New York Journal of Mathematics

NSt 0=

New York J. Math. 14 (2008) 235-259.

On generators of shy sets on Polish
topological vector spaces

G. R. Pantsulaia

ABSTRACT. We introduce the notion of generators of shy sets in Polish
topological vector spaces and give their various interesting applications.
In particular, we demonstrate that this class contains specific measures
which naturally generate implicitly introduced subclasses of shy sets.
Moreover, such measures (unlike o-finite Borel measures) possess many
interesting, sometimes unexpected, geometric properties.
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The main goal of the present work is to construct specific Borel measures

in Polish topological vector spaces which naturally generate classes of null
sets playing an important role in studying the properties of a function space

(see, for example, [1], [4], [6], [8], [12], [16], [20], [21], [23], [25]). In this
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direction, for a Polish topological vector space V', we introduce the notion
of a generator of shy sets which is a Borel measure g in V' such that every
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set of pu-measure zero is a Haar null set (or a shy set). Note that since no
nonzero o-finite Borel measure possesses the above mentioned property, we
have to choose measures in the class of nonzero non-o-finite Borel measures
defined on the entire spaces.

The paper is organized as follows.

In Section 2 we introduce the notion of a generator defined in a Polish
topological vector space and prove that the class of generators is nonempty.
We also show that in the class of generators there does not exist a generator
with the property of uniqueness. We prove that every generator defined in
the infinite-dimensional topological vector space is non-o-finite. We demon-
strate that a quasifinite translation-quasiinvariant Borel measure, as well
as a quasifinite translation-invariant Borel measure, is a generator. Some
interesting examples of generators [2], [3], and [19] are considered in this
section.

In Section 3 we focus on the so-called quasigenerator p which is a Borel
measure whose every pair of shifts is equivalent or orthogonal. The main
result of this section (Theorem 3.1) states that the structure of an arbitrary
quasigenerator y allows one to construct a new quasifinite generator G u such
that the class of all shy sets S(u) defined by any quasigenerator p coincides
with the o-ideal of null sets N(G,) defined by the constructed generator
G-

Section 4 presents various examples of Gikhman—Skorokhod measures
which were constructed in papers [5], [9], [10], [11], [13], [14], [24], [26].
A simple example of a Gaussian generator is given in an arbitrary Polish
topological vector space. A general problem is stated whether a Gaussian
generator is quasifinite.

In Section 5 we describe a construction of A.B. Kharazishvili’s quasigen-
erators and, using their structures, we construct an example of a semifinite
quasifinite Baker’s generator in RY.

In Section 6, A.B. Kharazishvili’s quasigenerator vy v is used to con-

struct Mankiewicz’s generator G,,[O gy which generates exactly the class of

all cube null sets [16] in RY. Also, we consider the generator defined by a
finite-dimensional manifold in Polish topological vector space V. Here we
establish that the class of all shy sets defined by any finite-dimensional man-
ifold L C V coincides with the o-ideal of G ,-null sets, where A;, denotes a
Lebesgue measure concentrated on L.

In Section 7, we construct n-dimensional Preiss—TiSer generators in Ba-
nach spaces (in this context, see [20]) and establish their some interesting
geometrical properties.
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2. Existence and uniqueness of generators

Let V be a Polish topological vector space, by which we mean a vector
space with a complete metric for which the addition and the scalar multi-
plication are continuous. Let B(V') be the o-algebra of Borel subsets of V'
and £ be a nonzero nonnegative measure defined on B(V). We write X +a
for the translation of a set X C V by a vector a € V .

Definition 2.1 ([12, Definition 1, p. 221 ]). A measure p is said to be
transverse to a Borel set S C V' if:

(1) There exists a compact set U C V for which 0 < p(U) < oc.

(2) u(S+v) =0 for every v € V.

Definition 2.2 ([12, Definition 1, p. 222 |). A Borel set S C V' is called shy
if there exists a Borel measure which is transverse to S. More generally, a
subset of V' is called shy if it is contained in a shy Borel set.

The class of all shy sets in V' is denoted by S(V).

Definition 2.3 ([12, p. 226 ]). The complement of a shy set is called a
prevalent set. We say that almost every element of V satisfies a given
property if the subset of V' on which the property holds is prevalent.

As Christensen [6, p. 119] notes, there is no o-finite (equivalently, proba-
bility) measure p such that S being shy is equivalent to p(S) = 0. Slightly
more can be said that any o-finite measure p must assign 0 to a prevalent
set of points. On these grounds, we introduce the following:

Definition 2.4. A Borel measure p in V' is called a generator (of shy sets)
in V, if

pX)=0 = XeS{V),
where i denotes the usual completion of the Borel measure p.

Definition 2.5. A Borel measure p in V is called quasifinite if there exists
a compact set U C V for which 0 < p(U) < oc.

Definition 2.6. A Borel measure p in V' is called semifinite if for X with
1w(X) > 0 there exists a compact subset F' C X for which 0 < u(F) < oo.

Definition 2.7. For a Borel measure p in V and h € V, the shift u is
defined by

(2.1) un(X) = (X + h)

for X € B(V)). We say that p is translation-quasiinvariant if p ~ up (i.e., p
is equivalent to py) for all h € V.

Definition 2.8. A Borel measure p in V is called translation-invariant if
up = for all h e V.

Definition 2.9. Let K be a class of measures on V. We say that a measure
1 € K has the property of uniqueness in the class K if y and A are equivalent
for every A € K.
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Now there naturally arises the following:

Question 2.1. Let V' be a Polish topological vector space. Does there exist
a generator in V¢

Let V be a Polish vector space. Let L be a proper vector subspace of V.
By the Axiom of Choice, we can construct a proper vector subspace F' C V
such that

(2.2) LNF={0} and L+F=YV,

where {0} denotes the zero of V.

In the sequel we denote by F such a class of vector subspaces F' C V
satisfying (2.2). We set L+ = 7(F), where 7 denotes a global operator of
choice. A vector subspace LT is said to be a linear complement of the vector
space L in V. In the sequel we will apply such a notation.

The next assertion gives a positive answer to Question 2.1.

Theorem 2.1. Let V' be a Polish topological vector space. For everyvg € V,
there exists a semifinite inner reqular generator A such that

A{avg : € ]0,1]}) =1
and A is non-o-finite iff dim(V') > 2.

Proof. Let L; be the one-dimensional vector subspace defined by vy. Let
i be the classical one-dimensional Borel measure in Ly = {avy : o € R}
defined by p(Y) = b1(X) for Y = Xvg, X € B(R).

We put

AX) = ul((X +0)N L)
veLf

for X € B(V). First, we are to show the correctness of the definition of a
functional . Indeed, let F' be any element from the class F and assume
that \; is defined by

M(X) = p((X +u)n L)
ueF

for X € B(V)
We have L1 + F = L1 + Lf which means that

Uner(Ly + 1) = Uyepa (Ly +v) = V.

The latter equalities imply that for every u € F' there exists f(u) € Lf
such that Ly +wu = L; + f(u). It is not hard to show that f is an injective
function from F to Li, and sois f~': L — F. Thus, f defines a bijection
between F and Li. Since a sum of an arbitrary family of nonnegative real
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numbers is invariant under their permutations, for X € B(V'), we have

MX) =S (X +uwnLy= S al(X + fw)nLy)

uek Fef(F)
= ) (X +0)N L) = A(X).
UELf

The latter equality shows the definition of the functional A is correct.
Now let us show that A is a measure. Let (Xj)ren be a family of pairwise
disjoint Borel sets in B. Then we get

MUkenX) = D> il((UrenXx) +0) N L1) = D p((Uren(Xx +v)) N L)

vELT vELT

= j{: j{:ﬁL A&;+»U F]Ll jz: j{: ;Xk%_v mLl)
veL{ keEN keNyeLi

= AMXg).
keN

The measure \ is quasifinite. Indeed, for D = [0, 1]vy, we have

AD) =" u((D+v)N L) = p((D+0)NLy) =

1
veLy

The measure A is translation-invariant. Indeed, for h € V we have a
representation h = hqy + hg where hy € L1 and hy € Lf. Therefore for
X € B(V), we have

AX+R)=> (X +h+v)NL)= Y p((X+h+hy+v)NL)

vEL{ veLi

= > w(X+hy+v)NL)= > p((X+hy+v)nL)
veL{ ha+vEha+Li

= Y (X +ha+v)NLy) =Y u((X +5)N L) = A(X).
ho+veLi s€Lt

Now let us show that A is a generator. Let S be a subset of V' with
X(S) = 0. Since X is a completion of A, there exists a Borel set S" for which
S C S and A(S") = 0. Taking into account that D is a compact set in
V with A(D) = 1 and applying a simple consequence of the translation-
invariance of the measure )\, stating that )\(S, +v) =0 for v € V, we deduce
that A is transverse to a Borel set S". This means that S is a Borel shy set.
Finally, since S is a subset of a Borel shy set S', we conclude that S is a

shy set. One can observe that the generator A is non-o-finite if and only if
dim(V) > 2.
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Let us show that the generator A is inner regular. For this, we are to show
that for all X with 0 < A(X) < oo and all € > 0, there exists a compact
F. C X such that \(X \ F¢) <e.

Since 0 < A(X) < oo, there exists Gy C Li such that card(Gp) < Ry and

0<AX)= > (X +g)NL) < oc.
g€Go

We set Go = (gm)men- Let ng be a natural number such that

€
> (X 4 gm) N Ly) > A(X) - 3

1<m<ng
For € > 0 there exists a compact set F,, C V such that F,,, C (X +g,,)NL1

and
€

p((X A+ gm) \ Fm) N L1) < 5o
for 1 < m < ny.
We set Fi = Ui<k<n,(Fr — gx). It is obvious that F, is compact in V.

Finally, we get
AX N\ Urchang (Fr = 1)) = > i(((X \ Ur<kang (F — gx)) +9) N L1)

g€Go
= Y (X \ Urckeng (F = i) + gm) N L1)
meN
= D (X \ Ut<kane(Fk — &) + gm) N L)
1<m<ng
+ Y (X \ Ur<hsno (Fk = k) + 9m) N L1)
m>ng
< D (XN (Fi = gm)) + gm) N L)
1<m<ng
+ > ul(X + gm) N L)
m>ng
< Z M(((X‘Fgm)\Fm)le)
1<m<ng
+ > ul(X + gm) N L)
m>ngo
€ € € €
< > gmtgS X mmtyTats
1<m<ng meN

= €.

Let us show that A is semifinite. Indeed, if A(X) > 0, then there exists
go € Li such that 0 < p((X + go) N L1) < oo. Using the property of inner
regularity of u we deduce that there exists a compact set U C (X +go) N Ly
with 0 < A(U) < oo. The latter relation means that A is semifinite. O
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Theorem 2.2. Let V' be a Polish topological vector space whose dimension
18 not equal to one. Then there does not exist a generator with the property
of uniqueness in the class of all generators in V.

Proof. Let us consider two linearly independent elements vy and vy in V
and apply the construction used in the proof of Theorem 2.1 with respect
to the above-mentioned elements. Hence we will construct two generators
Ao and Aq such that

M({avg : 0 <a<1}) =1,
M{avg: 0<a<1}) =0,

which means that Ay and A; are not equivalent. From the latter relations
it follows that there does not exist a generator in V with the property of
uniqueness. U

Theorem 2.3. Every generator in an infinite-dimensional Polish topological
vector space V' is non-o-finite.

Proof. Assume the contrary and let A be a o-finite generator in V. Then
there exists a countable family of compact sets {K,, : n € N} such that

)‘(V \ UnENKn) = 0.

Note that the compact set K, is shy for n € N (cf. [12, Fact 8, p. 225]).
Following Definition 2.4, the set V' \ U,en K, is a shy set because it is of
A-measure zero. Thus, we get that V is shy, which is a contradiction since

there does not exists a Borel measure in V' which is transverse to the set
V. O

Remark 2.1. An n-dimensional classical Borel measure in R"(n > 2) is an
example of a o-finite generator, but on the same space an example of such
a generator which is non-o-finite can be constructed (cf. Theorem 2.1).

Theorem 2.4. FEvery quasifinite translation-quasiinvariant Borel measure
w defined in a Polish topological vector space V' is a generator.

Proof. Let fi(S) = 0 for S C V. Since i(S) = 0, there exists a Borel set
S’ for which S C S and p(S") = 0. By using the property of translation-
quasiinvariance of the Borel measure y, we have p(S +h) =0 forall h € V.
Thus, p is transverse to the Borel set S* and therefore S’ is a Borel shy set.
S is a shy set because it is a subset of the Borel shy set S’ (]

Corollary 2.1. Since every translation-invariant measure is at the same
time translation-quasiinvariant, we deduce that every quasifinite translation-
mvariant Borel measure in V' is a generator.

Let R be the real line and RN stand for the space of all real-valued se-
quences equipped with the Tychonoff topology (i.e., the product topology).
Denote by B(RY) the o-algebra of all Borel subsets in RY.
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Example 2.1. Let Ry be the class of all infinite-dimensional rectangles
R € B(RY) of the form

R = H(ai,bi), —oco < a; <b; < +00
=1

such that - .
0< H(bz — ai) = lim H(bl — ai) < 00.
i=1 =1

Let 7 be a set function on R; defined by

o0

n(B) = [0 - 0.

i=1

Following R. Baker [2], the functional A\ defined by
)\(X) = inf{ZTl(Rj) : Rj eRL & X C U(;ile}
j=1

for X € B(RY) is a quasifinite translation-invariant Borel measure in RY.
By Corollary 2.1 we deduce that X is a generator in RY,

Example 2.2. Let Ry be the class of all infinite-dimensional rectangles
R € B(RY) of the form

R=]]&:. R €BR)
i=1
such that

0< ﬁm(RZ) = nh_)ngoﬁm(RZ) < 00,
i=1 i=1

where m denotes a one-dimensional classical Borel measure on R.
Let 7 be a set function on R, defined by

72(R) = [[ m(Ry).
i=1

R. Baker [3] proved that the functional p defined by
,LL(X) = inf{z TQ(Rj) : Rj € Ry & X C U]o-ile}
j=1

for X € B(RY) is a quasifinite translation-invariant Borel measure in RY.
By Corollary 2.1 we establish that p is a generator in RY.

Remark 2.2. Following [12, Theorem 15.2.1, p. 204] the generator p is
absolutely continuous with respect to the generator A\, and the generators
A and p are not equivalent. This fact gives an answer to R. Baker’s one
question posed in [3].
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Example 2.3 ([19, Theorem 7.1, p. 119]). Let J be any nonempty subset
of the set of all natural numbers N. Then, in the Solovay model [22] there
exists a translation-invariant measure py on the power set of RY such that
13([0,1]9) = 1. Following Corollary 2.1, the restriction of the measure py on
B(RY) is a generator in RY.

3. Quasigenerators in Polish topological vector
spaces

For a Borel measure pin V' we denote by N(u) a class of all subsets which
are of fi-measure zero, where i denotes a completion of p.

Definition 3.1. A set S C V is called p-shy if it is a subset of a Borel set
S’ with p(S" +v) = 0 for v € V. The class of all p-shy sets is denoted by
S(p).

It is clear that

S(V) = UuS().

If 1 has atoms, then S(u) = {0@}. This means that the measures which
matter in defining shy sets are the ones without atoms (equivalently, diffused
measures) (cf. [23], p. 456).

In the context of the above representation of S(V') there naturally arises
the following:

Problem 3.1. Let p be a diffused Borel measure on V. Does there exist a
quasifinite generator X in 'V such that the following equality

S(u) = NV
holds?

Note that Problem 3.1 is not trivial and its solution depends on the struc-
ture of the measure p. Below we identify a subclass of diffused Borel mea-
sures (cf. Definition 3.5) for which Problem 3.1 has a positive solution.

Definition 3.2. A quasifinite Borel measure p in V is called a Gikhman—
Skorokhod measure if for each h € V, the shift pj, (2.1) is either orthogonal
(L) or equivalent to .

Definition 3.3. Let p be a Borel measure in V. The set of admissible
translations of i in the sense of quasiinvariance is

Qu=AheV :pun~npu}
It is clear that @, = V iff ;1 is translation-quasiinvariant.

Definition 3.4. Let p be a Borel measure in V. The set of admissible
translations of y in the sense of invariance is

I,={h eV :pu,=p}
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It can be shown that I, = V iff 44 is translation-invariant.

Remark 3.1. Obviously, I, € Q, for every measure p. Note that every
quasifinite Borel measure with @, =V or I, = V is a Gikhman-Skorokhod
measure in V.

Now there naturally arises a question whether an analogous result is valid
when @, or I, are everywhere dense linear manifolds in V.

In this context I.I. Gikhman and A.V. Skorokhod considered the following
problem in [10, Chapter 7, Paragraph 2]:

Does there exist a probability Borel measure g in the Hilbert space £
which satisfies the following conditions?

(i) The group @, of all admissible translations (in the sense of quasiin-
variance) is an everywhere dense linear manifold in /5.

(i) There exists a € £2 \ @, such that a measure p is not orthogonal to
the measure p(®, where

1 (X) = p(X — a)

for X € B(¢3).

Gikhman—Skorokhod’s positive solution of this problem employs the tech-
nique of Gaussian measures in an infinite-dimensional separable Hilbert
space. In [18], Gikhman—Skorokhod’s result was extended to invariant Borel
measures in 5. In particular, a nonzero o-finite Borel measure p is con-
structed in f5 which satisfies the following conditions:

(iii) The group I, of all admissible (in the sense of invariance) translations
for the measure p is an everywhere dense linear manifold in £5.

(iv) There exists a € £\ I, such that a measure ;(*) is not orthogonal
to the measure p.

Definition 3.5. A quasifinite Borel measure p in V' is called a quasigener-
ator if the following two conditions are satisfied:

(i) @, is a linear manifold in V.
(ii) There exists a o-compact F' such that for all u € @, and v € Qﬁ\{O},
pw(V\N(FN(F+w))=0and u(FN(F +wv))=0.

Remark 3.2. Note that every quasigenerator is a Gikhman—Skorokhod
measure, but the converse statement is not always valid. Indeed, consider
an arbitrary generator A in an infinite-dimensional Polish topological vector
space V. Obviously, @) = V, which means that A is a Gikhman—Skorokhod
measure. If we assume that A\ is a quasigenerator, then there will be a o-
compact set F' such that A(V\ (FN(F+0))) = 0 because 0 € Q5. Therefore,
AV \ F) =0, from which by Definition 2.4 it follows that V' \ F' € S(V'). So
F e S(V) (cf. [12, Fact 8, p. 225] ), we get V = (V \ F)U F € S(V), which
is a contradiction.
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Let i be an arbitrary Borel measure in V. Let us define a functional G,
by
Gu(X) = 3 wl(X +)
vEQf;
for X € B(V). The main result of the present section is formulated as
follows.

Theorem 3.1. Let p be an arbitrary Borel measure in V. Then G, is a
generator in 'V such that

S(p) = N(Gp),
where éu denotes a usual completion of G\,. If i is a quasigenerator, then
the generator G, is quasifinite.

Proof. Step (i) We show that if G,(X) = 0 then G,(X + h) = 0 for every
h € V. For h € V we have the representation h = hy + ha, where h; € Q,,
and hy € QL. Thus

X)=0& > uwX+0)=0& Y wX+h+v)=0

vEQE vEQ}E
> X +h+h+v)=0s Y p(X+h) +v)=0
vEQE vEQ);

& Gu(X +h)=0.

Step (ii) We show the measure G, is quasifinite if p is a quasigenerator.
Indeed, in such a situation there exists a o-compact set F' such that for all
ue,andve Qﬁ\{O}, w(V\(FN(F+wu)))=0and u(FN(F+wv)) =0.

Since p(V'\ F) = 0, there exists a compact set U C F with 0 < u(U) < oo.
Thus, u(U +v) =0 for all v € Qj \ {0, as

w(U +v) = pw(U+0)NF) < pu((F+v)NF)=0
for v € Q;; \ {0}.

Hence
Gu(U) = Y m(U +v) = u(U +0) = p(U).
vEQf;

Thus G, is a quasifinite generator.

Step (iii) We show that S(p) = N(G,). Let X € S(n). This means that
there exists a Borel set X' such that X € X' and u(X +v) =0for v e V.
The latter relation means that

> X +v)=0

UEQﬂ[

which implies that X' € N(G,) and X € N(G,,).
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Now let X € N(G,,). This means that there exists a Borel set X , where
X C X" and
> X +v)=0.
vEQf;

The latter relation implies that (X' +v) =0 for v € Qt.

Now let h = hq + hg be an arbitrary element of V, where hy € @, and
ho € Qt. Since u(X +he) = 0 and hy € Q,, we conclude that (X +h) = 0,
which means that X' € S(u). Therefore X € S(u) because X C X' O

4. On the quasifiniteness problem for Gaussian
generators

The problem of equivalence and orthogonality relations between two mea-
sures in infinite-dimensional topological vector spaces, which underlies the
notion of a quasigenerator, has been investigated by many authors. In this
direction, a special mention should be made of the result of S. Kakutani
[13] stating that if one has equivalent probability measures p; and v; on the
o-algebra L; of subsets of a set ;,¢ = 1,2,..., and if 4 and v denote re-
spectively the infinite product measures [ ;. pi and [],c v on the infinite
product g-algebra generated on the infinite product set €2, then p and v are
either equivalent or orthogonal. Similar dichotomies have revealed them-
selves in the study of Gaussian stochastic processes. C. Cameron and W.E.
Martin showed in [5] that if one considers the measures induced on a path
space by a Wiener process on the unit interval, then the measures are or-
thogonal provided that the variances of the processes are different. Results
of this kind were generalized by many authors (cf. [9], [11], [26] and others).

Let p1 be a Gaussian measure in V. The question whether G, is quasifinite
depends on the structure of y. Below we give a simple example of such a
generator in an infinite-dimensional Polish topological vector space V.

Example 4.1. Let ey, ..., e, be any family of linearly independent vectors
in V. We set L(ei,...,ex) = span(eq,...,ex). We denote by Are, .. ¢,) @
Gaussian Borel measure on L(eq,...,ex) defined by

ALer, ey ({t1€1 + - Ftger o (t1,.. . 1) € X}) = (X),

where X € B(RF) and ~; is a standard k-dimensional Gaussian Borel mea-
sure in R”.

Clearly, Ar(e,....¢,) 18 @ quasigenerator in V' and G)‘L(el
Gaussian generator in V such that

S<>\L(£17~~~7ek)) = N(é)‘L(el ..... ek))

Remark 4.1. Let uy be the standard Gaussian probability Borel measure in
R for k € N. Let X = RN and p = [1en 11 be the canonical Gaussian Borel
probability measure in RY. Following Kakutani [14], Qu = {2, which implies

is a quasifinite
,,,,, er)
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that p is a Gikhman—Skorokhod measure. It follows from Theorem 3.1 that
G, is a generator and
N(Gy) = S(p),

but we do not know whether G, is a quasifinite.

Remark 4.2. We remind the reader that a Borel measure p in an infinite-
dimensional separable Hilbert space is called Gaussian if an arbitrary con-
tinuous linear functional ¢,(z) = (z,z)(z,2 € H) is a normally distributed
random variable (cf. [10, Chapter v, Paragraph 6]).

Following A.M. Vershik [26], a group @, of arbitrary Gaussian measure
w4 in an infinite-dimensional separable Hilbert space is linear manifold. In
particular, if p is a Gaussian measure in H with zero mean and correlation
operator B, then Q, = B%(H) (cf. [10]).

Following Phelps [21], a Borel set is called Gaussian null if it is null for
every Gaussian measure in H. A set is called Gaussian null if it is contained
in a Borel Gaussian null set.

The class of all Gaussian null sets in H is denoted by GN(H). Let I' be
a class of all Gaussian measures in H. Then the representation

GN(H) = m’YEFN(é“/)
18 valid. The proof of this fact employs the result of Theorem 3.1.
In the context of Example 4.1, there naturally arises a question whether
any Gaussian measure v in H is a quasigenerator or whether G is quasifi-
nite.

5. On generators defined by Kharazishvili’s
quasigenerators

The problem of the existence of a partial analog of a Lebesgue measure
in an infinite-dimensional topological vector space is interesting and im-
portant in itself and has been studied for over 50 years by many authors.
Among their results the result of V. Sudakov [24] should be mentioned spe-
cially. This result asserts that an arbitrary o-finite quasiinvariant Borel
measure in an infinite-dimensional locally convex topological vector space is
identically zero. According to this result, the properties of the o-finiteness
and the translation-invariance are not consistent for nonzero Borel mea-
sures in infinite-dimensional topological vector spaces. A.B. Kharazishvili
[15] constructed an example of a nonzero non-translation-invariant o-finite
Borel measure in the Hilbert space 5 which is invariant with respect to an
everywhere dense (in f2) linear manifold. R. Baker gave constructions of
quasifinite non-o-finite translation-invariant Borel measures in the infinite-
dimensional topological vector space RN (cf. Examples 2.1-2.2). A similar
construction (cf. [17]) is given in the well-known Solovay’s model [22].

Below we present the construction of A.B. Kharazishvili’s quasigenerators
in RN,
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Let (a;);en and (b;)ien be sequences of real numbers such that a; < b; for
all ¢ € N.
We set
A, =Ry x--- anxHAi,
i>n
for n € N, where R, =R for i = 1,...,n and A; = [a;, b;[ for i > n. We also
set
A =] A and Ba = UnenAy.
€N
For an arbitrary natural number ¢ € N, consider the Lebesgue measure
w; in the space R; and satisfying the condition p;(4A;) = 1. Let us denote

by A; the normalized Lebesgue measure defined on the interval A;.
For an arbitrary n € N, let us denote by v, the measure defined by

Up = H ,Uz'XH)\ia

1<i<n >n
and by 7, the Borel measure in the space RY defined by
Un(X) = (X NA)
for X € B(RYN.

Lemma 5.1 ([19, Lemmas 15.3.2-15.3.3, p. 207]). The functional va defined
by
vA(X) = lim 7,(X),

n—~00

18 a quasifinite Borel measure for which

hi .
L,=Q,, = {h:(hl,hg,...) GRN:Z% 18 convergent}
EN KA (]

and for all u € Qy, and v € Q; \ {0},
PR (UnenAn N (Unen An + 1)) =0,
((UnenAn) N (UnenApn +v)) = 0.
As a consequence of Lemma 5.1 we get:

Corollary 5.1. The functional va is a quasigenerator in RY.

Remark 5.1. The construction of va belongs to A.B. Kharazishvili [15].
For this reason, a quasigenerator v is called A.B. Kharazishvili’s quasigen-
erator. Note that a generator GG, is a semifinite inner regular translation-
invariant Borel measure in RY, which assigns value one to A (cf. [19]).
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Now let K be the class of all positive sequences (ay)reny € RY such that

0<Hak<oo.
keN

Let (ak)keN, (bk)kEN € K. We say that (ak)keN ~ (bk)keN if

VTkenl0,ar] = YTTienl0.0x]:
Lemma 5.2 ([19, Lemma 15.3.3, p. 207]). The relation ~ is an equivalence

relation on K.

Lemma 5.3 ([19, Lemma 15.3.4, p. 207]). Suppose (ag)ren, (bx)ren € K
are not equivalent. Then Y[Meen0:ar] - VTTeen[00x]-

Definition 5.1. Suppose R is the class of all infinite-dimensional rectan-
gles R € B(RY) of a form

R = H(ai,bi), —oo < a; <b < oo
k=1

such that 0 < J]p2,(by — ax) < oo. Following [2], a translation-invariant
Borel measure A in RY is called Baker’s generator if

[e.e]

AR) =[]0 — ar)

k=1
for R € R;.

Theorem 5.1 ([19, Theorem 15.3.1, p. 208|). There exists a semifinite inner
reqular Baker’s generator X\ in RY.

Proof. Let us consider the equivalence classes (K;);c; of K generated by
the equivalence relation ~ (cf. [19, Lemma 15.3.3]). Let (a,(j))k N € K; for
€

1€ 1. Weset A; = erN [O,a,(j)},Bi = Ba, and p; = va,. We put

AX)=>"> wl((X —g)n By,

i€l geéli
for X € B(RY), where /- denotes a linear complement of the vector subspace
61 in RN.
We shall show that \ is a translation-invariant Borel measure in RN such

that
A(H(ak,bk)> =[] (b — ).

k=1 k=1
We do this in steps.
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Step (1) We show A is o-additive. Let (Xx)gen be a sequence of pairwise
disjoint Borel subsets in RY. Then

MUkenX) =D Y mil(Uken X — 9) N By)
i€l gefl

= Z Z Ni((UkGN(Xk - g)) N BZ)

i€l gEZL

I WREEILTY

i€l gepl keN

=22 D ml(Xi=9)NB) =3 AX).

keN i€l geot keN

Step (ii)We show that A is translation-invariant. Taking into account the
equality Ga = ¢; (cf. [19, Lemma 15.3.2, p. 214]) and the fact that an
arbitrary element A € RY can be written in the form h = h; + ho, where
hi € ¢4 and hy € Ell, we get

AMX +h) =" > wil(X +hi +h2) = g) N By)

el geéi

:Z Z wi((X +he) —g+h1) N By)

3 1
iel geLl]

= Z Z pi(((X +h2) —g) N B;)

iel geef

=Y > (X —(g—h2) N By)

i€l gee

:Z Z pi((X — (g — ha)) N B;)

i€] g—ho€li—ho

:Z Z /Lz g h2)) )

el g— thZL

=33 w((X —§) N B;) = A(X).

1 Sepl
iel gerf

Step (iii) We now show

(H ak,bk ) = H(bk — ak).
k=1

k=1
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Assume that K, is a class of equivalence of K such that (b —ax)ren € K-
By using the translation-invariance of A we have

A (H(ak, bk:)) = A(H(ak, bi) — (ak)keN> = A(H(O, b — ak))

k=1 k=1 k=1
Yy m((nm,bk—m—g) nBZ-)
i€l gerd k=1
= 114, ((H(o, br — ay) — 0) N Bi0> =[] b — ).
=1 k=1

Finally, one can prove that if [[22, (b — ax) = 0, then AN([[,~; (ax, bx)) = 0.

Step (iv) We now show the generator A is inner regular. To this end, we
must to show that for all X with 0 < A(X) < oo and all € > 0, there exists
a compact F, C X with A\(X \ F¢) <e.

Since 0 < A(X) < o0, there exist Iy C I and Gy C ¢; with card(Iy x Gp) <
NO and

0<AX) =Y 3 (X —9)n B) < oc.

i€ly geGo
We set Ip x Go = (ik, gm)k,men- Let ng be a natural number such that
€
Z Z /Lik((X_gm)ﬂBik)>)‘(X)_§'
1<k<ng 1<m<ng

For € > 0 there exists a compact set F}, ,, such that F, ,, C (X —gm) N B;,

and
€

1, (X = gm) 0 Biy,) \ Fiem) < SRTmiT

for 1 < k,m < ng.
We set Fi = Ui<p g<no(Fp.q + 9q)- It is clear that F, C X. We get

AMX N\ F)
= AMX \ Ur<p,g<no (Fp,g + 99))
- Z Z i (X \ Ur<p,g<no (Fpg + 9¢)) — 9) N By)

i€l gEZf‘
= Z Z i (X \ Ur<pg<no(Fpg + 9¢)) — 9) N Bi)
i€lg geGo
+ Z 1 (X \ Ur<pg<no(Fpg + 94)) — 9) N Bi)

(4,9)€Ixt-\Iox Go

S Z Z i (X \ Ur<p,g<no (Fpg + 9¢)) — 9) N By)

i€lg geGo
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+ > ni((X —g) N By)
(i,g)EIXZIL\IoXG()

- Z Z i (X \ Ur<p,g<no (Fp,g + 9¢)) — 9) N Bi)

i€lg geGo

- Z Z ti (X \ Ut<p,g<ne (Fp,g + 9)) — 9m) N Biy)
keN meN

- Z Z le(((X \ UlSp,qﬁno(Fp,q + gq)) — gm) N Bik)

1<k<np 1<m=<no

+ Z iy, (X \ Ur<pg<ndFp.q + 9¢)) — 9m) N Biy)
(k,m)eNxN\{1,...,no} x{1,...,n0}

Z Z /Lik((X\(Fk,m‘i‘gm) _gm)mBik)

1<k<no 1<m=<no

+ ) ia (X = gm) (1 By,)
(k,m)eNxN\{1,...,n0} x{1,....,n0}

= Z Z /sz(((X - gm) \ sz,m) N Blk)

1<k<np 1<m=<no

+ Z 1 (X = gm) N Bi,.)
(k,m)eNxN\{1,...,n0} x{1,....,n0}

= Z Z Mik(((X_gm)mBik)\(ka"meik))

1<k<np 1<m=<ng

+ Z /le((X _gm) ﬂBik)
(k,m)eNxN\{1,...,no} x{1,...,n0}

IN

since Fj, p, € (X — gm) N B;, we have Fy, ,, N B;, = Fj,

= Z Z i, (X = gm) 0 Biy) \ Frem)

1<k<ng 1<m<ng
+ Z 1 (X = gm) N Bi,.)
(k,m)e(NxN)\({1,...,n0} x{1,...,n0})

€ €
Z ok+m+1 T 9

1<k,m<ng

€ € € €
<> Ity =3t =€
k,meN

IN

Step (v) We show that A is semifinite. Indeed, if A(X) > 0, then there exist
iop € I and go € ¢1 such that 0 < p;,((X — go) N B;,). Using the property
of inner regularity of j;, we deduce that there exists a compact set £* C X
with 0 < A\(F') < co. This means that A is a semifinite measure. O
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Remark 5.2. If we consider R. Baker’s measure constructed in [2], we
observe that it is a nonsemifinite quasifinite Baker’s generator. Indeed, it
takes the value +oc on the set (3Z)Y, while every compact subset of (3Z)" is
null with respect to the same measure. Note that the set (3Z)" is null with
respect to A.B. Kharazishvili’s generator A, because p;(((3Z)N —g)NB;)) = 0
forall i € I and g € (1.

6. Representation of cube null sets by P.
Mankiewicz’s generator

The following assertion plays key role in our further discussion.

Theorem 6.1 ([19, Theorem 15.3.2, p. 209]). There exists a semifinite
inner reqular translation-invariant Borel measure A1 in RY which satisfies
the following conditions:

(1) M([0,1]Y) =1.

(2) There exists a rectangle []p—; (ak, by) with 0 < [Tpe, (b, — ag) < oo

such that
)\1 (H(ak, bk)> = 0.

k=1

Remark 6.1. The inner regularity and semifiniteness can be proved by the
scheme of the proof of Theorem 5.1.

Remark 6.2. Note that the generator A; is absolutely continuous with
respect to R. Baker’s generator A [2] but the converse relation is not valid
(cf. Theorem 6.1, condition (2)). This means that the generators A and A\
are not equivalent.

Let (ug)ren be a family of linear Lebesgue measures on [0,1] such that
pr([0,1]) = 1 for all k. We set pn = [[cn tk-

Definition 6.1. A Borel subset X < RN is said to be a standard cube null
set if u((X 4+ a)N[0,1]N) = 0. for all @ € RY. More generally, a set is called
a standard cube null set if it is contained in a Borel standard cube null set.

The class of all standard cube null sets in RY is denoted by SCNV/(RY). It
is clear that SCN(RY) ¢ S(RM).
Now naturally there arises the following:

Problem 6.1. Does there exist a semifinite inner-reqular generator v in RN

such that N'(7) = SCN'(RY)?
The answer to this problem is contained in the following assertion.

Theorem 6.2 ([19, Theorem 15.3.3, p. 211]). The generator A\ is a solution
of Problem 6.1, i.e., ~
N(A1) = SCN(RM).



254 G. R. PANTSULAIA

Remark 6.3. Following Theorem 6.2, the measure \; is a standard cube
generator which can be called P. Mankiewicz’s generator in RY. It is rea-
sonable to note that P. Mankiewicz’s generator \; is defined by A.B. Kha-
razishvili’s standard quasigenerator Yoy » 1e.,

M =G

V[O,l]N )
and the following equality holds:
SCN(RY) = NGy -
Since the quasigenerator Vip,1v can be defined uniquely by the Haar mea-

sure g in [0,1]N, we can use the notation G(u) for the generator G,,[O e
Such notation will be applied below.

Remark 6.4. Let X and ;o be R. Baker’s generators in RY considered in
Examples 2.1 and 2.2, respectively. Since!

G e L L N,
we deduce that the following strict inclusions

N(A) € N(p) CN(Gy, ) (= BRY) NSCN(RY))

Y01

are valid.

Now we consider one interesting application of Theorem 6.2 in a separable
Banach space with basis.

Let B be a separable Banach space with basis eq, es, ... such that
Z llex|] < oo.
keN

Definition 6.2. Following P. Mankiewicz [16], a Borel set X C B is called
a cube null set, if it is null for every nondegenerate cube measure. (Nonde-
generate cube measures in B can be defined as distributions of the random
variables of the form a + ), -y Xrer, where a € B and (Xj)ren are uni-
formly distributed independent random variables with values in [0, 1].)

The class of all cube null sets in B is denoted by CN'S(B).

Let us denote by C the class of all cube measures defined in B. For y € C
we denote by G(u) Mankiewicz” generator defined by p. Then it is clear
that

CN'S(B) = Nuec N (G(1).

Again let V' be a Polish topological vector space.

Definition 6.3 ([25, Definition 6, p. 225]). We call a finite-dimensional
subspace L C V a probe for a set X C V if an n-dimensional classical

Borel measure \j, supported on L is transverse to a Borel set containing the
complement of X.

'Let p and ) be two measures such that dom(u) = dom()\). We say that u is absolutely
continuous with respect to A and write p < A, if A(X) = 0 implies u(X) = 0.
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Let Az, be an n-dimensional classical Borel measure in an n-dimensional
vector subspace L C V, where n € N. It is obvious that G, is a quasifinite
translation-invariant generator in V.

It can be easily established that

N(Gy,) CS(V)

for all finite-dimensional vector subspace L C V.

One can show that every subset X C V is of G),-measure zero if and
only if the linear manifold L is a probe for the sets V' '\ X. The class of all
subsets of V whose complement have n-dimensional probes is denoted by
n(V). It is clear that U,enn(V) is a subclass of the o-ideal S(V) and we
have the equality

Unenn(V) = Urcy N(Gh),

where the union on the right side is considered over all finite-dimensional
manifolds.

7. On the geometric aspects of Preiss—TiSer
generators

Definition 7.1. A Borel set S in a separable Banach space B is said to be
an n-dimensional Preiss—TiSer null set if every Lebesgue measure u concen-
trated on any n-dimensional vector space I' is transverse to S. Any subset
A of such a Borel set B is said to be an n-dimensional Preiss—TiSer null set.

We denote the class of all n-dimensional Preiss—Tiser null sets in B by
PTNS(B,n).

Let (I';)ier be a family of all n-dimensional vector spaces and let u; be
an n-dimensional Lebesgue measure concentrated on I'; for 7 € I.

Let I'{ be a linear complement of the vector space I'; in B for i € I. We
put

AMX) =0 wl(X —g)nTy)
i€l gef‘ii
for X € B(B).

Theorem 7.1. A functional X is a quasifinite generator in B such that

PTNS(B,n) =N(N).
Proof. By using the construction of the proof of Theorem 5.1 one can
easily show that )\ is a Borel measure in B.
Now we are to show that A is quasifinite and translation-invariant.
Let ip € I and let (eg)i1<k<n be any basis of I';,. The quasifiniteness is
obvious because

0 < pig ({ Zakek : (a)1<k<n € [0, 1]”}) <00
=1
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and

({Zakek b (ak)1<k<n € [0,1]"}>
:Ni()({zakek : (ag)i<k<n € [0, 1]”})

Let us show that A is translation-invariant. Indeed, let X € B(B) and
h € B. For every i € I we have h = hgo) + hgl), where hz(-o) € I'; and
hl(-l) € I';. Then we obtain

AX +h)=> > wl((X +h)—g)NTy)

iel el"f—

=3 > m((X +h” + ) —g)nTy)

i€l gef‘ii

=3 wil(X + 1P —g)nTy)

el gef‘#

= Z Z /Lz g h(2))) )

il gef‘li

=Y > m((X—(g-hP))nry)

=3 Y m((X—(g-hP))nry)

i€l _h(?) EFL

=> > (X —s)NTy) = A(X).

el geI‘Zl

Now let us assume that Y € PTNS(B,n). Then there exists a Borel set
X such that Y € X and p;((X — ¢g) NTy)) = 0 for g € T'}-. Therefore,

Y > wl(X—g)nly) =

i€l gEFil

This means that A\(X) = 0 and we obtain that Y € N'(\).

Now let A(Y) = 0. This means that there exists a Borel set X such
that Y € X and p;(X —gNI;) =0for g € I} andi € I. Let T be
an arbitrary n-dimensional vector subspace of B, and Ar be a Lebesgue
measure concentrated on I'. We are to show that A\ is transverse to X.
Indeed, assume the contrary. Then for h € B we have Ap(X —hNT) > 0.
Let 79 be an element of I such that I';;, = I". Then we have

Ar((X = Rh)NT) = pio (X — k) NTy) > 0.
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i We get

Since h = hgg) + hg;), where hz(-(?) €I, and hz(- ) et
0 < p1ig (X = h) N T4g) = puig (X = h{3)) N Ty
< Z Z pi((X —g) ML) = A(X) = 0.
el gEFIJ‘
giving a contradiction. U
Remark 7.1. Following Theorem 7.1, the generator A can be called an
n-dimensional Preiss—TiSer generator.

Below we present one interesting property of the one-dimensional Preiss—
Tiser generator in a Banach space whose dimension is larger than 1.

Theorem 7.2. Let (B,||-||) be a Banach space whose dimension is larger
than 1. Then there exists a one-dimensional Preiss—Tiser generator \ (not
o-finite) such that for an arbitrary broken line AgA; --- defined by

A(]Al--- = [Ao,Al[ U

we have

A(AgAy - Z [ A1 — Agll.

Proof. Let By be the unit sphere in B, i.e.,
By={he B : ||| =1}.

For hq, ho € By we say that hy & hs if hy and ho are antipodal points of the
unit sphere. It is clear that ~ is an equivalence relation in By. Let (K;)ecr
be the set of equivalent classes. Let (a;);c; be a family of elements of By
such that a; € K; for ¢ € I. Let I'; be the one-dimensional vector subspace
in B generated by the vector a; for ¢ € I. Let I‘Z-l be a co-space of the vector
space I'; for ¢ € I. Let u; be the one-dimensional classical Borel measure on
Fz‘ with
wi{ta; : 0<t<1})=1.

=2 2 m((X —g)nr).

i€l geri

We put

for X € B(B). Now one can easily check that all conditions formulated for
the measure A in Theorem 7.2, are satisfied. O

In context of Theorem 7.2 the following assertion is of a certain interest.

Theorem 7.3. Let R? be a three-dimensional Fuclidean vector space. Then
there exists a two-dimensional Preiss—Tiser generator  (not o-finite) in R3
such that for an arbitrary polyhedron P C R® we have

u(B(P)) = S(B(P)),
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where B(P) denotes the surface of the polyhedron P and S(B(P)) the surface
area of P.

Proof. Let By be the unit sphere in R3, i.e.,
By={heR’ : ||hl[z =1},

where ||-||3 denotes a usual norm in R3. For hy, hy € By we say that hy ~ hs
if b1 and hy are antipodal points. It is clear that & is an equivalence relation
in By. Let (K;);cr be the set of equivalence classes. Let (a;);c; be a family
of elements of By such that a; € K; for ¢ € I. Let I'; be a two-dimensional
plane which has a normal a; for i € I and which contains the zero of R3.
Let I‘Z-l be a linear complement of the vector subspace I'; for ¢ € 1. Let p;
be a standard two-dimensional classical Borel measure in I'; which takes the
value 7 on the set I'; N By.
We put

w(X) = Z Z pi((X —g)NTy).

i€l gEFZ-l

for X € B(R3). Now one can easily check that all conditions formulated for
the measure p in Theorem 7.3 are satisfied. (]

Remark 7.2. Other interesting geometric applications of generators of shy
sets in infinite-dimensional separable Banach spaces with basis can be found
in [19, Chapters 13 and 15].

Acknowledgments. The author expresses thanks to Professor Joseph Ro-
senblatt for his careful reading of the paper manuscript and some helpful
remarks.

References

[1] AronszaJN, N. Differentiability of Lipschitzian mappings between Banach spaces.
Studia Math. 57 (1976) 147-190. MR0425608 (54 #13562), Zbl 0342.46034.

[2] BAKER, RICHARD. “Lebesgue measure” on R*. Proc. Amer. Math. Soc. 113 (1991)
1023-1029. MR 1062827 (92¢:46051), Zbl 0741.280009.

[3] BAKER, RICHARD. “Lebesgue measure” on R*. II. Proc. Amer. Math. Soc. 132
(2004) 2577-2591. MR2054783 (2005d:28012), Zbl 1064.28015.

[4] BorweEIN, J. M. Minimal CUSCOS and subgradients of Lipschitz functions,Fized
point theory and applications (Marseille, 1989), 57—-81. Pitman Res. Notes Math. Ser.,
252. Longman Sci. Tech., Harlow, 1991. MR1122818 (92j:46077), Zbl 0743.49006.

[5] CAMERON, R. H.; MARTIN, W. T. Transformations of Wiener integrals under trans-
lations. Ann. of Math. (2) 45 (1944) 386-396. MR0010346 (6,5f), Zbl 0063.00696.

[6] CHRISTENSEN, J. P. R., Topology and Borel structure. Descriptive topology and set
theory with applications to functional analysis and measure theory. North-Holland
Mathematics Studies, 10. North-Holland Publishing Co., Amsterdam-London; Amer-
ican FElsevier Publishing Co., Inc., New York, 1974. MRO0348724 (50 #1221),
Zbl 0273.28001.

[7] CicHON, J.; KHARAZISHVILI, A; WEGLORZ, B. Subsets of the real line. Wydawnictwo
Uniwersytetu Lodzkiego, Lodz, 1995.


http://www.emis.de/cgi-bin/MATH-item?0273.28001
http://www.ams.org/mathscinet-getitem?mr=0348724
http://www.emis.de/cgi-bin/MATH-item?0063.00696
http://www.ams.org/mathscinet-getitem?mr=0010346
http://www.emis.de/cgi-bin/MATH-item?0743.49006
http://www.ams.org/mathscinet-getitem?mr=1122818
http://www.emis.de/cgi-bin/MATH-item?1064.28015
http://www.ams.org/mathscinet-getitem?mr=2054783
http://www.emis.de/cgi-bin/MATH-item?0741.28009
http://www.ams.org/mathscinet-getitem?mr=1062827
http://www.emis.de/cgi-bin/MATH-item?0342.46034
http://www.ams.org/mathscinet-getitem?mr=0425608

(8]
(9]

(10]

(11]

(12]

ON GENERATORS OF SHY SETS 259

CSORNYEI, MARIANNA. Aronszajn null and Gaussian null sets coincide. Israel J.
Math. 111 (1999) 191-201. MR1710738 (2000£:46057), Zbl 0952.46030.

FELDMAN, JACOB. Equivalence and perpendicularity of Gaussian processes. Pacific
J. Math. 8 (1958) 699-708. MR0102760 (21 #1546), Zbl 0089.13502.

GIKHMAN, I. I.; SKOROKHOD, A. V. Teoriya sluchainykh protsessov. Tom I. (Rus-
sian) [Theory of random processes. Vol. 1.] Izdat. “Nauka”, Moscow, 1971, 664 pp.
MR0341539 (49 #6287).

GRENANDER, ULF. Stochastic processes and statistical inference. Ark. Mat. 1 (1950)
195-277. MR0039202 (12,511f), Zbl 0138.13701.

HunT, BrRIAN R.; SAUER, TiM; YORKE, JAMES A. Prevalence: a translation-
invariant “almost every” on infinite-dimensional spaces. Bull. Amer. Math. Soc. (N.S.)
27 (1992) 217-238. MR1161274 (93k:28018), Zbl 0763.280009.

KAKUTANI, SHIZUO. Notes on infinite product measure spaces. II. Proc. Imp. Acad.
Tokyo 19 (1943) 184-188. MR0014404 (7,279¢), Zbl 0061.09701.

KAKUTANI, SHIZUO. On equivalence of infinite product measures Ann. of Math. (2)
49 (1948) 214-224. MR0023331 (9,340e).

KHARAZISHVILI A.B. On invariant measures in the Hilbert space. Bull. Acad. Sc.
Georgian SSR. 114 (1984) 41-48 (Russian).

MANKIEWICZ, PIOTR. On the differentiability of Lipschitz mappings in Fréchet spaces.
Studia Math. 45 (1973) 15-29. MR0331055 (48 #9390), Zbl 0219.46006.
PaNTsuLAIA, G.R. Relations between shy sets and sets of vp-measure zero in Solo-
vay’s model. Bull. Pol. Acad. Sci. Math. 52 (2004) 63-69. MR2070029 (2005¢:28003),
Zbl 1109.28002.

PanTsuLAlA, G.R. On an invariant Borel measure in the Hilbert space. Bull. Pol.
Acad. Sci. Math. 52 (2004) 47-51. MR2070027 (2005f:28035), Zbl 1124.28013.
PanTsurLala, G.R. Invariant and quasiinvariant measures in infinite-dimensional
topological vector spaces. Nova Science Publishers, Copyright 2004-2007, xiv+231
pages, 2007.

Preiss, D.; TISER, J. Two unexpected examples concerning differentiability of Lip-
schitz functions on Banach spaces, Geometric aspects of functional analysis (Is-
rael, 1992-1994), 219-238. Oper. Theory Adv. Appl., 77. Birkhduser, Basel, 1995.
MR1353461 (96j:46040), Zbl 0872.46026.

PHELPS, R. R. Gaussian null sets and differentiability of Lipschitz map on Banach
spaces. Pacific J. Math. 77 (1978) 523-531. MR0510938 (80m:46040), Zbl 0396.46041.
SoLovAy, ROBERT M. A model of set-theory in which every set of reals is Lebesgue
measurable. Ann. of Math. (2) 92 (1970) 1-56. MR0265151 (42 #64), Zbl 0207.00905.
STINCHCOMBE, MAXWELL B. The gap between probability and prevalence: lone-
liness in vector spaces. Proc. Amer. Math. Soc. 129 (2001) 451-457. MR1694881
(2001e:28022), Zbl 0962.28014.

Subakov, V. N. Linear sets with quasi-invariant measure (Russian). Dokl. Akad.
Nauk SSSR 127 (1959) 524-525. MR0107689 (21 #6412), Zbl 0100.11001.

SHI, H. Measure-theoretic notions of prevalence. Ph.D. Dissertation (under Brian S.
Thomson). Simon Fraser University, October 1997, ix + 165 pages.

VERSHIK, A. M. Duality in the theory of measure in linear spaces (Russian). Dokl.
Akad. Nauk SSSR 170 (1966) 497-500. MR0205058 (34 #4893), Zbl 0159.42502.

DEPARTMENT OF MATHEMATICS, GEORGIAN TECHNICAL UNIVERSITY, 77 KOSTAVA ST.
0175 TBILISI 75, GEORGIA
gogi_ pantsulaia@hotmail.com

This paper is available via http://nyjm.albany.edu/j/2008/14-11.html.


http://nyjm.albany.edu/j/2008/14-11.html
mailto:gogi_pantsulaia@hotmail.com
mailto:gogi_pantsulaia@hotmail.com
http://www.emis.de/cgi-bin/MATH-item?0159.42502
http://www.ams.org/mathscinet-getitem?mr=0205058
http://www.emis.de/cgi-bin/MATH-item?0100.11001
http://www.ams.org/mathscinet-getitem?mr=0107689
http://www.emis.de/cgi-bin/MATH-item?0962.28014
http://www.ams.org/mathscinet-getitem?mr=1694881
http://www.emis.de/cgi-bin/MATH-item?0207.00905
http://www.ams.org/mathscinet-getitem?mr=0265151
http://www.emis.de/cgi-bin/MATH-item?0396.46041
http://www.ams.org/mathscinet-getitem?mr=0510938
http://www.emis.de/cgi-bin/MATH-item?0872.46026
http://www.ams.org/mathscinet-getitem?mr=1353461
http://www.emis.de/cgi-bin/MATH-item?1124.28013
http://www.ams.org/mathscinet-getitem?mr=2070027
http://www.emis.de/cgi-bin/MATH-item?1109.28002
http://www.ams.org/mathscinet-getitem?mr=2070029
http://www.emis.de/cgi-bin/MATH-item?0219.46006
http://www.ams.org/mathscinet-getitem?mr=0331055
http://www.ams.org/mathscinet-getitem?mr=0023331
http://www.emis.de/cgi-bin/MATH-item?0061.09701
http://www.ams.org/mathscinet-getitem?mr=0014404
http://www.emis.de/cgi-bin/MATH-item?0763.28009
http://www.ams.org/mathscinet-getitem?mr=1161274
http://www.emis.de/cgi-bin/MATH-item?0138.13701
http://www.ams.org/mathscinet-getitem?mr=0039202
http://www.ams.org/mathscinet-getitem?mr=0341539
http://www.emis.de/cgi-bin/MATH-item?0089.13502
http://www.ams.org/mathscinet-getitem?mr=0102760
http://www.emis.de/cgi-bin/MATH-item?0952.46030
http://www.ams.org/mathscinet-getitem?mr=1710738


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


