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On Hopf Galois structures and complete groups
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ABSTRACT. Let L be a Galois extension of K, fields, with Galois group I". We
obtain two results. First, if I' = Hol(Zpe ), we determine the number of Hopf
Galois structures on L/K where the associated group of the Hopf algebra H
isT" (i.e. L&k H = L[I']). Now let p be a safeprime, that is, p is a prime such
that ¢ = (p—1)/2 > 2 is also prime. If L/K is Galois with group I' = Hol(Z)),
p a safeprime, then for every group G of cardinality p(p—1) there is an H-Hopf
Galois structure on L/K where the associated group of H is G, and we count
the structures.
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Let L be a Galois extension of K, fields, with finite Galois group I'. Then L
is an H-Hopf Galois extension of K for H = KI', where KT acts on L via the
natural action of the Galois group T on L. Greither and Pareigis [GP87] showed
that for many Galois groups I, L is also an H-Hopf Galois extension of K for H
a cocommutative K-Hopf algebra other than KT'. The Hopf algebras H that arise
have the property that L ® x H = LG, the group ring over L of a group G of the
same cardinality as I'. We call G the associated group of H.

From [By96] we know that for H a cocommutative K-Hopf algebra, H-Hopf
Galois structures on L correspond bijectively to equivalence classes of regular em-
beddings 8 : T' — Hol(G) C Perm(G). Here Perm(G) is the group of permutations
of the set G, and Hol(G) is the normalizer of the left regular representation of G in
Perm(G). One sees easily that Hol(G) contains the image of the right regular rep-
resentation p : G — Perm(G) and also Aut(G); then Hol(G) = p(G) - Aut(G) and
is isomorphic to the semidirect product G x Aut(G). The equivalence relation on
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regular embeddings is by conjugation by elements of Aut(G) inside Hol(G): § ~ (3’
if there exists v in Aut(G) so that for all g in G, v3(g)y ! = 3 (9).

Thus the number e(I', G) of H-Hopf Galois structures on L/K where the asso-
ciated group of H is G depends only on G and the Galois group I', and reduces to
a purely group-theoretic problem.

If L is a Galois extension of K with Galois group I' non-abelian simple or 2 S,
then in [CC99] we counted the number of Hopf Galois structures on L/K with
associated group G = T' by "unwinding” regular embeddings. The unwinding idea
applies more generally when G is a complete group, i. e. has trivial center and
trivial outer automorphism group. In this paper we apply this unwinding idea to
determine e(G, G) when G is the complete group Hol(Zp ), p an odd prime.

One theme of research on Hopf Galois structures on Galois extensions of fields is
to determine to what extent it is true that if L/K is Galois with Galois group I" and
is H-Hopf Galois where H has associated group G, then G = I". Positive results in
this direction include Byott’s original uniqueness theorem [By96]; Kohl’s Theorem
[Ko98] that if I' = Z,. then G = I'; Byott’s recent result [By03a], complementing
[CC99], that if T is non-abelian simple then G = I'; and Featherstonhaugh’s recent
result [Fe03] that if G and I are abelian p-groups with p sufficiently large compared
to the p-rank of G and log,, of the exponent of G, then G = T'. (A survey of results
before 2000 in this area may be found in Chapter 2 of [C00]; Chapter 0 of [CO0]
describes how Hopf Galois structures on Galois extensions of local fields relate to
local Galois module theory of wildly ramified extensions.)

In the last two sections of this paper we consider this uniqueness question for
I' = Hol(Z,) when p is a safeprime, that is, p = 2¢ + 1 where p and ¢ are odd
primes. (The terminology “safeprime” arises in connection with factoring large
numbers related to cryptography—see [C95, pp. 411-413].) Then there are exactly
six isomorphism classes of groups of cardinality p(p — 1). We show that if L/K is
a Galois extension with Galois group I" = Hol(Z,), then for each of the six groups
G of cardinality p(p — 1) up to isomorphism, there is an H-Hopf Galois structure
on L/K with associated group G, and we count their number. Thus I' = Hol(Z),)
yields an example of the opposite extreme to the uniqueness results listed above.

1. Regular embeddings

Given a Galois extension L/K with Galois group I', and a group G of cardinality
that of ', the number e(T", G) of Hopf Galois structures on L/K whose Hopf algebra
H has assocated group G is equal to the number of equivalence classes of regular
embeddings of ' into Hol(G), the semidirect product of G and Aut(G). Here an
embedding 5 : ' — Hol(G) is regular if, when viewing Hol(G) inside Perm(G) via
(g,a)(x) = a(z)g™!, the orbit of the identity element 1 of G under 3(I) is all of G.

Obtaining e(T', G) in any particular case involves a number of steps:

(a) determining Aut(G), hence Hol(G);

(b) finding monomorphisms (3 from I" to Hol(G) by defining 8 on generators of T
and checking ( on the relations among those generators: in particular, it is
helpful to know the orders of elements of Hol(G) in order to choose where to
send the generators of T

(c) checking for regularity of j;
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(d) simplifying 8 under the equivalence relation of conjugation by elements of
Aut(G) inside Hol(G)—that is, finding a complete set of representatives for
the equivalence classes of regular embeddings ;

(e) counting the representatives.

Of these tasks, checking regularity is the least natural. If we view Hol(G), the

semidirect product of G and Aut(G), as G x Aut(G) as sets, the operation is
(9,0) - (¢',0") = (9a(g), aa)

for g,¢' € G,/ € Aut(G). Then G = {(g,1)} is a normal subgroup of Hol(G),
and the projection mo onto Aut(G) by m2(g, @) = « is a homomorphism; however
the projection m onto G, 71(g, ) = g, is not. But since an element (g, ) viewed
in Perm(G) acts on the identity element 1 of the set G by (g,a)(1) = a(1l)g~* =
g1, checking regularity of a 1-1 homomorphism 3 : I' — Hol(G) is the same as
determining whether the function (non-homomorphism) m 3 : I' — G is bijective.

Let Inn(G) be the group of inner automorphisms of G, then Inn(G) is normal
in Aut(G@) and Aut(G)/Inn(G) = O(G), the outer automorphism group, fits in the
exact sequence

1—-Z(G)— G — Aut(G) - O(G) — 1

where the map C : G — Aut(G) is conjugation: C(g)(x) = grg~! for g,z € G, and
Z(@) is the center of G.

Suppose Z(G) = (1) and the composition of the 1-1 homomorphism 5 : ' —
Hol(G) with the homomorphism Hol(G) — O(G) yields a trivial homomorphism
from ' to O(G). Then 8 maps into G x Inn(G), and, following [CC99], we may
decompose 3 as follows: we have a homomorphism

j:G@xInn(G) - GxG

by j(g,C(h)) = (gh,h) for g,h € G, with inverse sending (g,h) to (gh~t,C(h)).
Letting p; : G X G — G be projection onto the ¢th factor, ¢ = 1,2, the homomor-
phism [ yields homomorphisms 51 = p1j and B3 = p2jf : I' — G such that

B(y) = (B1(1)B2(7) 7. C(B2))-
Then S is regular iff

{mBN|y €T} = {5 (1)B(7) Iy e} =G.

Thus whenever Z(G) = (1) and B(I') C G x Inn(G), we may describe 3, and in
particular the function 13 : ' — @G, in terms of the homomorphisms 31,8 : ' —
G, namely,

mB(y) = p (7)52(7)71.

A class of groups G where Z(G) = (1) and B(I') C G x Inn(G) is the class of
complete groups, that is, finite groups G with Z(G) = (1) and O(G) = (1). The
best-known examples of finite complete groups are Aut(A) where A is simple and
non-abelian, S,, for n > 3,n # 6, and Hol(Z,,) where m is odd. (See [Sch65,
III.4.u-w] .) Another class is the class of simple groups, for if G is simple, then
O(G) is solvable, so any 8 : G — Hol(G) has image in G x Inn(G).

In [CC99] we let ' = G and determined e(G, G), the number of regular embed-
dings of G to Hol(G), when G is simple non-abelian or S,,n > 4. In the next
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section we examine the case where I' = G = Hol(Z,) where ¢ = p° and p is an odd
prime.

2. Hol(Z,-)
Let G = Zpe x Z}., the holomorph of Zpe. Let b be a number < p® that generates

Zye. Let I' = G. In this section we prove:

Theorem 2.1. If G = Hol(Z,), p odd, then up to equivalence there are

e(G,G) =2p" 1 o(p*™) + 2p°(p° ) (d(p — 1) — 1)
regular embeddings of G into Hol(G). Thus e(G,G) is the number of H-Hopf Galois
structures on a Galois extension L/K with Galois group G where the associated
group of H is G.

Proof. We wish to find equivalence classes of regular embeddings of G in Hol(G).
Since G is complete, we know from the last section that any homomorphism g :
G — Hol(G) may be decomposed as

B(g) = B1(9)B2(g9) " C(B2(g))

for homomorphisms 1, 82 : G — G. So we begin by describing the homomorphisms
from G to G.
Let a: G — G be a homomorphism. Then « is determined by

a(1,1) = (m,c) of order dividing p®, and

a(0,b) = (n,d) of order dividing p*~'(p — 1).
If «(1,1) has order dividing p¢, then ¢ = 1. To see this, first note that for any
s> 0,

(m,c)® = (ml+c+c+...c57h), %)

so ¢ must have order dividing p¢, which implies that ¢ = 1 (mod p). Also, for (0, b)
to have order dividing p~!(p — 1) we require that d # 1 (mod p) or p divides n.
For if d = 1 (mod p) one sees by induction that (n,d)pe_1 = (p*~n’,1) where p
divides n’ iff p divides n. Thus if p does not divide n, then (n,d) has order p¢. On
the other hand, if d # 1 (mod p), then

and p divides dP~! — 1 but not d — 1, so the order of (n,d) divides p*~(p — 1).
Now we check the relation

(b,1)(0,b) = (b,b) = (0,b)(1,1).
Applying « yields:
(m(l+c+...&% Y, (n,d) = (n,d)(m,c),
hence
(m(l+c+...A" )+ cPn,cPd) = (n + dm, dc).

Thus ¢’d = cd. Since d is a unit modulo p¢ it follows that c¢® = ¢, hence ¢~ = 1.
But since ¢ =1+ pf for some f,

1= (14
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Since b — 1 is relatively prime to p and (1 4—]3]‘)”871 =1, it follows that 1+ pf =1,
hence f =0 and ¢ = 1.
Thus for any homomorphism o« : G — G,

a(l,1) = (m,1)

for some m.
Since ¢ = 1, the requirement

(m(1+c+...A% Y +Pn,cPd) = (n+ dm, dc)
becomes
(mb+n,d) = (n+ dm,d)

which implies that bm = dm. Thus if m # 0, then b = d (mod p), and if m is a
unit (i.e. relatively prime to p), then b = d. In the latter case, «(1,1) = (m, 1) has
order p¢ and «(0,b) = (n,b) has order p°~*(p — 1).

Clearly if « is an automorphism then m is relatively prime to p and so b = d.
Conversely, if a(1,1) = (m,1) with m relatively prime to p, then «a(0,b) = (n,b)
for some n. Conjugating « by (h,c) in G yields

(h,c)a(1,1)(h,c)~' = (h,c)(m,1)(—c 'h,c™!)
=(h+cm—h,l
= (em, 1).

We choose ¢ so that ¢m = 1. Then we choose h so that
(0,b) = (h,c)e(0,b)(h, )" = (h,¢)(n,b)(—c " h,c™)
= (h+cn,be)(—c th,c™h)
= (h + cn — bh,b)
=((1 =b)h+cn,b):

we set h = —(1 — b)~Len, possible because b has order p¢~1(p — 1) (mod p¢) and
hence b Z 1 (mod p). With these choices of h and ¢, the homomorphism C(h, ¢)a :
G — @ is the identity on the generators (1,1) and (0,b) of G, and so o = C(h,c)~!
is an automorphism of G.

Now we ask about regularity: for which pairs of endomorphisms (31, 82) is

{B1(9)B2(9)""|g € G} = G,
or equivalently, m3 = B - 85" is a 1-1 function from G to G? Let £;(1,1) =
(m;,1), 8;(0,0) = (ni, d;) for i =1,2.
If neither 31 nor (s is an automorphism, then p divides m; and ms, so

ﬂl (pe_lla 1)ﬂ2(p6_1l5 1)_1 = (pe_llmla 1)(_p6_1lm27 1)
= (0,1)(0,1) = (0, 1)

for all I, and so (31 -ﬂ;l is not 1-1.
Suppose both 31 and (5 are automorphisms. If m; = my (mod p) then

BByt (peh 1) = (p°tmy — p©ima, 1)
= (O, 1)
=B - B5(0,1)
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so (31 -62_1 is not 1-1. If my # mso (mod p), then let s(my — msy) = ny — ny. Then

ﬂl : 62_1(0717) = (nl — Na, 1)
= ((m1 —mgo)s, 1)
=p- 62 ( 1)7

so again, [ -ﬁ;l is not 1-1.

Thus for § to be regular, exactly one of 31 and (s is an automorphism.

We return to looking at regularity after we look at equivalence by Aut(G) =
Inn(G) inside Hol(G).

For g, h,k € G we have

(1,C(9))(h,C(k))(1,C(g)~") = (C(g)(h),C(9)C(k)C(g)~ ")
= (ghg™",C(gkg™").

Thus if B(x) = (B1(z)B2(z) 71, C(ﬂg(x))) for z € G, then g ~ (' with
lg

B'(x) = (gb1(x )ﬁz( )"l ClgBe(x)g ™))
= (9B1(z)g™ (962( )9 )1, ClgBa(z)g™)) -

we get from 3 to 3’ by simultaneously conjugating 81 and 32 by g € G.
Assume 5 is an automorphism, then, up to equivalence, we may assume that G,
is the identity automorphism on G and f; is not an automorphism. Then e(G, G)
will be twice the number of possible 31, since the case where 3, is an automorphism
and (5 is not is the same.
Returning to the regularity question, we ask, for which g; is {81(g9)g~'} = G?
Assume
51(17 1) = (ma ]-)
A(0.5) = (n.d)

for some m divisible by p, some d # 1 and some n. Then

Bi(l,6%) = (1, 1)3:(0,0)
(s (55) )
(s (52) )

For any h,r we want to find [, k£ so that

(%) Br(1,08) (1,057 = (lm +n (‘f:f) ,dk> (=b~F1,b7F)
= <lm +n <C§_11> —dFb*, dkbk)
= (h,b").

In order that for any 7, there is a k so that b = (db~!)*¥, we require that db~*
generates Z .. Now for 3; to be a homomorphism, we need bm = dm, and this is
possible only if m =0 or b= d (mod p). But in the latter case, db=! =1 (mod p),
so cannot generate Z%.. Thus if {1(g)g~} = G, then m = 0, and d = b/** such
that b/ generates Z e
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Thus f; is defined by

and () becomes
(n(1+d+ - +d" ) = /"1 b%) = (h,b7),

which is solvable for all n and for all f such that b/ generates Zye . We have two
cases:

If d = b/*' =1 (mod p), then p — 1 divides f + 1 and p divides n (or else f3 is
not a homomorphism).

If d=b/*1 # 1 (mod p), then n is arbitrary.

The first case gives p¢~! choices for n and ¢(p®~!) choices for f.

The second case gives p°® choices for n and

p(pHp—1)) — (") = )(plp— 1) — 1)

choices for f. The theorem follows. O
Corollary 2.2. If G = Hol(Z,), then e(G,G) =2(1 + p(¢(p — 1) — 1)).

Example 2.3. For p = 5 there are, up to equivalence, 2(145(2 —1)) = 12 regular
embeddings of G = Z5 x ZZ into Hol(G). If we choose b = 2 then b and b* generate
Z¥, sod="0"=1ord="b*=4. Thus if we let 32 be the identity automorphism,
then (1(1,1) = (0,1) and £1(0,2) = (n,4), n=10,1,2,3,4, or (0,1).

3. Groups of order p(p — 1)

Let I = Hol(Z,) with p an odd prime, as above, and let p — 1 = 2¢g. Then
there are at least five non-isomorphic groups G of order 2¢p other than I', namely,
Zagps Dapy Dp X Zg, Dy x Z,, and (Z, x Zy) X Zy (where Z, is identified as the
subgroup of Aut(Z,) of index 2, and D,, is the dihedral group of order 2n). The
five groups are non-isomorphic because their centers have orders 2pq, 1,q,p and 2
respectively.

If g is also an odd prime, then ¢ is called a Sophie Germain prime, resp. p is
called a safeprime, and in that case, these five groups, together with I' = Hol(Z,),
are the only groups of order 2pq, up to isomorphism. To see this, we first obtain
the following lemma, needed also in the next section:

Lemma 3.1. Let p be prime, p=2q+ 1. Then
Aut(D,) = Aut(Z, x Z,;) = Aut(Hol(Z,)) = Inn(Hol(Z,)).

Proof. Let G = Z, x Z, with a = 2,q or 2¢ = p—1. Write Z,, additively and view
Z, as the cyclic subgroup of order a inside Z; = Aut(Z,) and G C Hol(Z,). Let b
generate Z,. If a is an automorphism of G, then:

1. a(1,1) = (m, 1) for p not dividing m, and

2. a(0,b) = (n,b) for any n (as one sees by applying « to the relation (b, 1)(0,b) =

(b,0) = (07 b)(17 1))

So there are p(p — 1) = |Hol(Z,)| automorphisms of G. Now if ({,d) is any element
of Hol(Z,), then conjugation by (I,d) is an automorphism of G, since

(1,d)(m,b")(I,d)™* = (I +dm —b"1,b") € G.
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Hence the conjugation map C : Hol(Z,) — Aut(G),
C(l,d)(m,b") = (1,d)(m,b")(I,d) "t = (I + dm — b"1,b"),
is defined. Then C is 1-1. For if C(l;,d;) = C(l3,d2) on G, then
li +dim —0b"ly =la+dam — 0"y

for all m,r: in particular for m = 1,7 = 0 we get d; = ds and for m = 0,7 = 1 we
get I1 = ly. Thus C is an isomorphism. [l

Proposition 3.2. If ¢ and p = 2q + 1 are odd primes, then, up to isomorphism,
there are exactly six groups of order p(p — 1).

This is probably well-known, but we sketch a proof for the reader’s convenience.

Proof. If G has order p(p — 1) then by the first Sylow Theorem, G has a unique
normal subgroup Gy, of order p. By Schur’s Theorem, G, has a complementary
subgroup of order 2¢, and hence a subgroup K of order ¢. Then G,K = J is a
subgroup of G of order pg, hence normal in G. By Schur’s Theorem again, J has
a complementary subgroup of order 2 in G, so G is isomorphic to a semidirect
product J Xq Zs.

If J= Z,, then G = Z,; X, Z2 where

(672 ZQ — Aut(qu) = Zp,1 X Zq,1

has four possibilities, a(—1) = (£1,%1). These yield G = Dy, D, x Z4, Dy X Z,
and Zyp,.

If J = Z,xZ, C Hol(Z,), then G = J X, Zy where a : Zy — Aut(Z, X Z,;) =
Inn(Hol(Z,)). If « is trivial, we obtain (Z, X Z;) x Z,. Otherwise, the elements of
order 2 in Inn(Hol(Z),), are of the form C(I, —1) for any | € Z,,. Define

oy : Zy — Inn(Hol(Z,))
by a;(—1) = C(l,—1). One checks easily that
(Zp X Zg) Moy Lo = Zyp X Zog = Hol(Z),)

by the map sending ((a,b), €) to (a,eb) for a € Z,, b€ Z, C Zp_1, € € Zo C Zp_1.
Now (ag) = (C(0,—1)) and (a;) = (C(l,—1)) are conjugate in Inn(Hol(Z,)) for
[ # 0 by C(m,1) where 2m =1 (mod p): C(m,1)C(0,—-1)C(—m,1) = C(2m,—1).
It follows from [DF99], p. 186, Exercise 6 that

(Zp X Zg) Moy Za = (Zy X Zg) Nay L2
for all [. Thus J = Z, x Z, yields only two possible groups, up to isomorphism. [

4. Nonuniqueness

If we begin with the Galois group I' of a Galois extension L/K of fields, then to
determine the K-Hopf Galois structures on L, we need to count equivalence classes
of regular embeddings of T' into Hol(G), where G varies over isomorphism classes
of groups of the same cardinality as I". This can be a formidable task for certain
cardinalities!

In this section, we let I' = Hol(Z,), p = 2¢ + 1 a safeprime > 5, and determine
e(T", G), the number of regular embeddings of I" into Hol(G), for all six groups G
of order p(p — 1) = 2pgq. We did the case G = T' in Theorem 2.1 and found that
e(G,G) =2+ 2p(q — 2). Here is the result for G ¥ I':
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Theorem 4.1. Let I' = Hol(Z,), with p and ¢ = (p — 1)/2 odd primes. Then:
(1) e(l', Zp X Zg x Z3) = 2p(q —1);

T
-
o
o

f. We do each case in turn, following the steps outlined in Section 1.
: Proof that e(T', Z, X Z, X Z3) = 2p(q — 1). Using Lemma 3.1 we have

Hol(Z, x Z, x Zs) = Hol(Z, x Z,) x Hol(Z)
= ((Zp x Z4) x Inn(Hol(Z,)) x Z,
C (Hol(Z,) x Inn(Hol(Z,)) x Z,
=~ Hol(Z,) x Hol(Z,) x Za;

1

~—

thus we may unwind any homomorphism 5 : I' — ((Z, x Z;) x Inn(Hol(Z,)) x Z,
as in Section 1. If

/6(7) = ((m,bQ")7C(l,bs)) X €

with e = +1, 2% = (b) and m, [ are modulo p, then () maps to (m, b*)(1,b%) x
({,b%) x € under the map to Hol(Z,) x Hol(Z,) x Z,. So 8 induces homomorphisms
By : T — Hol(Z,), defined by 31 (v) = (m,b*")(1,b%), and B2 : I' — Hol(Z,), defined
by B2(v) = (1,b%). If we define By : ' — Z3 by Bo(y) = €, then

B() = (B1(M)B2(1) ", C(B2(7)) x Bo(y)-

Let v € Hol(Z,),y = (m,b"). Then the only non-trivial homomorphism 3y is
given by Bo(y) = —1if t is odd, and = 1 if ¢ is even. (If Bo(y) =1 for all -y, then
will not be regular.) As for the possibilities for the homomorphisms 8; and (s, we
determined these in the proof of Theorem 2.1, namely:

1. If j3; is an automorphism, then 3;(1,1) = (m,1), m # 0 and 5;(0,b) = (n,b)

for any n.
2. If 5; is not an automorphism, then 5;(1,1) = (0,1) and £;(0,b) = (n,d) for
d="b",r#0, and any n, or 5;(0,b) = (0,1).

As in the proof of Theorem 2.1, if both 5; and (2 are not automorphisms, or if
both $; and (B2 are automorphisms, then 3; - G5 1is not 1-1, so A3 is not regular.
Thus we can assume one is an automorphism and the other not. Assuming (35 is an
automorphism, we can conjugate it by an automorphism of Hol(Z,) to transform
it to the identity map. Then

ﬁl (07 b)ﬂQ(Oa b)_1 = (77,7 d) (07 b)_l
= (n,db™'):
this must lie in Z, x Z,;, which means that d = b" must be an odd power of b. Then

Br - By H(1,0%) = (n, d)*(1,b%) "

:<n<§:3>—u%4f4@*y>.

For 3 to be regular, (5, ~ﬂ51 must map onto Z, x Z,, so we need that db=! = b"~!
generates Z,. Thus r — 1 must be coprime to g. There are ¢ —1 odd numbers r < p
with r — 1 coprime to q.
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For any such 7, (db=1)* is a unit of Z,, so given any n, h in Z, there is some [ in
Zy, so that n (d _1> I(db=1)* = h. Hence for any suitable r and any n, 3, - 35"

maps Hol(Z,) onto Z, x Z,.

Thus we have determlned all regular 3: we have p choices for n, and g— 1 choices
for d. Interchanging the roles of B, and (; yields the same result. Thus there are
2p(q — 1) regular embeddings of Hol(Z,) into Hol(Z, x Z,; x Z3), as claimed.

(2): Proof that e(I', D, x Z,) = 2p. We seck regular embeddings
B : T — Hol(D, x Zp).
We have
Hol(D, x Z,) = Hol(D,) x Hol(Z,)
and by Lemma 3.1, the map
Hol(D,) = D, x Inn(Hol(Z,)) — Hol(Z,) x Hol(Z,)
is 1-1 and maps (m,€)C(n,d) to (m,€)(n,d) x (n,d). Suppose
B(1,1) = (g, )C(n, d) x (m,c).

Now ((1,1) must have order p (or else (§ is not 1-1), so (n,d) = (q,¢) = (0,1),c=1
and m # 0, hence

B(1,1) = (0,1)C(0,1) x (m, 1)
with m # 0.

Suppose 5(0,b) = (I,€)C(k,d) x (s, c) in D, xInn(Hol(Z,)) x Hol(Z,) for I, ¢, k,d
mod ¢ and s,c mod p. If e = 1, then no element of D, of the form (x, —1) is hit by
m1(8), and so (3 is not regular. Thus ¢ = —1.

Applying S to the condition (b, 1)(0,b) = (0,b)(1,1) yields ¢ = b (mod p). Hence
(k,b) has order p — 1. We require that (n,—1)C(l,d) have order dividing 2¢ in
D, x Inn(Hol(Z,), which maps 1-1 to Hol(Z,) x Hol(Z,) as noted above. Thus
(n—1,—d) and (I, d) must have order 1, 2 or ¢ in Hol(Z,). But then d =1 or —1.

Thus any regular embedding 3 satisfies:

1. 8(1,1) = (0,1)C(0,1) x (m, 1) with m # 0 in Z,, and
2. 5(0,b) = (n,—1)C(Il,d) x (k,b) with d = £1.
Now modify § by conjugating by
(0,1)C(h,c) x (0,b") € Aut(Dy x Z,) C Dy x Inn(Hol(Z,)) x Hol(Zy,).
First, looking at G(1,1):
((0,1)C(h,c) x (0,6)))((0,1)C(0,1) x (1m,1))((0,1)C(h,c) x (0,b7))7")
= ((0,)C(0,1) x (b"m, 1).
Now, looking at (0, b):

((0,1)C(h, ¢) x (0,7)))((n, —1)C (I, d) x (k,))((0,1)C(h,c) x (0,b7)) ")
= (2h + cn, —1)C(cl + h — dh, d) x (b"k, b).

Let 3 henceforth denote the conjugated embedding. Choose r so that b"m = 1.
Then

B(1,1) = (0,1)C(0,1) x (1,1).
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We choose h, ¢ in
B(0,0) = (2h + en, —1)C(cl + h(1 — d),d) + (b"k, D).

We have four possibilities.
If d =1 and | = 0 we can choose ¢ # 0 and h so that

B3(0,b) = (0,-1)C(0,1) + (b"k, b).

But then § is not regular, for m 3 does not map onto Dj,.
If d = —1 and [ = n, then we can choose ¢ = 2, h = —n, but then

6(07 b) = (07 71)0(07 *1) + (brk,b)a

so (3 is not regular.
If d =1 and [ # 0, choose ¢ = [~! (mod ¢) and h so that 2k + cn = 0, then

6(0,b) = (0,-1)C(1,1) + (b"k, D).
If d = —1 and [ # n, then we can choose ¢, h # 0 with
2h+cn=20
c+2h =1,
giving
6(0,b) = (0,-1)C(1,—-1) + (b"k,b).
One verifies that
6(1,1) = ((0,1)C(0,1) x (1,1)
B8(0,b) = ((0,-1)C(1,£1) x (b"k,b)

is regular, for any k. There are p choices for k, and hence, up to equivalence, there
are 2p regular embeddings of Hol(Z,) into Hol(D, x Z,): e(Hol(Z,), Dq x Z,,) = 2p.

(3): Proof that e(I', D, x Z;) = 2p. This argument is similar to the last case.
We seek regular embeddings

3 :Hol(Z,) — Hol(D, x Z,) = Hol(D,) x Hol(Z,).
We have
Hol(D, x Z,) = Hol(D,,) x Hol(Z,)
and by Lemma 3.1, the map
Hol(D,) = D,, x Inn(Hol(Z,) — Hol(Z,) x Hol(Z,)

is 1-1 and maps (m, €)C(n,d) to (m,€)(n,d) x (n,d).

Suppose 3(1,1) = (m, €)C(n,d) x (I,c). Then §(1,1) must have order p, so (n,d)
and (m+ en, ed) have order dividing p. This implies d = ¢ = 1. Also (I, ¢) has order
dividing p in Hol(Z,), so (I,¢) = (0,1). Thus

B(1,1) = (m,1)C(n,1) x (0,1)
with m or n 0 (mod p).

Suppose 5(0,0) = (I,€)C(k,d) x (s, c), of order 2q. Then e = —1 or else [ is not
regular. Also, (s,c) must have order dividing 2¢ in Hol(Z,). But since j is regular,
we must have (¢, %) in the image of § for all ¢ in Z,, so ¢ =1 and s # 0.
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Applying 8 to the relation (b,1)(0,b) = (0,b)(1, 1) yields
((bm, 1)C(bn, 1) x (0, 1))((I, =1)C(k, d) x (s,1))
=((I,-1)C(k,d) x (s,1))((m,1)C(n,1) x (0,1)).
This yields no condition on s, but on the left components we obtain
(bm+2m+1,-1)C(bn+k,d) = (I —dm,—1)C(dn + k, d).
Thus
2bn + bm = —dm
bn = dn.
If n#0, then b=d and n = —m. If n =0, then d = —b. Thus
ﬂ(]-v 1) = (ma 1)C(7’ITL, 1) X (07 1)
6(07 b) = (l7 _I)O(ka b) X (Sa 1);
or
B(1,1) = (m, 1)C(0, 1) x (0,1)
ﬁ(o7b) = (l7 _1)C(k7 _b) X (87 1)
One then sees easily that 3(0,b) has order dividing 2q.
Now we modify 8 by an automorphism of D, x Z,.
If we conjugate the right factors by (0,s71) in Aut(Z,), then (s, 1) is transformed
into (1,1).
If we conjugate the left factors by (0,1)C(g,¢) in Aut(D,), then
(m,1)C(n,1) becomes (cm,1)C(cn, 1)
and
(I,—1)C(k,=£b) becomes (2g + cl,—1)C(g + ck F bg, +b).

Choose ¢ so that cm = 1. Then ¢n =0 or —1.
Choose g so that 2g + ¢/ = 0. Then we have the following representatives of
equivalence classes of [3:

and
B(1,1) = (1,1)C(0,1) x (0,1)
6(0,b) = (0,-1)C(k,—b) x (1,1).

It is a routine check that for any k& modulo p, both 3 are regular Thus we have 2p
equivalence classes of regular embeddings of Hol(Z,) into Hol(D,, x Z,).

(4): Proof that e(T', Zs4,) = p. Let
B : Hol(Z,) — Hol(Zsp,) = Hol(Z,) x Hol(Z,) x Z
be a regular embedding. Then (1, 1) has order p, so

B(1,1) = (m,1) x (0,1) x 0
for some m # 0 (mod p). Also, 3(0,b) has order p — 1 = 2¢, so
B(0,b) = (n,d) x (I,1) x e

with d # 1 (mod p). If e = 0 (mod 2) or I = 0 (mod ¢) then § is not regular,
hence we have e =1 (mod 2) and I £ 0 (mod q).
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The condition (b,1)(0,b) = (0,b)(1,1) implies that d = b (mod p). Thus in
HOI(ZQPQ),

B(1,1) = (2gm, 1)
ﬂ(07 b) = (’I?,, C)

with p not dividing m, 2¢ not dividing n, and ¢ = b (mod p),c =1 (mod 2q).
Now we consider § under equivalence by automorphisms of Za,,. We conjugate
0 by (0,d) with d coprime to 2pg:

(0,d)(2qm, 1)(0,d™") = (2dgm, 1)
(0,d)(n,c)(0, dil) = (dn,c).

Choose d so that
dm =1 (mod p)
dn=1 (mod 2q).

Then after conjugating, 8 becomes:

B(1,1) = (2¢,1)
5(0,b) = (1 + 24, ¢).

We check that 3 is regular for any [ modulo p. We have
B(n.b*) = B(n,1)B(0,b)"
= (2qn, D)((1+2¢) (1 4+ c+---+ 1), )
=(2gn+ (1 +2g)(1+c+--- 1), cF).

Let a be any element of Z5,,. To solve
a=2qmn+(1+2¢)(1+c+- -+ (mod 2pq)
for n and k it suffices to solve

a=2qn+ (1+2¢)(1+c+ -+ 1) (mod p)
a=l+c+---+F 1=k (mod 2¢).

Clearly for each a modulo 2pg there are unique values for k,n that solve these
congruences. Thus for any [, 5 is 1-1 and regular, and so e(Hol(Z,), Z2pq) = p.

(5): Proof that e(I',D,,) = 4p. Let 8 : Hol(Z,) — Hol(D,,) be a regular
embedding. We have

Hol(D,q) = Dpy x Inn(Hol(Z,,)) — Hol(Z,,) x Hol(Z,,)
by (m,e)C(n,d) — (m,e)(n,d) x (n,d). Also,
Hol(Z,,) = Hol(Z,) x Hol(Z,)

by (I,¢) — ((I, c)mod(p), (I, c)mod(q)). Under this map, D,, maps into D, x D,.
Let 5(1,1) = (m,€)C(n,d), of order p. Then £(1,1) maps to

(m+ ed,ed) x (n,d) mod p, (m + ed,ed) x (n,d) mod g,
which must have order p. Hence
(m+ed,ed) = (0,1) (mod q)
(n,d) =(0,1) (mod q)
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and
ed=d=1 (mod p)
norm+en#0 (mod p).
Let 5(0,b) = (I,€)C(k,c). By regularity we must have ¢ = —1, or else 71(05)
maps into {(*,1)} C D,q. Then £(0,b) maps to
(Il —k,—c) x (k,¢) modp, (Il —k,—c)x (k,c) mod gq.
This has order 2g = p — 1, so we must have
c==+1 (mod q).
From (b,1)(0,b) = (0,b)(1,1) we obtain
(bgm, 1)C(bgn, 1)(I,—1)C(k,c) = (I,—1)C(k,c)(gm,1)C(gn, 1),
hence
(bgm + 2bqn + 1, C'(k + bgn, c) = (I — cqm, —1)C(k + cgqn, c)
and so

bgn = cqn
cqgm = bgm + 2bgn.

This yields no conditions modulo ¢, but modulo p, we have:

1. If n £ 0, then ¢ = b and m = —n.
2. If n =0, then ¢ = —b and m # 0.

Now we look for a nice representative for § modulo conjugation by elements of
Inn(Hol(Z,,)). For (g,d) € Hol(Z,,),
C(g,d)B(1,1)C(g,d)~" = (g,d)(gm, 1)(g,d)"*C((g,d)(qn,1)(g,d) ")
= (dgm,1)C(dgn, 1),
C(g,d)3(0,b)C(g,d)~" = (g,d) (1, =1)(g,d) "' C((g,d)(k, c)(g,d) ")
= (29 +dl,—-1)C(g + dk — cg, ).

We may choose d and g modulo pg by choosing them modulo p and modulo ¢
separately.
Modulo p:

1. If n £ 0, choose d so that dgn = —1, then dgm = —dgn =1 and ¢ = b.
2. If n =0, choose d so that dgm =1 and ¢ = —b.

Choose g so that 2g + dl = 0. Then, since d #Z 0, g — cg + dk is arbitrary, so
(letting 5 now denote the conjugated embedding) we have, modulo p:

B(1,1) = (1,1)C(-1,1),6(0,b) = (0,—1)C(k,b)
6(1,1) = (1,1)C(0,1), 8(0,b) = (0, —1)C(k, —b).
Modulo g¢:

£8(1,1) = (0,1)C(0,1)
B(0,0) = (2g+dl,—1)C((1 — ¢)g + dk, c)

where ¢ = £1.
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Ifc=1and k #0, set dk =1 and

2g+dl =0.
Then
A(1,1) = (0,1)C(0,1)
and
6(0,b) = (0,-1)C(1,1)
or (if Kk =0)

3(0,b) = (0,—1)C(0, 1).

However, in this last case, 3 is not regular: m; 3 maps to {(0,+1)} C Hol(Z,).
If ¢ = —1, we have

B(0,b) = (29 + dl, —1)C((2g + dk, —1).

If [ = k we can choose ¢ so that 2g + dk = 2g + dl = 0, but then 3 is not regular.
Thus we must have [ # k, and then we may choose d # 0 and g so that

2g+dl=0
29 +dk=1
and so
A(1,1) = (0,1)C(0,1)
and

B8(0,b) = (0,-1)C(-1,1).
To summarize, any regular embedding is equivalent to

6(1,1)=(1,1)C(-1,1), pB(0,b) =(0,—1)C(k,b)
or

8(1,1) = (1,1)C(0,1), £(0,b) = (0,-1)C(k,—b)
modulo p and to

6(1,1) = (0,1)C(0,1), p(0,b) =(0,—-1)C(1,1)
or

8(1,1) = (0,1)C(0,1), p(0,b) =(0,—-1)C(-1,1)

modulo q.

We show that all four combinations give regular embeddings of Hol(Z,) to
Hol(D,q), and so, since k is arbitrary in Z,, we have 4p equivalence classes of
regular embeddings.

Note that in every combination,

Br(l,07)Ba(1,b7) 7 = (x,(=1)")

both modulo p and modulo ¢, and so (1 ~62_1 maps to Dy, C Hol(Z,). To show
regularity, we need only show that modulo p every element of D, is in the image
of 81 - By ! and similarly modulo q.



114 LinDsAy N. CHILDS

Mod p: If
B(1,1)=(1,1)C(-1,1), B(0,b) =(0,—-1)C(k,b)

modulo p, then

Bi(l,67)Ba(1,67) "~ = (—k (1_1(!:)> +(=1)" (-z +k (ﬂ‘_i)) ,(—1)T>

and for r and [ arbitrary we can obtain all elements (m, £1) of D,.
If

ﬂ(lal) = (171)0(071)7 5(071)) = (0,*1)0(1{,’,*[))
modulo p then
_ 1-0" 1—(=b)"
T r\—1 __ _ _1\" —1)\"
510,600 = (14 0725 ) + e (S5 ) )
and again for r and [ arbitrary we can obtain all elements (m,+1) of D,.

Mod ¢: If

5(171) = (071)0(()’1)7 5(0,1)) = (07*1)0(131)

modulo ¢, then

. -7, 1) if r is even
l, b l, b -1 _ ( T, ’
Br(l,07)B2(1,0") {(_1 +7,—1) if ris odd.

Since 0 < r < 2¢ and we’re working modulo ¢, we can obtain all elements (m, £1)

of D,.
If

B8(1,1) = (0,1)C(0,1), £(0,b) =(0,-1)C(-1,1)

modulo ¢, then

(—r1) if r is even,

. -1 _
Br(l,b7)B2(1,07) " = {(1 —r,—1) ifris odd.

Again, since 0 < r < 2¢g and we’re working modulo ¢, we can obtain all elements
(m, £1) of D,.
Thus

D, modulo p
D, modulo g,

(8 (1) Bol1, 7)) = {

and so all four combinations of § modulo p and modulo ¢ are regular. This com-
pletes the proof that e(Hol(Z,), D,q) = 4p. O

Combining Theorems 2.1 and 4.1 yields:

Corollary 4.2. a) If L is a Galois extension of K, fields, with Galois group
I' =Hol(Z,), p > 5 a safeprime, then for every group G of cardinality that of
T, there is a H-Hopf Galois structure on L/K where the associated group of
HisG.
b) The number of Hopf Galois structures on L/K is 2 + 3p + 4pq.
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Remark 4.3. N. Byott [By03b] has obtained the analogous result to Corollary 4.2a)
for both the cyclic group and the non-abelian group of order pg, p and ¢ primes
with ¢ dividing p — 1. His approach is not to determine regular embeddings of T"
into Hol(G) up to equivalence, but rather to determine the set of regular subgroups
of Hol(G) whose intersection with Aut(G) is a given cardinality.

References

[By96] N. P. Byott, Uniqueness of Hopf Galois structure for separable field extensions, Comm.
Algebra 24 (1996), 3217-3228, MR 97j:16051a, Zbl 0878.12001; Corrigendum: Comm.
Algebra 24 (1996), 3705, MR 97j:16051b.

[By03a] N. P. Byott, Hopf-Galois structures on field extensions with simple Galois groups, Bull.
London Math. Soc. (to appear).

[By03b] N. P. Byott, Hopf-Galois structures on Galois field extensions of degree pq, preprint,
2003.

[CC99] S. Carnahan, L. Childs, Counting Hopf Galois structures on non-abelian Galois field
extensions, J. Algebra 218 (1999), 81-92, MR 2000e:12010, Zbl 0988.12003.

[C95] L. Childs, A Concrete Introduction to Higher Algebra, 2nd edition, Springer Verlag, 1995,
MR 96h:00002, Zbl 0841.00001.

[CO0] L. Childs, Taming Wild Extensions: Hopf Algebras and Local Galois Module Theory,
Amer. Math. Soc. Math. Surveys and Monographs, vol. 80, 2000, MR 2001e:11116,
Zbl 0944.11038.

[DF99] D. Dummit, R. Foote, Abstract Algebra, Second Edition, John Wiley & Sons, New York,
1999, MR 92k:00007, Zbl 0943.00001.

[Fe03] S. Featherstonhaugh, Abelian Hopf Galois structures on Galois field extensions of prime
power order, Ph. D. thesis, University at Albany, August, 2003.

[GP87] C. Greither, B. Pareigis, Hopf Galois theory for separable field extensions, J. Algebra 106
(1987), 239-258, MR 88i:12006, Zbl 0615.12026.

[Ko98] T. Kohl, Classification of the Hopf Galois structures on prime power radical extensions,
J. Algebra 207 (1998), 525-546, MR, 99g:16049, Zbl 0953.12003.

[Sch65] E. Schenkman, Group Theory, Princeton, Van Nostrand, 1965, MR 57 #416,
Zbl 0133.27302.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY AT ALBANY, ALBANY, NY 12222
1c802@math.albany.edu  http://math.albany.edu:8000/ 1802/

This paper is available via http://nyjm.albany.edu:8000/j/2003/9-8.html.


http://nyjm.albany.edu:8000/j/2003/9-8.html
http://math.albany.edu:8000/~lc802/
mailto:lc802@math.albany.edu
http://www.emis.de/cgi-bin/MATH-item?0133.27302
http://www.ams.org/mathscinet-getitem?mr=57:416
http://www.emis.de/cgi-bin/MATH-item?0953.12003
http://www.ams.org/mathscinet-getitem?mr=99g:16049
http://www.emis.de/cgi-bin/MATH-item?0615.12026
http://www.ams.org/mathscinet-getitem?mr=88i:12006
http://www.emis.de/cgi-bin/MATH-item?0943.00001
http://www.ams.org/mathscinet-getitem?mr=92k:00007
http://www.emis.de/cgi-bin/MATH-item?0944.11038
http://www.ams.org/mathscinet-getitem?mr=2001e:11116
http://www.emis.de/cgi-bin/MATH-item?0841.00001
http://www.ams.org/mathscinet-getitem?mr=96h:00002
http://www.emis.de/cgi-bin/MATH-item?0988.12003
http://www.ams.org/mathscinet-getitem?mr=2000e:12010
http://www.ams.org/mathscinet-getitem?mr=97j:16051b
http://www.emis.de/cgi-bin/MATH-item?0878.12001
http://www.ams.org/mathscinet-getitem?mr=97j:16051a


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


