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Equivariant rigidity theorems
Gabor Moussong and Stratos Prassidis

ABSTRACT. Let I' be a discrete group which is a split extension of a group A
by a Coxeter group W, with A acting on W by Coxeter graph automorphisms
with kernel Ag. Let M;, ¢ = 1,2, be two I'-manifolds (possibly with boundary)
such that the isotropy groups are finite and the fixed point sets are contractible
and W acts by reflections. Let f be a I'-homotopy equivalence between them
that it is a homeomorphism outside the orbit of a compact subset. Then f is
I'~homotopic to a I'~-homeomorphism, provided that certain finite extensions
of Ag that fix the faces of the fundamental domains are topologically rigid
groups.
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Let I" be a discrete group. A manifold of type ET is a manifold, without boundary,
on which T" acts properly discontinuously, and so that the fixed point sets of finite
subgroups are contractible ([10]). If the manifold has boundary, then we call it a
manifold with boundary of type ET'. Such manifolds are unique, up to I'-homotopy
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([10], [16, Appendix]). We call a group T topologically rigid if any two manifolds, of
type ET" that are ['-homotopy equivalent, with a map that it is the identity outside
the orbit of a compact subset, are I'-homeomorphic. This definition is the analogue
of the assumptions given in [17]. In our case, I' is not necessarily torsion-free. The
purpose of this paper is to show that a class of geometrically interesting groups is
topologically rigid.

The rigidity problem of group actions has already appeared in topology in dif-
ferent forms. For I' a torsion-free group, this is a classical problem in geometric
topology. It is associated with two conjectures. The first, Wall’s Conjecture, states
that every Poincaré Duality group is the fundamental group of a closed aspherical
manifold. The second, Borel’s Conjecture, asserts that the fundamental groups of
closed aspherical manifolds are topologically rigid. The status of these conjectures
is reported in the papers of Farrell-Jones ([15], [16], [17]).

When T has torsion then the characterization of topologically rigid groups (at
least for manifolds without boundaries) becomes a question in equivariant topol-
ogy. As such, it is known as the Borel-Quinn Conjecture, stated explicitly in [11].
There are examples of discrete groups (which are crystallographic) that are not
topologically rigid ([12], [28]).

In [23], it was shown that Coxeter groups are topologically rigid, if certain low
dimensional conditions are satisfied, which are not needed if the three-dimensional
Poincaré Conjecture is true ([22]). We will extend the rigidity result to certain
group extensions of Coxeter groups. Let (W, S) be a Coxeter group such that the
simplicial complex of the poset of its finite parabolic subgroups is an orientable
pseudomanifold ([9]). Let ' = W x A where W is a Coxeter group as before,
C(W, S) the Coxeter graph, and A acts on W by automorphisms of C(W, S). Thus
there is an exact sequence

1A —AS Aut(C(W, 9)).
We assume that:
e There is a manifold X of type EI" on which W acts by reflections.
e For each subgroup H of Aut(C(W,S)), the group a~*(H) is topologically
rigid.
Theorem (Main Theorem). Let T be a virtually torsion-free group as above. Then
any two manifolds, possibly with boundary, properly I'-homotopy equivalent to X are

L-homeomorphic (provided the homotopy equivalence may be taken to be a homeo-
morphism on the boundary).

Groups that satisfy the conditions (except the rigidity) of the Main Theorem
appear as subgroups of Coxeter groups. Let (V,T) be a Coxeter system such that
V' admits a manifold of type £V. Let V; be a finite parabolic subgroup, i.e., a
finite subgroup generated by a subset J C 7. Then the Weyl group Ny (V;)/V;
is isomorphic to subgroup of V that satisfies the conditions of the theorem ([3],
[7]). In this case, Ay is topologically rigid because it is a torsion-free ([3]) subgroup
of GL(n,R) ([17]). It should be noticed that the Weyl groups Ny (V;)/V; are
nonpositively curved groups. That follows from the fact that Coxeter groups are
nonpositively curved ([21]).

The result of the Main Theorem generalizes the result in [23], where it was
shown that Coxeter groups are topologically rigid, under certain low dimensional
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assumptions. The methods used for the proof of the main result are equivariant
analogues of the methods used in [23]. Let M;, i = 1,2, be manifolds of type £T,
possibly with boundary. The model X guarantees that W acts by reflections on
M;. Thus there are fundamental domains (Q;, (Qis)ses), ¢ = 1,2, which are panel
spaces and A acts on them by homeomorphisms that preserve the panel structure.
Here we use the assumption on W to get that they are both S-panel spaces ([23],
[9]). As in [23], we construct an S-panel A-homotopy equivalence ¢ between @1
and Q2. The topological rigidity assumption on extensions of Ag implies that ¢ is
A-homotopic to a A-homeomorphism y which preserves panels. The construction
of the homeomorphism is done inductively on the panels as in [23]. Then the map
induced by x on M; is a I'-homeomorphism. The general rigidity assumption is
necessary because of the counterexamples in [12] and [28]. The main result is stated
as Theorem 5.6.

The second author would like to express his gratitude to the Department of
Geometry of the E6tvos Lorand University at Budapest, Hungary, for its hospitality
in November 2000, when the original ideas for this paper took place. We would
like to thank Tom Farrell for his comments on an earlier version of this paper and
Matt Brin for bringing to our attention the results in [6]. Both authors would like
to thank the referee for his very useful and important suggestions.

2. Preliminaries

We review the basic properties of Coxeter groups. References are [4], [19], and
[18], [8] for a more geometric approach.

A Cozxeter system (W, S) is a pair where W is a group generated by the elements
of the set S and admits a presentation:

W = (s€S:s* = (ss')™' =1, s#s', myg€{2,3,...,00}).

In other words W is generated by a set of reflections and the only relations in
W come from the angle between the hyperplanes corresponding to the reflections.
The group W is called a Cozeter group and the elements of S are called simple
reflections. We will consider finitely generated (and therefore finitely presented)
Coxeter groups.

The Coxeter graph, C(W,S), associated to a Coxeter System is the weighted
graph with vertices elements of S. Two vertices s and s’ are connected if mg o > 3.
The edge {s, s’} is marked by mg o if ms o > 4.

Let JCS. Let W; be the subgroup of W generated by J. The the pair (W, J)
is again a Coxeter system ([4], [19]). The subgroups of W of this form are called
parabolic subgroups. We write

F(W,S)={JcS : Wyis finite}

for the poset of the subsets of S that generate finite subgroups. Denote by Fy (W, S)
the subset of F(W,.S) consisting of all elements containing k elements (k > 0) and
Fso(W,S) = F(W,S) — {0}

Definition 2.1. A panel structure on a topological space @ is a locally finite fam-
ily of closed subspaces (Qs)ses, indexed by a set S. The subsets Qs are called
the panels of S. A pair (Q, (Qs)ses) consisting of a space together with a panel
structure is called an S-paneled space.
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For each ¢€@, we define S(q) = {s€S : ¢€Q;}. For each nonempty subset JCS,

set

Qs ={qeQ: JCS(q)} = [ Qs
seJ
By convention, Qy = @. The formal boundary of an S-paneled space is the union
of all panels:
Q= @-
ses

The subspaces @ ; are called faces of Q. We will consider panel spaces with finitely
many panels.

Let (W, S) be a Coxeter system. The S-paneled structure on @ is called W-finite
if S(q) € F(W,S) for each ¢ge@. There is a natural W-finite S-paneled complex
associated to it. We write Ko(W,S) for the abstract simplicial set with vertex set
S and with simplices JE€F~ (W, S). Denote by K(W,.S) the cone of Ko(W,S), i.e.,
K(W,S) = Ko(W,S)U{0}. There is a natural S-panel structure on the geometric
realization of K(W,S) ([13]).

Let @ admit a W-finite S-panel structure. Then we define a relation between
the elements of the product W x Q:

(w,q) ~ (w',q'), if and only if ¢ = ¢, and w™"w' €Wg(q).
The quotient space
UW,Q) =W xQ/~
is called the universal space of (W, Q). We denote the elements of U(W, Q) by [w, ¢].
There is a natural embedding

i Q — UW.Q), g+ [eq]
The group W acts on U(W, Q) by left multiplication on the first coordinate. The
action is by reflections in the sense that the fixed point sets of the generators
separate U(W, Q) into two components interchanged by the action. The isotropy
group of the point [e,q] is Wg() because only the generators in S(q) fix [e,q].

Therefore the isotropy group of a general element [w, q] is wWS(q)wfl.
We will also need an equivariant analogue of the above construction.

Definition 2.2. Let A be a discrete group equipped with a homomorphism « :
A — Aut(C(W,S)) where C(W,S) be the Coxeter graph of W. Let (@, (Qs)ses)
be an W-finite S-paneled space. Then an action of A on @) by panel maps is called
compatible with o if 6(Qs) = Q5() for all JEF(W,S), 6 € A.

Remark 2.3. (i) It is immediate from the definition that the action is compat-
ible with « if and only if 6Q, = Qs(s), for s€S, J€A.
(ii) It follows from the definition that 0Q g4 = Qg(sq), for all €A, g€Q.

Lemma 2.4. Let oo : A — Aut(C(W,S)) be a homomorphism. Let A admit a panel
action on an S-paneled space Q@ compatible with . Set T' = WA, where A acts
on W through a. Then there is an action of T' on U(W, Q) extending the natural
action of W.

Proof. Let [w, g] represent an element of U(W, Q) and v = (w’, ) be an element
of T'. Define

’Y[qu] = (w/,(S)[w,q] = [w’&(w),éq].
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The action is well-defined: Let [wq,q] = [we, q] in U(W, Q). Then wfleEWS(q).
Also,

(w', 0)[ws, q] = [w'd(w;),dq], i=1,2.
Then
S(wy ) (W) '8 (wz) = 8(wy wz) € SWs(q) = Wisag)
by Remark 2.3, Part (ii). The other properties of the action are immediate. (I

Proposition 2.5. Let A be an in Lemma 2.4 and T' = WxA. Let (Q1,(Q15)ses)
be a panel space that admits a panel action of A compatible with .

(1) Let M be a I'-space and f : Q1 — M a A-map such that f(q)€M? for each

q€Q1s, SES. Then there is a unique T'-map f:UW,Q1) — M extending f.

(2) Let (Q2,(Q2s)ses) be a second panel space that admits a panel action of A

compatible with .. Let ¢ : (Q1, (Q1s)ses) — (Q2, (Q2s)ses) be a A-map such
that ¢(Q1s) C Qas. Then there is a unique T'-map UW, ) : UW, Q1) —
UW,Q2) extending .

Proof. This is a direct generalization of the classical case ([26]). For (1), define

fllw.q)) = wf(a), [w.q) € UW,Qn).
(

Part (2) follows from (1). O

We summarize the naturality properties of the universal construction. Let (W, S)
be a Coxeter system and A a group equipped with a homomorphism « : A —
Aut(C(W, S)). We define a category, PSa(W,.S), with objects W-finite S-paneled
spaces, (Q, (Qs)ses), on which A acts by panel maps compatible with «. Morphisms
are panel maps:

[:(Q,(Qs)ses) — (Qla (Q;)SES)

such that for each s€S, f(Qs) C @, which are A-equivariant. An isomorphism in
the category PSa (W, S) is called an S-paneled A-homeomorphism. Notice that an
S-paneled A-homeomorphism induces a I'-homeomorphism on the universal spaces,
where I' = W x A, with A acting on W through a. An S-paneled A-homotopy is
a homotopy in PSA (W, S), i.e., an S-paneled A-map:

F:(QxI,(QsxI)ses) — (Q,(QL)ses)

An S-paneled homotopy induces a I'-homotopy on the corresponding universal
spaces.

3. Reflections

A reflection on a manifold M is a locally linear involution with fixed point set
M such that M\ M" has two components. A discrete group generated by a set of
reflections on a manifold is a Coxeter group ([13]).

Definition 3.1. A Coxeter group W is called a manifold-reflection group if there
is a cocompact manifold of type EW on which W acts by reflections.

Remark 3.2. The following are well-known about manifold-reflection groups:

(i) Manifold-reflection groups are virtual Poincaré Duality Coxeter groups.
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(ii) A Coxeter group W is a manifold-reflection group if and only if, for some
Coxeter system (W, S), the geometric realization of Fso(W,.S) is a homology
manifold that is a homology sphere ([13]).

(iii) For a manifold-reflection group W, the classifying manifold EW is not neces-
sarily homeomorphic to a Euclidean space ([13]).

(iv) Let W be a manifold-reflection Coxeter group. Then for any two Coxeter
systems (W, S) and (W, T), there is an inner automorphism of W that maps
S to T (][9], [23, Proposition 4.7]).

Actually, there is a complete characterization of virtual Poincaré Duality Coxeter
groups ([14]):

Proposition 3.3. A Cozeter group W is a virtual Poincaré Duality group if and
only if W = Wi xWs where Wy is a manifold-reflection group and Ws is a finite
group.

There is broader class of Coxeter groups that satisfies Property (iv) above. A
Coxeter system (W, S) is type PM,, if |Fso(W, S)| is an orientable pseudo-(n — 1)-
manifold whose (n — 1)-homology groups is isomorphic to Z ([9]). The following is
restatement of Theorem 5.10 in [9]:

Proposition 3.4. Let W be a Cozeter group of type PM,,. Then any two sets of
Cozeter generators are conjugate.

The next result follows as in Lemma 4.1 in [23]. It shows that the action by
reflections is invariant under proper homotopy equivalences.
Lemma 3.5. Let M and M’ be locally linear Z./2Z-manifolds. Assume that:
1. The nontrivial element of Z/2Z acts as a reflection on M.
2. f:(M',0M') — (M,0M) is a proper Z/2Z-homotopy equivalence such that
flIOM' is a Z/2Z-homeomorphism (we allow OM = OM' = ().
Then the nontrivial element of Z/27 acts on M’ as a reflection.
Proposition 3.6. Let (W, S) be a Cozeter system and M and M’ be locally linear
W -manifolds with boundary such that W acts on M’ by reflections. Let
f:(M'0M') — (M,0M)
be a W-homotopy equivalence such that f|OM’ is a W-homeomorphism.
1. If f is a proper W-homotopy equivalence, then W acts on M by reflections.
2. If the W-action on M and M' is cocompact, then W acts on M by reflections.

Proof. For Part (1), we use Lemma 3.5 to show that every element of S acts on
M as a reflection. For Part (2), notice that the cocompactness assumption implies
that the map f is a proper W-homotopy equivalence, and then use Part (1). (]

4. Classifying spaces

We define the universal complexes of discrete group actions that have finite
isotropy groups.

Definition 4.1. Let T be a discrete group. A complex of type ET" is a I'-CW-
complex on which I' acts cellularly, with finite isotropy groups such that the fixed
point sets are contractible. If the action is cocompact we call the complex a co-
compact complex of type ET.
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The basic properties of the construction are shown in [10], [25] (for cocompact
complexes) and [16, Appendix] (where it is defined as the classifying space for the
class of finite subgroups of I'). Spaces of type £T" are universal for actions with finite
isotropy groups. More precisely, any I'-space with finite isotropy groups admits a
unique (up to I'-homotopy) map to a space of type ET'. In particular, spaces of type
ET are unique up to I'-homotopy. If I' admits a cocompact complex of type ET" and
it is virtually torsion-free, then I' has finite virtual cohomological dimension. For
groups of finite virtual dimension cocompact complexes of type ET" exist ([10], [25]).
If there is a manifold without boundary which is a cocompact space of type EI" and
I is a virtually torsion-free group, then I is a virtual Poincaré Duality group, i.e.,
it contains a subgroup of finite index that is Poincaré Duality.

Coxeter groups admit finite dimensional linear representations ([26]) and they
have finite virtual cohomological dimension ([2], [13]). Let (W,.S) be a Coxeter
system and (Q, (Qs)ses) a W-finite S-paneled complex.

Definition 4.2. Let (W, S) be a Coxeter system and (Q, (Qs)scs) a W-finite S-
paneled complex. A W-finite S-paneled space is called admissible if @Q; is con-
tractible for all JeF(W,S).

In [23, Proposition 3.6], it was shown that the classifying space U(W, Q) is a
cocompact space of type EW if and only if @ is contractible for each JeF (W, S),
i.e., if the S-paneled structure is admissible.

Let (W, S) be a Coxeter system with Coxeter graph C(W,S). Let A be a group
that admits a homomorphism (possibly trivial) to Aut(C(W,S)). More precisely,
there is an exact sequence

1—Ag— A5 Aut(C(W,9)).

This action induces an action of A on W, denoted also a. From now on, by an
action of a group on a manifold we will mean a locally linear action. Let I' = W x A
where A acts on W by «a.

Lemma 4.3. T is a virtual Poincaré Duality group if and only if both W and A
are.

Proof. Let A’ be a subgroup of A of finite index that is a Poincaré Duality group.
Then A” = AgNA’ has finite index in A and A’ and thus it is a Poincaré Duality
group. Also, A” acts trivially on W. Let W’ be a Poincaré Duality subgroup of
finite index of W. Then W'x A" is a Poincaré subgroup of finite index of T'.

Let TV be the subgroup of T" of finite index that is Poincaré Duality. Let Wy be
a torsion-free subgroup of W of finite index. Then I"N(WyxA) has finite index
in IV and thus it is a Poincaré Duality group. But I'N(WxAp) has also finite
index in Wyx Ay, which implies that Wyx A is also a Poincaré Duality Group. By
assumption both Wy and Ag are groups of finite cohomological dimension. Since the
product is a Poincaré Duality group, each factor must be a Poincaré Duality group
[27, Theorem 2.5, (ii)]. Thus W and A are virtual Poincaré Duality groups. O

Proposition 4.4. Let I' = WxA as before, with A a virtually torsion-free group.
Let M be a cocompact manifold, without boundary, of type ET'. Then:
(i) W = Wy xWy where W1 is a manifold reflection group and Ws is a finite
Cozeter group.
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(ii) The action of A on W restricts to an action on Wy, i =1,2.
(iii) There is a manifold, without boundary, of type EAg.
(iv) W1 acts on ET by reflections and Wy acts trivially on M.

Proof. (i) Since M is a cocompact manifold of type ET', and T is a virtually torsion-
free group (since A and W are) T is a virtual Poincaré Duality group. Lemma 4.3
implies that W is a virtual Poincaré Duality group. By [14] (also Remark 3.2),
W = W1 xWy where W1 is a manifold reflection group and W5 is a finite Coxeter
group.

(ii) Manifold reflection groups cannot be decomposed in nontrivial products of
two Coxeter groups with one of them finite ([23, Corollary 4.3]). So W; cannot
contain other finite Coxeter groups factors. Since A acts on W by Coxeter graph
automorphisms, it must fix Wo.

(iii) It is clear that M is a manifold of type E(W xAg) with the restriction of
the action. Let H be a maximal finite parabolic subgroup of W. Then

N (H)/H = {e} = Ny (H)/H = Aqg

(the first equality follows from [3] and [7]). Thus there is a natural action of Ay on
the fixed point set M. It is immediate that this action makes M* a manifold of
type £EAg. Furthermore, the natural map

M /Ay — M/T

embeds the quotient as a closed subset of M/T', which is compact. Thus M*# is a
cocompact manifold of type EAp.

(iv) Since W is a manifold reflection group, there is a manifold N of type EW;
on which W7 acts by reflections. By (iii), there is a cocompact manifold N’ of type
EAy. Thus NxN’ is a cocompact manifold of type IV = Wi;xAy on which W;
acts by reflections. Since both spaces M and NxN’ are of type EI”, there is a
I'"-homotopy equivalence f : M — N xN’. Since the actions are cocompact, f is a
I'"-proper homotopy equivalence and thus it is a proper Wi-homotopy equivalence.
Proposition 3.6 (also the argument in Lemma 4.1 in [23]) shows that W; acts by
reflections on M. For the Wy action, notice that the group Np(Ws)/Wa & Wi xA
acts on the contractible manifold M"2. The action is cocompact since M2 /Wy x A
is homeomorphic to a closed subset of the compact space M/T'. Thus

dim(M"™?2) = ved(W; xA) = ved(T) = dim(M).
Therefore M"?2 is a closed submanifold in M of the same dimension. The invariance

of domain implies that M2 = M. Thus W5 acts trivially on M (for more details,
see Lemma 4.2 in [23]). O

Corollary 4.5. Let M be a cocompact manifold, without boundary, of type ET" with
T virtually torsion-free. Then there is:

(i) a W-finite admissible S-paneled manifold (Q, (Qs)ses),
(ii) a panel action of A on @, compatible with c.
Furthermore, M is T-homeomorphic to U(W, Q).

Proof. Proposition 4.4 implies that W acts on M by reflections. Thus there is
a W-finite admissible S-paneled manifold (Q, (Qs)ses) such that M=ywU(W, Q).
Since M /W can be also identified with @, there is an action of A on @. To show that
the action is compatible with «, it is enough to show that Qs = Qs(s), for § € A,
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s€S (Remark 2.3). If z€Qy, then ze@QNM?® and it is fixed by s. Therefore dx is
fixed by (1,6)(s,1)(1,6~1) which is equal to (6(s),1). Thus szeMINQ = Qs s).
Therefore, 0Q)s C Q5(5)- A similar argument shows the other inclusion.

Lemma 2.4 implies that there is a T’ action on U(W, Q). In [13] (also [26]), it
was shown that the map

UW,Q) — M, [w,q] — wq

is a W-homeomorphism. We will show that it is actually a I'map and thus a
I'~homeomorphism:

f((w',0)[w, q]) = f([w'd(w), dq])

O

Corollary 4.6. With the assumption of Corollary 4.5, set m = dim(M). Then for
each JEF(W,S), Q; is a manifold of dimension m — |J| (with boundary unless J
generates a mazimal finite parabolic subgroup).

Proof. Let JeF,(W,S). Then, by construction, Q; = QNM"7 and Q; has the
same dimension of MW7, The dimension of M"" is equal to the dimension of the

intersection
dim(M"7) = dim (ﬂ MS)
seJ
which has codimension k, by transversality. The result follows.
If J is a maximal subset in F(W,S) then @Q; is a manifold, without boundary,
of dimension m — n, where n = |.J|. In this case, Q; = M"7, which is a manifold
of type EAy. O

5. Topological rigidity

We start by stating the rigidity assumption for certain subgroups of I': Let G
be a discrete group.

Assumption (R) for G: Let N and N’ be two G-manifolds without boundary
that are spaces of type £G. Let f: N’ — N be a G-homotopy equivalence which
is a homeomorphism outside the G-orbit of a compact subset of N’. Then f is
G-homotopic to a G-homeomorphism, which agrees with f outside the orbit of a
compact set.

Remark 5.1. Groups that satisfy Assumption (R) above are groups given in the
work of Farrell-Jones. They proved that if G is torsion-free subgroup of GL(n,R)
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and of cohomological dimension greater than or equal to 5 then G satisfies Assump-
tion (R). Also, all the subgroups of G of cohomological dimension greater than or
equal to 5 satisfy Assumption (R). ([17]).

The following is immediate from the rigidity assumption:

Lemma 5.2. Let G satisfy Assumption (R) and N, N’ two manifolds with bound-
ary, of type EG, and of the same dimension. Let f : (N',ON') — (N,0N) be a
Ag-homotopy equivalence such that:

1. f is homeomorphism outside the G-orbit of a compact subset of N'.

2. fION' is a G-homeomorphism.
Then f is G-homotopic to a G-homeomorphism which agrees with f on the bound-
ary.

Proof. By attaching a collar if necessary, we assume that f is a G-homeomorphism
on a collar of ON’. Actually we arrange that f' = f|N'—9N’ is a G-homeomorphism
on the complement of a closed subcollar C. Since f’ is a G-homeomorphism outside
the orbit of a compact subset, Assumption (R) implies that f'~gg" where ¢’ is a
G-homeomorphism that agrees with f’ on a complement of a larger subcollar. Thus
g’ extends to a G-homeomorphism g : N — N such that g|ON' = f|ON’. O

If the action in cocompact we get a stronger result:

Lemma 5.3. Let G satisfy Assumption (R) and N, N’ two manifolds with bound-
ary, of the same dimension, that are cocompact manifolds of type EG. Let

f:(N',ON') — (N,ON)

be a G-homotopy equivalence such that f|ON' is a G-homeomorphism. Then f is
G-homotopic to a G-homeomorphism which agrees with f on the boundary.

Proof. As before, we define f': N/ — 9N’ — N — ON to be a G-homeomorphism
on the complement of a closed collar C' of ON’. Since N'/G is compact, there is a
compact subset K of N’ such that the complement of the orbit of K is contained
in C. Thus f’ is a G-homeomorphism outside the orbit of a compact subset. The
rest of the proof follows as in Lemma 5.2. O

Let ' = W x A, with (W, S) a Coxeter system, of type PM, with S finite and A
acting on W through a map to the automorphisms of the Coxeter graph C(W, S):

1— A — A Aut(C(W, 9)).

For J C S, let H;y be the subgroup of Aut(C(W,S)) that fixes J. We write Ay =
a_l(Hj).
We start with setting up the assumptions.

Assumptions: Let (M;,0M;), i = 1,2, be two manifolds that are spaces of type
ET and

f . (Ml,aMl) d (Mg,@Mg)

a ['-homotopy equivalence that is a I'-homeomorphism outside the orbit of a com-
pact subset and when restricted to 0M;. We also assume that:
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(i) There is a manifold X, with boundary, of type T such that:
1. W acts on X by reflections.
2. X is properly I'-homotopy equivalent to M; with a homotopy equivalence
that restricts to a I'-homeomorphism on the boundary.
(if) Ay satisfies Condition (R), for each J C S.

By Proposition 3.6, because of Assumption (i.1), we derive that W acts by
reflections on M; and Ms. By Proposition 3.4 (]9, Theorem 5.10]), there are ad-
missible S-paneled manifolds (Q;, (Qi,s)ses) such that U(W,Q;)=rM;, i = 1,2
(Corollary 4.5). We can choose the same S-paneled structure on the two funda-
mental domains because of Proposition 3.4. Each face Q;;, i = 1,2, is a manifold
with boundary unless J is maximal and OM; = @, ¢ = 1,2 (Corollary 4.6). Each
face is a space of type £Ag. Actually, the face @;; is a space of type EA;, for each
J e F(W,S).

Lemma 5.4. With the above notation, for each J € F(W,S), the restriction f; =
flQ1s is a Aj-homotopy equivalence that is a homeomorphism outside the orbit
of a compact subset. The same conclusion follows if fj is just considered as a
Ag-homotopy equivalence.

Proof. Let K be a compact subset of M; such that f is a homeomorphism outside
the T'-orbit of K. Notice that Q1;Nw@1; C Q17, for all w € W. Then

QuNTK = Q1N (WxA)K C Qi NAK C QA | 6K
j=1

where {d;}""_; is a complete set of right coset representatives in A/A ;. So if we set

n
L=Qun| &K
j=1
then f; is a homeomorphism outside the A j-orbit of L.
The same method proves the second assertion. ([

Lemma 5.5. Let Q; be the W-fundamental domain of M; that determines the
Coxeter generating set S of W. There exists a compact subset C C My such that
f(Q1—TC) CQ2—f(I'C), f(Qr—AC) C Q25—f(AC),

for each J € F(W,S).
Proof. There is a compact subset C' of M; such that f is a I'-homeomorphism
outside the orbit of C. Thus, outside the orbit of C, f is an isovariant W-

homeomorphism. The first result follows. For the second result, we choose the
compact subset C' such that sC C C for all s € S. To achieve that, any choice of

C can be enlarged by defining:
CcuU <U sC) .
ses

Since, for all w € W, w@1NQ1 C sQ1, for some s € S, and A acts on the faces by
permuting them, the second relation follows. ([
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Theorem 5.6. With the above notation, f is I'-homotopic to a I'-homeomorphism
which agrees with f on OMy and in the complement of the I'-orbit of a compact
subset of M.

Proof. The group A, preserves each face of Q; (i = 1,2) because it acts trivially
on the Coxeter graph. For each face Q;;, JEF(W,S), we write

0Qis = |J Qir
T2J

which is the boundary of Q;;. We fix a complete set of right cosets representatives
of A/Ay, {6;,...0,}. In other words,

AJAg={6,,...5,}.

Claim 1. There is a A-paneled homeomorphism ¢ : Q1 — Q2 that agrees with f
on the complement, in @)1, of the I'-orbit of a compact subset.

Proof. We construct the map inductively as in [23, Theorem 5.3].

0-th step: Let W has rank m, i.e., |S| = m. The smallest faces of Q; are spaces of
type £Ag They correspond to the maximal finite parabolic subgroups of W. The
panel structure of ); with panels “manifolds with corners” forces all the minimal
fixed point sets have the same dimension, say n. They are transverse intersections of
fixed point subsets of the maximal finite parabolic subgroups of W. Transversality
means that all the maximal subgroups have rank m — n (also Corollary 4.6). For
each J € F_n(W,S), the face Qs is a space of type EA . The action of A
on C(W,S) induces an action on Fp,—n(W,S). Let {J; : j =1,...,8m_n} be a
complete set of orbit representatives of the action. For each j, the map f restricts
to a A s;-homotopy equivalence:

W, Wy
Yy, Quy, =My 7 — My V= Qo

Lemma 5.4 implies that 17, is a homeomorphism outside the A ;,-orbit of a compact
subset, that agrees with f on the complement of a I'-orbit of a compact subset. The
rigidity assumption on Ay, implies that there is a A ;,-homeomorphism

b, Quy; — Qa2

that agrees with f in a complement of the I'-orbit of a compact subset. Let
JE€Fm—n(W,S). Then there is 05, €A such that J = 0, (J;). Define:

b1 Qry — Qay,
T 05,07, (5;;:1:).

1. The definition of ¢; does not depend on the choice of §;,: If 5le is another
element such that J = &) (J;), then 5;:5% € Ay,. Thus, there is § € Ay
such that éfjj = 04,0. Therefore

b, (85,) 7 ) = 85,0,8(67 185 ) = 65,6, (57 )

where the last equality follows from the fact that ¢, is A, -equivariant.
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2. ¢y is a A j-homeomorphism: First of all, it is a homeomorphism. Let €A ;

and d7,(J;) = J. Then 6716, (J;) = J. By (1),

$s(x) = 67165,00,(07 ' 0x) = 6¢s(x) = b5,04,(67 62) = d(6).
3. Let JEF,,_,, and d€A. Then, for z€Q1;,
bs(yy(0x) = 55 (x).
That follows from the definition and (1).
We combine all the maps ¢; to get a map
Gm—n = H ¢g: H Qi — H Q2.
Jeﬁ!ﬂ*”(w’S) JEJ:WL*TL(WVS) J€f7n—7L(W)S)

Then ¢,,—, is a homeomorphism that agrees with f outside the I'-orbit of a compact
subset. By (3), it follows that ¢,—, is a A-map and thus a A-homeomorphism.

Inductive step: We assume that ¢, has been already defined for all £k < ¢ <
m —n. We will construct ¢, as an extension of the map ¢4, already defined
by the induction hypotheses. The procedure is similar to the previous case. Let

{K;: j=1,...,s;} be a complete set of orbit representatives of the I' action
on Fi(W,S). The spaces Qix; and Qaf; are manifolds with boundary of type
EAE,. a

Claim 2. There is a panel A -homotopy equivalence ¥r; : Qix, — Q2k;,
for j = 1,..., s, that extends the map on the boundaries and the map f on the
complement of the I'-orbit of a compact set.

Proof. For j = 1,...,s, let 0¢k, for the A, -homeomorphism defined on the
boundary of Q1. Using the equivariant homotopy extension property, we extend
0¢k; to a A ,-homotopy equivalence Vg, : Q1x; — Q2x; which agrees with the
restriction of f on a complement of the I'-orbit of a compact subset (Lemma 5.5).

O

By Lemma 5.2, there is a Ag,-homeomorphism ¢, : Qix; — Qax,, Ak;-
homotopic to 1k, extending d¢x, and f. As before, for K € Fx (W, S), with
K = §(Kj), define

oK : Qix — Qar, x> 6k, (07 ).
Also define
b U Qix — U Qoxk -
KeF,(W,S) KeFy(W,S)
Then ¢y is a A-homeomorphism.

After completing the construction up to Fo(W,S), we get a A-paneled homeo-
morphism
¢: Q1 — Q2.
Since the A-action is compatible with «, it induces, by Proposition 2.5, a I'-
homeomorphism U(W,¢) : U(W, Q1) — U(W,Q2), which agrees with f in the
complement of the I'-orbit of a compact subset. That completes the proof of the
Main Theorem. O
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Remark 5.7. 1. There is no rigidity assumption on the Coxeter group W. The
only requirement is that W acts on an appropriate space by reflections and
that all the Coxeter generating sets are conjugate. The Coxeter group serves
as a “blueprint” used for gluing the fixed point subspaces.

2. The condition that W is of type PM can be weakened. The action of W
by reflections on M;, i = 1,2, determines two sets of Coxeter generators S;,
i = 1,2, for W ([13]). Lemma 3.5 shows that an element of W acts as a
reflection on M, if and only if it acts as a reflection on Ms. Thus the two
Coxeter presentations (W, S;), ¢ = 1, 2 have identical sets of reflections. So the
condition that W is of type PM can be weakened to that W is reflection rigid,
i.e., for any two set of Coxeter generators S;, i = 1, 2, that determine the same
set of reflections in W, there is an automorphism w of W such that w(S;) = Ss.
If w is an inner automorphism, W is called strongly reflection rigid. Coxeter
groups of type PM are strongly reflection rigid. The automorphism w induces
an isomorphism of the Coxeter graphs. So the conditions required for the
Coxeter group are:

a) W is reflection rigid.

b) There is a I-manifold with boundary X on which W acts by reflections
and it is properly I'-homotopy equivalent to M;, ¢+ = 1, 2.

Classes of reflection rigid (or simply rigid) Coxeter groups are given in [1],

[5], [20], [24]. Notice though that Condition (b) forces the maximal finite

parabolic subgroups of W to have the same rank and thus making W very

close to being a group of type PM.

3. The rigidity assumptions are not needed for all the subgroups of A but rather
for the subgroups A ; where J € F(W,S).

4. There are no dimension assumptions in the rigidity theorem. The rigidity
assumption on the subgroups of A is much stronger, in general.

5. Usually, the subgroups of A satisfy the rigidity assumption in higher dimen-
sions (bigger than or equal to 5). In this case, Theorem 5.6 is true if we
assume that f is already an equivariant homeomorphism on the fixed point
sets of lower dimensions. Thus, in this case, a relative version of Theorem 5.6
holds.

6. Special cases

6.1. Trivial actions. As a special case of Theorem 5.6 and Remark 5.7 (2), when
the action « is trivial, i.e., when I' = W xA. Then Theorem 5.6 is true when the
rigidity assumption for A holds:

Theorem 6.1. Let M;, i = 1,2, be two I'-manifolds of type ET'. Let
[ (My,0My) — (Ms,0Ms,)
be a I'-homotopy equivalence that is a homeomorphism outside the T'-orbit of a

compact subset of My. Assume:

1. W is of type PM.

2. There is a W-manifold with boundary X of type ET properly T'-homotopic to
M;, with a homotopy equivalence that restricts to a homeomorphism on the
boundary, on which W acts by reflections.

3. A satisfies Assumption (R).

Then f is I'-homotopic to a I'-homeomorphism.
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6.2. Virtual Poincaré duality groups. Let I' = W XA, as always, and assume
that I' is virtually torsion-free and there is a cocompact manifold, without boundary,
of type ET'. Then T is a virtual Poincaré Duality group. Suppose also that M is
a cocompact manifold, without boundary, of type EI'. Proposition 4.4 implies
that A and W are also virtual Poincaré Duality Groups. Then [9] implies that
W splits as a product W1 xWs, with W7 a manifold-reflection group and W5 finite.
Proposition 4.4, Part (iv), implies that Wy acts trivially on M;, i = 1,2. In this
case, we do not need the assumption that W is of type PM (Remark 3.2, Part (iv)).
Also Corollary 4.5 implies that the space X in (i.1) exits. The case A = {e} is
treated in [23] under an assumption on low dimensional fixed point sets that can
be removed if the 3-dimensional Poincaré Conjecture is true ([22]).

Theorem 6.2. Let I" be a virtual Poincaré Duality Group and
[+ (My,0My) — (M2, 0M>)

a I'-homotopy equivalence between cocompact I'-manifolds of type ET', which restricts
to a T'-homeomorphism on the boundaries. Assume that Aj satisfies Assumption
(R) for each J € F(W,S). Then f is I'-homotopic to a I'-homeomorphism. If
A is the trivial group, then f is I'-homotopic to a I'-homeomorphism provided the
3-dimensional Poincaré Conjecture is true.

6.3. A is trivial. The question is to what extent the trivial group satisfies As-
sumption (R). If the manifolds have dimension 1 or 2 the result is trivial. If the
dimension is larger than 3 the result follows from the surgery exact sequence and
the Poincaré Conjecture. In dimension 3, Theorem 1 in [6] implies that the rigidity
holds, provided both manifolds are P2-irreducible 3-manifolds (i.e., they contain
no two-sided embedded projective planes and every embedded 2-sphere bounds a
3-cell).

Theorem 6.3. Let W be a Coxeter group of type PM. Let
f : (M1,8M1) — (MQ,aMQ)

is a I'-homotopy equivalence between cocompact manifolds of type ET', which restricts
to a I'-homeomorphism on the complement of the W-orbit of a compact subset.
Assume that:
1. There is a manifold with boundary of type EW X properly W -homotopy equiv-
alent to M;, with a homotopy that restricts to a homeomorphism on the bound-
ary such that W acts by reflections on X.
2. Any 3-dimensional fized point sets are P?-irreducible manifolds.

Then f is I'-homotopic to a I'-homeomorphism.

6.4. W is the infinite dihedral group. Let I' = D, xA. There are two cases:
1. A acts on Dy, trivially. Then, as in 6.1 we only need the rigidity assumption
for A.
2. A acts on Dy, nontrivially. Let Ay be the kernel of the action. In this case,
we need only the rigidity assumption for Ay and A.

Theorem 6.4. Let I' = Do xA. Let M;, i = 1,2, be two I'-manifolds of type ET .
Let
f . (M1,8M1> — (M2,8M2)
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be a I'-homotopy equivalence that is a homeomorphism outside the I'-orbit of a
compact subset of My. Assume:

1. There is a W-manifold with boundary X of type ET properly I'-homotopic to
M;, with a homotopy that restricts to a homeomorphism on the boundary and
on which W acts by reflections.

2. If the action of A on Dy is trivial assume that A satisfies Assumption (R).
If the action is nontrivial assume that A and g satisfy Assumption (R).

Then f is I'-homotopic to a I'-homeomorphism.
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