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On generalized Jacobi matrices and orthogonal

polynomials

Sergey M. Zagorodnyuk

ABSTRACT. We consider systems of polynomials {pn(A)}S2 , which satisfy a
recurrence relation that can be written in a matrix form: Jp(\) = ANp(\),p =
(po(N),p1(N),... )T, A € C,N € N, J is a (2N + 1)-diagonal, semi-infinite,
Hermitian complex numerical matrix. For such systems we obtained orthonor-
mality relations on radial rays. To prove these relations we used the standard
method of scattering theory. We showed that these relations are characteristic.
From the relations it is easily shown that systems of orthonormal polynomials
on the real line, systems of Sobolev orthogonal polynomials with discrete mea-
sure at zero, systems or orthonormal polynomials on radial rays with a scalar
measure are such systems of polynomials. Also we consider a connection with
matrix orthonormal polynomials on the real line.
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1. Introduction
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Let us consider a system of polynomials {p, ()}, (pn is of the n-th degree)

such that
N

(1) Z(ak—i,ipk—i()\) + apiprti(N) + o ope(A) = AV pr(A), k=0,1,2,..

i=1

where o, €C, m=0,1,2,...;n=0,1,2,...,N; oyn # 0, apo € R; N € N;
A € C and where the o, and p; which appear here with negative indices are

equal to zero. We can equivalently write
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Q0,0 Q1 Qp,2 ce Qo,N 0 0 ... Po ()\)
Qp,1 1,0 Qg1 N Q] N—1 Q1N 0o ... pl()\)
9 .
2) 0oN Qi N—1 QaN_—2 - . . . PN (A)
0 a1 N Q2 N—1 . . . . . pN+1(/\)
Po(A)
p1(A)
—\N :
pN(A)
pr+1(A)

Denote the matrix on the left of (2) by J and p(A) = (po(A), p1(A),...)T. Then
(3) Jp(N) = AVp(A).

Systems of polynomials which satisfy (1) with real o, , were first studied by Du-
ran in 1993 in [5], following a suggestion of Marcelldn. Duran showed that these
polynomials were orthonormal with respect to the functional B, (p, q) [5]:

N
(4) B#(p» (I) = Z / RN,mfl(p) RN,m’fl(q) d/u'm,m/v D, q € ]P)a
R

m,m’=1

(nN+m)
Rump)(t) = S 0

71{””
— (nN +m)!

where p is a measure, and PP is the space of all polynomials, and we have used the
notations from [6]. This can be written as

Rixo(@)(®)
Rna(9))
() Bu.) = [ (no)@) Axa @)@ R y-10)(0) dua) : ,

Ry.n-1(a)(@)

where p = (Nm,m’)z,m/:r Also in [5] Duran studied the Sobolev type orthogonal
polynomials on R and their connection with polynomials in (1). In [6], Duran
improved his result and showed that the measure p in (4) can be taken to be
positive ([6, Theorem 3.1, p. 93]). For this purpose he used operator theory tools.
Duran and Van Assche [8] studied a connection between the polynomials from (1)
with matrix orthogonal polynomials on the real line. They called the (2N + 1)-
banded matrix .J in (3) the N-Jacobi matrix. The Theorem in [8] asserts that the
polynomials

RN o(pnn)(x) Ry,1(pnn)(z) e RN N—1(pnN) ()
(6) Pol) = Ryn,o(panN+1)(2) RN, 1(PnN+1)(2) Ry, N—1(PnN+1)(2)

Ry oanin-1)(@) Bya@anen-1)@) . Byx-1(onin—1)()
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are orthonormal polynomials on the real line. And conversely, from a given set
of matrix orthogonal polynomials on R (suitably normed) one can define scalar
polynomials by

N—-1
(7) pnN—&-m(x) = Z ijrL,m,j(xN)a neN,0<m<IN-—-1.
7=0

Then these polynomials satisfy a (2N + 1)-term relation of the form (1). To prove
this, Duran and Van Assche showed how (1) implies the matrix three-term recur-
rence relation:

(8) Dny1Prgr(2) + EnPo(x) + Dy P (3) = 2P (2),

where D,, are (N x N) matrices and det D,, # 0. And conversely, they showed how
(1) follows from (8). It remained to use the Favard theorem for matrix orthogonal
polynomials. Unfortunately, Duran and Van Assche [8, p. 263] erroneously referred
in this question to [2]. But in [2, p. 328] it was written that the Jacobi matrix
L with matrix entries {V}, E;}32, : V" = Vj,det E; # 0 always define in lo(CN)
a self-adjoint operator. But even for numerical Jacobi matrices this is not always
valid. Moreover, the Favard theorem for matrix-valued polynomials was established
in [3, Chapter 6, The considerations after Theorem 6.8.1] (for operator-valued poly-
nomials the Favard theorem was obtained in [4, Chapter 7, §2, Theorem 2.4 ]). So,
it is correct to refer to [3] on this question.

In [8] Duran and Van Assche considered a more general relation when in (1) there
was h(A)pr(\) on the right, where h()) is a polynomial of degree N, and obtained
analogous results. Also they studied a connection with the Sobolev type orthogonal
polynomials. We refer also to the papers [7], [12], [13] for related questions.

We began to study polynomials which satisfy (1) with N = 2 in 1998 [16] (in
fact, independently from Marcelldn, Duran and Van Assche) following a suggestion
of Zolotarev. In [16] different examples of five-diagonal Jacobi matrices were given
and the measures of orthogonality were presented explicitly (see also [19]). For
example, when

-B2+1 0 1 0 0

0 -8+ 1 0 3 0

A
0 1 0 -B2+31 0 ’

where [ is a real parameter, we obtained [16, p. 260]:

p2r(A) = Uz (VA2 + (2),

9 \— Bi k=0,1,2,...,
®) p2r+1(A) = 7I8U2k+1(\/ A2+ 32),
VA2 2
where
sin((n + 1) arccos \)

V1= )2

are the Chebyshev polynomials of the second kind, and [16, p. 262]:

Un(A) =
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1-32 o V]
w [ eween( 00 W)
y ¢1—(A2+ﬂ2>cu< Pm(A) )
MR+ \ (=)
- BB =)  —(\+ %)
+/—/3i(pn()\)7pn(_)\))< —()\2+ﬂ2) /3(5+/\l) )
y ¢1(A2+52>dA< P (A) )
i|A|V/AZ + B2 Pm(=A)

= 0nm,n,m=0,1,2,....

A corresponding symmetric moment problem was considered. Also the following
question was studied: Given a five-diagonal matrix J and a vector of polynomials
p such that Jp(\) = A2p(\), when does it follow that J3p()\) = Ap()\) with a tridi-
agonal matrix J3?7 The general question of orthogonality of polynomials connected
with five-diagonal matrices was studied in [17, Theorem 2] and it was corrected in
[21]. Tt turns out that if polynomials {p, (A)}52, satisfy (1) with N = 2 then they
are orthonormal on the real and the imaginary axes in the complex plane:

s Pm(N) ) _ _
(11) /RUT(pn()\),pn(—)\))J,\ do(N).J; ( i ) = by 1y = 0,12,

1
L=
RUT,T = (—ioco,i00).
Also the basic set of solutions of (1) (N = 2) was built in [17].
The main aim of our present investigation is to obtain the following orthonor-
mality relations for polynomials {p,(A)}5:

where Jy =

‘»—-y\»—t

> , and o()) is a non-decreasing (2 x 2) matrix function on

(12) /P (Pn(N), P (Ae), n(A?), ..., DAY 1)) Ty do(N)

pm(A)
pm(Ae)
X JX . = 5nm7
pm()\ENil)
n,m = 0,1,2,.... Here € is a primitive N-th root of unity; Jy = (ai,j)%:p with

aij = =55 Pxv ={X € C: A¥ € R}; and o()) is a non-decreasing matrix-valued
function on Py (i.e., on each of the 2N rays in Py) such that o(0) = 0. When
A = 0 one must take the limit values as A — 0 of (p,(\), pn(Ae), ..., pn(AeN 1)) Jy
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Pm(A)
Pm(Ae)
and J} . under the integral.

pm(AeN 1)

Pm(N)
Pm(Ae)
(13) /P (P (V) Pn(A€), pn(A?), . pn (AN 1)) AW (N) :
Pm(AeN )
pm(0)
P (0)
i (0)

=0nm, n,m=0,1,2,...,

where W(A) is a non-decreasing matrix-valued function on Py\{0}. With the
integral at A\ = 0 we understand the improper integral. M > 0 is a (N x N)
complex numerical matrix.

In order to prove relation (12) we shall use a method which is analogous to the
standard method of the direct scattering problem for the discrete Sturm-Liouville
operator (or the Jacobi matrix) (see for example [3, Chapters 4,5]) and also we use
some estimates in spirit of [1, Chapter 2, Proof of Theorem 2.1.1] (see also [11]).
To obtain (13) from (12) we shall use properties of the Radon-Nikodym derivative
of a measure o (see [10], [15]).

Then we shall show the converse statement: (1) follows from (12) or (13).

In Section 3 we shall consider a connection with matrix orthogonal polynomials
that is analogous to that discussed in [8], [7].

Finally, in Section 4 we compare our results with results of other authors and
discuss further perspectives on this topic.

2. Orthonormality on radial rays

The following theorem is valid (see [20]):

Theorem 1. Let a system of polynomials {pn(AN)}5y (pn is of the n-th degree)
satisfy (1). Then an orthonormality relation (12) on radial rays in the complex
plane holds.

Proof. Let a system of polynomials {p,(A)}>2, (pn is of the n-th degree) satisfy
(1). Denote by Jjs a matrix obtained by an intersection of the first M columns and
the first M rows of J, M € {N +1, N +2,...}. Consider the following vectors:

Ry (o) V)
s AT

(14)  7E) = | 7 7o) = ) 5 N
Ry N (pr—1)(N) m’N(p'Nfl)( )
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m=20,1,2,...,N —1; k € N and R,,, v(p)(A) which appear here were introduced
in [5, p. 90] in the following way:
[1/N]

!
(15) Z aANj+mA N for p = Zai)\i.
i=0

Notice that Ry, n(p)(\) # RN,m()\), where Ry ,, are from (4). In fact,
(16) Ry n()(N) = Rvm (0)(AY).

The polynomials R,, ny will be useful for the construction of the measure of orthog-
onality. They satisfy the following relation (see [5]):

N—1
a7) R n(0)(3) = o 3 ()

k=0

where ¢ is a N-th primitive root of unity, A # 0.

This relation can be checked directly by substitution of p = Zl 0 a;\! in the
right-hand side of (17) and by calculating the sum.

Consider a matrix W = (FV(A), 7N (A), ..., 7N (V). If pp(A) = pin A" +
Pnn—1 A" "1 4+ 4 o, then using (15) we obtaln.

Ho,0 0 0 ... 0
1,0 H1,1 0 .. 0
(18) W = . . . ) .
MUN-1,0 MHN-1,1 HN-1,2 --- HN-1,N-1
So, W is a nonsingular numerical matrix.
Let c1,¢a,...,cp be the set of eigenvalues of Jy; (an eigenvalue of the multi-
plicity p appears p times) and let ¥, ¥, ..., U5 be the corresponding orthonormal

eigenvectors. Let \; = %/¢;,i = 1,2,..., M (we take an arbitrary branch of the
root). Then

(19) Tt = AN, i=1,2,..., M.

Lemma 1. The eigenvector U; of the cut matriz Jyr (M > N + 1) corresponding
to the eigenvalue \;, 1 = 1,2,..., M, can be written as a linear combination of N
vectors TM(N\;), n=0,1,2,...,N — 1:

N
(20) U= Beitti(\),  i=1,2,... M.
k=1

Proof. Since the matrix W from (18) is nonsingular for any A, a system of linear
algebraic equations,

(21) S B ) =N, i=12,...,M,

where Bx; € C and ¥ is the vector of the first N components of @;, has a unique
solution {fB;}-

So, for these {0} the first N components of the vectors on the left and on
the right of (20) will coincide. But the rest of the components satisfy the same
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recurrence relation as in (19). Really, the components of 7, ()\;) are linear com-
binations of polynomials p(\e*), as follows from (17), which satisfy (1). Hence
the components satisfy (19) (for the case A\ = 0 we can take the limit values of
polynomials R,, n). So, relation (20) is valid. O

Lemma 2. For polynomials {p,()\) fy:_ol the following orthonormality relation

holds:
(22) /P (Ro,n (pi)(A); Rin(pi)(A), -+ s Rv—1,8 (Pi)(N)) dBar(N)

Ro,n(pj)(N)
Rin(pj)(N)

Ry_1,n(pj)(N)
=0ij,i,j=0,1,...,M — 1.

Here Byr(A) is a non-decreasing (N x N) matriz function on Py.

Proof. Since Jy; is a self-adjoint matrix, vectors {#;} form an orthonormal basis
in CM. For arbitrary &, € CM we can write:

M M
=) (£0)0,  §= Y (6,77
i=1 i=1

where (.,.) denotes the inner product in C™. Using Lemma 1 for the inner product
we have:

M
(&,9) = > _(%,5) (7, 7))
=1
M N N L
= Z Z ﬂk,L (fa ’Flgl—l(/\z)) Z 1,3 (g;"?[f](kl))
1=1 k=1 =1

Let us define mappings f¥: CV — P in the following way:
M

FF@O) = @ 7L ) = Y @R n () (V).

=1

if # = (21,70,...,237)T € CM. Using this we can write:
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=1
BriBi BriBei - BrLiBni ST (N)
0 S 7))
BnibBii BniBei - BniBni TN ()
A0
= [ F@W O, @) sy | OO,
PG

where Bjs()) is piecewise constant on each ray of Py, Bj/(0) = 0. It has jumps
at Ai,i = 1,2,..., M equal to (b}, ,)p,—,bf, = D= Bk B At A =0 we
assume the jump is on a ray [0, +00). With the integral we understand the sum of
integrals over each radial ray in Py.

If we take vectors of the standard basis in CM e;,i = 1,2,..., M as vectors Z, i
n (23) then we have:

(&,8)) = /P (Rov (9i-1) (Vs Bun (i) (V) - R v (pie1) (V) dBar ()

Ro,n(pj-1)(A)
Ry n(pj-1)(N)

RNfl,N(.ijl)(/\)

Changing indices i — 1 to ¢ and j — 1 to j we get (22). d

Lemma 3. There exists a subsequence of positive integers { My}, and functions
B; (N, 1,7 =0,1,2,..., N, such that for any continuous function f()\) on a com-
pact subset K of Py the following is true:

(24)  lim f(A)dBMk;i,j(A)z/ FO)VABiy (), ij=0,1,... N—1.
k—co g K

Proof. Analogously as for the system of equations (21) we can say that the fol-
lowing system of linear algebraic equations:

N-1
(25) > (Ron(p)N), Rin(pi)(N); -, Ry—1,n (p)) (V) = &
=0

has a unique solution {¢F}.
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Multiplying (22) by &F 7;, taking sum in (22) over ¢ from 0 to N — 1 and over [
from 0 to N — 1, and then using (25) we get:

o N-1 N-1 - N-1 o
(26) / el dBy(N el =) & Lo => &Fe, kil=01,...,N-1L
P i=0  1=0 i=0
Note that
A .  N-1
Baii(A) =/ &' dBu(N)e; S/ el dBu(N el =Y g
0 Py =0

where By, ;(\) are the entries of Bas(A).

Applying Helly’s theorems to Bas; (M), M = N+ 1,N +2,..., we can find a
function B; ;(A) = limy_,oc Bas,:i,i(A), where My, is a subsequence of {N + 1, N +
2,...}. Note that

1 —_—
(27) Re Banij(A) = 3 (/o (& + )T dBy(N) (& +é;)T

(28) Im BM;i7j()\) =

N | =

>\ —
( / (&; +ie))T dBp(N) (€ +ie;)T
0

A A I
— / el dBy(\) el — / & Bu(X) é';f).
0 0

The matrix functions By on the right of (14) and (15) are non-decreasing functions
and they are bounded. So we can also use Helly’s theorems and obtain the limit
functions Bf$(A) and Bj(X). Then we put B; ;(A) = BI$(X) +iB}(A).

Let K be a compact subset of Py. For any continuous function f(A) on K the
following is true:

lim / f()\)dBMk;i,j:/ f()\)dBZJ, i,ij,l,...,N—L
K K

k—o0

as follows from Helly’s theorems (we subtracted subsequences sequently for each
entry of Bjs(\) and indexes M} here correspond to the last subsequence). So,
relation (24) holds. O

Put by definition R(u)(\) = (Ron (u)(A), Ry n(w)(N), ..., Ry—1.5(u)())), where
u(\) € P. With B*(u)(\) we shall denote the complex conjugated vector.

Put B(\) = (Bm'(/\))f.\’[j_:lo. It is a non-decreasing, Hermitian matrix function on
Py because Bjps(\) are such functions. Let us check that for B(\) the orthonor-
mality relation (12) is fulfilled. Using Lemma 2 we can write:
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(29)
Sum = / R(pn)(\) dBa, (\) R (pm) (V)
PN

_ /K R(pn)(N) dBag, (N B (pm) (V)

+/ R(pn)(N) dBar, N E* (pm)(N),  nym < My, k=0,1,2,....
PN\K
Define a functional:

anr(u(N),v(N) = / R(u)(\)dBar (A B (v)(V),

PN\K
u,veEP, M=N+1,N+2,....

It is correctly defined because By () is piecewise constant.

It is not hard to see that the functional JAIfI is bilinear, Uﬁ(u,u) > 0, and

o (u,v) = ol (v,u). Using the same arguments as for the scalar product in a

Hilbert space we can show that

(30) o (u, v)|* < ok (u, u)o ks (v, v), u,v € P.
In particular, from this it follows that

(31) |01\15[(pnapm)‘2 < Uﬁ(pnvpn)aﬁ(pmvpm)-
Let us take K = [—-A, B]U[-C%,Di], A,B,C,D > 0.

Lemma 4. For the set K = [-A,B|U [-C%,Di], A,B,C,D > 0, the following
estimates are fulfilled:

Ap
(32) Uﬁ(pmpn) < I?sz

where K = min(A, B,C, D) and A, >0 does not depend of M.

form=0,1,2,.... M — N —1,

Proof. Using the definition of o, we write:

oL (P pr) = / B(pn) (B () E (p) (V)
PN\K

) /P \K ﬁé(pnANW)dBM(A)E* (PaA™)(V)

1
< —=
— K2N
where we used the relation:

Ry N(0nNAY) = AVR,, n(pn(N),  m=0,1,...,N -1,
which follows from (17), and K= min(A, B,C, D).

/ F(pu A )N dBar (V) B (paAN) (),
PN\K
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Then
on (pm Pn)
(AN )(N) dBar(\) B (pa AV ) ()

R
N = N
<Z Qn—i;i pn z)(>\) + an,iR(pn+i)(/\)) + O‘n,OR(pn)(A)> dB
5

(@35 B a3 + T B (0 1)(N)) + o () () |

where we used recurrence relation (1) and the linearity of R, n.
Then using (22) we can write

N
1
O’M(pmpn) K2N (Z(|Ozn—i,i|2 + |Oén,i|2) + |0£n70|2> )

i=1
where n < M — N ~
Put A, ZZ lam—iil* + |anil®) + lanol?,n = 0,1,2,.... Note that A,, does
not depend of M. Then from the last inequality we obtain (32). O

Let us fix some positive integers n, m. Then we can write (29) for all k such that:
M — N >n, My — N > m.

Let us pass to the limit in (29) as k — oo (for selected numbers k). The first term
on the right of (29) has the limit value [, R(pn)(N) dB(X) B*(pm)(N) as k — oo as
follows from Lemma 3. So, the second term also has the limit value as k — co. We
can write:

5nm—/ R(pn)(X\) dB()) R*(pm)(A)’:
K

lim Uﬁk (pn,pm)' .
k—oo

But

lim [0, (P, p)| <l (/0% () [ 25, (s i),
k— oo k—oco 2

as follows from (31).
From Lemma 4 it follows that

A, K Ay,
UMk(pnapn) K2N JMk(pmvpm) K2N
Then
Jim oﬁk(pn,pn)\/fka(pm,pm < lim QN\/ o '
and
. . A, A,
(33) bum [ R )O)4BO) R ()| < Y20

From this it follows that

(34) lim
A,B,C,D—o0

bum— [ B dB(A)R*@m)(A)\ 0.
K
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But (34) means that an integral
[ R0 aBO) R o))
N

exists and

(35) A R(pn)(\) dB(A) B (p)(A) = .-

Using the representation for R, y (17) we can write

pm(/\)
(36) /P (pn()\),pn()\s),...,pn()\gN_l))%J)\dB()\)Jj\‘ pm(&) = S
N Pm(AeN—1)

where Jy is from (12).
Let us put o0(\) = 5z B(A). From (36) it follows that (12) is fulfilled for ().
The proof is complete. U

Theorem 2. Let a system of polynomials {pn(N)}°2y (pn is of the n-th degree)
satisfy (1). Then the relation (13) is valid.

Proof. Suppose a system of polynomials {p, ()}, (p, is of the n-th degree)
satisfies (1). Then from Theorem 1 we conclude (12). The entries of matrix o()) in
(13) are denoted by o; ;(A), 7,7 = 0,1,..., N — 1. They are absolutely continuous
with respect to the trace measure 7(\) = Zf:ol 0i,i(A). This can be proved by the
same arguments used for matrix functions on the real line [10]. Put by definition
Sw)(A) = (u(\), u(Ae),u(Ae?), ..., u(AeN 1)), where u(\) € P. With S*(u)(\) we
shall denote the complex conjugated vector. Then we can write

(37) SPa)N)IADA) T3 S (pm) (N)dT(A) = Spm,
Py
D(\) = (di7j()\)),£\;—:1() is a nonnegative matrix function and |d; ;| < 1.
Let us introduce a function

A
38 W)= / IDO)Edr(\), A€ (0,a:00),  i=1,2,...,2N,
a;
where a; are the all roots of 1 and (-1) of order N.
Note that Py\{0} = Uffl(o, a;00).
Denote the integral on the left of (37) by I;.

L= lim / S )N IADN) T S (p) (V) dr(V),
A—oo(A>1) PyNS(A)

where S(A) ={A e C: |A| < A}
Then

—

L= lim S(pn) W) IADA) 35" (pm) (A) dr(N)

A—oo(A>1) /<PNnS(A>>\s<6>
H [ SeIONADOIE S ) () dr(Y),
PnNS(6)

where 0 < § < 1.
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Note that

/ S(n) N IADN)T; S () (N) dr(\)
(PNNS(A))\S(9)

/ SN AW () ()N, A > 1, 0<5< 1.
(PnNS(A)\S(6)

It is not hard to see considering the integral sums of the integrals. Then we can
write:

(39) I = lim S(pn)(N) AW (A) S* (pr) (V)
A=00 J(PNnS(A)\S(6)

H [ SO o) S o).
PnNS(5)
Denote the second term on the right of (39) by Iy. Then
I = / Rpa)N2do(N) B (p).
PNQS((S)

and

/ B(pn)N? do(N) B () — B(pn) (0)N?Ac(0) B (pn) (0)
PanS(9)

b

/ F(pn)N? do(\) B* (p) (V)
PnNS(5)

where Ac(0) = o(+0), 6(A) = a(N\) — o(+0).
The entries of 6(X\) 6, ;(A), 4,5 =0,1,...,N — 1, are absolutely continuous with
respect to 7(A) = Zﬁgl :.:(A). Then

/ R(pa)N? d6(N) B ()

/ R(pa)N2D(N) B () d7(N)
PnNS(6)

where ﬁ()\) = (CLJ()\»?[,];IO, |dAZ7J()\)| < 1.
Since the expression R(pn)N2D(X) B*(py) is bounded in Py N S(8) and a.e.

continuous then

~ —

B(p)N*DON) B (prn) | d7(3),

IA

lim B(pa)N2D(N) B* (pyn) ‘ di(\) = 0.
=0/ pynS(s)

Thus we have

(40) | = E(pn) (O)N?A0(0) B (pn) (0) | = 0,5 = 0.
Proceeding to the limit as 6 — 0 in equality (39) and using (40) we get
(41)

Ii = lim S(pn) () dW (A) S* (pm) (A) + E(py)(0)N2Ac(0) B (pm)(0).
—0 J pynS(A)
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Using property (16) and the definition of Ry, from (4) we can write:
(42) R(pa)(0)N>Ac(0) B (p)(0)

. 70y
_ dey Pa(0) pn (0)) o Pin(0)
- (pn(O),pn(O), o (N )] N?Ac(0) .
piy —(0)
(N=1)1
1 1
= ! 7(0), ..., pN Y iag (1,1, =,..., —— | N?A
(9 (0). 5, (0), 1(0), ... <o>>d1ag( L e 1)!) #(0)
pm(0)
- 1 1 Pin(0)
><d1ag<1,1,2,...,(N_1)!> o
pn D (0)
Denote M = diag (17 Li,..., 7(N£1)!) N2Ac(0) diag (1, Li,..., (N£1)1>' Then
from (41) and (42) we get
= Spa)N)dW () S (pm) ()
Py
Pm(0)
_ (0
£ (pu(0),5,0),p0), . p ¥V opar | PO
P =P (0)

If we remember that I = d,,, then we conclude (13). The theorem is proved. O
The converse of these theorems is also true.

Theorem 3. If a system of polynomials {p,(N\)}32, (pn is of the n-th degree)
satisfies (12) or (13) then it satisfies (1) with a set of numbers auy, p.

Proof. Let a system of polynomials {p,,(A\)}52, (pn is of the n-th degree) satisfies
(5) or (25). Define a functional
(43) o(u,v) = [ Su)(N)Jrda(N)J; S (v)(N),

Pn

in the case (12), or

— —

(44) o(u,v) = ; S(u)(A) dW(A) S*(v)(A)
v(0)
v'(0)
+ (u(()),u’(()), . ,u<N*1>(0)) M ) ,
N1 (0)

in the case (13), u,v € P.
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The functional o(u,v) is bilinear. Also

(45) o(u,v) = o(v,u).
From (12) (or (13)) we get:
(46) J(pi,pj):&-j, i,j:0,1,2,....
From (43), (44) it is clear that:
(47) g\ pi(N), (V) = a(pi(N), AV p;(N), 4, =0,1,2,....
The polynomial p;(\) has degree i and so we can write:
k+N
(48) AVpe(A\) =Y &ipi(N),  for & € C.

Using (45) and (46), from (48) we get:
(49) i = oAV pr(N), V), i=0,1,... k+N.
Then, using (47) we write:
ki = oAV pe(N),pi(V) = a(pe(V), AVpi(A)) =0, i+ N <k
So,

N
(50) Z E k=i Ph—j (A) + &k kot jPh4i (A) + S kP (A),

j=1

where p_;(\) = 0.
Put a0 = &kks ey = Ehktyr 5 =1,2,..., N.
From (49), (47), (44) we conclude that

aro = oAV pe(N), pr(N) = o (pre(X), AV pe(V) = oMW pr(A), pe(V) = Tp-

Also we get

Eige—g = TN PE(N), Pr—j (V) = o (pr(A), AV pre—i (V)
o(ANpr—j(N), pk(N)) = Epjih = A—j -
Using this, from (50) we obtain (1). The theorem is proved. O

The class of systems of polynomials which satisfy (13) includes the following
classes of systems of polynomials:

1) Orthonormal polynomials on the real line. Let {p,(A)}22, (p, is of the n-th
degree) be a system of orthonormal polynomials on the real line:

/p"(A)pm()‘) dT()‘) :5nm, n,m:(),].,?,...,
R

where 7()\) is a non-decreasing function on R. Then

/ PN pm (V) dr(X) = / PN (X)) + o (0)pr (0) 3,
R [0,400)U[0,—00)
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), A>0 o~ o )
where p()) = (A, A<0 M = 7(+0) — 7(—0), and the integral on
the right is understood as improper at A = 0. Then
[ 50 dr (3

R
u(\) 0 0
B 0 0 ... 0|
= [ Sewa| LT S ew
Py : oo
0 0 0
M 0 0 Pm(0)
0 0 0 P (0)
+ (p(0),2,(0),... oY V() | o :
00 ... 0 PN (0)

So, for {p,(A)}52, a relation of type (13) is fulfilled. Here p(A\) =0, A ¢ R.

2) Sobolev orthonormal polynomials with a discrete measure concentrated at
zero. Let {pn(A)}52y (pn is of the n-th degree) be a system of polynomials

such that:
Pm(0)
N1 Prm(0)
/R PaN)Pm(N) dr(N) + (pa(0), 5, (0), ..., pN D (0) M :
P P(0)

= Onm, n,m=0,1,2,...,

where 7(A) is a non-decreasing function on R, M > 0 is a complex numerical
matrix. Using the notations from 1) for u(\) and M, we can write

u(A) 0 0
B 0 0 0o .
[ Swawa | 5 (pm) (V)
0 0 0
M 0 0 Pm(0)
0 0 0 P (0)
+ (P (0), 2,(0),..., PN D (0)) | M + : :
0 0 ... 0 P ()

Then for {p,(A)}>2, a relation of type (13) holds true.

3) Orthonormal polynomials on the radial rays with respect to a scalar measure.
Orthogonal polynomials on the radial rays with respect to a scalar measure
are studied by G. V. Milovanovi¢ in [14] and in [13]. Let us consider a system
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of polynomials {p,(A)}52, (pn is of the n-th degree) such that:
[ O e pa N =, mm=0.12....,
Py

where w(\) is a nondecreasing function on Py, w(0) = 0 (the integral is
understood as a sum of integrals on each ray in Py).

If w(A) is absolutely continuous it is not hard to see that we obtain poly-
nomials studied by Milovanovi¢. We can write

w()) 0 0
. 0 0 ol .
[ Swawa | 5 (pm) )
0 0 0
A0 0 Pm(0)
00 ... 0 P (0)
+ (Pa(0),2,(0),.. . PN VO) | L : = 8pm,
00 ... 0 P =1(0)

where the integral at A = 0 is understood as improper, and A is a sum of the
jumps of w(A) at A = 0 on each ray in Py. So, for {p,(A\)}>2, a relation of
type (13) is valid.

3. On a connection with orthonormal matrix polynomials

Now we shall establish a connection between the polynomials from (12) and
orthogonal matrix polynomials. From the proof of Theorem 1 it is clear that there
exists a function o(\) for which (12) is valid and which has support on Rt U M,
where Rt = [0, +00), M T = [0, wo0), w is a fixed root of (—1). Really, the function
B (M) from (23) had jumps in A\;,4 = 1,2,..., M and \; by definition are \; =

¥/ci; ¢ € R. So, in the proof we could take a fixed branch of the root for ;. Let
us write the orthonormality relation:

(51) / §p) Ny do (VL 5 (pn)(N) = Gy mm =0,1,2,....
RtuM+

Then

62) | B0 ) ).
Put by definition
R, (\)
Ro n(pnk)(N) Ry n(pnk)(N) e Ry_1.n(pNe)(N)
_ Ron(pNk+1)(A) Ry n(pNE4+1)(A) ... Ry_1,n(PNk+1)(N)
Ron(owkin- 1)) Rinoxiin 1)) o Ry 1 n(oxnix 1))

and with R}*(\) we shall denote the complex conjugated matrix. Then

(53) / R, (MN?do(M\)R)*(\) = Ik, k,1=0,1,2,....
RtuM+
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Make the substitution t = AV, A\ = V/t. Then

/ R( VN do( Vi)R} (Vi) = / R(VA) do ()R (Vi) = Iow,
R*+U[0,—00) R

(54) k1=0,1,2,...,

N2o( V1), telo,+00)

where 6(\) = { ~N26( Y1), te(—00,0]

Put
(55) P.(t) =R, (Vt),k=0,1,2,....
Then
(56) /Rpk(t)def(t)%zwkl, kl=0,1,2,....

From (55) it follows that Pj(t) is a matrix polynomial of degree k and its lead-
ing coeflicient is a lower triangular nonsingular matrix. So, {Py(t)}5° is a set of
orthonormal matrix polynomials on the real line.

Conversely, let { Py (t)}5° be a set of orthonormal matrix polynomials on the real
line and suppose (56) holds, with a non-decreasing function &(¢). Also we assume
that the leading coefficient of Py (t) is a lower triangular matrix. Then we put

(57)  pNk+i(t) = Praio(Y) + tPrit () + 2 Prio(tY) + - + N 1 P o1 (HY),
i=0,1,... N—1,

where Py; ; are the entries of Py(t).

It is not hard to verify that pngy:(t) is a polynomial of degree Nk+1i. Using the
definition of p;(t) from (57) we can write Pg(¢) in form (55). From property (56)
for {P(t)}5° it follows (54). Then we deduce (53), (52) and (51).

4. Conclusion

From the previous sections we have understood that if a system of polynomials
{Pn(N)}22, (degp, = n) satisfies recurrence (1), or, equivalently, in a matrix form,
(2), (3), then polynomials are orthonormal in a sense (4)((5)), (12) or (13). Notice
first of all that (4) was obtained for real {a, ,,»} and an extension of the operator
theory arguments in the proof of (4) in [6] are not trivial. Second, relations (12),
(13) have a different form from (4)((5)). Maybe they will be more convenient in alge-
braic expressions because they are transparent (for example, o(AVp, q) = o(p, \Nq)
is obvious from (12), (13)). Also, since these forms do not use operators Ry, ,,, the
integrals in (12), (13) can be considered not only for infinitely differentiable func-
tions at zero. In particular, one can consider corresponding Lo spaces of measurable
functions on Py such that:

iy
F00e)
/P (PO FO), FO), L FAN )T do(N) 3 . < o0;

FONY)
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or,
oy
F(0)
/P PO FO) FO), - FON 1)) dw ()
FNY)
7(0)
7(0)
+ (£0), £(0), £7(0), ..., fNTD(0)) M : < 00,
FD(0)

where one needs only the existence of f*)(0),k=0,1,2,...,N — 1.

Third, the method of proof of (12), i.e., the step by step construction of the
spectral measure, was used to construct explicit measures like (10) in [16], [19].
It can be used in further investigations. Also, the method admits a numerical
calculation of the spectral measure. We notice that the (2N + 1)-banded matrix in
(3) can be considered as a Jacobi matrix with matrix entries of size (N x N). Also
the corresponding set of matrix polynomials {P,(A)}§° can be considered. The
construction of spectral measure in terms of matrix polynomials ﬁn and a matrix
orthonormality relation can be found in [3, Chapter 6, §8] (see also [2] for special
Jacobi matrices).

Let us consider now relations (56), (55) and (6). It is not hard to see that poly-
nomials from (55) and (6) coincide. It seems that the relation between orthonormal
polynomials on rays Py and matrix orthonormal polynomials on R will be usefull in
the both directions. For example, orthonormality relations (10) can be translated
on the language of the matrix orthonormality relations for matrix polynomials.
Also there are different results for the Sobolev type orthonormal polynomials with
a discrete measure which consequently imply results for the matrix orthonormal
polynomials.

The interrelation between orthonormal polynomials on rays and matrix orthonor-
mal polynomials may be compared with interrelation between orthonormal poly-
nomials on the unit circle and on the real segment. For instance, this interrelation
was usefull for calculating the asymptotics of orthogonal polynomials on the real
segment [9]. But classes of systems of polynomials on the unit circle and on a real
segment have different general properties for their roots. This also holds for the
case of orthonormal polynomial on radial rays and matrix orthogonal polynomials
on the real line.
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