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Tidy subgroups for commuting automorphisms of
totally disconnected groups: An analogue of
simultaneous triangularisation of matrices

George A. Willis

ABSTRACT. Let a be an automorphism of the totally disconnected group G.
The compact open subgroup, V, of G is tidy for « if [a(V') : a(V') N V']
is minimised at V, where V' ranges over all compact open subgroups of G.
Identifying a subgroup tidy for « is analogous to identifying a basis which puts
a linear transformation into Jordan canonical form. This analogy is developed
here by showing that commuting automorphisms have a common tidy subgroup
of G and, conversely, that a group $ of automorphisms having a common tidy
subgroup V is abelian modulo the automorphisms which leave V' invariant.
Certain subgroups of G are the analogues of eigenspaces and corresponding
real characters of §) the analogues of eigenvalues.
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1. Introduction

Let G be a totally disconnected locally compact group and let a be a continuous
automorphism of G. Then G has a base of neighbourhoods of the identity consisting
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2 GEORGE A. WILLIS

of compact open subgroups, see [4, Theorem 7.7], and for each such subgroup V
the index [a(V) : «(V)) NV] is finite. The scale of « is the positive integer

(1) s(a) =min{[a(V) : «(V)NV]:V is a compact open subgroup of G}

and those compact open subgroups V where this minimum is attained are said to
be tidy for a. Tidy subgroups and the scale function have played an essential role in
the proofs of several conjectures about totally disconnected groups. For instance,
it is shown in [6] that there are no totally disconnected locally compact groups
satisfying the ‘strangeness’ condition defined [5] and, in [10], the scale function
alone is used to show that the set of periodic elements in a totally disconnected
group is closed (which is not true of connected groups).

In the special case when G is the additive group of an m-dimensional p-adic
linear space, choosing a basis identifies G with Qp and identifies automorphisms
of G with elements of GL(n, Q,). Suppose that the automorphism « is in Jordan
canonical form and let its diagonal entries be a;, j =1, ... , n, with p-adic absolute
values |a;| = p~%. Then the compact open subgroup Z; is tidy for a and s(a) =
I, <op %. Tidy subgroups and the scale function of « are thus described in
terms of a basis which makes a triangular. This description may be shown directly
in this example but it can also be shown with the aid of the following general
characterisation of tidy subgroups.

The compact open subgroup V of G is tidy for « if and only if it satisfies

T1(a): V =V,iV_, where Vi =), 5, ™" (V); and

T2(a): Viy =, >oa"(Vy) is closed.

In fact, the original definition of tidy subgroup, made in [9], was that V should
satisfy T1(«) and T2(«) and [8, Theorem 3.1] shows that this definition is equiv-
alent to the one given above. It is immediate from their definition that V and V_
are compact subgroups of V, that (V) > V, and that a(V_) < V_. Condition
T1(a) thus asserts that tidy subgroups are the product of a subgroup on which «
expands and a subgroup on which « contracts and this provides a local description
of . The index [a(V4) : V4] is the expansion factor on V. and is equal to the
scale of a. Condition T2(«) is equivalent to the more global assertion that a-orbits
cannot leave and re-enter V, [9, Lemma 3].

Return now to the example of the automorphism « of Qp having the tidy sub-
group V' = Zy. Direct calculation shows that

v.=Pz, V=7 ad

k; <0 k; >0
Vie =D Qe D2z,
k; <0 k;=0

so that these subgroups too may be described in terms of any basis for which «
is in Jordan canonical form. The notion of subgroup tidy for an automorphism is
in this way analogous to the Jordan canonical form of a matrix. In cases when «
cannot be triangularised without extending the base field, tidy subgroups can be
described in terms of factors of the characteristic polynomial of .

Tidy subgroups are seen to be a sort of canonical form in several other classes of
groups as well, including: Lie groups over local fields, [2, 3]; automorphism groups
of homogeneous trees; [9, §3]; and certain restricted products of finite groups, [7].
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A set, 2, of automorphisms of G will be said to have a common tidy subgroup
if there is a compact open subgroup V of G which is tidy for every a in 2. The
example when G = Qj and automorphisms are linear transformations suggests that
any commuting set of automorphisms should have a common tidy subgroup. This
is shown for finite sets of automorphisms in §3 and for finitely generated abelian
groups of automorphisms in §5. In the converse direction, it shown in §4 that, if
$ is a group of automorphisms of G having a common tidy subgroup V, then § is
abelian modulo the subgroup of automorphisms which leave V' invariant. (There
are pairs of automorphisms, « and (3, having a common tidy subgroup such that
(ar, B) does not have a common tidy subgroup and so a converse applying to sets of
automorphisms rather than groups cannot be expected.)

An important part of the proofs of the results in §4 and §5 is a refinement of the
property T1 of tidy subgroups. It is shown that, if V' is tidy for automorphisms
o1, ..., ap, then V is a product of subgroups, V;, such that each «; is expanding,
contracting or neutral on each V;. In view of the example when G = Qg each
of the subgroups V, may be regarded as analogous to a common eigenspace for
the automorphisms «; and the expansion or contraction factor of each a; as (an
absolute value of) an eigenvalue. Properties of these ‘eigenspaces’ and ‘eigenvalues’
are worked out in §6.

The arguments used here rely on facts about tidy subgroups and the scale estab-
lished in earlier papers. In particular, [9, Corollary 3] shows that the scale function
s: Aut(G) — ZT satisfies:

S1: s(a) =1 = s(a~?) if and only if there is a compact open subgroup U of G

with o(U) = U;

S2: s(a™) = s(a)™ for every n > 0; and

S3: A(a) = s(a)/s(a™t)7t, where A : Aut(G) — QT is the modular function.
Also, a procedure for producing tidy subgroups is given in [9] and improved in [8].
Yet another variant of this procedure is used to produce subgroups tidy for several
commuting automorphisms in §3. The following section describes this variation and
shows that it produces the same tidy subgroup as the version in [8].

2. The tidying procedure

Tidy subgroups are produced by choosing an arbitrary compact open subgroup U
and then carrying out three steps. Here is the procedure for tidying U as described
in [8].

Step 1: ‘Trim’ U to achieve property T1(«).

[9, Lemma 1] shows that there is an n such that (), _, o (U) satisfies T1(«).
Choose such an n and put

n

V= "W).

k=0
Step 2: Locate the obstruction to Vi, being closed.
Define
(2) L:={l€G:a(l) ¢V for only finitely many n}

and put L := £~. Then L is compact by [9, Lemma 6] and V satisfies T2(«)
if and only if L < V.
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Step 3: Join V and L to obtain a tidy subgroup.
Define

(3) Vi={veV: ™t eVLforallec L}

Then W := V'L is a compact open subgroup of G and satisfies the tidiness
criteria T1(a)) and T2(«), see [8, Lemmas 3.2-3.10].

The point in Step 3 is that V'L need not be a group but V'L is. It is important in the
present paper, and shown in Lemma 2.4, that V'L is in fact maximal among groups
contained in the set VL. Step 3 is the only place where the tidying procedures in
[9] and [8] differ: that in [9] may produce a smaller tidy subgroup.

An alternative tidying procedure will now be described. It differs from the
previous ones at Step 2. Suppose that we have defined V' as in Step 1.

Step 2a: Locate an obstruction to V4 being closed that is independent of V.
Define, for each compact open subgroup O,

(4) Ko ={k € G:{a"(k)}nez is bounded and
a(k) € O for all n sufficiently large} .

Put Ko := Ko and K :=[{Kp : O is a compact open subgroup}.

Step 3a: Join V and K.
Define

(5) V":={veV:lleVK foralll e K}.

Now we will show that V” K is a compact open subgroup of G which is tidy for a
by showing that it is in fact the same group W produced by the earlier procedure.
The advantage gained by using K rather than L derives from the fact that the
definition of K is independent of the subgroup U chosen at the beginning. The
group K has an alternative description in the case when G has a countable base of
neighbourhoods of the identity, namely, it is the closure of

{k € G : {a"(k)}nez is bounded and o™ (k) — e as n — oo} .

It is not known whether this description remains valid when G does not have a
countable base of neighbourhoods of e.

In the remainder of this section and the next V, V', V" L, L, K and W will be
the groups defined in the above steps.

Proposition 2.1. The set V'K is a compact open subgroup of G and is the same
tidy subgroup W as constructed in the previous procedure.

The proof of the proposition relies on some lemmas.
Lemma 2.2. K is a compact normal subgroup of L.

Proof. To see that K is a subgroup of L, it suffices to show that Ky < L. To
this end, let k € Ky. Then there is N € Z such that a™(k) € V for all n > N
and {a”(k)}n<o has an accumulation point, call it « say. Let m € Z and choose
p < min(m,N) and ¢ < p+ m — N such that o?(k) and a?(k) belong to Vz.
Then k' := kaP~9(k~1) satisfies that o"(k')V = a™(k)V for all n > m and that
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a?(k") € V. Since V has property T1(«), a?(k’) = vyv_, where vy € Vi. Hence
km =K' a™%(v_) satisfies

(6) a" (ky)V =a"(k)V for all n > m and " (k,,) € V4 for all n <g.

Since o (k) € V for all n > N it follows that k,, € L. Let | be an accumulation
point of {k, }m<o, which exists because L is compact. Then | € L and, since the
cosets o (k)V are closed, Equation (6) implies that o™ (1)V = a"(k)V for all n € Z.
Hence [~k € L and it follows that k € L. Since Ky is dense in Ky and L is closed,
we have Ky < L and hence that K is a subgroup of L. That K is compact follows
because K is closed and L is compact.

To see that K is normal in L, observe first that the definition of Ko implies
immediately that Ko, < Ko, whenever O; < Os. Hence K = ({Kp: O € F}
for any family F of compact open subgroups forming a base of neighbourhoods
of the identity. Observe next that it holds in particular when F is the family
of such subgroups normalised by L because, if O is a compact open subgroup,
than (., I0l~! is a compact open subgroup normalised by L and contained in O.
Finally, if O is normalised by L, then so too is Ko because for each k € Ko and
| € L, we have o (k=) = a™(l)a"(k)a™(I)~!: the a-invariance of L then implies
that o™ (Ikl!) belongs to O whenever o™ (k) does and the compactness of L implies
that {a"(lkl™')} ez is bounded. Hence Ko is normalised by L. Since K is the
intersection of subgroups normalised by L, it too is normalised by L. (Il

Lemma 2.3. L=(VNIL)K.

Proof. The inclusion (VNL)K C L is obvious. Hence it suffices to find an element
of K in each (V N L)-coset of L.

Let (V N L)x be such a (V N L)-coset. Since V is open it may be supposed
that z € L. Let O be a compact open subgroup of G. We shall see in this
paragraph that there is y € Ko such that (V N L)z = (V N L)y. Passing to a
smaller subgroup if necessary, it may be supposed that O < V and, by Step 1 of
the tidying procedure, it may be further supposed that O N L satisfies T1(alz).
Since z € L, {a™(z)}n>0 has an accumulation point, b say, in Vp. Then there
is n > 0 such that a™(z) € bO. Hence a™(a "(b~1)x) = uju_, where uy €
(ONL)y. Put y = a ™ (ui'b™1)z = a~"(u_). Then (VN L)z = (V N L)y because
a(ui') € (ONL); and a™(b™1) € Vo < VN L. Since y = a~"(u_) we have
that a™(y) € O for every m > n and since y = oz_”(ujrlb_l)x we have that
{a™"(y) }m<o is bounded. Hence y belongs to Ko as required.

The family {(V N L)z N Ko} of compact sets, indexed by the filter of compact
open subgroups, O, is decreasing and, by the previous paragraph, is nonempty for
each O. Hence (,(VNL)xN Ko # 0. If k belongs to this intersection, then k € K
and (VNL)k=(VnNL)x. O

Lemma 2.4. W = V'L is a mazrimal group contained in the set V L.

Proof. Let T be a group with VL DT D V'L. Then for each ¢ in T we have that
t = vl for some v in V and [ in L. Since L < T and T is a group, mvm ™! belongs
to T for each m in L. Since T' < V'L, it follows that v is in fact V’ and so t belongs
to V'L as required. O



6 GEORGE A. WILLIS

Proof of Proposition 2.1. Since K is compact, [8, Lemma 3.3] shows that V'K
is a compact open subgroup of G. It must be shown that V'K = V'L.

Lemma 2.3 implies that V'L = V/(V N L)K, and this set equals V'K because
V' N L is contained in V’. Similarly, VL = VK and it follows, by (3), (5) and
Lemma 2.2, that V/ < V", Hence

V'L=V'K <V"K.

Now V” <V and, by Lemma 2.2, K < L. Hence V"K is a group between V'L
and VL and Lemma 2.4 shows that V'K = W. O

Notation 2.5. The present paper is concerned with compact open subgroups which
are tidy for several automorphisms at once. Steps 1, 2a and 3a for producing a sub-
group W which is tidy for a will be called the a-tidying procedure.

Should U be tidy for automorphisms « and (3 the factorings of U given in T1(«)
and T1(3) may differ. To specify that the factoring given by «, say, is being
considered the notation

Uar = () a*(U)

k>0

will be used, and similarly for Uy_, Uyo := Upqy NUq—, Upy4+ and U, —.

The following criteria for an element to belong to a tidy subgroup or to the
contractive part of a tidy subgroup will be used repeatedly. They are implicit in
[9] and [8] but are stated and proved explicitly here for ease of reference.

Lemma 2.6. Let W be a compact open subgroup of G which is tidy for a.

(i) Let w be in W and suppose that {a™(w)}n>0 is bounded. Then w belongs to
Ww_.

(i) Suppose that o™ (w) and " (w) belong to W where m < n. Then o (w) is in
W for every k between m and n.

Proof. (i) Since W satisfies T1(a), w = wyw_ where wx € Wx. Now {a™(w_)}n>0
is contained in W_, which is compact, and w belongs to W_ if and only if w4 does,
and so it may be supposed that w belongs to W.

Let ¢ be an accumulation point of {a"(w)},>0. Then ¢ belongs to the closure
of Wy and so, since W satisfies T2(«), ¢ belongs to W, . Hence there is a k > 0
such that c is in o®(W,).

In the subspace topology on W, ., o* (W, ) is an open neighbourhood of c. Hence
there are arbitrarily large values of n such that o™ (w) belongs to o (W, ). Applying
a~* yields that there are arbitrarily large values of n such that a”~*(w) belongs to
W,.. However, if a"*(w) is in W, then o7 (w) belongs to it for every j < n — k.
It follows that o’ (w) belongs to W for every j and hence that w belongs to W_.

(ii) By [9, Lemma 2] there are v and v in G such that w = uv, a™(u) belongs
to W4, a™(u) belongs to W_ and of(v) belongs to W for m < k < n. It suffices
then to show that o (u) is in W for m < k < n.

Since a™(u) is in W_, {a*(u) }x>n is contained in W_. Since this set is compact,
{a* (1)} k>m is bounded and so, by part (i), o™ (u) belongs to W_. Therefore o (u)
belongs to W for every k > m and in particular for all k£ between m and n. O
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3. Common tidy subgroups for commuting automorphisms

It is shown in this section that each finite set of mutually commuting elements
of Aut(G) has a common tidy subgroup. The proof is by induction on the number
of automorphisms. The inductive step is to show that, if a and 8 are commuting
elements of Aut(G) and U is tidy for «, then S-tidying U produces a compact open
subgroup W which is tidy for both o and g.

The next result shows that Step 1 of -tidying preserves a-tidiness.

Lemma 3.1. Let « and 8 be commuting elements of Aut(G) and suppose that the
compact open subgroup U 1is tidy for a. Then:

(i) B9(U) is tidy for a for each integer j.
(it) M=o B (U) is tidy for o for each positive n.
Proof. (i) Since o and 8 commute, for each j we have that
[(57(U)) : a(F7(U)) N 37 (U)] = [B7(a(V)) : B (a(U) N U)]
= [a(U): a(U)NU]
= s(a).
Hence 3/(U) is tidy for o by [8, Theorem 3.1]. Alternatively, it may be verified

directly that 37 (U) satisfies T1(«) and T2(«).
(ii) [9, Lemma 10] shows that the intersection of tidy subgroups is tidy. O

Step 2 of the tidying procedure was modified so as to ensure the next result.

Lemma 3.2. Let « and 3 be commuting elements of Aut(G) and let
K ={Ko : O is a compact open subgroup} be the subgroup defined in Step 2a of
the B-tidying procedure. Then a(K) = K. O

The a-invariance of K is needed in the proof that Step 3a of -tidying preserves
a-tidiness. It does not generally hold for L. Several of the arguments in the
following proof are based on those in [8]. Where possible, the requisite results from
[8] are cited.

Theorem 3.3. Let o be in Aut(G) and suppose that the compact open subgroup V
is tidy for a. Let K be a compact subgroup of G such that o(K) = K and put

V'={veV: ' eVK forallle K}.

Then V" is an open subgroup of G.
(i) Letv be in V' NV, and 1 be in K. Then lvl~! belongs to Vi K.
(i) VI/'=v"nV,.

(iii) V" = VIV,

(iv) Viy =U,sea™(VY) is closed.

(v) V'K is a compact open subgroup of G which is tidy for «.

Proof. That V" is an open subgroup of G is shown in [8, Lemma 3.3].
(i) Since v is in V", [vl~! = uk for some u in V and k in K. Then

a™(u) = a"(D)a™(v)a" (1" k™) for all n
and so, since K is a-invariant and o= 1(V,) < V.,

a(u) € KVLK for all n <O0.
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Since KV, K is compact and V is tidy for «, it follows by Lemma 2.6(i) that u
belongs to V, as required.

(ii) The element v belongs to V7’ if and only if o= (v) is in V" for every n > 0.
Since V" <V, this implies that v belongs to V. and so

VI <V'AV,.
Now let v be in V" N V.. Let I be in K and n > 0. Then
la " ()7t =a " (a"(Dva” (1))

where a™(I)va™(l)~! belongs to V. K by part (i) and because a(K) = K. Hence,
using the a-invariance of K again,

la "W)™ € a”™(V,)K C VK.

Therefore a=™(v) belongs to V" for every n > 0 and so v belongs to V.

(iii) Let v be in V”. Then, since V satisfies T1(«), there are vy € V4 such that
V=040

It may be supposed that there is p > 0 such that o P(vy) belongs to V.
To see this, consider {a P(v4)}p>0. This set is contained in V, and so has an
accumulation point,  say. Then «o”(x) belongs to V for every n because it is an
accumulation point of {a™ P (v4)},>0 and o™ P(vy) belongs to V for all p greater
than n. Choose p such that a=P(v,) is in V2. Replace vy by viaP(z)~! and v_
by o (z)v_. Then we still have that v4 is in Vi and v = vyv_ but now also have
a P(vg) in V' as claimed.

It may now be shown that, under this supposition, v, belongs to V. Let [ be
in K. Then, since o P(vy) is in V" and K is a-invariant, part (i) shows that

(7) lv ™' = umy, where u € o (V) and m,; € K.
Hence
(8) lol™ = umy (lv_171).

On the other hand, since v is in V”, [vl~! belongs to VK and so
(9) lwl™' = wyw_msy, for some wi € Vi and my € K.
Comparing (8) and (9) yields

wilu=w_mo(lv="1"Y)ym' € U_KU_K.

It follows that {a"(w}'u)},>0 has an accumulation point but then, since w} 'u
belongs to a”(V4), Lemma 2.6(i) shows that wy'u is in V4 N V_. Since wy is in
V., it follows that u is in V. Hence, by (7),

lv 17! belongs to V, K.

Since this holds for arbitrary [ in K, vy belongs to V”. It follows that v_ = vj_lv

is in V" as well. Finally, (ii) implies that vy belongs to V.

(iv) By [4, (5.37)] or [1, Prop. 2.4, Chapter III], V', is closed if VI, N V" is
closed. Hence it suffices to show that V', N V" = V['. To this end, let v be in V7
and suppose that a"(v) belongs to V" for some n > 0. Now a™(v) being in V", it
may be factored as in part (iii),

a"(v) = wyw_ for some wy € VY,

and it must be shown that w_ belongs to V.
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Since w_ belongs to V| part (i) implies that for each [ in K
(10) lw_1"" = uk for some u € V_ and k € K.
Now {a™7(u)};>0 is bounded because

u=lw 'kt =lw ()l k T

so that a7 (u) belongs to the compact set Ka™(V{)K for each j > 0. Since V is
tidy for a, it follows by Lemma 2.6(i) that u belongs to V; N V_. Therefore (10)
shows that

lw_1"' € (Vi NV_)K for every | € K.

Arguing as in (ii) we now see that w_ belongs to V' as required.

(v) That V”K is a compact open subgroup is shown in [8, Lemma 3.3]. It is
clear that V' < VI'K < (V"K)4 and similarly for V. Since V" satisfies T1(«) it
follows that

V'K =V!(V'K)=(V"K)(V'K)_
and so V" K satisfies T1(«a). Also, o"(V{'K) = a"(V{)K for each n because K is
a-invariant and so

(V'E) = Jo"(VIK) = | (V) | K,

n>0 n>0

which is closed because J,,5qa™(VY) is closed and K is compact. Hence V'K
satisfies T2(«). O

Now suppose that 2 is a subset of Aut(G) such that there is a compact open
subgroup U which is tidy for each o in 2. Let 8 be an automorphism which
commutes with each « in 2. Then applying the 8-tidying procedure to U produces
a subgroup W which is tidy for §. Lemma 3.1 shows that the subgroup V' obtained
in the first step of the procedure is tidy for each « in 2 and Lemma 3.2 that the
subgroup K found in the second step is a-invariant. Hence we are in a position to
apply Theorem 3.3 in the third step and conclude that W is tidy for each « in 2
as well. This proves the following result.

Theorem 3.4. Let A be a set of automorphisms of the locally compact group G
and let B be an automorphism which commutes with each « in 2A. Suppose that
there is a compact open subgroup U which is tidy for each o in . Then there is a
compact open subgroup W tidy for each automorphism in AU {8}.

An inductive argument now shows that each finite set of commuting automor-
phisms has a common tidy subgroup U. It does not follow however that this
subgroup is tidy for every automorphism in the group of automorphisms generated
by the finite set, as the following example shows.

Example 3.5. Let F be a finite group with identity er and let Z be the indexing
set Z x (Z/2Z), where Z/2Z = {0,1}. Define

G = {f € F* : 3N € Z such that f(n,a) = er whenever n < N}.

Then G is a group under coordinatewise multiplication. For each n define the
subgroup G, = {f € G : f(m,a) = ep for all m < n}. Define a topology on G
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by letting {G,, : n € Z} be a base of neighourhoods for eg. Then G is a totally
disconnected locally compact group.
Let a7 and as be the automorphisms

ar(f)(n,a) = f(n+1,a),  aa(f)(n,a) =f(n+1,a+1).
Then a; and as commute. Let U be the compact open subgroup
U={f€eG: f(n,a)=erifn<0orifn=0anda=0}.
Then
a(U)={feG: f(n,a)=epifn<—lorifn=-1anda=0}
and
ax(U)={f€G: f(n,a)=erpifn<—lorifn=-1anda=1}.

Hence a1 (U) > U and a2 (U) > U so that U is tidy for both oy and as.
On the other hand,

o as(f)(n,@) = f(n,a+1).
It follows that
Unajlas(U) ={f €G: f(n,a) = ep if n <0}
and that this group is invariant under 041_1(12. Therefore U is not tidy for 0(1_10[2.

The above example notwithstanding, it will be shown in §5 that each finitely
generated abelian group of automorphisms has a common tidy subgroup. The
proof relies on a refinement of property T1 which will now be described.

4. Factoring subgroups tidy for a finite set of automorphisms

Property T1(«a) expresses a compact open subgroup U which is tidy for « as
the product of a subgroup on which « is expanding and a subgroup on which
« is contracting and, if U is tidy for several automorphisms, there are several
such factorings of U. In this section it is shown that, under certain conditions on
the automorphisms given in Definition 4.2, U may be written as the product of
subgroups such that each automorphism is either expanding or contracting on each
subgroup.

The conditions in 4.2 are satisfied if the automorphisms commute. In the con-
verse direction, it is seen in this section that if § is a group of automorphisms
satisfying the conditions in 4.2, then §) is abelian modulo those automorphisms
which leave tidy subgroups invariant.

As is the case for a single automorphism, the factors of the tidy subgroup U cor-
respnding to several automorphisms are intersections of images of U under powers
of the automorphisms.

Definition 4.1. For each finite set a of automorphisms of G and each compact
open subgroup U of G define
Ua = m Ua+.
aca
If 8 is another automorphism, put

Uapt = (Ua)ﬁJr = ﬂ ﬁk(Ua)»
k>0
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and define U, g— and Uy, go similarly.

In the following, we shall need to know that a(U,) > U, for each « in a, but that
is not true of general finite sets of automorphisms. It will be shown in Theorem 4.6
however that it does hold for sets of automorphisms satisfying the condition given
next. The condition extends to finite sets of automorphisms a fact which is easily
proved for a single automorphism «, namely, that if U is tidy for «, then a™(U) is
tidy for « for each n.

Definition 4.2. Let U be a compact open subgroup of G and $) be a group of
automorphisms of G.

(i) U is invariably tidy for the finite set, a, of automorphisms means that for
every v in (a), v(U) is tidy for each « in a.
(ii) $ is said to have local tidy subgroups if for every finite subset, a, of §) there
is a compact open subgroup U which is invariably tidy for a.
(iii) $ is said to have tidy subgroups if there is a compact open subgroup U which
is tidy for every « in $). In this case U is said to be tidy for 9.

Theorem 3.4 and Lemma 3.1 imply that there is, for each finite set a of commut-
ing automorphisms, a compact open subgroup which is invariably tidy for a. Hence
abelian groups of automorphisms have local tidy subgroups. As the terminology
suggests, the property of having tidy subgroups is stronger than having local tidy
subgroups.

Lemma 4.3. Let a be an element of H and suppose that U is tidy for $. Then
a(U) is tidy for $.

Proof. Let 3 be any automorphism in Aut(G). Then «(U) is tidy for afa~! as
may be seen by verifying properties T1(afBa~!) and T2(aBa™!) directly or by
observing! that a(U) minimises the index [aBa=1(V) : V NaBa~(V)]. Since U is
tidy for 9, it follows that a(U) is tidy for a9~ = 6. O

Let G, a1, as and U be as in Example 3.5. Then Lemma 3.1 shows that U is
invariably tidy for a = {a1,as2}. However U is not tidy for (as,as) and so it is
not immediately obvious that having local tidy subgroups should imply that $ has
tidy subgroups. It will be shown in §5 though that, nevertheless, this is the case if
$ is finitely generated.

Lemma 4.4. Let a be a finite set of automorphisms of G. Let 3 be another auto-
morphism and U be a compact open subgroup of G such that o*(U) is tidy for (8
for each o € a and each k > 0. Then:

(i) Ua,ﬁ+ = Uau{ﬁ}-
(i) Uy = Uqp-Uqp+-
Proof. For each m > 0, put U™ = Naca Mo @*(U). Then U™ is a compact
open subgroup of G and, since o*(U) is tidy for 3 for each a and k, [9, Lemma 10]
shows that US™ is tidy for 3. We have that Uy = (-, US™.
(i) Since U, < U, it is clear that U, 51 < Uy and that U, g4 < U, follows
immediately from the definition. Hence Uq g1 < Uauygsy-

1T am grateful to Harald Biller for this simplified argument.
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Now let u be in Ugyqpy. Then {67%(u)}r>o is bounded because u belongs to
Ugsy. Since Uém) is tidy for 8, Lemma 2.6(i) shows that u belongs to (Uém))

for each m. Therefore u is in U, gy.
(ii) Since Uém) is tidy for 8, we have

(11) ui™ = (Uﬁm))ﬁi (&™)

Let u be in U, and for each m > 0 put

B+

B+

Then, since U, < Uc(lm), (11) shows that C,, is nonempty for each m. Now C, is
compact and Cy, 41 C Cy, for each m and so (,,~o Cm # 0. Choose (u_,u ) in this

intersection. Then uy and u_ belong to ), Usmﬂ)i =Usps and u =u_uy. O

Note that Lemma 4.4 does not suppose that U is tidy for the automorphisms in
a. This observation will be needed later on.

Some of the arguments to follow will consider a sequence of automorphisms
having an invariably tidy subgroup U and Lemma 4.4(ii) will be used repeatedly
to factor U. Here is notation which will be used in those arguments.

Definition 4.5. Given the sequence aq, ... , a,, of automorphisms of G define, for
each function € : {1,...,n} — {—1,1}, the set of automorphisms

ae = {a;(j) 1j € {1,...,n}}.

The collection of these sets of automorphisms is denoted
b= {a6 cee{-1, 1}{1""’"}} .

The lexicographic order on the indexing set {—1,1}t1~"} (where —1 < 1 as usual)
determines a total order on ®. This will be called the halving order on ®.

Now suppose that U is invariably tidy for the set of automorphisms {a;, ..., a,}.
Then U = U,,-U,,+ because U is tidy for «;. Since U is invariably tidy for
{a1,...,a,}, Lemma 4.4(ii) may be applied repeatedly with 3 equal in turn to as,

., o, until U is written as a product of 2" factors. Lemma 4.4(i) shows that each
of the factors has the form U, for some a in ®. Moreover, the order of these 2"
factors is the halving order on ®. Since 3 is expanding on Ug, we have that each o;
is expanding or contracting on U,, depending on whether €(j) equals 1 or —1. This
procedure thus yields the following decomposition of invariably tidy subgroups.

Theorem 4.6. Let aq, ..., a, be a sequence of automorphisms of G and suppose
that U is a compact open subgroup of G which is invariably tidy for {aq,...,an}.
Then
(12) U=]]U

acd
where the factors Uy, in the product are in the halving order. For each j € {1,...,n}
we have a;(Uy) > Uy or aj(Uy) < Uy depending on whether a; € a or ozj_l € a.
FEquation (12) will be called the factoring of U corresponding to the sequence of
automorphisms aq, ..., a,.
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If U is invariably tidy for {1, ... ay,}, then G(U) is invariably tidy for {au, ... oy}
for every 8 in (au,...ay). Hence 3(U) also has a factoring, B(U) = [[,cqe B(U)a,
corresponding to ag, ..., a,. The next few results, leading to Corollary 4.9, show
that this factoring is obtained by applying [ to (12).

Lemma 4.7. Let the compact open subgroup U be invariably tidy for {«, }. Then
(13) B(Ua+ﬂUBf) < ﬁ(U)oH»mﬁ(U)[jf'

Proof. Let u be an element of 5 (Uy4+ NUs_). Then F(u) is in B(U)s— because u
is in Ug_. To see that G(u) belongs to S(U)a+ as well, write U, as the intersection
of subgroups

m
Ups = ﬂ U{(;n}), where U{(;n}) = ﬂ a*(U).
m>0 k=0
Each U{(;n]? is tidy for 8 by Lemma 10 in [9] and w belongs to each subgroup.
The sequence {8"(u)}n>o is relatively compact because w is in Ug_ and so, by
Lemma 2.6(i), u belongs to (Ule}))ﬁi for each m. Hence 5(u) belongs to Ufz}) for
each m and it follows that B(u) is in U,+. Therefore the sequence {a™"8(u)} >0 is

relatively compact and we conclude with the aid of Lemma 2.6(i) that 8(u) belongs
to ﬁ(U)oc-‘r' U

Theorem 4.8. Let the compact open subgroup U be invariably tidy for {«,5}.
Then

ﬂ(Ua ) = ﬁ(U)a+~
Proof. First observe that it suffices to show that
(14) B(UOH-) < ﬂ(U)a-i-'

For this observation, recall that ~(U) is tidy for 3 if and only if it is tidy for S~1.
Hence U is in fact invariably tidy for {a, 3,a~!,37!}. Now taking 3(U) in place
of U and 7! in place of 3 in (14) yields B~ (B(U)as) < Uay. Applying 3 to each
side shows the reverse inclusion to (14).

Since U is invariably tidy for {«, 3}, Lemma 4.4 shows that

B (Uat) = BUatr NUp-) B (Uat NUsy), and
B(0) gy = (BW)as NBW),-) (BW)oe B, ).
Hence, by Lemma 4.7, (14) will follow once it is shown that
(15) BUat+ NUp+) < B U)oy NBWU)s, -

To show this, let u be in Uy4 NUg+. Then S(u) belongs to 5(U)s+ and so, by
Lemma 4.4,

(16) B(u) = viv—, where vy € B(U)ax NBU) s
We claim that
(17) a~!(v_) belongs to UB(U) for every I > 0.

Towards establishing the claim, let [ be a non-negative integer. Since v_ is in
B(0)a_, {a™(v_)}m>0 has an accumulation point, ¢ say, and ¢ belongs to S(U) e+ N
B(U)a—. Now a™(v_) also belongs to a™3(U)g4 for every m > 0, by Lemma 4.7
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and is clearly in B(U). Since S(U) is tidy for 3, it follows that o™ (v_) isin B(U)g+
for every m > 0. Hence

(18) t belongs to B(U)a+ N BU)s+-
Now choose an m > 0 such that
(19) a™(v_)t~! belongs to the open subgroup 3~ 'a!(U).

Lemma 4.7 and (18) imply that a~"™(¢) belongs to o™ 3(U)ay Na~"B(U)a+
and it is clear that it also belongs to G(U). Since S(U) is tidy for o and 3, it
follows that a~"™(t) belongs to B(U)a+ N B(U)g+. Hence, by Lemma 4.7 again,
B~ ta=™(t) belongs to Usy NUgy. Now 371 (v_) also belongs to U, NUpg because
B (v_) = B~ (vy)u, by (16), where u was chosen from U, NUgy and S~ (vy)
is in Ua4 NUpgy by (16) and Lemma 4.7. Therefore

(20) B ra™™ (a™(v_)t™") belongs to Uy N Ups.

Put w = o~ +™) (371a=™ (a™(v_)t~1)). Then (20) implies that w belongs to
U. We also have that

(a—ll@al+m)2 (w) = a_lﬁ (am(vi)t—l) 7

which belongs to U by (19). Since U is tidy for a~!3a!*™, it follows by Lemma
2.6(ii) that a~!Ba!™™(w) belongs to U. However

a—lﬂal-i-m (’LU) — a_l(v,)a_(”m) (t_l)

and o~ (F™)(¢t=1) is in B(U) by (18). The claim (17) is thus established.

It follows from (17) that {a~!(v_)};>0 is relatively compact and so, since 3(U)
is tidy for o, Lemma 2.6(i) shows that v_ is in 5(U)q+. By construction, v, is in
B(U)a+ too and so B(u) belongs to this subgroup. That §(u) belongs to 5(U)a4 is
clear. Therefore (15) holds and the proof of the Theorem is complete. O

By definition, Uy = (\,cq Uat for any finite set, a, of automorphisms. An
immediate consequence of Theorem 4.8 then is the corresponding statement for
finite sets of automorphisms.

Corollary 4.9. Let the compact open subgroup U be invariably tidy for the finite
set aU{B}. Then
5(Ua) = 5(U)a~
O

If a U {3} is a commuting set of automorphisms, then Lemma 3.1 shows that
any U which is tidy for a U {8} is invariably tidy. Corollary 4.9 thus applies to
commuting sets of automorphisms. However, when the automorphisms commute it
is not difficult to show directly that 8(Us) = B(U)a.

If U is invariant under each automorphism in a U {3}, that is, if «(U) = U
for each o in a U {3}, then U is invariably tidy for a U {#}. In this case too the
conclusion of Corollary 4.9 is obvious.

Theorem 4.14 below shows that sets of automorphisms having an invariably tidy
subgroup are commuting modulo automorphisms which leave U invariant. The
proof uses Corollary 4.9 and the following observations about the subgroup U,.

Lemma 4.10. Let the compact open group U be invariably tidy for the finite set
of automorphisms aU{G}. Then:
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(i) B(Ua) NU, = B(U,) NU and hence is an open subgroup of B(Uy).
(i) B(Ua) NUa = ﬂ(Ua,ﬂ—)Ua,ﬁ-‘r'

(i) [B(Ua) : AU N U] = [8(Uaps) : Uns .

(iv) Uq,pg++ ts a closed subgroup of G.

Proof. (i) By Corollary 4.9, 3(Uy,)NU = B(U)s NU and (U)o NU = B(U)q N Uy,

by Lemma 2.6(i). Hence S(U,) NU < B(Uy) NUq. The reverse inclusion is obvious.
(ii) Lemma 4.4(ii) shows that 8(Uy) = B(Uqa g—)B(Uap+). Since 3 is expanding

on Ug gy, it follows that 8(Uy) > B(Uqs g—)Uqg 4. Since (3 is contracting on Uy g,

BUap-) < Uqp— andso Uy > B(Uq )UaﬁJr Hence B(Ua)NUq > B(Ua,p—)Ua g+
For the reverse inclusion, let u be in 3(U,) N U,. Then, since v is in 3(U,),

u=u_uy, whereu_ € B(Uyp-)<Usp— and uy € B(Uqpy).

Hence u, = u”'u belongs to B(Uqa,p+) N Uy Appealing to Corollary 4.9 and
Lemma 2.6(i) again, we see that uy belongs to U, 4.

(iii) Define a map © : 3(Uq g+ )/Ua.p+ — B(Ua)/(B(Us) NU,) by
O(B(u)Uq,p+) = B(u)(B(Ua) N Uy).

Then © is well-defined because Uy g+ < B(Uy) N U, and is surjective because
B(Us) = B(Uap+)B(Usp—) and B(Ugp—) < B(Us) NU,. That O is injective fol-
lows because B(Uq g4+) N B(Us) N Uy = Ug g4, which is in turn a consequence of
Corollary 4.9 and Lemma 2.6(i).

(iv) By definition Uy g4+ = U0 B'(Uq g4 ) and it follows, by Corollary 4.9 and
Lemma 2.6(i), that

Ua gt = U {ue B (Uss) : {a*(u)}r>0 is bounded for every a € a}
1>0

= {u € Usyy : {a ¥ (u)}r>0 is bounded for every a € a} .

Now for each o, {u € G : {a"(u)},>0 is bounded} is a closed subgroup of G, see
[9, Proposition 3|, and Ug4+ is also closed. Hence U, g4+ is the intersection of
closed subgroups and is closed. (I

Lemma 4.11. Let a be a finite set of automorphisms of G and let U and V be
compact open subgroups tidy for a. Suppose that V< U. Then Vo, = U, NV and
the index of Vy in U, is finite.

Proof. It is immediate from the definitions that V, < U, N'V. For the reverse
inclusion, let u be in Uy N V. Then {a ™ (u)}m>0 is bounded for every « in a.
Since w is also in V' and V is tidy for each « in a, Lemma 2.6(i) shows that u
belongs to Vj.

It follows from the first part that V is an open subgroup of the compact group
U,. Hence [U, : Vg is finite. O

Theorem 4.12. Let the compact open subgroups U and V be invariably tidy for
the finite set a U {3} of automorphisms. Then

[ﬁ(va,ﬁ—k) : Vu,ﬁ-&-] = [B(Ua,ﬂ+) : Uu,ﬁ-&-] < 00.

Proof. Lemma 4.10(i) implies that U, g+ is an open subgroup of 3(Uq s+ ). Hence
[B(Uq,p+) : Uq p+] is finite.
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To show that [B(Uqg+) : Ua,p+] is equal to [B(Vy g+) : Va,p+] it suffices to show
that both equal [8((UNV)ap+) : (UNV)apt]. Since the intersection of tidy
subgroups is tidy, U NV is invariably tidy for a U {8}. Hence it may be supposed,
without loss of generality, that V < U.

Then V, g+ < B(Vag+) < B(Uq,p+) and it follows that

(21) [ﬂ(Uu,ﬁ—i-) : Va,ﬁ-i—] = [ﬂ(Uu,6+) : ﬂ(Vu,ﬁ+)][ﬂ(Va,B+) : Va,ﬁ+]~
Similarly, Vi g+ < Uqapy < B(Uq,p+) and
(22) W(Uu76+) : Va,ﬁ+} = [ﬂ(Uu,ﬁ+) : Ua,B+HUu,6+ : Va,5+]~

Now [Uq g+ : Vag+] is finite by Lemma 4.11 and is equal to [8(Ua g+) : B(Va,5+)]
because ( is an isomorphism. Therefore (21) and (22) imply that

[6(Va,ﬂ+) : Va,ﬂ+] = [ﬂ(Uaﬁ+) : Uaﬁ+]'

Definition 4.13. The scale of § relative to a is the positive integer

sa(B) := [B(Ua,p+) : Ua,pt] = [B(Ua) : B(Ua) N U],
where U is a compact open subgroup invariably tidy for a U {3}.

It may now be shown that automorphisms having an invariably tidy subgroup
commute modulo the normaliser of that subgroup.

Theorem 4.14. Let a and 3 be automorphisms of G and let the compact open
subgroup U be invariably tidy for {a, 8, afa=1371}. Then afa=1371(U) =U.

Proof. Put a1 = o, ap = B and a3 = aBa~ '8! and let

(23) U=]]U.

acd
be the corresponding factoring of U. Recall that ® = {a, : ¢ € {—1,1}{123}} and
has the halving order, see Definition 4.5 and Theorem 4.6. It suffices to show that
afBa~137! leaves each of the eight subgroups U,, a € ®, invariant. The proof is
essentially the same in each case and so only one is described.

Let a = {a1,a; ", az}. Then afa='p~1(U,) > U, because affa™3~" belongs
to a. We compute the index [aBa~ 1371 (U,) : U] = sq(afBatB71) in terms of the
scales of o and A" relative to U,.

First, since 37! is in a, we have 3~ 1(U,) > U, and

(24) [ﬁ_l(Ua) 1Ud] = Sa(ﬂ_l)-

Second, 371(U) is tidy for a and Corollary 4.9 shows that 3=1(U,) = B71(U),.
Hence, a being in a, o137 1(U,) < 71 (U,) and we have

(25) [ﬂ_l(Ua) : a_lﬁ_l(Ua)] = sq(@).

(Note that [37Y(Uy) : a 1871 (Uy)] = [aB71(U,) : B71(U,)] because « is an au-
tomorphism.) Third, a=1371(U) is tidy for a and o=~ 1(U,) = a 137 1(U),.
Hence, 37! being in a, Ba~ 137 1(U,) < a7 137 1(U,) and we have

(26) [a™ 671 (Ua) : Ba™ 67 H(Ua)] = sa(B7).
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Finally, similar reasoning yields that aBa=t3=1(U,) > Ba~13~1(U,) and
(27) [aBa™ 371 (Us) : Ba ' 371 (Ua)] = sa(a).
Since the groups Uy, 371 (Uy), a= 1371 (Uy), Ba~ 71 (Uy) and aBa~1371(U,) are
commensurable, equations (24)—(27) imply that

[aBa™! 571 (Us) : Ba™ ' B~ (Ua)][6~" (Ua) : Ud
(671 (Ua) : 1B~ H(Ua)lla= 16 (Ua) : B! B~ (Ua)]
Therefore afa=1371(U,) = U,.

Each of the other seven subgroups in (23) may be shown to be invariant under

afBa~ 137! in exactly the same way. Since U is the product of these invariant
subgroups, U is invariant under afBa~1571. O

Sa(aﬁailﬁil) = =1.

Theorem 4.15. Let §) be a subgroup of Aut(G) and suppose that U is tidy for §.
Let Ny = {a € H | a(U) =U}. Then Ny is normal in $H and H/Ny is an abelian,
torsion-free group, no element of which is infinitely divisible.

Proof. Property S1 of the scale function shows that
(28) Ny ={acH|sla)=1=s(at)}.

Let a be in My and B in $H. Then B~ (U) is tidy for $ by Lemma 4.3 and
so af~YU) = p~Y(U). Hence Baf~Y(U) = U and Ny is normal in $. The
commutator subgroup of §) is contained in My by Theorem 4.14. Hence $H/Ny is
an abelian group.

If o™ is in My for some n > 0, then, by equation (28), s(a™) = 1. Hence, by
property S2 of the scale function, s(ar) = 1. It may be seen in the same way that
s(a™t) = 1. Hence « is in Ny and /Ny is torsion-free.

Now suppose that for some a1y in /My there are elements B, My and positive
integers ny, with n, — oo as k — oo such that a9y = G,*Ny for each k. Then
s(a) = s(B.*) = s(Br)™ for each k. Since s(a) and s(8)) are positive integers, it
follows that s(a) = 1. That s(a™!) = 1 follows in the same way and so « is in 9.
Therefore /9y contains no (nontrivial) infinitely divisible elements. O

5. Finitely generated groups of automorphisms

For a group of automorphisms, ), the property of having local tidy subgroups
is formally weaker than that of having tidy subgroups. However, it is shown in
Theorem 5.5 below that these properties are equivalent when §) is finitely generated.
Since, as seen in §3, abelian groups have local tidy subgroups, it follows that each
finitely generated abelian group of automorphisms has a tidy subgroup.

The idea of the proof of this equivalence is to find a finite generating set, f, for
$ such that any U invariably tidy for f is tidy for . Example 3.5 shows that not
every generating set will do. To find such a set f, we begin with generators aq, ...,
ay, for ), a compact open subgroup U which is invariably tidy for {aq,...,a,}
and the corresponding factoring U = [], .4 Ua, see Theorem 4.6. If the sequence of
automorphisms is extended, to a1, ..., o, an+1 say, and U is invariably tidy for
the extended set, then the corresponding factoring of U is found by factoring each
of the Uy’s as Uy = Uq a1+ Ua a1 —- Lemmas 5.1-5.3 show that the relative scale
functions are reduced at each factoring. Since these functions take integer values, it
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follows that this progressive refinement of the factoring of U terminates eventually.
This will complete the first stage in the proof of Theorem 5.5.

Lemma 5.1. Let the compact open group U be invariably tidy for the finite set of
automorphisms a U {B}. Then for each a € a

a(Ua) = a(Ua,p+) (2(Us) N Vg )

and
[2(Ua,p-) : Uap-|
[a(Ua,p0) : Ua,p0] -

Proof. Let w be in «(U,). Lemma 4.4(ii) shows that w = wyw_, where wy is in
a(Uq px) = a(Uq)gx. We modify w_ so that it belongs to o(Us) NUq g——.

The set {8%(w_)}x>0 is contained in a(U,) and so has an accumulation point,
wo say, in a(Ug)go. Since, by Lemma 4.10(i), U, is an open subgroup of a(U,)
there is an n such that §"(w_) belongs to woU,. Put w/, = w;F~"(wy) and
w’_ = B7"(wo) rw_. Then w = w/w’ and w/, belongs to a(U, g4) because w
and 7" (wp) do and, similarly, w” belongs to «(U, g—). We also have that

B (wl) = wy ' B (w-),
where the latter belongs to Uy N a(Uq 53— ) by the choice of n. Lemma 4.11 implies

that Uy N a(Uq,p—) = Uq,p— and so w’_ belongs to Uy g—— as required.
The preceding argument, applied to w chosen from «(U, g—), shows that

a(Ua,p-) = @(Ua,p0) (a(Us) N Vs p——) -

(29) [@(Uag) NUqgp—— : Ugp—] =

Hence
(30)  [a(Ua,p-) : Uap-] = [a(Uap-) : a(Ua) N Ua,p——][(Ua) N Uq,p—— : Ua,p-]
and the map

O : a(Uq,p0)/Ua,p0 = (Us,p-)/ (@(Ua) N Uq p——)

defined by
O(a(w)Ua,p0) = a(u) (a(Ua) N Ua,p--)
is surjective. The map © is well-defined because U, go < a(Uy) N Uy g—— and is

injective because a(Uq,g0) N Uq,g—— = Uq po. Therefore
[a(Ua,p-) : a(Us) NUa,p—-] = [@(Ua,po) : Ua,po]
and substitution into (30) yields (29). O

Lemma 5.2. Let a U {8} be a finite set of automorphisms of G and suppose that
the group {(a U {B}) has local tidy subgroups. Let U be invariably tidy for a U {3}.
Then, for each o € a,

[@(Uap+) : Uspt][a(Uap-) : Usp-]
[a(Ua,p0) : Ua,po] '

Proof. Since, by Theorem 4.12, the indices in (31) are independent of the subgroup
U invariably tidy for aU{g}, it suffices to prove the equation for some invariably tidy
subgroup. Since (a U {A}) has local tidy subgroups, it may therefore be supposed
in the following argument without loss of generality that U is invariably tidy for
any particular finite subset of (a U {5}).

(31) [(Ua) : Ua] =
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The group a(Uy) N Uy —— is compact because a(U,) is compact and U, g——
is closed, by Lemma 4.10(iv). Hence, by definition of U, g—_, there is an n such
that " ((Us) NUq 5——) < Us. Put Ug,, = e B%(Us). Then U, ,, = Vg, where
V = Ni—o B"(U) is invariably tidy for a U {3} and so, by Theorem 4.12,

(32) [@(Uq) : Ug] = [a(Uqa ) : Uapp)-

Since U may be assumed invariably tidy for a8"a~'3~", it may be supposed, by
Theorem 4.14, that a8™(U) = "a(U). Hence

(33)
a(Ugp)NUgp—— = af™(Us) NUgpg—— = " (@(Ua) NUq p——) < a(Uq,p,) N U,.

Since Uy, < a(Uqgn) NUq < a(Uy, ), we have
[(Uan) : Uap] = [@(Uap) : @(Uan) NUg)[@(Uan) NUq : Uy ]
and so (31) will follow from (32) and the identities

(34) [a(Ua,n) : OZ(Uu,n) N Ua] = [a(UaﬁJr) . Ua,ﬁJr]
and
(35) [(Ugn) NUq : Ugp] = [a(Uq,p-) : Ua -]

[@(Ua,po) : Ua,po] -

To establish (34), note that U, gy is a subgroup of «(Uq ) N Uy, which implies
that there is a natural map © : @(Uq g+)/Ua g+ — @(Usn)/ (@(Uan) NUq). That
© is injective follows because a(Uqg+) N Uq = Uy . That O is surjective fol-
lows because, by Lemma 5.1, a(Uq.n) = a(Uq g+ ) (@(Uq,n) N Uqp——) and, by (33),
Oz(Uu,n) NUgp—— < Oz(Ua’n) NU,.

The identity (35) will follow from the second part of Lemma 5.1 once it is shown
that [a(Ugn) NUq : Uyl = [@(Us) N Uqp—— : Uy p—], which is equivalent to
showing that [a(Usn) NUy : Ugp) = [8" (a(Us) NUgp——) : 87 (Uap-)]. Since
8" (Uap-) < Uqan and, by (33), 8" (a(Ug) NUqap-—) < a(Uapn) N U,, there is a
natural map Y : 8" (a(Uq) NUg p——) /6" (Uap—) — (a(Uqn) NUq) /Uqn. That T
is injective follows because Uy, N " (2(Us) NUqp——) = " (Uap—). That T is
surjective follows because a(Uq ) N Uy = (™ (Ua) NUq p——) Uq g+ O

Lemma 5.3. Let a C b be finite sets of automorphisms of G and suppose that (a)
has local tidy subgroups. Let 3 € (a) and suppose that 3 = n]],c, ", where n
belongs to the commutator subgroup of (a). Let U be invariably tidy for b U {8,n}
and suppose that 3(Uy) 2 Us. Then there is o € a such that

[a(Ue,p+) : Us,p+] < [(Us) : Us].
Proof. Lemma 5.2 shows that, if the claim fails, then
(36) [a(Up g-) : Upp—] = [@(Us,p0) : Us go] for each v € a.

Since 7 is in the commutator subgroup of (a), it follows from Theorem 4.14 that
n(V) = V for any V tidy for . Hence, by the invariable tidiness of U, we have

BU) = ([Toeq @) (U) and
[Ub’ﬂ7 :B(Ub767)] = [U[’wB* : (Haeaam) (Ubw@*)]'
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An argument like that used in the proof of Theorem 4.14 shows that
e : ([Maca®™) Wop ) = [[laWos-) : Usp ]

aca

and, by (36), the right-hand side equals
[T (e p0) : Uo p0] "

aca

Since [Up,p0 : #(Us,p0)] = 1 and this index also equals ], [c(Us go) : Us,p0] ™"
(by the same argument as above), we have that [Ups— : G(Usp—)] = 1. Hence
Up,p— = Uy o and B(Uy) > Uy, in contradiction to the hypothesis. O

Lemma 5.4. Let $ be a finitely generated group and let £ be a normal subgroup
of $ such that $H/L is abelian. Then there are elements vy, ... , v in £ such that

£= <a’yja_1 ca€en, je{l,...,r}).
Proof. Let $ be the commutator subgroup of . Then $’ < £ and £/$ is a

finitely generated abelian group. Suppose that a1, ..., o, generate §). Then every
commutator in §) is a product of conjugates of commutators of the form [ay, ay],
where o, and «; are in the generating set. O

Theorem 5.5. Let §) be be a finitely generated subgroup of Aut(G) which has local
tidy subgroups. Then there is a compact open subgroup U tidy for 9.

Proof. Suppose that a1, ..., a, are automorphisms with $ = (a1,...,q,). Let
U be a compact open subgroup which is invariably tidy for {a1,...,a,} and let
(37) U=]]va
acd
be the factoring of U corresponding to the sequence aq, ... , a,.
If the sequence of automorphisms is extended, to oy, ..., tn, Oy, oo, Cngp
say, and U is invariably tidy for {au1, ..., &n, @n1, ..., Gnip}, then the factoring of

U corresponding to the extended sequence is a refinement of (37) as follows. For

each function € in {—1,1}{%P} put b, = {oz;(i)j cjedl,... ,p}} and define

U= {be ee {1, 1}{17-"’1’}} .

Then for each a in ® we have, by Lemma 4.4, Uy = [[ycy Uaue and

(38) U:HUQ:H<HUM>: II Uwe=]]0s

ac® acEd® \bev (a,b)edx ¥ 0eD!
is the factoring of U corresponding to the sequence of automorphisms a;, ... , an,,
Qpit, --. s Qnyp. Note that @' is defined for the sequence v, ..., @n4p as in

Definition 4.5. The first stage of the proof extends the sequence of automorphisms
to the point where every possible choice for 4,1 satisfies, for each factor Ugyp,
either an+p+1(Uan) > Uqup or an+p+1(Uaub) < Ugup-

Suppose that is not already so for the sequence aq, ..., a,. Then there is
0 in $ and a in @, and there is U invariably tidy for {a1,...,a,, (3}, such that
B(Uqy) # Uq and B(Uy) £ U,, whence Ug g4 and Uy g— are proper subgroups of U,.
Lemma 5.3 shows that, for any ¢ in ® with U, g a proper subgroup of U, we have
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scugpy (@) < sc(a) for some avin ¢. (Note that, since relative scales are independent
of the tidy subgroup, Lemma 5.3 applies even though the present subgroup U might
not be tidy for 7.) Choose a,+1 = (. Then, taking p = 1, the refinement (38)
satisfies that s.up(@) < sc(«) for some a in ¢ whenever U.p # U..

Continue, choosing a,, 42 etc., in the same way so that, whenever a new subgroup
appears as a factor in (38) the relative scale of some « in {o, 04;1 1jef{l,...,n}}
is strictly reduced on that factor. These relative scales are being reduced from the
initial values of sq(c), where a € ® and « € a. Since {sq(a) : v € a, a0 € P} is a
finite set of positive integers, a point is reached, with a4, say, where no further
reduction in relative scales is possible. At that point we have for every ( in $)
that, if U is invariably tidy for {aq, ..., antp, 8}, then for every factor Uyyp in (38)
either 8(Uaup) > Uaup 0r B(Uqup) < Uqup. Now fix the sequence of automorphisms
Q1, ...y O, Qg1 - .., Opyp and let @ be the index set for the corresponding
factoring of any U invariably tidy for {aq,..., @ntp}, see Theorem 4.6.

The next stage of the proof is to show that there is indeed a U such that, for
every 0 in @ and S in 9, either 8(Uy) > U, or B(Uy) < Us,. For each 9 in @ define
amap ¥, : H — Q' by

(39) a(B) = {WUa) :Uo], i A(Uo) 2 Us

Uy : BUN] ", if B(U) < Us,

where U is a subgroup invariably tidy for {a1,...,&n4p, 8} Theorem 4.12 shows
that v, is well-defined. For § and v in $) and expanding on U, we have

[By(Us) : U] = [B(v(U)o) : 7(U)o|[v(Us) : Un],

and 80 ¥y (87) = o (8)s(y). By checking other cases in the same way it may be
seen that each 1/, is a homomorphism from $ to the multiplicative group of positive

rationals. If 3 and 7 are in § and 1,(By~1) > 1, then ¢, (B)Yo (7)™ = o (By~1)
is a positive integer. It follows that for each ? in ®' there is a positive integer, ty,

such that ¥, (9) = {t7* : m € Z}.
For each 0 in @', choose an automorphism v, in $) such that 1, (y,) = t5. Then
H={y':meZ}xkerp,
is the semidirect product of an infinite cyclic group and the group of automorphisms
which leave U, invariant. Choose automorphisms ngl), ey ngm) such that

ker ¢, = <a77§j)ofl a€efn, je{l,... ,ra}> ,
see Lemma 5.4. Now let U be invariably tidy for
(40) {a1,.. .o} U{m:0e@u{n :0ed, 1<j<r)
Then ngj)(Ua) = U, for each 9 in ®" and j € {1,...,ry}. Since U is invariably
tidy, it follows that ang])ofl(Ua) ="U, for each j € {1,...,r,} and « in $). Since
the elements omgj)a’l, jgeA{l,...,r}, a € $, generate ker,, it follows that

1n(Uy) = U, for each 7 in kerv,. Now let v be in . For each d we may write
v = Y"1, where 7 is in ker1;. Hence

Y(Us) = %' (Us) = 75" (Us)
and it follows, since U is tidy for ~,, that either y(Uy) > Uy or v(Up) < Us.
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The final stage of the proof enlarges the finite set in (40) still further so that any
subgroup U which is invariantly tidy for the enlarged set is tidy for $). Each ~ in
$) partitions @’ into three subsets

(41) L, ={0ed :y(Up) > Us},
(42) ! ={0ed :y(lp) <Up}, and
(43) @’w ={0e€d :y(Uy) = Up}.
Now Lemma 4.4, applied with 3 equal to a1, ..., o4y in turn implies that
Upe = T Usro,
(%

where U,y o = Uyy NUp. (Recall that we do not need U tidy for v for this
conclusion.) It is clear that if 0 is in @/, or ®, then U, 5 = Up. On the other
hand, if 0 is in @;77 then v (Uy40) = Uyt p. Since ) = () ker ¢y, it follows that
a(Uyy0) = Uyy o for every a in . Hence U,y 5 = [(,c5 @(U) and is contained in

every other factor in the product. Similar arguments apply to U,_ and so
(44) Up= J[I U and U,_= [ 0,
€D UD! €D UD!,

where the order of the products is given by the halving order on @'.

Since @' is finite, it can be partitioned as ®' = &, U®._ U P’ in only finitely
many ways. Let g be the number of such partitions and choose automorphisms
Y1, .-+, Yq Which give rise to them. Let U be a compact open subgroup which is
invariably tidy for

{o1,. . o} U{n:0edtu{n) :0e® 1<j<r}U{m,. ..., v}
Let a be in $. Then there is v; such that &, = @, &, = & _ and

o, = <I>’%_O7 whence (44) implies that Usy = Uy, 4, Us— = Uy, — and Uso = Uy 0.
Since U satisfies T1(vy;), it follows that
U= Ua-‘rUa—a

that is, U satisfies T1(«). Finally, (44) implies that there are integers k and [ such
that 7;(Uy,+) < a*(Uaq) < 7§-(U7j+). Hence

U ak(Ua+> = U 7;:(U’Yj+)a

k>0 1>0
which is closed because U satisfies T2(y;). Therefore U satisfies T2(a) and we
have shown that U is tidy for the general element « of . O

If U is tidy for 9, then it is invariably tidy for the automorphisms chosen in the
proof of Theorem 5.5.

Corollary 5.6. Let $ be a finitely generated subgroup of Aut(G) and U be tidy
for ©. Then there are automorphisms aq, ..., o, in $) such that the corresponding

decomposition,
U=]]U.
acd

satisfies that for every « in $ and a in @ either a(Uy) > Uy or a(Uy) < U,. O
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The automorphisms «; and as and the subgroup U in Example 3.5 are already
at the first stage of the argument in the proof of Theorem 5.5. The factoring, in
this case U = U,, = U,,, cannot be further refined. Although U is not tidy, the
second stage of the proof does identify a subgroup tidy for (a;, as) in this case. It
may be that a subgroup tidy for § is always produced at this stage of the argument.
I am not aware of an example where the third stage of the proof is required.

The hypothesis in Theorem 5.5 that $ be finitely generated is necessary.

Example 5.7. Let S3 be the permutation group on three symbols. Denote the
identity of S3 by e, the three order 2 elements by o;, j = 1,2,3 and the order 3
elements by 7 and 72. Define

G={f€S%: f(k) € {e,01} for all but finitely many k} .

Then G is a group under coordinatewise multiplication. For each natural number
n define the subgroup

G, ={fe€G: f(m) e {e, o1} for every m and f(m) =efor —n<m<n}.

Note that Gg = {f € SZ: f(k) € {e, 01} for every k} Define a topology on G
by letting {G,, : n € N} be a base of neighourhoods for eg. Then G is a totally
disconnected locally compact group. The nth coordinate projection map, f — f(n),
of G onto S3 will be denoted m,.

Define, for each n in Z, an automorphism «,, of G by

rf(k)r=t, ifk=mn,

f(k), otherwise, (f € G).

an(f)(k) = {

Then s(ay,) = 1 for each n and any subgroup tidy for «a,, satisfies o, (U) = U. Since
{e, 01} is not normal in S3, a compact open subgroup U is tidy for «, if and only
if m,(U) = {e}, {e,7,7%} or S3. Let = (a,, : n € Z).

For each n the subgroup G, is invariably tidy for {ay : —n < k < n}. Since
9 =U,en(ar : =n < k < n), it follows that § has local tidy subgroups. However
£ is not finitely generated and any compact group U invariant for all o in $ must
satisfy m,(U) = {e} for all but finitely many n. Hence $ does not have tidy
subgroups.

Define another automorphism « of G by

a(f)(k) = f(k+1)  (feq),

and put $; = (H,a). Then 9, is finitely generated. The only subgroup tidy for «
is Go, but it is not tidy for cg. Hence there is no subgroup tidy for {a, ap} and $;
does not have local tidy subgroups.

A compact open subgroup tidy for automorphisms « and ( is not, in general,
tidy for their product. That is so in the following special case however.

Proposition 5.8. Let a and 8 be commuting automorphisms of G and let U be a
compact open subgroup of G which is tidy for a and satisfies B(U) = U. Then U is
tidy for af.

Proof. Since (af8)"(U) = a™p"(U) = a™(U), we have Uypsr = Uyx. It is also easy
to see that B(Uas) = Uax, and so Unprs = Ugas. ]
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For an element = of GG, we say that the compact open subgroup U is tidy for x
if U is tidy for the inner automorphism «,, : y — zyxz~'. The following topological
version of Theorem 5.5 for abelian groups of inner automorphisms may be proved
with the aid of Proposition 5.8.

Theorem 5.9. Let H be a compactly generated closed abelian subgroup of G. Then
there is a subgroup U tidy for H.

Proof. Let V be a compact open subgroup of G. Then H NV is a compact open
normal subgroup of H. Since H is compactly generated, there are z1, ..., x, in
H such that H = (z1,...,2,)(HNV).

Applying the tidying procedure successively as in §3, given any finite subset
f of {x1,...,7,) we may find a compact open subgroup, U, which is tidy for f
and such that zUz~! = U for every x in H NV. As in Theorem 5.5, f may
be chosen sufficiently large that U is tidy for (x1,...,2,). Then U is tidy for
(x1,...,zn)(HNV) = H by Proposition 5.8. O

6. Factoring the scale function and infinitely generated
groups of automorphisms

Corollary 5.6 describes a decomposition of a tidy subgroup U into factor sub-
groups U,. It is shown in the present section that this decomposition is essentially
unique and a number of invariants associated with it are introduced. The next
definition isolates properties which characterise the factor subgroups.

Definition 6.1. Let $ be a subgroup of Aut(G) and U be tidy for §. A subgroup,
V', of U satisfying:
(i) for every a in § either a(V) >V or a(V) <V
(i) V=aU):acHand a(V) >V}
will be called a U-eigenfactor for §.
The U-eigenfactor ({a(U) : a € $H} will be denoted by Up. It is a subgroup of
every other U-eigenfactor and is invariant under all elements of $).
The scale relative to the U-eigenfactor V is the function sy : § — Z* defined
by sy (@) := [@(V) : a(V) N V]. The set of relative scale functions on $ will be
denoted by Sg.

The U-eigenfactors are precisely those groups appearing in the factoring of U
given in Corollary 5.6.

Lemma 6.2. Let $ be a finitely generated subgroup of Aut(G) and let U be tidy
for $. Then:

(i) For each U-eigenfactor, V, there is a finite subset a of ) such that V = U,.
(ii) There are only finitely many distinct U-eigenfactors for §.

Proof. Corollary 5.6 shows that U = [] .4 Ua, where each U, is a U-eigenfactor.
Let V be a U-eigenfactor. Then there is at least one a in ® such that (V) >V for
every (8 in a and for this a we have V < U,. If V # U, then, since both groups
are U-eigenfactors, there is an « in §) such that a(V) > V but a(U,) < U,. Then
V < Mpso @*(Ua) = Up. Hence either V = U, for some a in ® or V = Uj. O
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If Uy and U, are tidy for $), with U; < Us, and if V' is a Uxeigenfactor for §), then
V N U; is a Ureigenfactor, see Lemma 4.11. Theorem 4.12 shows that syny, = sv
and so the set Sg is independent of which tidy subgroup U used to define it.

Lemma 6.3. Let U be a compact open subgroup of G tidy for the subgroup § of
Aut(G@). Let V be a U-eigenfactor for $. Suppose that V # Uy and put ty =
min{[a(V) : V] : a(V) > V}. Choose ay such that ty = [ay (V) : V]. Then:

(i) sy () is a power of ty for every a in $.

(ii) There is a surjective homomorphism py : ) — Z, such that for every « in $

a(V) =¥ (V).

(i) V={a(U) : @ € $ and py(c) > 0}.
Proof. (i) Let o and § in $) be such that «(V) >V and S(V) > V. Then either
a(V) > B(V), in which case sy (8) divides sy (a), or (V) < B(V), in which case
sy (a) divides sy (8). It follows from the Euclidean algorithm that, for every « in
9, sy(a) is a power of the greatest common divisor of {[3(V) : V] : p(V) > V}

and this, clearly, is equal to ty .
(ii) The value of the homomorphism py at « in § is defined by

lo a(V): V], ifa(V)>V
—log, . [V:a(V)], ifa(V)<V.
iii) This follows immediately from 6.1(ii). O
(i) y (i)

It is clear, in the same way that the relative scale functions on ) are independent
of the tidy subgroup used to define them, that the function py is independent of
the tidy subgroup U in which V is a UFeigenfactor. The subgroup 9y defined in
Theorem 4.15 is also independent of U because the scale function does not depend
on U. It is clear that this subgroup may be described in terms of the functions py,
V' a U-eigenfactor.

Proposition 6.4. Let U be a compact open subgroup tidy for the finitely generated
subgroup $) of Aut(G). Then
Ni={aeH:alU)=U}= ﬂ{ker pv : V is a U-eigenfactor}.
|

Property S3 of the scale function relates it to the modular function on G. The
relative scale functions are related in the same way to modular functions on certain
$H-invariant subgroups of G.

Lemma 6.5. Let § be a group of automorphisms of G, let U be tidy for $ and let
V' be a U-eigenfactor. Then the group

V++ = U Oé(V)
acf
is a closed subgroup of G and is invariant under ).
Proof. Let ay be the element of $ chosen in Lemma 6.3 and let a be such that

V = U, as in Lemma 6.2. Then V,} = Ug o, ++ and is therefore closed, by Lemma
4.10(iv). Tt is clear that V., is invariant under $. (]
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In the case when G is Q) discussed in the introduction, the subgroups V, ;. are
just the common eigenspaces for the commuting automorphisms. In the general
case the subgroups V, will be regarded as analogues of eigenspaces. It would
be natural to call them eigenfactors for $) but they are not independent of the
subgroup U used to define them. The analogues of eigenvalues, which we now
define, are independent of U however.

Definition 6.6. Let $) be a group of automorphisms of G, let U be tidy for $ and
let V be a U-eigenfactor. The function Ay : § — Q7 defined by

m(a(V))

A = —

v(a) )
where m is the Haar measure on V, , is the modulus of § relative to V or the

relative modular function on $. The set of relative modular functions on $) is
denoted by Dyg.

The relative modular functions on $ are homomorphisms and
(46) Ay (a) = tf/‘/(a) for every a in .

Hence Dg too is independent of the tidy subgroup U used to define it. There is
also a relative version of property S3 of the scale function:

Ay () = sy(a)/sv(a™).

Definition 6.7. Let § be a finitely generated group of automorphisms of G having
a common tidy subgroup.

(i) The factor number of $ is the number of distinct relative scale functions for
$. The factor number is denoted f.n.($).

(ii) The group /9, where N is defined in Proposition 6.4, is a finitely generated
abelian group with no torsion elements by Theorem 4.15. Hence /M = Z".
The number n is the rank of $. The rank is denoted r($)).

The factor number of $) is equal to the number of distinct U-eigenfactors for
$ in any subgroup U tidy for $ and also to the number of distinct nontrivial
relative modular functions. Lemma 6.2 shows that f.n.() is finite when $ is finitely
generated.

Note that: f.n.($)) = 0 means that «(U) = U for every a in $ and U tidy for 9;
and f.n.($)) = 1 means that either a(U) < U or a(U) > U for every a in §. Thus
the common tidy subgroup U is itself a U-eigenfactor in these cases.

Theorem 6.8. Let ) be a finitely generated subgroup of Aut(G) and suppose that
U is a compact open subgroup of G tidy for $. Then

p
(47) U=[]U;=U:...0,

j=0
where p = f.n.(9) and where U;, j € {0,...,p}, are distinct U-eigenfactors for §.

Proof. Corollary 5.6 expresses U as a product of U-eigenfactors and it is seen in
the proof of Lemma 6.2 that every U-eigenfactor appears in any such factoring. The
factors need not be distinct however. To obtain distinct subgroups a sequence of
automorphisms, (1, ..., 85 say, must be chosen more carefully.
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For this, choose a fixed isomorphism w : Z" — $/M, where n is the rank of
$ and choose elements v; in 9 such that w(e;) = v;M, j € {1,...,n}, where ¢;
denotes the jth unit basis vector in Z™. By Proposition 6.4, each homomorphism
pv :  — Z, where V is a U-eigenfactor, induces a homomorphism py : §/9M — Z.
Corresponding to each of the composite maps py ow : Z"™ — Z, there is an n-tuple,
my, of integers such that

n

(48) 5‘/ o w(sc) =my.r = kaxk, (:l? S Zn).
k=1
These n-tuples of integers will be used to choose the automorphisms 3y, ..., Gs

when there are at least two U-eigenfactors. Let
Mg = {my : V is a U-eigenfactor for H}.
Note that, since w is surjective, U-eigenfactors V and W are equal if and only if
my = myy. Hence |Mg| = f.n.(9).
The cases when f.n.($) = 0 or 1 have been discussed above. It was seen that U
is itself a U-eigenfactor in these cases and the theorem is satisfied.

Now suppose that |Mg| > 1 and choose two points m; and mo in Mg. Since
Mg, is finite, there is an @1 = (21,22, ...,,) in Z" such that the hyperplane

I, ={yeR" |y.xz; =0}

passes between m; and ms and does not intersect Mg. Put

Ty

— T1,,T2
B1 =vi'vy? . Lonn.

Then (3, partitions Mg, into the two subsets
My ={my | py(£1) = my.x1 > 0} and M_ = {my | pv(61) = my.z1 < 0},

with, say, m, in M and mg in M_. Correspondingly, Sg is partitioned into the
subsets

S ={V|6(V)>V}and S_ ={V | 51(V) <V}
Now let U = [],.4 Ua be a product of U-eigenfactors as in Corollary 5.6. Then by

Lemma 4.4

acd

U+ = H (Uﬂ n UﬁlJr)'
acd
If Uy is in S, then Uy NUg,+ = U,. On the other hand, if U, is in S_, then
Ua NUp,+ = Up and may be absorbed into one of the other factors. Hence Ug, 1
is the product of subgroups in S;. Similarly, Ug, — is the product of subgroups in
S_. Thus we have
U= Uﬁ1+Uﬁ1—

with Ug, 4+ the product of subgroups in Sy and Ug, — the product of subgroups in
S_. If fn.(9) = 2, this shows that (47) holds.

If fn.(9) > 2, then further automorphisms s, ..., §,, may be chosen so that
the corresponding hyperplanes separate other points in Mg. Eventually Mg will be
partitioned into singleton sets and U written as a product of distinct subgroups. O

It follows immediately from the above proof that distinct [Feigenfactors can be
separated by an automorphism in $) that does not leave any of the U-eigenfactors,
other than Uy, invariant.
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Corollary 6.9. Let U be tidy for the group $ of automorphisms of G and let V;
and Vy be U-eigenfactors, with Vi # Vo and neither equal to Uy. Then there is 3 in
$ such that B(V1) > Vi, B(Va) < Vo and for every U-eigenfactor, V, not equal to Uy
we have either B(V) >V or B(V) < V. For this 3 we have \yeq 87(U) = Up. O

It is clear that r($)) < fn.(9). It is also clear that, if r($) = 0, then fn.($) =0
and, if r(9) = 1, then fn.(9) = 1 or 2. These are the only relationships between
the rank and the factor number of ) however. The following example shows that,
if r(9) = 2, then f.n.($) can take any value except 0 or 1 and the same method
produces similar examples with r(£)) > 2.

Example 6.10. Let ¥ be a finite set in Z? which contains 0 and is such that
ged{my, ma} = 1 for each m = (my, mg) in ¥. Define the group

¢= 1] @s
mew
and write the elements of G as functions g : ¥ — Q3. Define autmorphisms of G
(a1g)(m) = 37" g(m) and (azg)(m) = 37" g(m)
and let $) be the subgroup of Aut(G) generated by oy and az. Then U =[], . cy Z3
is tidy for $ and the U-eigenfactors for §) are
Unm ={9€U|g(m')=0 unless m" = m or 0}.

Now consider an m in ¥. Since ged{mi,mo} = 1, there is an ap in $ such
that agg = 37 'g for g in U,,. Hence the number t,, in Lemma 6.3 is 3 and the
homomorphism p,, : § — Z determined by U,, is

pm (@) = mizy + maza, (a=ai'al? €9).
Therefore, choosing the isomorphism $ — Z2? determined by a; +— (1,0) and

ag +— (0,1), we find that Mg = ¥ \ {0}.

In the previous example the tidy subgroup U is abelian and the U-eigenfactors
in the product (47) may be written in any order. That is not so in general.

Example 6.11. Let G = SL(3,Q,) and $ = {agq : d € G is diagonal} be the
group of inner automorphisms of G determined by the diagonal matrices. Then the
compact open subgroup

U:={a=a;j] €G:a;j €Zyifi>j, a;j €pl,ifi<j}

is tidy for $, [3]. It is clear that 9t is the subgroup of $) corresponding to the
diagonal matrices with p-adic integer entries and that $/9 = Z2. Hence 1($)) = 2.

Let dV) = diag[p~!, 1, p] and let a; be the automorphism of conjugation by d().
Then

[a11 a1z i3]
Ua1+ = 0 a22 Q23| : a4 € Zp, Qjj Epr, 1< g
L 0 0 a33_
_au 0 0 i
and Ual— = ao1 Qa92 0 taq; € Zp
|31 a32  a33]

and property T1(«aq) expresses the U L-factorisation of matrices in U.
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Let d® = diag[p~',p,1] and ay be the corresponding inner automorphism.
Then, taking a = {a;, a5 '}, the subgroup

a1 0 0
Us = 0 a2 ao3| :ay €7y, axs € pZy
0 0 ass

is a U-eigenfactor. It is also a root subgroup of U. The relative modular function
corresponding to this U-eigenfactor is Ag(ay) = |dad;'|, and the relative scale
function is sq(ag) = max{\d2d§1|p, 1}, where d = diag[dy, da, d3].

Next, let d®) = diag[l,p~', p] and a3 be the corresponding inner automorphism.
Then the groups U, and U,, where b = {ay, ozgl} and ¢ = {1, a9, a3}, are also U-
eigenfactors and root subgroups of U and it is easily checked that Uy, + = U,U Us.
Similarly, U,, — is a product of three U-eigenfactors. Hence U is the product of six
U-eigenfactors (other than Up) and f.n.()) = 6.

The factoring of subgroups tidy for $ allows us to write the scale and modular
functions (restricted to $) as products of relative scale and modular functions.

Theorem 6.12. Let § be a finitely generated subgroup of Aut(G) and suppose that
9 has a tidy subgroup. Then for each o in H

s(a) = H{sv(a) tsy € Sq}  and Aa) = H{Av(a) :Ay € Dg}.

Proof. Let U be tidy for . Then U = U,y U,—, where Uyt = H?:o U;j is the
product of those U-eigenfactors such that a(U;) > U;. If p = 1, then s(a) =
[a(U1) : U] = sy, () and the first equation is proved.

Suppose that p > 1. Then, by Corollary 6.9, there is § in $ such that 8(U;) > Uy,
B(Us) < Uz and Uq+ go = Up. Then equation (31) in Lemma 5.2 shows that

s(a) = [(Ua+) : Uat]| = [O‘(Ua+,ﬂ+) : Ua+ﬂ+”a(Ua+ﬁ—) : Ua-&-,ﬂ—]-

Now Uq4,5— and U,y g+ are each the product of U-eigenfactors on which « is
non-contracting and, by the choice of 3, Uay g— NUqay g+ = Up. If Usq p— and
Ua+, s+ are both U-eigenfactors, then the formula for s(a) is proved. Otherwise,
further automorphisms, 8’, may be chosen with the aid of Corollary 6.9 such that
[@(Uat.p+) : Ust p+] and [@(Unt p—) : Uat p—] are factored. Continuing in this
way, s(a) is eventually written as the product of relative scale functions.

That A(«) is the product of relative modular functions follows from the formula
for s(a) because A(a) = s(a)/s(a™1). O

So far in this section we have dealt mainly with finitely generated groups of
automorphisms having a tidy subgroup. The definitions and results will now be
extended to infinitely generated groups of automorphisms having local tidy sub-
groups.

Lemma 6.13. Let  be a subgroup of Aut(G) having local tidy subgroups. Let §
be a finitely generated subgroup of $.

(i) Then there is an integer r and there are (not necessarily distinct) homomor-
phisms ¢; : § — (QT, %), j € {1,...,r} such that, for every finitely generated
group 8 with § < R < 9, there are mutually disjoint subsets Sa of {1,...,r},
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indexed by A € Dg, with
A@) = ] ¢s@) (ae),

JjESA
and Upep, Sa ={1,...,7}.
(ii) There is a finitely generated group £ with § < £ < §) such that for each j in
{1,...,r} there is a relative modular function AY) in Dg with ¢; = AV|3
and with A®) #£ AU jif j £ 4.

(Note in (i) that, if A|z is the trivial homomorphism for some A in Dg, then Sa = ()
and so {Sa : A € Dg} might not be a partition of {1,...,7}.)

Proof. Let § be a finitely generated subgroup of $§ with § > F. Let U be a
compact open subgroup of G which is tidy for §'. Then U is also tidy for § and so
U may factored as U = H?:o U;, where Uj, j € {1,...,p} are U-eigenfactors for §
and this may be refined to U = [[{_, U, where U}, k € {1, ..., q} are U-eigenfactors
for §. Let Aj, j € {1,...,p} (vespectively A}, k € {1...,q}) be the corresponding
relative modular functions on § (respectively §'). That the second factoring of U
is a refinement of the first means that each U-eigenfactor, U;, for § is a product
U, = :j:*kl;l U,.. It now follows as in Theorem 6.12 that for each j € {1,...,p}
and each « in § which is expanding on Uj;

kjp1—1 kjri—1
(49) Aj(@) =[a@;): U] = ] i) :U]= T[ Ak
k=k; k=k;

It is clear that the factoring of A; in (49) is further refined when another finitely
generated subgroup, §”, of $ with §’ > §’ is taken. Now the values of all relative
modular functions are rational and consequently have only finitely many factors.
Hence there is a finitely generated subgroup, £, of $) such that (49) holds with
F = £ and for every finitely generated §’ > £ the corresponding factorisation

Aj(a) = ;’;li_l A} (c), where A} in D, satisfies
(50) either A} |z = A}|z for some k or A} |z is trivial.

Each relative modular function, A’, on £ restricts to a homomorphism from § to
(Q*, x). Let r be the number of distinct relative modular functions on £ which
have nontrivial, but not necessarily distinct, restrictions and define ¢; = Az,
je{l,...,r}, to be these restrictions. Then (ii) is satisfied.

To see that these functions satisfy (i), let £ > § be a finitely generated subgroup
of 9 and put ' = (R, £). Then (49) shows that each relative modular function, A,
on £ is the product of relative modular functions on §”. Hence Az is the product
of restrictions to § of functions in Dg~. It now follows from (50) that Alz is in fact
the product of functions ¢;. If Ay and Ay are distinct elements of Dg, then they
are the product of disjoint sets of relative modular functions on §”. Now distinct
elements of §F restrict to the trivial function or to functions, ¢; and ¢; with i # j.
Hence the sets Sa, and Sa, are disjoint. O

Theorem 6.14. Let §) be a subgroup of Aut(G) having local tidy subgroups. Then
there is a set ® C Hom(9), (Q™, x)), such that:



TIDY SUBGROUPS FOR COMMUTING AUTOMORPHISMS 31

(i) For each ¢ € ® there are: a positive integer ts; and a homomorphism
ps 5 — Z such that ¢(a) = t;"’(a) for every a € 9.
(i) Ngep kerg ={a€H:s(a)=1= s(a™h)} =M.
(iii) {¢ € @ : ¢(a) # 1} is finite for each v in H.
(iv) If § < $ is finitely generated and A is in Dg, then A(a) = [[scq ¢(a) for

every o in §.

Proof. For each finitely generated subgroup, §, of ) the homomorphisms ¢; : § —
(Q*, %), j € {1,...,r} found in Lemma 6.13 might not be distinct. Form the
multiset, ®z, of these homomorphisms, so that ¢; and ¢; are distinct elements of
&z if i # j even though they might be the same homomorphism.

Suppose that § < §’ are finitely generated subgroups of §). Let £ > § be the
finitely generated subgroup of $) found in Lemma 6.13(ii) for §’. Then for every ¢;
in @z there is a unique AU) in Dg such that AU) |57 = ¢j. On the other hand, if A
isin Dg, then either Al is trivial or Alz = ¢, for some j and, if Aq|z = ¢; = Aglz,
then Ay = As. Since § < §’, the same statements hold with § in place of . It
follows that for each ¢ in @z there is a unique ¢’ in ®z which extends it. Since
this holds for every § > §, each ¢ in 5 has a unique extension, (57 to $ such that
d|z/ is in By for every F > F. Put

o = {g{) 19 € Pz, § < $H and finitely generated}.

Note that distinct elements of ®5 have distinct extensions to £, by Lemma 6.13(ii),
and so the map ¢ — ngS, from the multiset ®z to the set @ is injective.

The existence of the positive integers ¢4 and homomorphisms pg : § — Z now
follow from Lemma 6.3(ii). Let & be in 9, put § = (o) and let £ be the subgroup of
$ found in Lemma 6.13(ii) for this §. Then it follows from Theorem 6.12 that s(a) =
[[{é(a) : ¢ € Pg, ¢(a) > 1}. Hence, if a belongs to [, 4 ker ¢, then s(a) = 1 and
similarly for s(a=!). On the other hand, if s(a) = 1 = s(a™ 1), then ¢(a) = 1 for
every ¢ in ®g, whence qAS(a) = 1 for every ¢ in ®¢. Since ¢(a) = 1 for every ¢
in ®\ &g, it follows that a belongs to Nyeca ker ¢. Thus (ii) is established. It is
clear that ¢(c) # 1 only if ¢ is in ®¢ and so (iii) holds. Part (iv) follows from
Theorem 6.12. O

It follows from parts (i) and (ii) of Theorem 6.14 that the map
(51) R:$—@Z: RA) = (po(h)),eq
pED

induces an isomorphism between $/91 and a subgoup of the free abelian group
&P sea L Since each subgroup of a free abelian group is free, we have the following
improvement on Theorem 4.15.

Corollary 6.15. Let $ be a subgroup of Aut(G) having local tidy subgroups and
define M ={a € 9 : s(a) =1 = s(a")}. Then N is normal in $H and H/N is a
free abelian group. O

The quotient group Ag := <®¢€<I> Z) /R($), where R is the map defined in

(51), need be not be free abelian. In fact, any abelian group can occur as such a
quotient, as we now see.
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Let ¢ be a cardinal number, p be a prime, and let G be the restricted product of
copies of Q,

G ={9€Q,:9g(c) € Z, for all but finitely many c € c}.

For each h in @, Z let Up, be the subgroup {g € G : g(c) € pM9Z, for all ¢ € c}.
Then {Uy} is a base of neighbourhoods of the identity for a group topology on G.
In this topology Up is isomorphic to Z;, with the product topology and is a compact
open subgroup of G. Each h in @, Z determines a continuous automorphism of G
by
(hg)(c) =p™g(c), (cev).

This automorphism will also be denoted by h and the group of these automorphisms
identified with @ Z. Then Uy is tidy for @, Z. Let $ be a subgroup of @ Z and
suppose that:

(a) ged{h(c):hen} =1, (ceq).

(b) For ¢ # d € ¢, there is h € § with h(c) > 0 and h(d) < 0.

Condition (a) implies that for each ¢ in ¢ there is an h in $) such that h(c) = 1.

Then h has finite support in ¢ and condition (b) implies that, for each d # ¢ in the
support of h, there is hy such that hg(d) < 0 and hgi(c) > 0. Put

§ = (h,hq: d e supp(h), d#c)
and h = {hy : d € supp(h), d # c}. Then

Uy = ﬂ{hZ(U) :d € supp(h), d # ¢, n> 0}

is a compact subgroup of Uy and [h(Uy) : Uy] = p. Now Uy might not be a Up-
eigenfactor for § but, adding further elements from § to b if necessary, a subgroup,
U’, may be found which is a Ug-eigenfactor for § and such that [A(U’) : U'] =
p. Hence the homomorphism ¢, : h — p~ ™) belongs to the set ® defined in
Theorem 6.14. Tt is clear then that ® = {¢.}ccc. Under the identification we
have made between @ Z and a subgroup of Aut(G), it is clear that R() = $.

Therefore
Ag (@ Z) / 9.

Finally, we show that each abelian subgroup is isomorphic to a group (€, Z) /$
where §) satisfies (a) and (b). Let A be an abelian group. Then A = (6, Z) /$ for
some free abelian group @ Z and subgroup ).

Suppose that ged{h(c) : h € H} = m # 1 for some ¢ in ¢. In the case when
m # 0, let n : Z™ — Z be the homomorphism 7(z1,...,Zm) = 1+ -+ + Ty, let
¢c : B.Z — Z be the homomorphism ¢.(h) = h(c) and let €, Z xz Z™ be the
pull-back which completes the commutative diagram

@CZ Xz Z™ L) zm

(l ln
Ph.z — Z

c

Then @, ZxzZ™ is a free abelian group and in fact there is an obvious isomorphism
D.Z xz Zm = @C\{c} Z x Z™ which replaces the c-component of @ Z by Z™.
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Define $)’ to be the subgroup (~*($). Then (P, Z xz Z™)/$’ = A. It may be seen
that

n N ée(9) =Z(,...,1) @ kern = {((1,...,1),(1,-1,0,...),...,(1,0,...,0,—1))
and this group satisfies (a). It follows that §' = ¥ 1(n71(¢.(9))) satisfies (a) as

a subgroup of @c\{c} Z x Z™. The case when m = 0 can be treated by a similar
argument using the map 7 : Z2 — Z, n(x1,72) = 11 + 22 and noting that in this
case ¢.($) = {0}. Since the @ Z is the direct sum, repeating this argument for
each ¢ in ¢ will produce a group satisfying (a).

Suppose that there are distinct ¢; and ¢z in ¢ such that h(cy) and h(cz) have
the same sign for every h in $). Then, since §) satisfies (a), it follows that in fact
h(c1) = h(c) for every h in $). Put f = {d € ¢ : h(d) = h(c1) Vh € $} and define
an automorphism, v, of @ Z by

_Jh(d) ifdec\ford=c¢
D= {h(d) “hier) ifdef\ (o)

Then (P, Z) /v(H) = A but h(d) = 0 for every h in v($)) and every d in §\ {c1},
so that v($)) does not satisfy (a). However, applying the m = 0 case of previous
argument to each element of f\ {c1} ensures that (a) is satisfied. Repeating this
argument for each level set of §) ensures that (b) is satisfied as well as (a).

Definition 6.16. Let $) be a subgroup of Aut(G) having local tidy subgroups.

(i) Let ® be the set of homomorphisms $) — Z defined in Theorem 6.14. Then
|®|, the cardinality of ®, is the factor number of ) and is denoted f.n.(9).
(ii) Let R be the homomorphism $) — @4 Z defined in (51). Then R(H) = H/N
is a free abelian group and is the rank group of $. The rank of R($)) is the
rank of $) and is denoted r($)).
(iii) The group (P4 Z) /R($) is the corank group of $ and denoted Ag.

Let G = SL(3,Q,) and $ be as in Example 6.11. Then r($) = 2, fn.(9) =6
and it may be seen that Ay = Z*. The group $ of inner automorphisms in this
example is a maximal group for which there is a tidy subgroup and the rank of
9 is the same as the usual rank of G. It might be thought that the rank of
groups of inner automorphisms maximal with respect to the property of having
local tidy subgroups could be used to extend the definition of rank to arbitrary
totally disconnected locally compact groups. Any such extension of the notion of
rank could not be straightforward however, as the following example shows.

Example 6.17. Let E = (c1,¢2,a : c?
define C = (¢1) = {eg,c1} < E. Let

H = {h € E?%: h(n) € C for almost all n € Z}.
For each n > 0 let U,, be the subgroup of H,
U,={he€C?%: h(j)=egfor —n<j<n}

and topologise H by letting {U,, },,>0 be a base of neighbourhoods of the identity.
Define the shift automorphism « of H by

(ah)(n) =h(n+1), (he€H)
and let G = H X, Z be the semi-direct product.

= ep = a2, cico = cocq, ac; = cpa) and
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The normaliser of Uy is the group
B:={h € H:h(n)€ (ci,c2)} Xo Z

and Uy is the only compact open subgroup tidy for B. If g belongs to G \ B, then
gUopg™! is not tidy for B and so, by Lemma 4.3, U is not tidy for (g, B). Hence
B is a maximal group among subgroups of B having a tidy subgroup. Since Uy is
normal in B, fn.(B) =r(B) =0 and Ap is the trivial group.

Let k be the element of H given by k(n) = eg if n # 0 and k(0) = a and let
0 = ka. Then conjugation by ( is an automorphism of H. Define

D:={he H:h(n) € (c,c)} xgZ < G.
The compact open subgroup Uy is tidy for D and D is maximal among subgroups
of G having a tidy subgroup. Now Uy is normal in {h € H : h(n) € {c1,c2)} but
BUB ={he€ H:h(j)={eg,c1}if j #—1 and h(—1) € {eg,ca}}.
Hence the homomorphisms from D to Q7 in the set ® defined in Theorem 6.14
are determined by their values on 3. There are just two of them: ¢;(8) = 2 and
ha2(08) = % The map R : D — Z? is given by
R(hB") = (n,—n), (hp" € D).

Therefore fn.(D) =2, r(D) =1 and Ap = Z.

The rank and factor number of those subgroups of G which are maximal with
respect to having a tidy subgroup are thus not unique.

In addition to the notion of rank for a group of automorphisms, ), having local
tidy subgroups, there is an analogue of the Weyl group. The following theorem
shows that the normaliser of $ in Aut(G) has a representation on the free abelian
group €Pycp Z and this representation induces representations on R($)) (which
gives the analogue of the Weyl group) and on Ag.

Theorem 6.18. Let $ < Aut(G) have local tidy subgroups and let § € Aut(G) sat-
isfy BHB™L = H. Then the automorphism o — Baf~r of $ induces a permutation
¢ — B.¢ of ©. Denote the normaliser of $ by Ng. The map

m: Ny 3 B (¢ B.¢), (Ny — So),
is a homomorphism and §) is contained in its kernel.
The homomorphism m induces a homomorphism 7 : Ng — Aut (@d)e(p Z) de-
fined by 7(24) = (25.6), ((2¢) € Dyee Z) and 7(Ng) leaves the rank group R($)
invariant. Hence T induces representations of Ng on the rank group, R(9), and on

the corank group, Ag.

Proof. Let ¢ be in ®. Then, for each finitely generated subgroup § of 9, there is
a finitely generated £ > § and a U-eigenfactor, V', for £ such that

(V) V], ifa(V)>V
Ple) = {[V ca(V)]7L ifa(V) <V
The homomorphism 3.¢ : § — QV defined by B.6(a) = ¢(8 tap), (a € $),

satisfies
[a(B(V)) : (V)] if a(B(V))

, >
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where 3(V) is a B(U)-eigenfactor for 3£3~1 > BFA~L. Since LA~ ! and BFH~!
are finitely generated subgroups of $) it follows that (3.¢ is in ® and the map
m(06) : ¢ — [.¢ is a permutation of P.

It is easily checked that 7 is a homomorphism and that $ is contained in its kernel
follows from Theorem 4.14. The remaining assertions are also easily verified. [

Remark 6.19. In the course of the proof of Theorem 6.8 a set, Mg, of n-tuples of
integers was defined, where n is the rank of the finitely generated group $. This
set is not an invariant for $) because it depends on a choice of isomorphism between
$H/9 and Z™. The number of points in My, is the factor number and is an invariant
for 9.

There are many geometrical invariants associated with Mg as well. These include
the number of extreme points in the convex hull of Mg, (as a subset of R™) and the
volume of the convex hull. It may be that some of these invariants play a role in
the structure theory of totally disconnected locally compact groups.
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