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Error inequalities for a corrected interpolating
polynomial
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ABSTRACT. A corrected interpolating polynomial is derived. Error inequalities
of Ostrowski type for the corrected interpolating polynomial are established.
Some similar inequalities are also obtained.
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1. Introduction

Many error inequalities in polynomial interpolation can be found in [2] and
[12]. These error bounds for interpolating polynomials are usually expressed by
means of the norms ||-|| p» 1 < p < oco. Some new error inequalities in polynomial
interpolation can be found in [16]. In this paper we derive error inequalities for a
corrected interpolating polynomial. Similar inequalities are obtained in numerical
integration. For example see [3]-[11], [14] and [15]. In some of the mentioned papers
we can find estimations for errors of quadrature formulas which are expressed by
means of the differences 'y, — vx, S — Yk, ' — 5, where I', vy, are real numbers
such that v, < f*)(t) < Ty, t € [a,b] (k is a positive integer while [a,b] is an
interval of integration) and S = [f*=1(b) — f*=Y(a)] /(b—a). It is shown that the
estimations expressed in such a way can be much better than estimations expressed
by means of the norms H f (k)Hp, 1 < p < co. Furthermore, it is well-known that
corrected quadrature formulas have better estimations of errors than corresponding
original formulas.

As we know there is a close relationship between interpolation polynomials and
quadrature rules. Thus, it is a natural try to establish similar error inequalities in
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polynomial interpolation. The usual procedure is to find an interpolating formula
and then we write a corresponding quadrature formula. Here we reverse the proce-
dure. We have some results for quadrature formulas and we derive corresponding
results for interpolating polynomials.

We first establish general error inequalities, expressed by means of H fk) — Pm| ,
where P,, is any polynomial of degree m and then we obtain inequalities of the
above mentioned types. For that purpose we derive a representation of remainder
in corrected interpolating polynomial. This is done in Section 2. In the same
section we give a relationship between the corrected interpolating polynomial and
a corresponding quadrature rule. In Section 3 we obtain the error inequalities.

Finally, we emphasize that the usual error inequalities in polynomial interpola-
tion (for the Lagrange interpolating polynomial L, (x)) are given by means of the
(n+1)th derivative while in this paper we can find these error inequalities expressed
by means of the kth derivative for k =1,2,...,n.

2. Corrected interpolating polynomial

Let m ={a=x¢ < x1 < -+ < 2, = b} be a given subdivision of the interval [a, D]
and let f : [a,b] — R be a given function. The Lagrange interpolation polynomial
is given by

(2.1) Ly(z) = me(l‘)f(xz),
1=0

oy (@ z0) (@@ )(@ — i) - (2 - 20)
(2.2) pm( ) (Ii*llio)'“(l’i*5172'—1)(931‘*»Tz'-s-l)'“(ftz'*CITn)7

for i =0,1,...,n. We have the Cauchy relations ([12, pp. 160-161]),

(2.3) > pnilz) =1
i=0
and
(2.4) > pni(a)(@—2:) =0, j=1,2,...,n.
i=0
Let m = {zg=a <z <--- <, =b} be a given uniform subdivision of the

interval [a, b], i.e., z; = zg+ih, h = (b—a)/n,i=0,1,2,...,n. Then the Lagrange
interpolating polynomial is given by

Ly(x) = Ly(zo + th)

_ (_1)nt(t —1)- ' (t—n) Z(—l)i (T;) f(l‘z) )

n ; t—1
=0

where t ¢ {0,1,2,...,n},0 <t <n.
As we know the divided difference of the first order of the function f is given by
x1) — f(z
f[x(),ﬁrl]:f( 1) f( 0).

1 — To
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The divided difference of order n is defined via the divided differences of order n—1
by the recurrence formula

flesae; .. szn] — flaoy @ .5 2n—1]

f[$0;$1§~~~;$n]:
Ty — X1

The following lemma is valid ([2, p. 86]):

Lemma 2.1. The nth-order divided difference satisfies the relation

f[xo;m;...;xn]:Z(Ii-xo)“ : f(z)

s (@ = wia) (@ — @) - (T — @)

The interpolating polynomial can be written in the Newton form as

L,( f(zo +Zx—xo (=) f [xo; -5 Tig1]

= f(wo) + sz‘(l’)f [To;. .5 Tig1],

where
(2.5) wi(x) = (x —zo)(x —21) - (T — x3),
fori=0,1,2,....,n

We also recall some properties of Euler polynomials. The Euler polynomials are
defined by the relation

26$t e tlc
=Y By <
k=0
such that
1
(2.6) Ey(z) =1, El(x):ac—i, By(x) =2 —x, ...
‘We have
_ Epqa(2)
2.7 E; =kE Ex( = L k=1,2,...
@1 By =B o [ Buade= T2 k=12
1 In!
2.8 En()En(t)dt = (—1)m4(2mn+2 1) g
@8 [ BuoB.0d = 1 ] s AR
and
n E,1(0
(2.9) /E t)dt = “()H “(),n:m,....
n
We also have
2kl —1
where B}, are Bernoulli numbers such that
1 1
E(0) = —3 E5(0) =0, E5(0)= 7 E4(0)=0,...

or generally Fs,(0) = 0. Further properties of Euler polynomials can be found in

[1].
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Lemma 2.2. Let P, (t) be any polynomial of degree < m and let © be a given
subdivision of the interval [a,b]. Then
) dt =0,

anz l‘ - xz / P Ek: (

for0<k+m<n-—1and x € [a,b], where Ey(t) are Euler polynomials.

Proof. Let x be a real number. Then we have
)= ci(z—t),
§j=0

for some coefficients ¢; = ¢j(z), j = 0,1,...,m. (This is a consequence of the
Taylor formula.) Thus,

P, (t)E —tYE “) at.
[ rmom ()= [ ()

We now calculate

/(x—t)jEk<t_$i>dt:/ ’(x—xi—u)jEk< 4 )du
o T — T 0 r —T;

i

= (gj — ;(;i)j+1/0 (1 — U)jEk(’U)d’U.

Integrating by parts and using the property (2.7), we obtain
1 . 1
; 1 j o
1 —v) Ey(v)dv = ———F —— [ (1-v)'E dv.
[ - B =~ B ) + 2 [ -0 B

In a similar way we get

1 . 1 -1 .
/0 (1 =0y By (v)do = *mEHQ(O) + 2? ; (1 — ) 2 Ejyo(v)do.
Hence, we have
/1(1—v)jE (W)do = ——— Fpy1(0) = ——2 B 0)
; k RS s (et 1)(k+2) 2
J(J—l)/l _vie2
+ DA (1 =) ?Exia(v)dv.

Continuing in this way we get

1 j—1 . .

: k! k!j! Bk y541(0)

1 — o) EpL(v)dy = — E 0)—-2 ;

/o (1 =) Ep(v)dv ZEZO CERESNICE] k+1+1(0) CESES]

for j > 1, since fol Eiyj(v)dv = 9Bkt (0) For 7 = 0, fol(l —0) By (v)dv =

) k+j+1
2F;4+1(0
TS ThuS

v 4 t—x; ;
—t)E ~ ) dt = (z — x;) " Dy
I e

9
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where

_2B,41(0) -
z’éfl : j=0

11 kG By 41 (0 ,
Z (k+l+k1)r(] Dl 1 Eryi41(0) — 2%_&%5)7 I<j<m.

Dyj =

It follows that

“5 t—ux; “ ~
P,.(t)E L )dt = Dyi(x — ;)T
[ PaoB (22 )@= 3 Dyt

Jj=0

Finally, we get

me (x — x;) / P, (t)E ( a: ) dt
= ZCJD’W me D=0,

for 0 < k+m <n — 1, since (2.4) holds. O

Theorem 2.1. Under the assumptions of Lemma 2.2 suppose that f € C**1(a,b).
Then

k iB.
Q1) @) = L@ +on@) 3 T g ]+ Rn(@)
where
(2.12)
_ (—1)k - v " (k+1) t—x;
k k! ;p /xi [ } b (x—mz)
and

Proof. We have
_ (_l)k - k+1 — T
Rk,m(x) - k! me $ - mz f T — dt
Gk Zn: (@) (x — / Pa(t)E [ 2210 at
k! Pni\T )T xz k T -z, .

’ =0

From the above relation and Lemma 2.2 it follows that

Rim(z) = Ri(z) = ( kl)k zn:pm( Wz — ;) / FUHD( (t — ) dt.

r — X;
=0 v
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Integrating by parts, we obtain

(_k1|)k (@ — 1) / f(k+1) (x:iz> dt
(-1)F

=T<x—x->[ (D) = Bu(0)f P ()]

lkl
+7 kl/f t)Ej_ 1< )dt,
T —x;

since (2.7) holds. In a similar way we get

((gl_)kl_;(x — )kt /: f® @) By (i:i’l) dt

= (@1_)1),@: 2" B (V@) = B (05 (@)
R [ o (22
Continuing in this way we get
1)k @ .
( k;l!) (z — ;)" /J: f(k-i—l)(t)Ek (i —a:i) dt
k j
-3 Sy (B0 @ - BOOE)]+ [ e
~ (-1 ) ()
=2 e B @) - B0 @] + /e - ).

Then we have

Rk((ﬁ)

- me-(x) [f(x) = f(z:)]

since (2.3) holds and
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for 1 < j < n. We have

Y puil@)(x — ) fO (x;)
=0

n v V=1 G (g,

i (zi — o)+ (T — @ic1) (@ — Tig) -+ (i — 2n)

and

n
gj [To; 13- . 2n] = Z (
i=0

(2

(= @) 1O ()
xi —x0) - (T — xic) (@ — i) - (2 — 20)

by Lemma 2.1, so that
k

Rk(x) = f(:E) - Ln(l‘) - Wn(x) Z

Jj=1

(1)

4!

E;(0)g; [xo;x1;.. .3 20)] -

This completes the proof. O

Remark 2.1. Since E;(0) =0, j =1,2,..., we can write

=2
£(@) = Lu(@) = wa@) 3

Jj=0

E2;4+1(0
(22;'++1(1))!92j+1 [z0; 2153 0] + R ().

Example 2.1. If we choose n =1 in (2.11) then we get

Tr — X T — X

J@) = 2L flag) + ——2 f(ay)

i) I X1 i)

+ %(m —x0)(z — wl)f (z1) = /(o) +R

Tr1 — o
Thus,
/I1 f(x)de = 7f(x0) ;— fle) (21 — o)
Ty —T 2 ’ ’ .
- ) - e+ [ R

oy —x oy —x
/ 1dyc:/ Odac:xl—xo,

zo L0~ T1 zo L1 — T0

1/951 (m—xo)(x—xl)d (x1 — x0)?

— -— A= ——

2 s T1 — Zo 12
We see that the above quadrature formula is the well-known corrected trapezoidal
rule.

[¢]

Remark 2.2. If we generalize the above example then we find that the following
conclusions are valid: If we integrate (2.11) from z( to x,, then we get a corrected
Newton-Cotes formula. (Of course, we suppose that the partition = is uniform.)
It is well-known that the corrected formulas have better estimations of errors than
corresponding original quadrature formulas.
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3. Error inequalities

‘We now introduce the notations

- |z — x;]F

(31) Ck(.f[])zz [ ’
i=0 |xi_x0|.”|xi_xi_1‘|xi_xi+l|"'|xi—$n
- k

(3.2) Fiu@)=Y (Ski = Yet1) [ — 4]

; 10|fEi_xol-.-l‘ri—xi71‘|xi_xi+1|,“|xi_xna

- k

(3.3) Di(w) =" (Trt1 — Ski) |z — @i
i=0 “ri*fr0|""xi*$i—l||Ii7xi+1|"-|xi—xn|’

where Sp; = [f®) () — f®)(2,)] /(x — 2;), i = 0,1,...,n and yp11, Tp41 are real
numbers such that v < fEH1(t) < Thyq, t € [a,b], k=0,1,...,n — 1. We also
define the constant

(3.4) o) = 7\/|B2k+2|, /92k+2 _ 1.

(2k + 2)!

Let g € C(a,b). As we know among all algebraic polynomials of degree < m there
exists the only polynomial P} (¢) having the property that

19— Prllo <llg = Pl »

where P,, € II,, is an arbitrary polynomial of degree < m. We define

(3:5) Gm(g) =llg = Pl = inf lg =P -

Theorem 3.1. Under the assumptions of Theorem 2.1 we have
k

f(@) = Ln(@) —wa(x) Y (_U;fng [To; 215+ - T

Jj=1

< 260G (f*HY) () |wn ()]

where Ci(+), 0k and G, (+) are defined by (3.1), (3.4) and (3.5), respectively.
Proof. We have

([ 5 (2)a) < mnl [ (n(2)) s
= (z —2;)° /01 (Bx(u))? du

o, (kD)?
N 4(2k + 2)!(

222 — 1)(z — 2)® | Baksa| »

since (2.8) holds.
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Let P, (t) = PX(t), where P

m m

f*+D(£). Then we have

(t) is defined by (3.5) for the function ¢(t) =

* t—x;
- — )k (k4+1) 71\ _ p* i
|Rk,m | k" anz 1,' l'z Li {f (t) Pm(t)} Ey (.SU — mi) dt
‘ * t— Z;
<52 ltole =l | [ [0 - Pogo)] (x —x) i
(k+1)
< | 2k|\/m\/22kTC e
k! (2k +2)!
(k+1) /1B
mtJ [Bar42] V222 — 104 (2) |wn (2
V(2k 4+ 2)!
and
k
Rim(z) = f(7) = Ln(z) — wn (2 Z 0)gj [To; 13 ... ;Tn] .
j=1
This completes the proof. O

Remark 3.1. The above estimate has only theoretical importance, since it is dif-
ficult to find the polynomial P*. In fact, we can find P* only for some special cases
of functions. However, we can use the estimate to obtain some practical estimations
— see Theorem 3.2.

Theorem 3.2. Let the assumptions of Theorem 2.1 hold. If viy1, T'ky1 are real
numbers such that yuy1 < fED(t) <Tpyr, t € [a,b], k=0,1,...,n — 1, then

£(2) = Laa) — wn(e) 3 T EO)

Jj=1

gj [iﬂo;xl;--';xn]

<0k [Crg1 — Yor1] Cr(2) |wn ()],

where wy, 0, and Ci(+) are defined by (2.5), (3.4) and (3.1), respectively. We also
have

k
f(@) = Ly(z) — wu(z Z gi [To; w15 3 20| < 20 |wn(2)] Fi(z)
j=1
and

K iB,
F(@) = La(2) —wn(2) ) %gj [w0; 215 . . .5 2] | < 20k [wn (@) Di(2),

=

where Fi,(-) and Dy(-) are defined by (3.2) and (3.3), respectively.
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Proof. We set P, (t) = (Tk+1 + Yk+1)/2 in (2.12). Then we have

k
flx) =L ) — wn(z Z

' g] [‘TO,xl""azn]
=
= [Rp,m ()|
Cri1 + 7k * t—
— k (k+1) _ M ?
< 'Z|pm (x — x;) ’ f 5 OO/LiEk<$_$i>dt"
We also have
Hf(k+1) D 4+ e < D1 — Y1

2 2

oo

and

V 22k+2 |l’ — Il‘ \/ ‘ng_;'_g

z t*ﬂj’i
E dt| < 2k
/mi k(m—%) ‘ \/(Qk 2!

From the above three relations we get

k
f(@) = Ln(z) — wn(x Z

j=1

I
= RGN r) SN

F J—
= B L /5242 — 13 /[Boal Ci () [wn (&

(2k + 2)!

]' g] [‘rOaxla--wxn]

The first inequality is proved.
We now set P, (t) = Yr41 in (2.12). Then we have

k
flx)—L ) — wn(z Z

Jj=1

g] [x()amla”'axn]

| Rkm (2)]

k'Z|pnz SC*IL'Z k|

We also have

[0l (i)

ST = e ] = [190) = £9(a2) = (o - 20

i

= (Ski — Yh41) |2 — 24] -
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Thus,

k
f(x) =L ) — wn(z Z

Jj=1

1 < k1 | Bogey2]
- nil L Xr — Z; S i 22k+2
kzyp<”' 7 (S = e %%177¢

N ,/(2k+2 252 = 1V I Basal i)

The second inequality is proved. The third inequality holds by a similar proof. O

]' g] [x()axla"'vxn]

Lemma 3.1. Letm ={axg=a < x1 < - - <z, = b} be a given uniform subdivision
of the interval [a,b], ie., x; = xg+ih, h = (b—a)/n, i = 0,1,2,...,n. If
x € (zj_1,x;), for some j € {1,2,...,n}, then

(3.6) lwn (z)] < jl(n — 7 + )R
2" 1 g k—n
(3.7) Cr(z) < -l 2[n—|—1+\n—2]+1|] hE
and
n—j+127b—a)ktt
(338) Culw) on(@)] < ajue L T2 OO
()
where
1 k
: = | —m+1+2j—n—1]| .
(39) ok = [ g1 (04 14127 =0 = 1))

Proof. For i < j we have
|z — ;] < (j —i)h
and for 7 > j we have
|z —zi| < (i—j+1)h
such that
= 0) - (o =y 1) (@ = 25) < (2 = )] < IR — j o+ 1)n
=jl(n —j+ )AL

We have

Jj—1 .. DERE " (i kpk
ck(x>§ZW+ZW

IN

E”: (n—j+1)Fnk
il(n —1i)lhn

< hF " max {j*, (n — j + 1)*} %Z (n)

. £ 1
=0

2n (1 ’“ .
=0 2[n+1+|n—2j+1\] ,
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since
. ) 1 )
max[]7n—j+1]:§(n+1+|2]—n—1|)

such that it is not difficult to show that (3.7) holds.
Finally, from the above relations we find that (3.8) holds, too. O

Remark 3.2. Note that

g <1
and aj,r = 1 if and only if j = 1 or j = n. If we choose = € [zj,2j41], j =
0,1,...,n — 1, then we get the factor (j + 1)/n instead of the factor (n —j +1)/n
in (3.8).
Theorem 3.3. Under the assumptions of Lemma 3.1 and Theorem 3.2 we have

k im
F(&) = L) — wn(@) S (‘”j?(‘”gj EoT——

J=1
n—j+12"0b—a)kt?
(%)

Proof. The proof follows immediately from Theorem 3.2 and Lemma 3.1. (]

< [Cra1 — Vrt1] Orjnk
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