ] Fg™* Rysper) F

B2V Af = @n+ )V f + V) FP Ry wse + (20 — Dwsy)

= —V;Af—2V;f = V'fRopFF}.

O

Corollary 3.3. If F;, : L — (M, A\, J), t € [0,¢) is a smooth family of Legendre
immersions into a Sasaki pseudo-Einstein manifold (with J§Rap = Kwsg) that
evolves according to (3.3), then the mean curvature form H satisfies

(3.7) Vo Hj = =V;(Af + 2+ K)f).

In particular, the cohomology class of H is fived. If H is exact at t =0, then there
exists a smooth family of functions o on L, smoothly depending on t € [0,€), such
that

(3.8) Voa=—-Af—(2+K)f

s
ot
and

(3.9) da = H.

The family « is unique up to adding a function depending only on t. The volume
form du satisfies the evolution equation

(3.10) Vo dp = H(Vf)dp.

Definition 3.4. If F': L — (M, A, J) is a Legendre immersion such that the mean
curvature form H is exact, then any function o with H = da is called the Legendre
angle of F'(L).

In general one can find a unique pair (3, 0) consisting of a smooth function 5 : L —
R and a harmonic 1-form on L such that

H=ds+90, /Lﬁ:O.

We call 8 the Legendre pseudo-angle of L.
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Definition 3.5. Let L C (M, )\, J) be a Legendre submanifold of a Sasaki pseudo-
Einstein manifold. Then the Legendrian mean curvature flow is the solution of

(3.11) %Ft = —28X, — V*Bu,,

where (3 is the Legendre pseudo-angle of L; := F}(L).

Remark 3.6. To explain how 3 depends on F; let H; denote the mean curvature
form of F;. Assume Fy € C°°(L, M) and fix a smooth 1-form 6y on L such that
[Ho] = [0p]. Define

C(L,R) := C®(L,R) N {f LR ’ / fdp = o} .
L
For F' € C*°(L, M) we then obtain a map
E:C®(L,M)— C{°(L,R)

by

2(F) := A™(d"6y),
where df is the negative adjoint of d w.r.t. the metric gi; induced by F' and

ATt O (L,R) — C§°(L,R)
is the Green’s operator for the Laplacian A = ¢g"/V,;V;. Let oy € C§°(L,R) be the
solution of
Aay = d'0,

and define 8, € C§°(L,R) through

dﬁt = Ht - (90 + dat

for all F; sufficiently close to Fy so that [H;] = [Hp]. Then A3, = d'H; and (3.11)
can be written as

%F = H — 28X, + (0 — VFa)u,.

This differs from the mean curvature flow (1.1) only by —28X, + (65 — VFa)uy,
which in view of «, 3 € C5°(L,R) has a non-local nature. From standard PDE
theory we deduce that (3.11) admits a smooth solution for a short time and that
the Legendre condition is preserved during the evolution. In case n = 1, the
flow is analogue to the volume preserving mean curvature flow of curves in R?
(compare with [13]) because then the £-component of the velocity has length equal

_ J, kdu
to ’k fLL n

, where

k= g(H,dp)

denotes the curvature of the curve. In this case 3 is the function such that

kadﬂ)
=k — d =0.
o= (k- ) an [ 50

From Corollary 3.3 we get that

(3.12) = —g(H, dB)dp,
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provided L evolves according to (3.11) because f = —f. From this it follows that
d
(3.13) [ = [ gm.asyau = [ satnan= [ sasan
dt L L L
- [ sk <o
L

so that the Legendrian mean curvature flow is always volume decreasing.

Proof of Theorem 1.3. a) Let Ly, L be Legendrian isotopic and assume that
the isotopy is generated by a smooth family of functions f, i.e., by the flow

d
—F=2fX
7 X5+ V¥ fu.

Since K + 2 = 0, there exists a Legendrian angle « that satisfies

do=H, ia =-Af, / cos(a)dp > 0.
dt »

We compute

jt cos(a )d,uz/(sin(a)Af—l—cos(a)(df,H))du

and partial integration gives

d
p cos(a)du = /(— cos(a)(da, df ) + cos(a){df, H)) du = 0,
ie., [cos(a)du is a Legendrian isotopy invariant. Since

Vol (L) > / cos(a)dj

and [, cos(a)dp > 0 we are done.
b) Here, there exists a Legendre angle o with

do = H, %azAa—«—@—l—K)a,

/ cos(a)dp >0, cos(a) >0 att=0.
Lo

In particular a and (3 differ only by a function m that depends on t only. The
maximum principle and K + 2 < 0 imply

cos(e” )Y > 0,vt > 0

and as above we compute

d
7 /cos(e_(2+K)ta)du

—sin(e” ) A(e=FHEty) — cos(e_(2+K)ta)|H|2) du

/ —2(2+K)1L ) COS(e—(2+K)ta)|H|2d'u
0

Y
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so that

Vol(Lt):/ duz/ cos(e_(2+K)to¢)du2/ cos(e” T ) dy > 0.
Ly Ly Lo

4. Shortening Legendre curves

From now on we will only consider the case n = 1. Therefore L is always a closed
Legendre curve. The (mean) curvature form can be decomposed as

H =dg + hdp,
where dy is the line element and h is given by
h= fL A .
Judu
Let us define the function
p = du(V).
Then
(4.1) pdy = d
and
(4.2) V812 = 2.
The curvature k£ of L as defined above becomes
k=p+h.

Next we compute

d d d d

d a
=d(AB+ (2+ K)B) — <f dtHfd}Lf it hp(h +p)> dp
:d(Aﬁ+(2+K+h2)ﬁ)+h<p2— ff’;i”) dp

Let g be the uniquely determined function with
Jpdp
qdp =0, dq= (p2 - dp.
/L [ du
Then

(4.3) %dﬁ:d(Aﬁ+(2+K+hz)6+hq).

Moreover

%w& =VAB+(2+ K + 1)V}
+ hVq+2H(VB)VS
=AVB+ (2+ K +h*)Vj
(4.4) + hVq+ 2p(h + p)Vj.
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Since du is parallel we compute
Ap = A (du(VB)) = du(AVp).

Hence
)
_Ap+(2+K+h2)p+h(p2 ff’;i“)
+2p*(h+p) = p(h +p)p
(4.5) :Ap+(2+K+(h+p)2)p—hff:li“,

where the term —p(h + p)p in the second to last line occurs due to %du =—p(h+
p)dp. Since

d 2d
dy_prde
dt [ du

we also observe

d d

—k=— h

k= ae
(4.6) =Ak+ (2+ K +Kk)p.
In particular

d

(4.7) aif = Ak? = 2|VE]* + 2kp(2 + K + k?).

The strong maximum principle now implies:

Corollary 4.1. Assume k2 +K +2 <0 fort =0 and that h =0, i.e., the rotation
number of L vanishes. Then there exist constants ¢, A\ > 0 such that

k2 < ce_’\t7 Vt.

Proof. In case h = 0 we have

%kQ = AK* - 2|VK|? +2K*(2+ K + k?).

and by the strong parabolic maximum principle we must either have k = 0,Vt > 0
or k2 42+ K < —e for a positive constant ¢ and for all ¢ > ty, where ¢y > 0 is
fixed. But then

iI<:2 < AK? — 2ek?

dt

implies the result. O

If h # 0, then we can still derive a bound for k? because from (4.6) we obtain a
nice evolution equation for the quantity
r=k+K+2,

namely

d
(4.8) P Ar — 2|VEk|?* + 2pkr.

Again the maximum principle gives:
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Corollary 4.2. Assume k?> + K +2 <0 fort = 0. Then this remains true during
the evolution.

Remark 4.3. Let e, e5 be an orthonormal basis of £. Then the 3 sectional curva-
tures of M are
o(Xx,e1) =1=0(Xy,e2), o:=0(e1,e2) =K —1.

In particular K + 2 = 3 4+ ¢ and if we compute K + 2 for the three cases given in
Example 2.7 we obtain:

a) K+2=0+3=12>0,
b) K+2=0c+3=0,
c) K+2=0+4+3=0<0.
H does not change its cohomology class and therefore
J duo
(49) () = (O0) g
in particular the sign of h remains the same. This implies that if

rot(L) := %/H #0,

then the stationary curves of the Legendrian curve shortening flow are no longer
geodesics but Hamiltonian minimal curves, i.e., curves for which

H = hdp

is a harmonic 1-form and k = h is constant.

Lemma 4.4. Under the assumptions made in Theorem 1.1 there exists for each
m > 0 a constant ¢,, > 0 such that

(4.10) IV™E|)? < cm, Yt € [0,T),
where [0,T) denotes the maximal time interval on which a smooth solution of (3.11)

exists and
IV k|12 = sup [V k[
Ly

Proof. We prove this by induction on m. The case m = 0 is Corollary 4.2. Suppose
now that Lemma 4.4 holds for all 0 < [ < m, where m > 0. With the evolution
equation for k£ we obtain for any 0 < [ < m that there exists a constant a; > 0 such
that

d
ZIVIEP < AV =2V R 40 (VR 1)
Then define
¢ = |mG|2 4 am|vm—1k|2_
For ¢ we get
d
£¢ < A¢p+am (|mG;‘2 + 1) - 2am|V7rLk|2 + Q1 (|V’”‘1k|2 + 1)
=A¢ — amd + am(m + am_1)|[V™ k> + am(am_1 + 1)
< Ad) — armgb + arm(am + am_l)cm_l —+ am(a7n_1 + 1)

and the maximum principle implies that ¢ and then also |[V™k|? must be uniformly
bounded. O
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Lemma 4.5. Under the assumptions made in Theorem 1.1 there exist constants
lo,lso > 0 such that

Ly
Proof. For |y we may choose I(Lg) because by (3.13) we have %Z(Lt) < 0. Now
we distinguish two cases:

(i) rot(L) # 0: From (4.9) we deduce that h becomes unbounded if and only if
{(L;) tends to zero. On the other hand k& = h+ p is bounded by Corollary 4.2
and since p = du(V3) we conclude that p must vanish in at least two points
on L so that in these points £ = h. Consequently, since h is constant in space,
we have shown that h is uniformly bounded from above and I(L;) must admit
a lower positive bound 5.

(ii) rot(L) = 0: Then we use Corollary 4.1 and (3.13) to estimate

%Z(Lt) = —/ K2dp, > —ce MI(Ly)

so that

|
Corollary 4.6. Under the assumptions made in Theorem 1.1 there exists for each
m > 0 a constant b,, > 0 such that
(4.12) [[V™F||? < by, Yte[0,T).
Proof. For m > 2 the estimates follow from Lemma 4.4. The case m = 1 follows

from Lemma 4.5 and the compactness of M implies a bound for F' as well. Here,
the norm of F' shall be defined as the distance from a fixed point p € M. [

Proof of Theorem 1.1. From Corollary 4.6 we know that F' is uniformly bounded
in C*°. Thus T = oo and we can extract a convergent subsequence. The smooth
limit curve must be a stationary solution of (3.11) and therefore a curve of constant
curvature. In case rot(L) = 0, the limit curve must be a geodesic. We show that
the L?-norm of 3 tends to zero if rot(L) = 0. Let us first compute the evolution
equation for 8. From (4.3) we conlude that there exists a function ¢ = ¢(t) such
that

d
%6:Aﬂ+(h2+K+2),@+hq+c
and then [ Bdu =0,V implies
1 /
¢c=—— [ (pkB — hq) dp
J g
and in particular

%/ﬁzd“:_2/|V5|2du+2(h2+K+2)/ﬂ2dM
+2h/Qﬂdu—/pkﬂ2d,u.
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If rot(L) = 0, then h = 0,k = p,p? = |V3|? and the last equation simplifies to

%/52@2 —2/|Vﬂ\2du+2(K+2)/52du_/|vg|252du,

Note that by assumption K + 2 + k? < 0, so that K + 2 < 0. Since by Lemma 4.5
all metrics are uniformly equivalent and by definition [ Bdu = 0 we can apply the
Poincare inequality to estimate

G [rdu<—c [ oau

with a fixed constant € > 0. Hence there exists a positive constant ¢ with
/52du <ce ™ Vtelo,T)

and T = oo implies that fﬁ2du converges to 0 in L2, Standard arguments (e.g.,
see [7]) then show that not only the subsequence but also the complete family of
curves must converge to a geodesic in the C'*°-topology. O

Proof of Theorem 1.2. From (4.3) we deduce that there exists a smooth family
of functions « such that da = H, cos(a) > 0 at t = 0 and

d
—a=A .
dta a+ (340

We see that 8 and « differ only by a function ¢ depending only on time. Let us
define the function
o(t) := e~ B+,
Then J
%(ga) = A(oa)
and the maximum principle implies that cos(pa) > 0 for all ¢ > 0, in particular the
oscillation of pa is strictly bounded from above by 7. In a next step we compute
the evolution equation of the quantity

l:=mk?,
where m = m(a, t) is a function to be determined. We let
om ,  Om

" T Ba
and obtain

LRI (Aa+ (3+ o)) + 2mk(Ak + k(3 + o + k7))

dt
B 1 s m o (m" 3 (m\?
= Al g VIE = (VL Ve “f<7n AT

+1mk? + (3 +o)m'ak? + 213+ o + k?)

1 m/ m" 3 (m\?
_ A _ 2 _ 2 I B )
l I V| - (VI,Va) — Ik < i (m) )

: +2(3+a))

m

+l(m+(3+a)
m m
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at those points where k£ # 0. Now we choose

e
cos?(pa)
and get
m
o —2(3+0) (1 + patan(pa))
as well as

m 2

so that if o + 3 < 0 we deduce

d m'
—1 < Al—-—(VI,V
tl l (VI,Va)

at all points where k # 0. [ is well-defined for ¢ > 0 since cos(pa) > 0 and [ vanishes
if k vanishes. Therefore the maximum principle implies that there exists a constant
¢ > 0 with

kQ < Ce2(3+0)t COS2(67(3+J)tOZ) < 062(3+U)t <ec.

As in the proof of Theorem 1.1 this implies C°°-bounds, that the curvature must
tend to zero and that the Legendrian loops converge to a closed Legendrian geodesic.

O
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