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On automorphisms of type II Arveson
systems (probabilistic approach)

Boris Tsirelson

ABSTRACT. We give a counterexample to the conjecture that the auto-
morphisms of an arbitrary Arveson system act transitively on its nor-
malized units.
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We do not know how to calculate the gauge group in this general-
ity. ..
W. Arveson [1, Section 2.§]
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At the moment, most important seems to us to answer the ques-
tion whether the automorphisms of an arbitrary product system act
transitively on the normalized units.

V. Liebscher [5, Section 11]

By an Arveson system I mean a product system as defined by Arveson |1,
3.1.1]. Roughly, it consists of Hilbert spaces H; (for 0 < t < oo) satisfying
H, ® Hi = Hgyy. Classical examples are given by Fock spaces; these are
type I systems, see [1, 3.3 and Part 2]. Their automorphisms are described
explicitly, see [1, 3.8.4]. The group of automorphisms, called the gauge group
of the Arveson system, for type I is basically the group of motions of the
N-dimensional Hilbert space. The parameter N € {0,1,2,... } U{co} is the
so-called (numerical) index; accordingly, the system is said to be of type
Iy, 11,15, . .. or I. All Hilbert spaces are complex (that is, over C).

Some Arveson systems contain no type I subsystems; these are type 111
systems, see [1, Part 5]. An Arveson system is of type I1, if it is not of type
I, but contains a type I subsystem. (See [9, 6g and 10a] for examples.) In
this case the greatest type I subsystem exists and will be called the classical
part of the type II system. The latter is of type IIy where N is the index
of its classical part.

Little is known about the gauge group of a type I system and its natural
homomorphism into the gauge group of the classical part. In general, the
homomorphism is not one-to-one, and its range is a proper subgroup. The
corresponding subgroup of motions need not be transitive, which is the main
result of this work (Theorem 1.10); it answers a question asked by Liebscher
[5, Notes 3.6, 5.8 and Section 11 (question 1)] and (implicitly) Bhat [2,
Definition 8.2]; see also [9], Question 9d3 and the paragraph after it. A
partial answer is obtained by Markiewicz and Powers [6] using a different
approach.

Elaborate constructions (especially, counterexamples) in a Hilbert space
often use a coordinate system (orthonormal basis). In other words, the se-
quence space [l is used rather than an abstract Hilbert space. An Arveson
system consists of Hilbert spaces, but we cannot choose their bases with-
out sacrificing the given tensor product structure. Instead, we can choose
maximal commutative operator algebras, which leads to the probabilistic
approach. Especially, the white noise (or Brownian motion) will be used
rather than an abstract type I; Arveson system.

1. Definitions, basic observations, and the result
formulated

I do not reproduce here the definition of an Arveson system [1, 3.1.1],
since we only need the special case

(1.1) Hy = Ly(Q2, Foy, P)
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corresponding to a noise.

Definition 1.2. A noise consists of a probability space (2, F,P), sub-
o-fields Fs s C F given for all s,t € R, s < ¢, and a measurable action (77),
of R on €, having the following properties:

(a) Frs @ Fsy =Fpry whenever r <s<t,
(b) Ty, sends Fs; to Fsini+n Whenever s <tand h € R,
(c) F is generated by the union of all F ;.

See [9, 3d1] for details. As usual, all probability spaces are standard,
and everything is treated mod 0. Item (a) means that F,, and F,; are
(statistically) independent and generate F,;. Invertible maps T}, : Q2 — Q
preserve the measure P.

The white noise is a classical example; we denote it (QWVhite Fwhite  pwhitey
(Fopite) ooy, (Tywhite), . Tt is generated by the increments of the one-dimen-
sional Brownian motion (Bt)_co<t<oo, Bt : 2 — R.

Given a noise, we construct Hilbert spaces H; consisting of Fy ;-measur-
able complex-valued random variables, see (1.1). The relation

Hs ® Ht = Hs-i—t:
or rather a unitary operator Hy ® Hy — Hgys, emerges naturally:

Hs+t - LQ(f07s+t) - L2(F0,5 ® f&s-{—t) - L2(F0,s) & L2(Fs,s+t)
= Lo(Fo,s) ® Lo(For) = Hs @ Hy s

the time shift 7 is used for turning Fy ¢ to Fos. Thus, (Hi)eso is an
Arveson system. Especially, the white noise leads to an Arveson system
(H™Mite), o (of type I, as will be explained).

For X € H,, Y € H; the image of X ® Y in H,,; will be denoted simply
XY (within this section).

We specialize the definition of a unit [1, 3.6.1] to systems of the form
(1.1).

Definition 1.3. A unit (of the system (1.1)) is a family (u;);~0 of nonzero
vectors u; € Hy = Lo(Fo) C Lo(F) such that ¢ — u; is a Borel measurable
map (0,00) — Lo(F), and

ugy = ugyy for all s, >0.

(In other words, the given unitary operator Hy® Hy — Hgiy maps us ® uy
to ust¢.) The unit is normalized, if ||u|| = 1 for all ¢. (In general,

[[ur | = exp(ct)

for some ¢ € R.)
Here is the general form of a unit in (H}"Pte),:

uy = exp(zBy + z1t); 2,21 € C;
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it is normalized iff (Rez)? + Rez; = 0. The units generate (H}Mi*),
in the following sense: for every ¢ > 0, H}M% is the closed linear span
of vectors of the form (ui)e(ug)e ...(u,)e, where wuq,...,u, are units,

n=1,2,.... Indeed, La(Fo;) is sganned b)nf random variables of the form
exp(i f(f f(s) st) where f runs over step functions (0,¢) — R constant on
(0,2¢),..., (=1t,t).

We specialize two notions, ‘type I’ and ‘automorphism’, to systems of the
form (1.1).

Definition 1.4. A system of the form (1.1) is of type I if it is generated by
its units.

We see that (H}™M), is of type I.

Definition 1.5. An automorphism (of the system (1.1)) is a family (O¢)s0
of unitary operators ©; : H; — H; such that O,4(XY) = (0,X)(6,Y)
forall X € Hy,, Y € Hy, s > 0, t > 0, and the function ¢t — (0;X;,Y;) is
Borel measurable whenever ¢t — X; and ¢ — Y; are Borel measurable maps
(0,00) — Lo(F) such that X;,Y; € La(Fos) C La(F).

Basically, ©,20; = ©4y+. The group G of all automorphisms is called the
gauge group. Clearly, G acts on the set of normalized units, (ut): — (Opuy)s.
Automorphisms ©; = @E“Vlal()‘) = &M (for A € R), consisting of scalar
operators, will be called trivial; these commute with all automorphisms,
and are a one-parameter subgroup G*Vial ¢ G. Normalized units (u;); and
(euy); will be called equilavent. The factor group G/G"Val acts on the
set of all equivalence classes of normalized units.

We turn to the gauge group G™Pi*¢ of the classical system (H;"Pite),,
Equivalence classes of normalized units of (H}'P*), are parametrized by
numbers z € C, since each class contains exactly one unit of the form

uy = exp(zB; — (Re z)2t) .
The scalar product corresponds to the distance:

1) (2
(g )] = exp(=3lz1 — ’t)
for ugk) = exp(zB; — (Rez)?t), k = 1,2. The action of GWhite/Gtrivial
on equivalence classes boils down to its action on C by isometries. The
orientation of C is preserved, since
1) (2 2) (3
(", ) ()

I (1) (2)>< (2) u(3)><

Up “5Up " )\Up 75 Uy

)
)

u£3 ,U§1)> i
ERNONES exp (ltS(Zl, 22, ZS))?
ut 7ut |

where S(z1, 29, 23) = Im((zg —21)(z3 — zl)) is twice the signed area of the
triangle. So, GWhite /GtiVial acts on € by motions (see [1, 3.8.4]).



ON AUTOMORPHISMS OF ARVESON SYSTEMS 543

Shifts of C along the imaginary axis, z — z 4+ i\ (for A € R) emerge from
automorphisms
6, = 0" — exp(irBy);
here the random variable exp(iA\B;) € Loo(]-"gf?ite) is treated as the multi-
plication operator, X — X exp(iAB;) for X € Ly(Fgi).
Shifts of C along the real axis, z — z + A (for A € R) emerge from less
evident automorphisms

(1.6) MM x — pI/2. (X 0 0);
here 6} : C[0,t] — C[0,t] is the drift transformation (8;'b)(s) = b(s) — 2\s

(for s € [0,¢]), Dy is the Radon—Nikodym derivative of the Wiener measure
shifted by 6} w.r.t. the Wiener measure itself,

(1.7) Dy = exp(2A\B; — 2\%t),

and X € Lg(}"gﬁlite) is treated as a function on C0,t¢] (measurable w.r.t.
the Wiener measure). Thus,

(O XY (b) = exp(Ab(t) — A2) X (6D).

Gwhite

By the way, these two one-parameter subgroups of satisfy Weyl

relations

eihift()\) @ihift(iﬂ)

that is @shift()\) @shift(iu) — @trivial(—2)\u) @shift(iu) @shift()\)
) .
Rotations of C around the origin, z +— ez (for A\ € R) emerge from
automorphisms %) These will not be used, but are briefly described
anyway. They preserve Wiener chaos spaces H,,

@iotat(A)X — o™X for X € H,N L2(F(\]I\’lilite);

e—2i)\ut @ihift(iu) eihift()\) .

?

the n-th chaos space H,, C La(F"t) consists of stochastic integrals

X:/.../ F(s1,-+.,80)dBs, ...dBs,
—00<851< < 8p <00

where f € La(R™) (or rather, the relevant part of R”). One may say that
Orotat(d) just multiplies each dB, by e'.

Combining shifts and rotations we get all motions of C. Accordingly, all
automorphisms of (H}™™*); are combinations of @Pift(id) - @shift(A) - grotat(A)
and ©"VialN) - More generally, the N-dimensional Brownian motion leads
to the (unique up to isomorphism) Arveson system of type I and motions
of CN. We need N = 1 only; (H}*M%), is the Arveson system of type I;.

Some noises are constructed as extensions of the white noise,

(1.8) Fop D Faqite

(also T}, conforms to T3"hit°). More exactly, it means that B; € Lo(F)
are given such that B; — By is F, ;-measurable for —oo < s <t < oo, and
B;—B, ~ N(0,t—s) (that is, the random variable (t—s)~/?(B;— B;) has the
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standard normal distribution), and By = 0, and (B;— Bs)oT, = By —Bsip-
Such (B¢); may be called a Brownian motion adapted to the given noise.
Then, of course, by ]-";fthite we mean the sub-o-field generated by B, — B
for all u € (s,t). The Arveson system (Hy)¢, Hy = Lo(Fo ), is an extension
of the type I7 system (H}Pite), Hhite — Lg(f(‘)‘jthite),

(1.9) H; D Hjhite,

All units of (H}"Mt*), are also units of (H;);. It may happen that (H;);
admits no other units even though F;; # fg"”thite, H; # HYM* Then (Hy),
is of type II (units generate a nontrivial, proper subsystem), namely, of
type I1y; (H}™M*); is the classical part of (H;);, and the white noise is the
classical part of the given noise. The automorphisms ©"1Vi2l(\) and @shift(id)
for A € R can be extended naturally from the classical part to the whole
system (which does not exclude other possible extensions). For ©shift(}) and
Orotat(d) we have no evident extension. Moreover, these automorphisms need
not have any extensions, as will be proved.

Two examples found by Warren [11], [12] are ‘the noise of splitting’ and
‘the noise of stickiness’; see also [13] and [9, Section 2|. For the noise of
splitting the gauge group restricted to the classical part covers all shifts of
C (but only trivial rotations [10]), thus, it acts transitively on C, therefore,
on normalized units as well.

A new (third) example is introduced in Section 10 for proving the main
result formulated as follows.

Theorem 1.10. There exists an Arveson system of type 11 such that the
action of the group of automorphisms on the set of normalized units is not
transitive.

The proof is given in Section 11, after the formulation of Proposition 11.1.

The first version [8] of this paper raised some doubts [3, p. 6]. Hopefully
they will be dispelled by the present version.

First of all, in Section 2 we reformulate the problem as a problem of
isomorphism. Isomorphism of some models simpler than Arveson systems
are investigated in Sections 3-9. In Section 11 we reduce the problem for
Arveson systems to the problem for the simpler models. In combination
with the new noise of Section 10 it proves Theorem 1.10.

2. Extensions of automorphisms and
isomorphisms of extensions

Assume that a given noise ((, F, P), (Fs:), (T})) is an extension of the
white noise (see (1.8) and the explanation after it) generated by a given
Brownian motion (B;); adapted to the given noise. Assume that another
noise ((V,F',P'),(F.,),(I})) is also an extension of the white noise, ac-
cording to a given adapted Brownian motion (Bj});. On the level of Arveson
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systems we have two extensions of the type I; system:
Ht B H;Vhite Hé B Hé white .
Y Y

here H; = Lo(Q, For, P), HYM = Lg(Q,fa’f}fite, P), fgf?ite being generated
by the restriction of B to [0,t]. (H] and H]""' are defined similarly.)

An isomorphism between the two Arveson systems (Hy):, (H}): is defined
similarly to 1.5 (0 : H; — H{, O4y; = O5 ® Oy, and the Borel measurabil-
ity). If it exists, it is nonunique. In contrast, the subsystems (H;""*); and
(H] b)), are naturally isomorphic:

@Eransfer (X(B|[O,t] )) _ X(B/| [07t}) for all X;

here By 4 is treated as a C|0, t]-valued random variable on (2, distributed W;
(the Wiener measure); similarly, B'[jg is a C[0,t]-valued random variable
on ', distributed W;; and X runs over Lo(C|0,t], W}).

We define an isomorphism between extensions as an isomorphism (©;);
between Arveson systems that extends ©%ansfer that i,

Ot frypnite = otranster for all ¢.

Adding a drift to the Brownian motion (B); we get a random process
(B¢ + At)¢ locally equivalent, but globally singular to the Brownian motion.
In terms of noises this idea may be formalized as follows.

Let (Q2,F,P) be a probability space, Fs+ C F sub-o-fields, and (1},)n
a measurable action of R on €, satisfying Conditions (b) and (c) of Def-
inition 1.2 (but not (a)). Let P,P’ be (T})-invariant probability mea-
sures on (Q,F) such that P + P’ = 2P, and 1.2(a) holds for each of
the two measures P, P’. Then we have two noises ((Q, F, P), (Fs4), (Th)),
(2, F,P'),(Fsr), (Tp)). Assume also that the restrictions P|z, , and P'|£,,
are equivalent (that is, mutually absolutely continuous) whenever s < t.
This relation between two noises may be called a change of measure. The
corresponding Arveson systems are naturally isomorphic (via multiplication
by the Radon—Nikodym derivative):

dPl|f0,t

e;:hange CH, — Hé, e;:hangew _ Dt—1/21/}’ D; = '
dp‘fo,t

We are especially interested in a change of measure such that (recall (1.7))
D; = exp (2)\Bt — 2)\2t) for t € (0,00),

where (B;); is a Brownian motion adapted to the first noise, and A € R a
given number. In this case (B; — 2At); is a Brownian motion adapted to the
second noise. We take Bf = By — 2\t and get two extensions of the white
noise. In such a situation we say that the second extension results from

the first one by the drift 2\, denote @fhange by thangem and @ransfer by

(_);ransfer()\) '
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Note that
ransfer(\
O™ ™ (X(Blj,0)) = (X 0 0))(Blpo.q)

for X € Ly(C[0,t], W;); as before, 6 : C[0,t] — C[0,1] is the drift transfor-
mation, (67b)(s) = b(s) — 2As for s € [0,1], it sends the measure D; - W; to
W.

The isomorphism ©°"272¢(N) between the two Arveson systems (Hy), (H});
is not an isomorphism of extensions (unless A = 0), since its restiction to
(HMite), is not equal to @transfer(\) - Tpgtead, by the lemma below, they are
related via the automorphism ©sMfN) of (H¥hite) introduced in Section 1.

Lemma 2.1.
echange()\) @shift()\) _ etransfer()\)

that 1s,
@Ehange()\) @ihift()\)w _ @Eransfer()\)lp

for all 1 € H}™*® and all t € (0,00).
Proof. We take X € Lo(C[0,t], W;) such that ¢ = X(B|[07ﬂ), then

o e My = DV Dy (X 0 61)(Blpg)

= (X 0 0))(Blq) = 67" My, O
The situation is shown on the diagram
_______ SO
(Ht)t ................. @ .............. - (Ht)t s N (Ht/)t
\]\ . @shift(k) \]\ . @change(k) j .
(szvhlte)t (szvhlte)t (Hé whlte)t
—_— -
@transfer(X)

and we see that the following conditions are equivalent:

e There exists an automorphism © of (H;); that extends @MY,
e There exists an isomorphism O’ between (Hy); and (H/); that extends
@transfer()\) )

In other words, @ can be extended to (Hy); if and only if the two

extensions of the type I; system are isomorphic.

Corollary 2.2. In order to prove Theorem 1.10 it is sufficient to construct
a noise, extending the white noise, such that for every A € R\ {0} the
extension obtained by the drift \ is nonisomorphic to the original extension
on the level of Arveson systems (that is, the corresponding extensions of the
type Iy Arveson system are nonisomorphic).
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Proof. In the group of all motions of the complex plane we consider the
subgroup G of motions that correspond to automorphisms of (H;"P%), ex-
tendable to (Hy);. Real shifts z +— z 4+ A\ (for A € R\ {0}) do not belong to
G, as explained above. Imaginary shifts z — z + i\ (for A € R) belong to
G, since the operators @ihlft(l)‘) of multiplication by exp(iAB;) act naturally
on H;. It follows that G' contains no rotations (except for the rotation by

m) and therefore is not transitive. (]

Thus, we need a drift sensitive extension. Such extension is constructed
in Section 10 and its drift sensitivity is proved in Section 11.

3. Toy models: Hilbert spaces

Definitions and statements of Sections 3 and 4 will not be used formally,
but probably help to understand the idea.

The phenomenon of a nonextendable isomorphism (as well as nonisomor-
phic extensions) is demonstrated in this section by a toy model, — a kind
of product system of Hilbert spaces, simpler than Arveson system.

Definition 3.1. A toy product system of Hilbert spaces is a triple
(H1, Hoo, U),
where Hy, Hy, are Hilbert spaces (over C, separable), and
U:H ® Hyw — Hy
is a unitary operator.
We treat it as a kind of product system, since
Ho~Hi @QHo~H @H @ Hyo ~ - -+

where ‘~” means: may be identified naturally (using U).

An evident example: Ho, = (Hy,1)®> is the infinite tensor product of
(an infinite sequence of) copies of Hj relatively to (the copies of) a given
vector ¢ € Hy, ||¢1|| = 1. The equation U(¢ ® £) = £ has exactly one
solution: ¥ = 1y, & = PP,

An uninteresting modification: Hy, = (Hy,11)%>® @ Hy for some Hilbert
space Hy.

A more interesting example: Hoo = (Hy,11)%>®° @ (Hy,19)®> is the direct
sum of two such infinite tensor products, one relative to 1)1, the other relative
to another vector v € Hy, ||1)2]] = 1, 12 # 1. The equation U(¢p @ ) =&
has exactly two solutions: ¥ = 11, £ = ¥ and 1 = g, & = P5°.

Definition 3.2. Let (Hy, H,U) and (Hj, H. ,U’) be toy product systems
of Hilbert spaces. An isomorphism between them is a pair © = (01, O) of
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unitary operators ©1 : Hy — H/, O : Ho, — H/_ such that the diagram

Hy ® Hy, —Y He,
l@l(@@m l@oo
e, —Y i,

is commutative.

Thus,
900N91®900N@1®91®900N

A unitary operator ©1 : H; — H; leads to an automorphism of

(Hi,1)®>

(that is, of the corresponding toy product system) if and only if ©1¢; = 9.
Similarly, ©1 leads to an automorphism of (Hy, 1) @ (Hy,9)®> if and
only if either ©111 = ¥ and O119 = 1y, or O = P9 and O11)y = Y.

Taking ©1 such that ©111 = 11 but O119 # 1h9 we get an automorphism
of (Hy,11)®> that cannot be extended to an automorphism of

(Hy,1)®% @ (Hy, ¢2)®>.

Similarly to Section 2 we may turn from extensions of automorphisms
to isomorphisms of extensions. The system (Hy,11)®® @ (Hy,12)®> is an
extension of (Hy,)®> (in the evident sense). Another vector 1 leads to
another extension of (Hy,11)®>®. We define an isomorphism between the
two extensions as an isomorphism (01, ©, ) between the toy product systems
(Hy,11)%® @& (Hy,12)®>® and (Hy,11)®>® & (Hy,9,)®>® whose restriction
to (Hy,1)®> is trivial (the identity):

(91 7900)

(H1,1p1)®% @ (Hy,1h2)®> (H1,1p1)®> @ (Hy,1pp)®>

\/

(Hy,1p1)®.

Clearly, ©1 must be trivial; therefore ¢4 must be equal to 2. Otherwise
the two extensions are nonisomorphic.

4. Toy models: probability spaces
Definition 4.1. A toy product system of probability spaces is a triple
(Qla ron Oé),

where (21, Qo are probability spaces (standard), and « : 1 X Qo — Qo is
an isomorphism mod 0 (that is, an invertible measure preserving map).
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Every toy product system of probability spaces (21, Qso, @) leads to a toy
product system of Hilbert spaces (Hi, Hoo,U) as follows:

Hy = Ly(1); Hoo = L2(Qs0);
(UY)(-) = (a1 ().
Here we use the canonical identification
LQ(Ql) X LQ(QOO) = LQ(Ql X Qoo)

and treat a vector ¢ € Hy ® Hy, as an element of Lo (€1 X Q).

An evident example: Q. = Qf° is the product of an infinite sequence
of copies of Q1. It leads to Hy = (Hp,1)®® where Hy = L2(£;) and
1 € Ly(£2) is the constant function, 1(-) = 1.

An uninteresting modification: 2o, = Q7° x Qg for some probability space
Qp. It leads to Hy, = (Hl, 1)®OO ® Hy, Hy = LQ(QO).

Here is a more interesting example. Let X7 : Q3 — {—1,+1} be a mea-
surable function (not a constant). We define 2, as the set of all double se-
quences (‘;’11 s jjj) such that wy € Oy, s € {—1,+1} and s = sp11 X7 (wk)
for all k. Sequences (wy,ws,...) € QF° are endowed with the product
measure. The conditional distribution of the sequence (s, $s2,...), given
(w1,ws,...), must be concentrated on the two sequences obeying the rela-
tion s = sp+1X1(wg). We give to these two sequences equal conditional
probabilities, 0.5 to each. Thus, 2, is endowed with a probability measure.
The map a : 21 X Qoo — Qs is defined by

w2, W3, ... . Wi, wo, W3, ...
| Wi, = X .
S92, 83, ... 59 1(0)1), S92, 83, ...

Clearly, « is measure preserving,.
This system (€1, Qoo, @) leads to a system (Hy, Hs, U) of the form

(Hy,91)%% @ (Hy, 12)®>

(up to isomorphism), as explained below. We have

Hl :L2(Ql)a Hoo :L2(Qoo)7

w1 w2 w3 w2 w3
U b ) ) — w b b X
(Uy) <31, So, 83, ... Y@ S9, 83, ...

The equation U(y) @ &) = £ becomes

w2, w3, ...\ w1, W2, W3, ...
Y(w)§ <82, s3, > =< (31, S92, 83, > ‘
One solution is evident: ¢ = 1q,, £ = 1. A less evident solution is,
1 = X1, £ = S1, where Sy is defined by Sl(‘;’llj o jjj) = 51. (The equation
is satisfied due to the relation Xj(wi)s2 = s1.) We consider the system
(H{,H.,,U") where H| = Hy = Lo(0y), H,, = (H},10,)%>® & (Hj, X1)®>®
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(U’ being defined naturally) and construct an isomorphism (6©1,0.) be-
tween (Hy, Hoo,U) and (Hf, H. ,U’) such that
Occla,, =15,
OnoS1 = X7

To this end we consider an arbitrary n and & € Ly(QF) = HY™, define
90771) € L2(Qoo) by

o <w1, w2, > — g(wl,‘ B ’wn)’

S1, 82,
w1, W2, ...
=S Wy ooy W
1/1(81’ S9, > TL+1£( 1 ) TL)

and, using the relation (or rather, the natural isomorphism)
H, = (H)*" @ H,
we let
O =E®1E®, Ot = £ XP™,
thus defining a unitary O : Hoo — H.,. (Further details are left to the

reader.)
A more general construction is introduced in Section 5.

5. Binary extensions: probability spaces

Definition 5.1. (a) An extension of a probability space €2 consists of an-
other probability space Q and a measure preserving map - : Q — Q.
(b) Two extensions (£,7) and (€,7') of a probability space ) are iso-
morphic, if there exists an invertible (mod 0) measure preserving map
0 : Q — ' such that the diagram

is commutative. (Such @ will be called an isomorphism of extensions.)

(¢) An extension of a probability space Q is binary, if it is isomorphic to
(QxQy,v), where Qp = {—1,+41} consists of two equiprobable atoms,
and v : Q x Q1 — Q is the projection, (w,s) — w.

By a well-known theorem of V. Rokhlin, an extension is binary if and only
if conditional measures consist of two atoms of probability 0.5. However, this
fact will not be used. _

Interchanging the two atoms we get an involution on §2. Denoting it by
w — —w we have

BAD, —(-0)=d, Y(-0)=~@) forde;



ON AUTOMORPHISMS OF ARVESON SYSTEMS 551

these properties characterize the involution. In the case Q=0Qx QL we
have —(w, s) = (w, —s) for w € Q, s = +1.

An isomorphism between two binary extensions boils down to an au-
tomorphism of (2 x Q4,v). The general form of such automorphism is
(w,s) — (w,sU(w)) for w € Q, s = £+1; here U runs over measurable func-
tions Q — {—1,41}. The automorphism commutes with the involution,
thus, every isomorphism of extensions intertwines the involutions,

0(—) = —0(@) for &€ Q.

Definition 5.2. (a) An inductive system of probability spaces consists of
probability spaces €2, and measure preserving maps 3, : 0, — Q41
forn=1,2,...

(b) Let (2, Bn)n and (2, 5))n be two inductive systems of probability
spaces. A morphism from (Qy,, Bn)n to (Q,, B1)n is a sequence of mea-
sure preserving maps 7, : 2, — Q) such that the infinite diagram

o 51 0y B2
\L“ﬂ l“m
81 B4
0 08

is commutative. If each =, is invertible, the morphism is an isomor-
phism.

(¢) A morphism (7y,), is binary, if for every n the extension (Qy,,~,) of
is binary, and each [, intertwines the corresponding involutions,

Bn(—wpn) = —Bp(wn) for w, € Q.

Given a binary morphism (v,), from (2, 8,)n to (2, 5))n, we say
that (Q, Bn)n is a binary extension of (Q),, 8))n (according to (7y)n)-

Definition 5.3. Let (£2,,, 3, ) be an inductive system of probability spaces,
(Qn, Bn)n its binary extension (according to (vn)n), and (€2, 3.), another
binary extension of (Q,,, 8, )n (according to (v),)n). An isomorphism between
the two binary extensions is an isomorphism (6,), between (§~2n, En)n and
(QQL, Eﬁ)n treated as inductive systems of probability spaces, satisfying the
following condition: for each n the diagram

On

A\ A
Qn

2, 2,

is commutative.

In other words, an isomorphism between the two binary extensions of
the inductive system is a sequence (6,), where each 6, is an isomorphism
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between the two binary extensions (Q,,7,) and (€,,7,) of the probability
space (), such that the diagram

Q Qn—i—l

E

o

n+1

is commutative for every n.

Lemma 5.4. Let (2, Bn)n be an inductive system of probability spaces.
(a) Let X, : Q, — {—1,+1} be measurable functions, and

Qp = Qp x O,
(5.5) Bo(Wns $0) = (B (wn)s 50 Xn(wn))

for w, € Q,, s, = £1.
'Vn(wnasn) = Wn

Then (Qn, B,) is a binary extension of (D, B)n (according to (n)n).
(b) Ewvery binary extension of (Qp, Bn)n is isomorphic to the extension of
the form (5.5), for some (X;,)n.

ProoE (a) Clearly, Bn and -y, are measure preserving, 7y, is binary, and
'Yn—i-l(ﬁn(wmjn)l: Br(wn) = Bn(Yn(wn, sn))-

(b) Let (2, Bn)n be a binary extension of (€2, 8,)n according to (v, )n.-
Without loss of generality we assume 2, = Q,, x Q4 and v, (wn, $n) = wp.
The relations

'7n+1(§n(wna Sn)) = ﬁn(')/n(wn, Sn)) = ﬁn(wn)y
En(_wn) = _En(wn)y

show that Bn is of the form Bn(wn, Sp) = (ﬁn(wn), san(wn)) for some mea-
surable X, : Q, — {—1,+1}. O

Given an inductive system (€2,,3,), of probability spaces and two se-
quences (X,)n, (Yy,)n of measurable functions X,,,Y,, : Q, — {—1,+1}, the
construction (5.5) gives us two binary extensions of (2, 3,)n. One exten-
sion, (§~2n, Bn)n, (Yn)n, corresponds to (X, ),, the other extension, (SNZ;l, B,’l)n,
(44 )n, corresponds to (Y,),. We want to know, whether they are isomorphic
or not.

For each n separately, the two binary extensions of the probability space
Q,, coincide: Q,, = Q, X Qx = Q. v (wn, sn) = wn = v, (wWn, $n). Every
isomorphism #,, between them is of the form

On(wn, Sn) = (wn,ann(wn)) for wy, € Qy, s, = *1,

where U, : Q, — {—1,+1} is a measurable function. In order to form an
isomorphism between the binary extensions of the inductive system, these
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6, must satisfy the condition 0p11(Bn(@n)) = B,(0n(@n)), that is (recall

(5.5)),
Xn(wn)Unt1(Bn(wn)) = Up(wp)Yn(wy)  for wy, € Q.

Given an inductive system (€2, 3,), of probability spaces, we consider
the commutative group G((2,,0r)r) of all sequences f = (fy), of mea-
surable functions f, : @, — {—1,+1} treated mod 0; the group opera-
tion is the pointwise multiplication. We define the shift homomorphism

T : G((Q, Br)n) — G((Qn, Br)n) by
(Tf)n(wn) = fnt1 (ﬁn(wn)) for w, € Q.

According to (5.5), every X € G((Q,n)n) leads to a binary extension of
(L, Br)n. We summarize the previous paragraph as follows.

Lemma 5.6. The binary extensions corresponding to X,Y € G((Qy, Bn)n)
are isomorphic if and only if XT(U) =Y U for some U € G((Qy, Bn)n)-

6. Binary extensions: Hilbert spaces

Given an extension of a probability space, 7 : Q— ), we have a natural
embedding of Hilbert spaces, Lo(Q2) C Lg(ﬁ), and a natural action of the
commutative algebra Loo(2) on La(Q). (L and Lo over C are meant.)
Assume that the extension is binary. Then the embedded subspace and
its orthogonal complement are the ‘even’ and ‘odd’ subspaces w.r.t. the
involution @ +— —& on Q; that is,

Y € Ly(Q) if and only if h(—&) = (@) for almost all & € Q;

W € Ly(Q) © Ly(Q) if and only if (—&) = —(&) for almost all & € €.

Lemma 6.1. Let v : Q— Q and ~ Q' — Q be two binary extensions of a
probability space Q2. Then the following two conditions on a unitary operator
O : Ly(Q) — Ly(Q) are equivalent:
(a) © is trivial on La(SY), and intertwines the two actions of Loo(2). In
other words,

Oy =1  for all Y € La(Q),
O(h-¢) =h-(0¢) for allp € Ly(Q), h € Loo(9).
(b) There exists an isomorphism of extensions 0 : Q — Q' and h € Lso(9),
|h(-)| =1, such that
O =10l forall € La(Q),
OY =h- (o) forallh € Ly() S La(K).

Proof. (b) = (a): evident. (a) = (b): Without loss of generality we
assume that Q = Q' = O x Q4 and y(w, s) = 7/ (w, s) = w. The Hilbert space

Ly(92) & Lo(2) consists of functions of the form (w, s) — sf(w) where f runs
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over Lo(£2). Thus, La(Q2) & Lo(f2) is naturally isomorphic to L2(2), and
the isomorphism intertwines the actions of L. (€2). The operator © maps
Lo(€) & La(2) onto Ly(Q)© Ly () and leads to an operator La(€2) — La(€2)
that commutes with Lo (£2) and is therefore the multiplication by a function
h € Loo(92). O

An inductive system of probability spaces (€2, 5,,)n leads evidently to a
decreasing sequence of Hilbert spaces,

L2(Ql) <—)L2(Q2) - O...

Similarly, a morphism from (9, 3,), to (2, 5,), leads to a commutative
diagram of Hilbert space embeddings

L2(Ql) <—)L2(Q2) - O...

Ly() =———Lo() =——- -

The commutative algebra Lo (€2,) acts on Lo(€2,) and L2(Q,), and the
embedding Ls(Q)) — La(€,) intertwines these two actions.

Lemma 6.2. Let (Q,,,)n be an inductive system of probability spaces,
(Qn, Bn)n its binary extension (according to (yn)n), and (U, 3.), another
binary extension of (Qn, Bn)n (according to (v))n). Then the following two
conditions are equivalent:

(a) The two binary extensions are isomorphic.
(b) There exist unitary operators

O, 1 La(,) — La(2)

such that for every n, O, intertwines the actions of Loo(2y,) on La(2y,)
and Lo(SY,), and the following two diagrams are commutative:

2(Q)  Lo(€,) =—Lo(Q 1)

Lo(2,) o Lo(SY
\ / JAQ" jem
La(2n)

Lay($2,) =——L2(2,1)-

Proof. (a) = (b): evident. (b) = (a): For each n separately we have
two binary extensions (Q,,7,), (©,,7,) of the probability space €, and

a unitary operator ©,, : Ly(€,) — Ly(Q,) that satisfies Condition (a) of
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Lemma 6.1. On the other hand, due to Lemma 5.4 we may assume that
Qp=Q, x 0 =Q,
’Yn(wm Sn) = Wn = ’Yq/%(wna Sn)y
Bn(wny Sn) = (Bn(wn)a San(wn))y
ﬁyll(wm Sn) = (ﬁn(wn)a SnYn(wn))'
Now Lemma 6.1 gives us hy, € Loo(2), |hn(-)| = 1, such that
Ont) = hp -9
for all ¢ € La(2, x Q1) © Lao(2y,). In other words, if ¢ (wy, sp) = sp.f(wn)
then (On1))(wn, sn) = sn.f(wn)hn(wy); here f runs over Ly(2y,). By commu-
tativity of the second diagram, (©,411)0 8, = O, (¢ of;,) for ¢ € La(2, ;).
For the case ¥(wp+1, Sn+1) = Sp+1f(wny1) we have, first,
((®n+1¢) © En) (Wm Sn) = (®n+1¢) (ﬁn (Wn)y snXn (wn))
= $pXn(wn) f(Bn(wn))hns1(Bn(wn)),

and second,

(Yo E;z)(wm Sp) = 1/1(@1(0%), SnYn(Wn)) = 5nYn(wn) f(Bn(wn)),
On (o Eq/z)(wm sn) = $nYn(wn) f(Bn(wn))hn(wn).

They are equal, which means that X,,(wy)hn+1(Bn(wn)) = Yo(wn)hn(wn),
that is,

(hpt100n) - Xp=hy - Y,
By Lemma 5.6 it is sufficient to find measurable functions
Up:Qp— {-1,+1}
such that
(Upy100pn) - X =U, Y, forall n.
We choose a Borel function ¢ : T — {—1,4+1}, where T = {z € C: |z| = 1},

such that ¢(—2z) = —p(2) for all z € T. For example, p(e!®) = +1 for
a € [0,7) but —1 for a € [, 27). The functions U,,(-) = p(hy(+)) satisfy the
needed equation, since X,,(-) = £1, V() = £1. O

7. Products of binary extensions

Definitions and statements of this section are used only in Section 11 (in
the proof of Lemma 11.10).

Special measures are taken in the next definition in order to keep the
product binary (rather than quaternary).
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Definition 7.1. Let (ﬁk,yk) be a binary extension of a probability space
Qp for £ =1,2; @ = Q) x Qg5 and A C  a measurable set. The product
of these two binary extensions (according to A) is the extension (£2,7) of §2
defined as follows:

Q= {(@1,w2) : (r1(@1),wa) € A} W {(w1,w2) : (w1,72(w2)) € 2\ A},

N N

A O\A
t~he measure on A is~induced from (the product measure on) 51 X 9, on
Q\ A — from Q; x Qy;

(@1, wa) = (11(w1),we),  Y(w1,w2) = (w1,72(w2)).

Here and henceforth wy runs over €y, and wy, runs over Qk
Clearly, the extension (£2,7) is binary.

Let a binary extension (€2,7) of Q = Q3 x Qs be the product of two binary
extensions (Qx,Vk), k = 1,2 (according to a given A C €2). Then we have a
natural embedding of Hilbert spaces,

(7.2) Ly() C La(D1) ® La(Q);

it arises from the natural measure preserving map 1 x Q9 — €,

(@1, @) (W1,72(w2)) if (1(@1),72(@2)) € A,
7 (71(@1),w9) otherwise.

The restriction of the embedding (7.2) to L2(f2) is just the tensor product
of the two embeddings Lo () C Lg(ﬁk), k = 1,2, since the corresponding
composition map 51 X ﬁg —~ Q- Qis just v1 X ¥a.

The projection map A — §~21, (W1, w2) +— w1, nee~d not be measure pre-

serving, but anyway, generates a sub-o-field F; on A.

Lemma 7.3. Let (ﬁk,vk) and (ﬁ;,'y,’g) be two binary extensions of a prob-
ability space Qy, (fol“ E=1,2), Q= Q1 xQy, A C Q a measurable set,
O : La(Qx) — Lo(Q),) unitary operators, each satisfying Condition (a) of
Lemma 6.1. Then ©1 x ©2 maps L(Q) onto La(Y'), La(A) onto La(A'),
and Lo(A, Fy) onto La(A', F}).

It is meant that

Lo(A, F1) C Ly(A) C Ly(A) ® La(R2\ A) = La(Q) C La() @ La(Qa),

Loy(A', F}) C Ly(A) & Ly(Q'\ A') = Lo() C Lo(2)) ® La().

The reader may prove Lemma 7.3 via Lemma 6.1, but the proof below

does not use Lemma 6.1.

Proof. The operator © = ©; ® O4 intertwines the actions of Ly (£21) and
Loo(€2), therefore, also the actions of Lo (€21 x Q2). In particular,

@121[) = 12,@1[) for ¢ € LQ(ﬁl X 62)
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The space La(A) is the closure of linear combinations of vectors of the form
Y= lg(% ® @2), where 1 € Lo(21) and g9 € Lo(2). For such 1) we have

Oy = O13(p1 ® 92) = 13,0(¢1 ® 2) = 13,(O101 ® Ozp2) € La(A),

since ©1¢1 € La(2)) and O2p3 = @9 € La(§22). Therefore

O(La(A)) € Lo(A).

The special case ¢y = 1 gives O(La(A, F1)) C Lo(A’, F]). The same holds
for ©~!, thus, the inclusions are in fact equalities. Similarly,

O(Ly(Q\ A)) = Lo(¥ \ A').
It follows that ©(Ly(Q)) = La(€). O

8. Some necessary conditions of isomorphism

Let p1 be a probability measure on the space R (of all infinite sequences
of reals), f : R® — R the shift, §(z1,z2,...) = (x2,23,...), and p, the
image of 1 under $"~!. Probability spaces €, = (R*,u,) with maps
0By, = [ are an inductive system of probability spaces.

Let Borel functions f,, : R — {—1,+1} be given. We define

X Qp — {—1,+1},
Xn(l'n, Tn41,--- ) = fn(ajn)a

and consider the corresponding binary extension of (£, 3,),. Another se-
quence of functions g, : R — {—1,+1} leads to another binary extension.
According to Lemma 5.6 the two binary extensions are isomorphic if and
only if there exist U, : £,, — {—1,41} such that

(8.1) Unt1(Tnt1, Tnt2y - -+ ) = Un(@ny Tpg1, -« ) fro(@n) gn ().
Functions that do not depend on x,,, that is, functions of the form
(1,22, ... ) = @O(T1, .o oy Ty 1, Ty 1, Tpg2, -+ - )

are a subspace H,, C Lo(p1). We consider vectors 1, € La(1),
(8.2) Un(1, 22, ) = fu(@n)gn(zn),
and the distance between v, and H,.
Lemma 8.3. The condition

dist(¢,, Hy) — 0 asn — oo

18 necessary for the two binary extensions to be isomorphic.
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Proof. Let U, satisfy (8.1), then
Un(@n, Tpy1,...) =Ui(z1,22,... )h1(z1) ... hp—1(2p—1),
where hy,(x) = fn(x)gn(x). We have
Un(x1,m9,...) = hp(zyn) = Up(@n, Tpat, - - - ) Uns1 (Tnt1s Toga, o)
=Ui(x1,29,... )hi(x1) .. b1 (n—1)Unt1(Tnt1, Tnao, - - - ).

Taking into account that H,, is invariant under multiplication by any (bound-

ed measurable) function of z1,...,z,—1 and Tp41, Tpio,... we see that
dist (¢, Hy) = dist(Uy, Hy,).
The latter converges to 0, since H,, contains all functions of z1,...,z,_1. U
The conditional distribution of x,, given x1,...,2x,—1 and x,41, Tpio, . ..
(assuming that (x1,x9,...) is distributed pq) is a probability measure v,
on R; this v, is random in the sense that it depends on xz1,...,z,_1 and
Tp41s Tnt2, ... (whose distribution is the marginal of ).
Here is a useful condition on p1:
(8.4) Je >0 Vn P (v, is e-good) > e,
where a probability measure v on R is called e-good if
(8.5) Jz € R VA v(A) > emes(AN (z,z+¢))

(A runs over Borel subsets of R; ‘mes’ stands for Lebesgue measure).
Usually v has a density; then (8.5) requires the density to exceed € on
some interval of length €.

Lemma 8.6. Let uy satisfy (8.4), and numbers €, € (0,00) satisfy e, — 0.
Then there exist Borel functions f, : R — {—1,4+1} such that for every

c € R\ {0}, defining gn : R — {=1,+1} by gn(x) = fu(z + cen) we get ¢y,
(see (8.2)) wviolating the necessary condition of Lemma 8.3 (and therefore,
(fn)n and (gn)n lead to two nonisomorphic binary extensions).

Proof. We take A1, \g,... such that

\oe — 1 for n odd,
"1 V2 for neven,

and define
fu(x) = a(Ay2),
where
—1 for z € Ugeglk — 0.5, k),

o(z) =
+1 for x € Ugezlk, k +0.5).

Let ¢ € R be given, ¢ # 0. It is sufficient to prove that at least one of two
claims

lim sup dist(12,, Hop) > 0, limsup dist(¢o,—1, Hop—1) > 0
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holds. Here

¢n($17$27 .. ) = hn($n) = fn(xn)gn(l‘n) = fn(xn)fn(l‘n + CEn)
= 0(AnZn)o(Apxn + cApen).

The function h,, is periodic, with period 1/)\,,. The mean value M,, of h,
over the period is

1/An 1
M, = )\n/ hp(x)de = / o(u)o(u + cApey) du.
0 0

It reaches +1 when 2c)\,e, € Z; otherwise —1 < M,, < 1. The relations
2¢ € Z and 2¢v/2 € Z are incompatible, therefore at least one of two claims
sup |Ma,| <1, sup|My,—1| <1

n n

holds. (Of course, My, and Ms,_1 do not depend on n, but this fact does
not matter.) It is sufficient to prove that

sup [My,| <1 implies limsup dist(¢a,, Hay) > 0,
n n
sup [Msy,—1| <1 implies limsup dist(¢2,—1, Hapn—1) > 0.
n n
The former implication will be proved (the latter is similar). Assume the
contrary: sup,, |Ma,| < 1 and dist(¢2,, H2,) — 0.
For any probability measure v on R, the squared distance in the space

Lo(v) between the function h, and the one-dimensional space of constant
functions is

/<hn—/hndy>2dy:/hidy— </hndu>2:1— </hndu>2.

We use the random measure v, take the average and recall the definition

of H,:
2
E <1 — (/hn dz/n> > = dist? (¢, Hy).

Taking into account that dist(wg,, Ha,) — 0 we see that | f hay, dva,| — 1in
probability. In order to get a contradiction to (8.4) it is sufficient to prove

that limsup,, sup, | [ ho, dv| < 1, where v runs over all e-good measures
(recall (8.4) and (8.5)). Or, equivalently,

liminf infv (ks (—1)) >0, liminf infv(hy, (+1)) > 0.
The former will be proved (the latter is similar). By (8.5),

I/(h2_n1(—1)) > fsmes(hz_nl(—l) N(z,z+¢)).



560 BORIS TSIRELSON

For large n the period 1/)\y, of the function hse, is < &, therefore

_mes(hz_nl(—l) N(z,z+e)) >=- )\2n/ hfz(l“)dx
) 2 0 2
_ 1 1My,
=5 5
1
> 4 (1= sup Mo, ]) > 0. 0

Remark 8.7. The functions f, constructed in the proof of Lemma 8.6
depend only on the numbers €,, not on the measure p;.

Let a probability measure p on C0, 1] be given. Random variables A(t)
on the probability space Q = (C[0,1],u) defined by A(t)(a) = a(t) for
a € C[0,1], t € [0,1], are a random process. For every n the restriction map
C0,1] — C0,37"] sends p to some p,,. Probability spaces

Q= (C[0,37"], pin)

with restriction maps are an inductive system.

Given Borel functions f, : R — {—1,41}, we define random variables
X i Qy — {=1,+1} by X,, = fn(A(2-37"1)). The corresponding binary
extension may be visualized as follows. We consider pairs (a, s) of a function
a € C[0,1] and another function s : (0,1] — {—1,+1} constant on each
[2-37"712.37") and such that s(2-37"—)s(2-37") = f,_1(a(2-37")) for
all n. We get a pair of random processes A(-), S(-) satisfying

S(2-37m)

m = fa-1(A(2-37")).

Their restrictions to [0,37"] give Q,. For each t (separately), the ran-
dom variable S(t) is independent of the process A(-) and takes on the two
equiprobable values £1.

As before, given also g, : R — {—1,+1} (thus, another binary extension),
we define 1, € Lo(2) by

Un = fa(A2-37771))gn(A(2-37"7H).

We consider the subspaces H,, C La(2) consisting of functions of A(t) for
t €[0,3 " U [37", 1] only (in other words, functions of the restrictions of
sample paths to [0,3 " 1] U [37",1]).

Lemma 8.8. The condition dist(1,,, H,) — 0 is necessary for the two binary
extensions to be isomorphic.

The proof, similar to the proof of Lemma 8.3, is left to the reader.
Similarly, C[—1, 1] may be used (instead of C|0, 1]), with

Q, = (C[_17 3—71]’ Nn)§
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the process S(-) jumps at 2-37", as before. Now H,, consists of functions of
the restriction A|j_j 3—n—1]y3-n 1] of A to [=1,37""1JU[37", 1] (rather than
(0,37 "7 U [37",1]). Lemma 8.8 remains true.

The conditional distribution of A(2-37"!) given A|_q 3-n-1]y3-n 1] i
too concentrated (when n is large) for being e-good (recall (8.5)). A useful
condition on y stipulates rescaling by 3"/2:

(8.9) there exists € > 0 such that for every n,

the conditional distribution of 32 A(2-37"1) given AljZ13-n-1)u3-n1]
is e-good with probability > e.

Here is a counterpart of Lemma 8.6 for ¢,, = 37"/2,

Lemma 8.10. Let p satisfy (8.9). Then there exist Borel functions f, : R —
{=1,41} such that for every ¢ € R\ {0}, defining g, : R — {—1,+1} by
gn(x) = fn($+3_nc) we get P, = fn(A(2 ’ 3_n_1))gn(A(2 ’ 3—n—1)) violating
the necessary condition of Lemma 8.8 (and therefore, two nonisomorphic
binary extensions).

The proof, similar to the proof of Lemma 8.6, is left to the reader.

9. A binary extension of Brownian motion

The space C]0,1] of all continuous functions b : [0,1] — R, endowed
with the Wiener measure W, is a probability space. Random variables B(t)
on (C[0,1],W), defined for ¢ € [0,1] by B(t)(b) = b(t), are the Brownian
motion on [0,1]. Almost surely, a Brownian sample path on [0,1] has a
unique (global) minimum,

in B(t) = B(r),
i, (t) = B(7)
T being a measurable function on (C[0,1],V), 0 < 7(-) < 1 a.s.
We define another random process A, on the time interval [—1, 1], by

A(t) = B(min(1,7 +t)) — B(r) for t € [0,1],
A(t) = B(max(0,7 +t)) — B(r) for ¢t € [1,0].
A W-measurable map C[0,1] — C[—1,1] is thus introduced. The map is

one-to-one (mod 0), since B(-) is nonconstant on every time interval, almost
surely.

Proposition 9.1. The process A satisfies (8.9).

The proof is given after three lemmas.

The conditional distribution of the process B given the restriction Af|_;
(for a given € € (0,1)) is the same as the conditional distribution of the
process B given 7 and B\[OJJFE}, since the two corresponding measurable
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partitions of (C[0, 1], W) are equal (mod 0). This conditional distribution is
a probability measure on the set of Brownian sample paths b such that

b(t) = x(t) forte0,s+ ¢,
b(t) > x(s) forte[s+e,1];

here s € (0,1 —¢) is a given value of 7, and = € C[0, s + €] is a given sample
path of Bljg r4.); of course, s is the unique minimizer of z. We assume that
s < 1 — e, since the other case is trivial (the conditional distribution is a
single atom).

The corresponding conditional distribution of Bl ) is a probability
measure on the set of functions b € Cls + ¢, 1] such that

b(s+¢) =uxz(s+e¢),

b(t) > x(s) forte[s+e,1].
This set depends only on the three numbers s+, z(s+¢), and z(s). One may
guess that the considered measure on this set also depends on these three

numbers only (rather than the whole function ). The following well-known
lemma confirms the guess and gives a simple description of the measure.

Lemma 9.2. The conditional distribution of B|[8+5,1] gwen that T = s and
Blo,r4e] = T is equal to the conditional distribution of Blisc1) given that
B(s+¢) =x(s+¢€) and B(t) > x(s) fort € [s+¢,1].

Proof. We take n such that 1 <e. Let k € {1,...,n—1}. The conditional
distribution of B |[ k) given B \[07 S depends only on B(%) (by the Markov
property of B) and is just the distribution of the Brownian motion starting
from (%, B (%)) Therefore the conditional distribution of B|[ L given both

B‘[o k) and % <7< % is the distribution of the Brownian motion starting

from (%, B(%)) and conditioned to stay above the minimum of the given
path on [0, %] (Indeed, a measurable partition of the whole probability space
induces a measurable partition of a given subset of positive probability, and
conditional measures for the former partition induce conditional measures
for the latter partition.) Now it is easy to condition further on B| (& 7 te] and

combine all k together. (]

Lemma 9.2 gives the conditional distribution of B|[T+E,1] given 7 and
Bl(o,r+<- Now we turn to the conditional distribution of B[, -3, given 7,
Bl(o,r+¢] and By 43 1) (in the case 7+ 3¢ < 1). We are especially interested
in B(T + 2¢).

Lemma 9.3. The conditional distribution of B(T+2¢)— B(7), given T (such
that T + 3e < 1), Bllo,r4e] and Bli;y3c1), has the density

(1—e_2ax/5)(1—e_2bx/5) 1 1 a+ b\ 2
T — (== -\/Eexp<—g(ac— 5 )> for x > 0,
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where a = B(T +¢) — B(1) and b = B(7 + 3¢) — B(7).

Proof. Using Lemma 9.2 we turn to an equivalent question: a Brownian
motion starting from (s + ¢, B(s +¢)) is conditioned to stay above B(s) on
[s+e,s+3¢], and is known on [s+ 3¢, 1] (which means another conditioning,
of course); we need the (conditional) distribution of B(s+ 2¢). Omitting for
a while the condition By, sy3,(-) > B(s) we get the so-called Brownian
bridge, — the Brownian motion on [s+e&, s+ 3¢] with given boundary values
B(s+¢), B(s+ 3¢). (Later we’ll condition the bridge to stay above B(s).)

For the bridge, B(s + 2¢) has normal distribution N (w, <)
Given B(s + 2¢) we get two independent bridges, one on [s + €, s + 2¢], the
other on [s + 2¢, s + 3¢]. The bridge on [s + ¢, s + 2¢] stays above B(s) with
the probability (calculated via the reflection principle)

pe(a—x) —plat+x) 2

pela—2) =1—exp (— gax>,

where a = B(s+¢)— B(s), © = B(s+2¢) — B(s), b= B(s+3¢) — B(s), and
2

pe(u) = \/21% exp (— ;—5)

It remains to write similar formulas on [s+2¢, s+ 3¢| and all of [s+¢, s+ 3¢],
and apply the Bayes formula

]P’(A|X =z)px(z)

P(4)
for the conditional density px|4(-) of a random variable X given an event A.
Namely, X = B(s +2¢) — B(s) ~ N(%2, ), px(z) = Peso(z — aTer), Ais
the event Bp,y. o13:() > B(s), ]P’(A|X = m) = (1 — e_2“$/5)(1 — e_sz/e),
P(A) =1—e /5. O

px|alz) =

Lemma 9.4. There exists € > 0 such that for all a,b € (0,00) the probability
measure on (0,00) that has the density
(1 — e_QM) (1 — e_QbI) 1 a+ b\?2
- S (-21)

1— e—ab ﬁ
is e-good (as defined by (8.5)).

Proof. It is sufficient to prove that

inf inf Pap(x) >0
a,b€(0,00) pe[af 41,25 1o ’

where pg (+) is the given density. Assume the contrary: there exist ay, by, T,
such that b, > a, > 0, % +1<x, < % + 2, and pq,, b, (xn) — 0.
Then

(1 o e—2anmn) (1 o e—2bnwn)

1 — e—anbn -0
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It follows that 1 — e 2% — 0, apz, — 0, an(% + 1) — 0, ap, — 0,

anby, — 0, and
(1 o e—2an:cn) (1 o e—2bnxn)

— 0.
anby,
Therefore
1— e—2an 1— e_2b” 1— e_2b”
- —0; =0
b, — 00, byx, — 00; 1 — e 2bnTn 5 1
1— e—2anzn 1— e—anbn
=0 -0,
anbn anbp,
in contradiction to a,b, — O. O

Proof of Proposition 9.1. Lemma 9.3 (for ¢ = 37"71) gives us the con-
ditional distribution of A(2 - 37"7!) given 7 and A|_; 3-n-1]y3-n 1], but
only for the case 7 + 37" < 1. Lemma 9.4 states that the correspond-
ing distribution of 3"/2A(2-37""1) is e-good. It remains to note that
P(r+3"<1)>P(r<2/3)>ec. O

Combining Proposition 9.1 and Lemma 8.10 we get a binary extension
of the inductive system (of probability spaces) formed by the restrictions
Al(_1,3-n) of the process A. In terms of the Brownian motion B the inductive
system is formed by B|(y ;13-n], and the binary extension may be visualized
by a random function S : (7,1) — {—1,+1} constant on

[r42-3" 1 r42.37)n(0,1)
for each n and such that
S(r+2-3™")
S(r+2-37-)
for all n such that 7+2-37" < 1. Here f,, : R — {—1,+1} are the functions
given by Lemma 8.10. They are constructed as to make the binary extension
sensitive to drift in the following sense. For every ¢ € R\ {0} the binary
extension constructed via
fa(B(r+2-37") = B(t)+c¢-2-37")

is not isomorphic to that for ¢ = 0.

(9.5) = fo1(B(r+2-37") — B(1))

10. A new noise extending the white noise

This is a noise richer than white noise: in addition to the incre-
ments of a Brownian motion B it carries a countable collection of
independent Bernoulli random variables which are attached to the
local minima of B.

J. Warren [11, the end]

... magically, this independent random variable has appeared from
somewhere! Indeed, it really has appeared from thin air, because. . .
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it is not present at time 0!
L.C.G. Rogers, D. Williams [7, p. 156]

The two ideas mentioned above will be combined; at every local minimum
of the Brownian motion B, a new random variable will appear from thin
air. That is, the binary extension, performed in Section 9 at the global
minimum, will be performed at every local minimum, thus achieving locality
and stationarity required from a noise, while retaining the drift sensitivity
achieved in Section 9 (as will be shown in Section 11).

A new random sign attached to a local minimum at 7 may be thought of
as a random choice of one of the two functions S : (1,7 + 1) — {—1,+1}
constant on [T + £,41,7 + €,) (for each n) and such that

(10.1) S(t+en) = S(T—I—En—)fn(B(T—l-En) —B(T))

(the numbers €, | 0 and the functions f,, : R — {—1,+1} being chosen ap-
propriately). Given a time interval (0,¢), for each local minimizer 7 € (0, )
we describe the new random sign by the value S(t) (of the corresponding
function S), denoted however by (7). Relation (10.1) turns into the rela-
tion (10.8) between ns(7) and ns44(7).

Before attaching something to the local minima we enumerate them. For
every time interval (a,b) C R there exists a measurable enumeration of
local minima on (a,b), — a sequence of Fa %}ite—measurable random variables
T1, T2, -+ : £ — (a,b) such that for almost all w the Brownian path ¢ —
Bi(w) has a local minimum at each 7;(w), no other local minima exist on
(a,b), and the numbers 71 (w), 72(w), ... are pairwise different a.s. Here is a
simple construction for (a,b) = (0,1) taken from [9, 2¢|. First, 7 (w) is the
minimizer on the whole (0,1) (unique a.s.). Second, if 71(w) € (0,1/2) then
T2(w) is the minimizer on (1/2,1), otherwise — on (0,1/2). Third, m3(w) is
the minimizer on the first of the four intervals (0,1/4), (1/4,1/2), (1/2,3/4)
and (3/4,1) that contains neither 71 (w) nor m(w). And so on.

All measurable enumerations (77,), result from one of them (74); in the
sense that

(W) = To iy (W) a.s.

for some (unique, in fact) random permutation o : Q — S, that is, an
f;f l};ite—measurable random variable o valued in the group S, of all bijective
maps {1,2,...} — {1,2,...} (equipped with its natural Borel o-field). See
also [9, 2e].

Each 74 is a measurable selector of the set of all local minimizers; for
short, let us say just a selected minimum. Here is the general form of a
selected minimum 7 in terms of a given enumeration (7x):

109 T(w) = 1 (w) for w e Ay,
(10.2) where (Aj, Ag,...) is a countable measurable partition of €.
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Every selected minimum may serve as (say) the first element of some enu-
meration.

Given two adjacent time intervals (a,b) and (b, c), we may choose mea-
surable enumerations (77,); and (77 ), of local minima on (a,b) and (b,c)
respectively, and combine them into a measurable enumeration (73); on

(a’ C)? Say7
(10.3) Tok_1=Th, Tox=Tn fork=172 ...

taking into account that the point b is a.s. not a local minimizer.
Now we can attach independent random signs to the local minima. Let

Qyhite = 00,1

be a set of full Wiener measure such that for every wihite ¢ Qhite the set

LocMin(w{™i*) of all local minimizers of the path w}™™* is a dense countable

subset of (0,1). We introduce the set {-1, 1} LoeMin(@i™) of all functions
m : LocMin(wi™i*) — {—1,+1} and consider the disjoint union € of these

sets over all wi'hite,

whitc)

0 = {(wivhite’nl) :thite c Q‘{Vhite, m e {_1’+1}L00M1n(w1

Every measurable enumeration (73) of the local minima on (0,1) gives
us a one-to-one correspondence

Qp & QYN x {—1, 41},
(wivhlte’nl) PN (w?hlte, (7]1 (Tk(wivhlte)))k);

here {—1,+1}>* = {—1, +1}{1:2} is the set of all infinite sequences of num-
bers +1. (As usual, a set of Wiener measure 0 in Q"% may be neglected.)
We take the uniform probability distribution m on {—1,+1} (giving equal
probabilities 0.5 to —1 and +1), equip {—1,+1}° with the product mea-
sure m™, and QM x {1, +1}° — with the Wiener measure multiplied by
m®°. Then, using the one-to-one correspondence, we transfer the probability
measure (and the underlying o-field) to ;. The choice of an enumeration
(%), does not matter, since m® is invariant under permutations.

Now €27 is a probability space. Similarly, €2; becomes a probability space
for every t € (0,00). Given s,t € (0,00), we get a natural isomorphism

(104) QS X Qt — Qs—i—ta
white white white
((ws ) 778)7 (wt ) 77t)) (ws-i—t ’ 778+t)
where (w¥hite whitey  white ig the usual composition of Brownian

paths, and

= 775(7') if 7 <s,
(10.5) Ns+4(7) {m(T —5) if 7> s.
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(The notation is not good for the case s = t, since wy and wy are still treated
as different variables; hopefully it is not too confusing.) The composition
(ns, M) < nMst¢ is described conveniently in terms of an enumeration of the
form (10.3) fora=0,b=s,c=s+ 1t

(10.6)  nsit(mor_1) = ns(77.),  Msae(Ton) = me(m —s) for k=1,2,...
(of course, all these n and 7 depend implicitly on the underlying w"hite),

We have a noise (an extension of the white noise). It is described above
via probability spaces () satisfying g x 0y = Q¢4 rather than sub-o-fields
Fs+ (on a single ) satistying F,. s ® Fg+ = Fp.t, but these are two equivalent
languages (see [9, 3cl and 3c6]), and the corresponding Arveson system is
jUSt Ht = LQ(Qt)

However, it is not yet the new, drift sensitive noise that we need. Rather,
it is Warren’s noise of splitting. The binary extension performed at each 7
should follow the construction of Section 9. To this end we retain the prob-
ability spaces §2; constructed before, but replace the straightforward iso-
morphisms (10.4)—(10.5) with less evident, ‘twisted” isomorphisms. Namely,
(10.5) is replaced with

(10.7) Nt (T) = (T — ) if 7> 5,

(10.8)  mep(r)=mns(r) [  f(BG+e)—B(r) ifr<s
n:T+en €(s,5+t]

Whlte’ and

As before, all these 7 and 7 depend implicitly on the underlying w
B(s)(wyhite) = wwhite(s) for s € [0, ).

The new noise is thus constructed. Its parameters (g,,), and (f,), will
be chosen later. (In fact, &, =2-37""! and f, are given by Lemma 8.10.)

The classical part of the new noise is exhausted by the white noise, which
can be proved via the predictable representation property, see [9, 4d].

In order to examine the impact of drift on the new noise we need the
relation

(10.9) LocMin(w™hi*) = LocMin (8 (wy™hite))

(for all ¢, A and almost all wi'hite € Q¥hite). a5 hefore, 07 : C[0,t] — C0,1] is
the drift transformation, (0b)(s) = b(s) — 2As. The relation (10.9) follows
from the well-known fact that all local minima of the Brownian motion are

sharp (a.s.) in the sense that
B(t)—- B

7(& ‘(T)—>oo ast — T, t#T

-7

whenever 7 is a local minimizer. See [4, Section 2.10, Items 7,8]. (In fact,

|t — 7| may be replaced with /[t — 7|/In® |t — 7].)
It is easy to guess that a drift corresponds to a shift of the functions f,,.
The proof (rather boring) is given below.
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Lemma 10.10. Let numbers A € R, g, | 0 and Borel functions
frwgn R — {_17 +1}

satisfy

gn(z) = fu(z +2Xe,) for all z € R and n.
Let two extensions of the white noise be constructed as before, one corre-
sponding to (fn)n and (en)n, the other corresponding to (gn)n and (€n)n.
Then the second extension results from the first one by the drift 2\ (as de-
fined in Section 2), up to isomorphism of extensions.

Proof. The probability spaces Q; and measure preserving maps €2; — Qhite
are the same for both extensions, however, the corresponding isomorphisms
af,og Qg x Qp — Qg differ; ay, used in the first extension, involves f,
(recall (10.8)), while ay, used in the second extension, involves g, instead
of fi.
We introduce the third extension, resulting from the first one by the drift
2, and seek an isomorphism between the second and third extensions.
The third extension uses the same §2; but with probability measures P/
different from the probability measures P, used by the first and second
extensions; namely,
dP/
dp
The white noise extended by the third extension is generated by the Brow-
nian motion B} = By — 2Xt. Note also that the third extension uses ay.
The probability space ; consists of pairs (w1, n;) where
w:vhite c szhite C C[O,t]

white

and n; € {—1,41}LeeMin@™) "The drift transformation 0; may be treated
as a measure preserving map

07}« (™M, Dy - Wy) — (QFM, W)
Using (10.9) we define gt)‘ : Q — Q4 by gt)‘(wf"hite,m) = (0jwyhite n,) and
get a measure preserving map
é;)\ : (Qtyptl) - (Qtypt)
Clearly, B!, = By o) for s € [0,#]. It remains to check that 6 x 8} = §§‘+t
in the sense that the diagram

= D; = exp(2A\B; — 2\%t).

0> %6}

QSXQt QSXQt

laf lag
gA

s+t
Qopt ——————— Qe

is commutative. Let w, = (wMit n,) € Q, and wy = (WM n,) € Q. We

have af(ws,wr) = (WP ny), where wlt is the usual composition of
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w¥hite and white while 74,4 is obtained from 1, and 7; according to (10.7),
(10.8). Thus,

0?+t (af(%awt)) = 9?+t(W;NEtea773+t) = (9?+t(WZVfite),ns+t)-
On the other hand,

(82 % 0 (ws we) = (02(ws), 07 (we) = (02 (@™ ), me), (67 (@™ ), me)).
Clealy, o (02 (@3™9), 0,), (02 (™), 1)) = (B4 (w2, 7)) for some
.,y (since 02 x 6} = 02,,). Finally, n.,, = ns+¢ by (10.7), (10.8) and the
equality

I (024 (W) (T + £n) — 024 (W) (7))
= g (WY 20) — W) — 20c,)

= Fo (W7 + €n) — W) -

11. The binary extension inside the new noise

According to Section 9, the Brownian motion B leads to an inductive
system of probability spaces formed by the restrictions of B to the time
intervals [0, 7 +37"] N[0, 1], where 7 is the (global) minimizer of B on [0, 1].
Further, every sequence (f,,), of Borel functions f, : R — {—1,+1} leads to
a binary extension of this inductive system. The extension is formed by the
restrictions of B and S to [0,7 + 37" N [0,1]; here Sy : (1,1) — {—1,+1}
is a random function satisfying (9.5).

On the other hand, according to Section 10, (f,), (in combination with
en = 2-37"71) leads to a noise that extends the white noise. The noise is
formed by the Brownian motion B and the random variables 7;(7); here 7
runs over all local minimizers of B on (0,¢). In turn, the noise leads to an
Arveson system that extends the type I; Arveson system of the white noise.

These constructions of Sections 9 and 10 are related as follows.

Proposition 11.1. If two sequences (fn)n, (gn)n of Borel functions
R — {-1,+1}

lead to isomorphic extensions of the type Iy Arveson system (of the white
noise), then they lead to isomorphic binary extensions of the inductive sys-
tem of probability spaces.

The proof is given after the proof of Proposition 11.4.

Proof of Theorem 1.10. The binary extension, constructed in Section 9
using the functions f,, given by Lemma 8.10 (combined with Proposition 9.1),
is not isomorphic to the extension that corresponds to the shifted functions
gn(x) = fn(z +37"¢), unless ¢ = 0. By Proposition 11.1, (f,), and (gn)n
lead to nonisomorphic extensions (constructed in Section 10) of the type I;
Arveson system (of the white noise). By Lemma 10.10, these nonisomorphic
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extensions result from one another by a drift. This drift sensitivity implies
Theorem 1.10 by Corollary 2.2. O

Comparing (9.5) and (10.8) we see that the function ¢ — n;(7) behaves
like the function Sy. (Here 7 is the global minimizer of B on [0,1].) In other
words, we may let for some (therefore, all) n such that 7+ 37" < 1,

ST +37") = Nrygn(7),

thus defining a measure preserving map from th.e probability space Quoise(f)
of the noise on [0, 1] to the probability space Qbin(f) of the binary extension
on [0,1];
Qnoise(f) _ Qbin(f);
here f = (fn)n is the given sequence of functions. Accordingly, we have a
natural embedding of Hilbert spaces,
L2(Qbin(f))_)Lz(Qnoise(f))‘

Striving to prove Proposition 11.1 we assume existence of an isomorphism
© = (O4); between the two Arveson systems,

(11
(11

Note that Qnoise(f) _ erloise(f)'

2) O : L(**W)) — Ly(0e9)),
.3) O, is trivial on Lo(Qhite),

Proposition 11.4. ©; maps the subspace La(QP")) of Ly(Qnoe)) onto
the subspace Ly(QP9)) of Ly(Qreise(9)),

The proof is given after Lemma 11.5.
The structure of Ly(Q"°(/)) is easy to describe:

Lg(QnOiSe(f)) — H(J;@H{@Hg @D ,

where Hj, (called the n-th superchaos space) consists of the random variables
of the form

> k) (Th )Pk
k1<---<kn

Chrokn € La(M), > ks, kall* < 00,
k1<--<kn

where (73); is a measurable enumeration of the local minimizers of B on
(0,1) (the choice of the enumeration does not matter). See [10, (3.1)] for
the case f,(-) = 1 (Warren’s noise of splitting); the same argument works

in general. Note that H] = Ly(Qyhite),
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It is well-known that the superchaos spaces may be described in terms of
the Arveson system, and therefore ©1 maps Hﬂ; onto HJ. We need the first
superchaos space only; here is a simple argument for this case:

= {v € Lo(@"™) : vt € (0,1) ¥ = Qo + Quiv )
here Qo+ is the orthogonal projection of Lo(Q1O5¢) = Lo (QR015¢) @ Ly (Q1015¢)
onto the subspace La(Q5°5¢) @ Lo(Qy1i*) and Q1 onto
Lo(Qhite) @ Lo (5005,
We have
01 (La(Q7™ V) @ Ly(Qy11)) = 0, (La(2}*)) @ ©1_¢ (La(Q311))
- L) & L)

by (11.3); therefore ®1Qg,t = Q&t@l. Similarly, ®1Q£1 = Zl@l. It follows
that

©,H] = HY.

Similarly, Lo(Q°5) = Ho(t) & Hy(t) & Ha(t) & - (the upper index, be
it f or g, is omitted). Identifying Lo(€1) with Lo(;) ® Lo(Q21—¢) we have

Hy = H(t) ® Ho(1 —t) @ Ho(t) ® Hi(1—1t).

Qo,t H1 Q¢,1Hy

The commutative algebra L., (2]P%) acts naturally on Hy:

heY m(m)er =Y m(mh- g, for b€ Loo(QFM).
k k

Also the commutative algebra L. (0,1) acts naturally on H;. In particular,
1,) acts as Qo, and 1 1) acts as @¢1. In general,

h- 2771 Th @k—Zm Tk)h(Tk)pr  for h € Loo(0,1).

(The choice of enumeration (7x); does not matter.) The two actions com-
mute, and may be combined into the action of L. (u) (on Hy) for some
measure g on QY x (0, 1):

h- Zm (k) er(: 2771 (i) (-, )k (:)  for h € Loo(p)-
The measure p may be chosen as

1
/hdu =E)_ 3h(B, %)
k

(or anything equivalent).
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Lemma 11.5. The diagram

ay H
b
H{ —2——H{

is commutative for every h € Loo(i).

Proof. Given [a,b] C [0,1], we define a subalgebra I'(a,b) C Loo(i) as
consisting of the functions of the form

{h’(w&gite, wytite)  for t € (a,b),

h White’t —
(@Wor™t) =9, for ¢ € (0,a) U (b, 1),

where B/ € Lo (M x Q71}¢) and wi}ite € QY™ is treated as the triple
(wg’]v’gite, gxgim, wZﬁlite) acco.rding to the natural isomorphism between Qyhite
and Quhite  Qhite o Qwhite For each n = 1,2,... we define a subalgebra
[, C Loo(p) by

It is easy to see that I', corresponds to a measurable partition; in other
words, Ty, = Loo (QV1 x (0,1),&,, 1) for some sub-o-field &, of the o-field
& of all u-measurable sets. We have &, T &£, that is, &1 C & C --- and &
is the least sub-o-field containing all &,, which follows from the fact that
I';UTLU. .. contains a countable set that separates points of Q1% x (0,1).

If ©1h, = h,O; (as operators H{ — HY) for all n, and h, — h almost
everywhere, and sup,, ||, |lcc < 00, then ©1h = h©;. Thus, it is sufficient
to prove the equality ©1h = h© for all h € I'y UT'5 U.... Without loss of
generality we may assume that h € I'(a, b) for some a,b. Moreover, I assume
that b = 1, leaving the general case to the reader. Thus,

(Wi, ) = 1 (Wl ™) Loy (2)-
We recall that ©1 = 0,801_,, H; = Hi(a)®Hy(1—a)®Hy(a)®@H(1—a),
and note that
O1(H{ (a) @ Hi (1 - a)) = H{(a) © H{(1 - ),
O1(H](a)® H{ (1 - a)) = Hi(a) @ H{(1 — a).
The subspaces H{(a) ® H(J;(l —a) and H{(a) ® Hj(1 — a) are annihilated
by h, thus, ©1h and h©; both vanish on H{(a) ® Hg(l —a). On the other

subspace, Hg(a) ® H{(l —a), h acts as b’ ® 1, while ©; acts as 1 ® ©1_,.
Therefore ©1h = hO;. O
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Proof of Proposition 11.4. We apply Lemma 11.5 to h € Ly, (n) defined
by
h(wwhite t) _ 1 it T(WYIhlte) =1,
b 0 otherwise,

where 7 is the (global) minimizer on (0, 1). This function acts on H; as the
projection onto the subspace

{7]1(7_)90 cpe LQ(Q\{vhite)} — LQ(Qbin) =) LQ(QWhite). O

Proof of Proposition 11.1. We have two binary extensions, (Q}ii“(f ),B/fb In
and (Qﬁi“(g ), B}%)n, of an inductive system (QWPt 3.}, of probability spaces
(according to (74)n and (1), respectively). Their isomorphism is ensured
by Lemma 6.2, provided that Condition 6.2(b) is satisfied by some unitary
operators ORI Lg(QEin(f)) — LQ(QE“(")). Using the natural embeddings
Loy()) ¢ Ly(@bn(D) and Ly(QE™9)) ¢ Ly(QP(9)) we define all O
as restrictions of a single operator @P™ : Lo(QP()) — Ly(QPn9)). Using
Proposition 11.4 we define ©™ as the restriction of ©; to Ly(QP™W/). Tt
remains to prove that

(11.6) O (Ly(2p")) = Ly(2p9),

OPIN intertwines the actions of La,(QV1i)

11.7 . .
(L) on Ly(QP™)) and Ly(Qbn9)),
(11.8) PN is trivial on Lo(QVhite)
for all n.

By (11.3), ©P" is trivial on Lo(Q"hite); (11.8) follows.

By Lemma 11.5, ©P™ intertwines the actions of Lao Q") on Ly(QP®(/))
and Lo (QP™(9): (11.7) follows.

The proof of (11.6) is the point of Proposition 11.9 below. O

Proposition 11.9. The operator O™ maps the subspace
L2(Qgin(f)) C L2(Qbin(f))

onto the subspace
Lo(QPm9))  Ly(P(9)),

The proof is given after Lemma 11.10.

Recall that the elements of Lg(QZin(f )) are functions of the restrictions of
B and S¢ to [0,7 4+ 37" N[0,1].

For a given ¢ € (0, 1) we consider the sub-o-field .7-"tf on QPn(f) | generated
by the restrictions of B and Sy to [0,£]. The elements of the subspace
Lg(Qbin(f),}"tf) are functions of Bljgy and S¢lj, (that is, S¢|i-¢)-

We know Lo (Q2VPt) acts on Ly(QP™()). In particular, for 0 < r < s < 1,
the function 1, ) (7) (that is, the indicator of {w™Mte : r < r(w™hite) < })
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acts as the projection onto a subspace Hf s of Lg(Qbin(f )). The same holds
for g. We have Gbin(H,{ s) C HY,, since OP™ intertwines the two actions of
Lo (27hi%) We define

Hf,&t = Hﬂis N Lz(Qbin(f),]:tf) for0<r<s<t<l.
Lemma 11.10. ©""(H/ ) c HY,,.

Proof. The binary extension QP™() is constructed on the time interval
(0,1), but the same can be made on the time interval (0,t¢), giving a bi-
nary extension QP(f) of Q¥hite yging the (global) minimizer 7, on (0,t);
sometimes 7 = 71, sometimes 13 # 7.

The binary extension Q™) is the product (recall Definition 7.1) of two
binary extensions, QP and QP11 according to the set

A c Q{Vhite — szhite % Q‘INEite7
A= {wivhite T (wivhite) =7 (wivhiteho’t])} ]
We know that ©1 = ©; ® ©1_;. Similarly to Proposition 11.4,
@t(LQ(Qbin(f,t))) — LQ(Qbin(gvt));

we define @Y™t Lo(QPIR(SH)) — Lo (QPIM9Y)) as the restriction of ©; and
observe that ©P™ is the restriction of OPIMt @ @PImI=t 4

Lg(Qbin(f)) C L2(Qbin(f,t)) ®L2(Qbin(f,1—t))
(recall (7.2)).

By Lemma 7.3, OP0(Ly(A, Fy)) = Lg(;l’,}"{), where the sets A ¢ QPn(/)|
Al c Qbin(9) correspond to the inequality 7 < t, the sub-o-field F; on Ais
induced by the sub-o-field ftf on Q") and F| on A by F.

Taking into account that (r,s) C (0,t) we get Hy 5 C Lo(A, F1). There-
fore OPN(HI ) C Lo(A', F]). On the other hand,

r,s,t

@bin(Hf

r,8,t

) c ©"™(H],) c HY,.

It remains to note that Ly(A', F]) N HYs C HY, ;. O

Proof of Proposition 11.9. If r, s,¢ and n satisfy ¢ < r 4 37" then
HY oy © Ly (2,"7)

(since t < 7(-) + 37" for all relevant points), and therefore

e (H/, ) C Ly(Qhn®).

The elements of Lo (ng(f )) are functions of the restrictions of B and
S¢ to [0,7 +37"] N [0,1]. For every N such that 4 < 37" consider the
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functions of the restrictions of B and Sy to [0,7 4+ 37" — %] N [0, 1]; these
are Lg(ng(f ),5 ~) for some sub-o-field Ey, and

U Lo(QPm) £y) s dense in Ly (QPM)),
N

since Ex 1 € (a similar argument is used in the proof of Lemma 11.5; note
that Sy jumps at 7+2-37", not 74+37"). In order to prove Proposition 11.9
it remains to prove that

@bin(L2(QZin(f)’gN)) C L2(Qbin(g))

for all N (satisfying & < 37").
Clearly,

Lo (QPm()y = Ho,% DB H%J

(for every N). Every ¢ € Ly(Q™()) is of the form
Y=9Y1+-+¢n, Yp€Hra k.

N N

If ¢ € Lo(™Y) En) then ¢y € Lo(QP™0), Fiy ., ) (since
N

1 k—1
J+3T" =< —+3"
7(-) + i N +
for all relevant points), thus, ¢, € H {_1 P . Taking into account

E_- & —-n
N’N’N+3

that @b (H{:,1 X n) C Lg(QZin(g)) we see that

k—1 —
NN N T3

0" (¢) € Ly(29). O
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