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Rényi dimension and Gaussian filtering.
IT

Terry A. Loring

ABSTRACT. We consider convolving a Gaussian of a varying scale e
against a Borel measure p on Euclidean J-dimensional space. The L?
norm of the result is differentiable in e. We calculate this derivative
and show how the upper order of its growth relates to the lower Rényi
dimension of u. We assume q is strictly between 1 and oo and that p is
finite with compact support.

Consider choosing a sequence €, of scales for the Gaussians

ge(x) = ¢S (X7,

Let || f]|q denote the L? norm for Lebesgue measure. The differences

l9enss sl = g sl

between the norms at adjacent scales €, and e¢,—1 can be made to grow
more slowly than any positive power of n by setting the €, by a power
rule. The correct exponent in the power rule is determined by the lower
Rényi dimension.

We calculate and find bounds on the derivative of the Gaussian kernel
versions of the correlation integral. We show that a Gaussian kernel
version of the Rényi entropy sum is continuous.
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1. Differences of Gaussian filters

Suppose p is a finite Borel measure on R® with compact support. If
0 = 2 we can think of p as the abstraction of an image. In the context
of image processing, it is common to look at the difference of convolutions
of two Gaussians against p. This is the case in the standard construction
of a Laplacian pyramid ([3]). Traditionally, the scales of the kernels vary
geometrically. For some purposes, it might be better to set the scales of the
convolution kernels in a different pattern.

Given a function ¢ on R?, thought of as acting as a canonical filter kernel
on measures, we rescale it as

ge(x) = €% (e_lx) .

The most important cases we have in mind are where ¢ is a Gaussian or
a function of compact support that approximates a Gaussian. We now
consider the problem of selecting some ¢, \, 0 so that the differences

en ¥ b= Gepq * |

behave nicely.
We will use the notation m for Lebesgue measure,

1

171ly = ( /R gt (X)y
- (44"-4f<x>qdwldx2...d%)é.

One criterion for the selection of the scales €, is to keep

[9ew * 1t = Geny * 4,

approximately constant for some choice of 1 < ¢ < co. We don’t see a means
of estimating this norm of differences, so we instead look at the difference
of norms.

If p is “fractal,” then we expect that setting €, in a geometric series will
lead to exponential growth in

ge, * pll, = I|gen—s *qu( ,

¢ we can reasonably hope that this

If we set the ¢, via a power law, €, = n~
difference is more or less constant.
Recall, say from [1] or [14], that the upper and lower Rényi dimensions
of p for index ¢ are defined by
1 In(SL(e))
+ T sup  + HHwWplc))
Dy () _ll—%mf g—1 In(e) ~’
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where the standard partition function Si(e) is taken to be
1) S3e) = 3 ek + e,
keZd

and where I is a 0-fold product of the unit interval [0,1).
The connection with Gaussian convolution is the formula, due to Guérin,

In ({lgz—1 * p 1
lim sup ( () q) - . (6 =Dy (n)) -

See [8] or [12, Lemma 2.3]. For this formula to be valid, we need some
restriction on g. For simplicity, we consider the case where ¢ is nonnegative
and rapidly decreasing. By rapidly decreasing we mean that any order
derivative ¢(® of ¢ exists and decays at infinity more rapidly than any
negative power of z. Certainly, less is needed. See [8].

Here is the main result.

Theorem 1.1. Suppose 1 < q¢ < co. Suppose g : R® — R is nonnegative,
nontrivial, rapidly decreasing and is radially nonincreasing. Suppose p is a
finite Borel measure on R with compact support. Let I,(p) denote the set
of positive t for which

lgn—t * plly = ||gn_1)-—t * ‘
Ya > 0, lim‘ il = 9oy < vl = 0.

n—oo n

If D, (p) < 6 then

)

Il
7N
o

S
| =
[S—
—
(%)
|
~
—
SN—
SN—
AN
| E—

while if Dy (1) =& then I,(p) = (0, 00).

This is in sharp contrast with what happens if the scales of the kernels
are set to geometric growth.

Theorem 1.2. Suppose q, g and p are as in Theorem 1.1. If D () < 0
then

g sl = lgan <l
lim sup =00 (Ya>0).

o
n—00 n

The proofs require an estimate on the derivative

L (lgen )

which we derive in Section 2. Section 3 contains lemmas on the upper order
of positive function of a positive variable and completes the proofs of the
main theorems.
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Let us use the notation
1

s = ([ 1607 aut))

The calculations from Section 2 can be adjusted to estimate

o (g 1)

Equivalently, we find bounds on the derivative of

([, (o (22 ) ).

This is the content of Section 4, which does not depend on Section 3. This
should be of interest as it relates to computing the correlation dimension by
probabilistic methods.

In Section 5 we consider adjusting the standard partition sum Sj(e) by
allowing soft cut-offs between the cells (bins). We cannot determine the
derivative of the these Gaussian-kernel sums, but do demonstrate they are
continuous in €.

2. Differentiating the norm of a filtered measure
Recall that given a function g on R® we rescale it as
9:(x) = ¢ g (¢ 'x).
This section’s goals are to compute
d
7 Ngex ull
and to show that
d
1 (llger )
is bounded.

Lemma 2.1. Suppose g : R® — R is differentiable, bounded, and has
bounded radial derivative. Let h : R® — R be the negative of the radial
derivative of g,

6 ag
— J
7=1
If 11 is a finite Borel measure on R? then

% [(ge * 1) ()] = € ((he % 1) (x) = 6(ge * ) (x)) -
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Proof. For any w,

B dg 0
Selotew) =3 (52| ) 5 (ew)
j=1 W
¥ (2] Yo,
F\ 0zl
= —¢ Lh(ew)
Suppose x is fixed. Assume 0 < a < ¢ < b and y € R’. Then
0
L gelx )]
0

= o | ale - y)]
= e x = y)) (=) + (~8 T g(Hx — y))

=l (he(X - Y) - 596(X - y)) :
and so

Oe
where G and H are bounds on ¢g and h. Since p is finite, g.(x —y) is
integrable in y. The Dominated Convergence Theorem gives us

s llocem Gl = 5 [ o =) duty)

9 lae(x - y>]1 < a P H 4 da 0,

= /u@ e (he(x —y) — bge(x —y)) duly)
=€ " ((he * p1)(x) — 6(ge * p1)(x)) - O

Notation 2.2. We shall use = A y to denote the minimum of two numbers
and x V y for their maximum.

Theorem 2.3. Suppose 1 < q < co. Suppose g : R® — R is rapidly
decreasing and let h : R® — R denote the negative of the radial derivative
of g. Suppose g > 0 and h > 0. If u is a finite Borel measure on R? with
compact support then

q—1
/Ra (g )" (he x ) dm O llge x pill,

€llge  pl ! ¢

D \gexull, =
dE gE /"Lq_

and
/ (gor # 1)1 (hon % 1) dim
_ JRS

d
-t (lger 5 il ) = .
[ (g ) am
Ré
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Proof. Assume 0 < a <e <b.
Pick an integer k& with k > MTI. Since g is rapidly decreasing there is a
(' so that

g(x) < Ci(1 A |x|7F).

For all x,

ge(x) = e ’g(e ')
< a_501(1 A (bk\x\_k))
= a0 (bR A |x|7F).

If ly| < 3|x| and 2b < [x| then
ge(x —y) <a’Crt* (b " A lx —y|F)
< aCy bk (b—k A Eﬁ)
= a0 bRk x| 7R

Suppose
supp(u) € {y € R’|ly| < R}

If |x| > (2b) V (2R) then
(ge ¥ p)(x) = / ge(x —y) duly)
ly|I<R
<u (11@) a0 O bk 2k x|k
If |x| < (2b) V (2R) then we have the estimate
(ge * p1)(x) = /ge(x —y)du(y)

< /a_601 du(y)

=pu (]R‘s) a0y,
For some C5 and Cf,

(ge * p)(x) < Co(C3 A x| 7F)

for all x.
We can repeat the previous argument for he. Possibly increasing Cy and
C3 we can have

(he % p)(x) < Co(C3 A |x[7F).
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Therefore
2l | = 7 (e ) = 8. ) )
< a7 ((he * p)(x) 4 6(ge * p)(x))
<a Y6 +1)Ca(Cs A |x|7F)
and

= q((ge * p)(x))""

< qa 10+ 1)(Co(C3 A |x] %))
— qa~ (6 + 1)CL(CI A [x|79F),

ol ) 2 (g w0

which is is integrable since k is larger than %1. We can use dominated

convergence again. By Lemma 2.1,

(T
= [l i)y e (B s 1)) = 3l 1(00) dm0)

([ e )™ (hex ) dm(0 =5 [ (g x o) dn()) .

€

The two derivative formulas in the statement of the theorem now follow
from

d 1 g d .
e e mlly = = llaew iy 5 (Ul » )
and

¢ (I I,) (8o gl ) 0
S k = .
ax o \19er T g lger *

Theorem 2.4. Suppose 1 < q < co. Suppose g : R® — R is rapidly
decreasing and let h : R® — R denote the negative of the radial derivative
of g. Suppose g > 0 and h > 0. If ju is a finite Borel measure on R® with
compact support then

_ d _ _
=0 lgex pilly < 5 llge = plly < € Hihe s pullg = 3¢~ llge = i,
and

d [hex * pl]
—5§—1D(95A*M >:€7‘1_5‘
ax e = el =l

Proof. The two lower bounds follow trivially from the last theorem and the
fact that g and h are nonnegative.
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Holder’s inequality gives us

|, i)™ (b s )0 dn(x)

q—1

< ([, Cermeoyanta) ™ ([ (s anex)

= |Ige * pll [ he * el

1
q

and the upper bounds follow. O

Corollary 2.5. Suppose 1 < g < co. Suppose g : R® — R is nonnegative,
nontrivial, rapidly decreasing and is radially nonincreasing. There is a finite
constant C' so that if u is a finite Borel measure on R® with compact support
then
—5<i1n(ugwuu )<c
— dA € 1 =
for all X\. If g is a Gaussian, then we may take C' = 0.

Proof. We can apply [12, Lemma 2.1] to g. When S}(e) is the partition
function (1), this tells us that there is a D so that

54—t
€ o llge* ully _

1
(Si(e))e

From the proof of [12, Lemma 2.1] we see that D can be taken to depend

only on ¢ and g. This conclusion is valid for the negative radial derivative

h as well. This is because ||he * pl|4 is invariant under translations of h and
clearly h is bounded away from zero on some open set. Therefore

D7l <

sa=Lt 1
e x pillg _ €7 |lhe * pullg  (Sji(e))
- 1 sa—1
lge * 1ellq (Si(e)s € 0 [lge* pllg

is bounded above and away from zero.
In the Gaussian case, we know that ||ge * pl/; is nonincreasing (cf. [12,
Lemma 3.1]) and so the derivative is nonpositive. (]

3. Asymptotic indices

Given a function f > 0 on the positive reals, the quantities

d(f) = limsup In(f(@))

r—oo  In(x)
and

d(f) = timinf 2L @)

v In(x)

In
|
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are the upper and lower orders of f. These provide a simple way to compare
the asymptotic behavior of f (z) to z¢ for various powers c. Equivalently,
d(f) is the smallest extended real number so that

(2) c>d(f) = f(z) < z° for large z
and d(f) is the largest extended real number so that
(3) c<d(f) = f(zx) > 2 for large =.

The proof is not complicated. See [10]. For a look at how upper and lower
order relate to regular variation, see [2].
In broad terms, if
e MUG)
z—oo In(x)

exists, then f(z) behaves not so differently from z¢. There is no reason to
think that if f/(x) exists it must behave like z¢~!. However, if there are
some bounds on the derivative of the log-log plot of f then we are able to
deduce the upper order of |f’| from the upper order of f.

For the lower order on | f’|, we have found no particularly interesting result
that can be applied to ||g,-1 * |lq. The difficulty is that even if we assume
g is a Gaussian we don’t know if the derivative of [|g,—1 * pl|; is bounded
away from zero.

We take the liberty of setting In(0) = —oo, and indeed % = —oo. (This
is to accommodate f’(z) = 0 at some x and f(n) = f(n — 1) at some n.)
Both (2) and (3) remain valid.

Lemma 3.1. Suppose f : [1,00) — (0,00) is differentiable and that for
some finite constant C',
EmGEn|<c

(4) T

Given any nondecreasing sequence T,, with limit co, if

d

In(zn1)

9 P ()

th

b lim su In((wn) = limsu In(f(@)
n_,oop ln(:cn) N m—>oop ln(l‘) .

Proof. The bound (4) implies
In (f (%)) —=In(f (")) < Clz —y|

or

I (f (2)) = In(f (y))| < C[n(z) —In(y)].
The rest of the proof mimics that of [12, Lemma 4.1], and is omitted. O
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Lemma 3.2. Suppose f : [1,00) — (0,00) is differentiable. If, for some
finite constant C,
d

(e <o

for all x, then

PLLES CEL PN
= limsup M — 1.

r—00 ].n(m)

Proof. Suppose f is a function with the bounds +C on the slope of its
log-log plot. For each n, the Mean Value Theorem gives us a number x,, in
the range
n—1<xz,<n
for which
fn) = fn—=1) = f'(zn).

From basic facts about nets we obtain

o ) = FO =D ()
N—s00 In(n) n—s00 In(n)
In|f'(x,
< lim sup %
/
< lim sup M

r—oo  In(x)

Let g(x) = In(f (%)) so that |¢'(z)| < C and

oy et f (e)

IO ey
This can be rewritten as

f'(x) = ¢ (In(z))a™" f(z)
and so we have
|f'(x)] < Cx™! f(a).
Therefore
i sup In|f/(x)] < lim sup InC —In(z) + In(f(z))
r—oo  In(x) 00 In(z)
= lim sup In(f(z))
z—oo  In(2)

— 1.

To finish, we must show
In|f(n) — f(n—1)]

1
lim sup nlg((;))) — 1 <limsup - In(n)
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We can apply Lemma 3.1, because
In(zp41) - In(n +1)
~ In(z,) ~ In(n-—1)

and this tells us that it will suffice to show

— 1,

s F 1 <ty P
Let
m = lim sup In|f(n)— f(n— 1)|‘
n—00 In(n)

Suppose we are given § > 0. Then pick ¢ # —1 with
m<c<m-+§6.

(If m = oo we have nothing to prove. If m = —oo then modify this to
picking ¢ # —1 less then any given finite number C.) There is a natural
number ng so that

n=>ng = |f(n) = f(n -1 <n"

For large n,

For large n,
f(n) < nm+6+1'

1
n—oo n(n)
Since this is true for all 6 > 0, we are done. (If m = —oo then we obtain
this lim sup is less than C, for all finite C', and so is also —c0.) U

Therefore
<m+9d+1.

Lemma 3.3. Suppose f : [1,00) — (0,00) is differentiable and that there is
a finite constant C' so that

e <o

for all x. If

d(f) = li:ﬁs;p% >0
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{m

Ifd(f) = 0 then

{t>o

Proof. For a sequence a,, > 0, it is routine to show that

In(ay) an

then

Yo > 0’ lim |f(nt) - f((’I’L— 1)t)‘ _ 0} _ (O,E(f)_l] .

n— oo ne

G 0. tim 0D =S 1))

n—oo n

:O} = (0,00).

(6) lim sup <0 < Va>0, lim — =0.
n ln(n) n—oo N
Let h(xz) = In(f(e”)) so that |[h/(x)] < C. With t > 0 to be specified
below, define g(x) = f(z!). Then
d

L in(g <em>>\ <10

and we may apply Lemma 3.2 to g.
As to the upper order:

. ng\r .
lim sup hix) = lim sup ()

By Lemma 3.2,
. In(|f(n") = f((n=1)"]) In (lg(n) —g(n —1)|)
fim sup In(n) = In(n)

iy 2015

=td(f) - 1.
If t > d(f) then by (6) there exists a > 0 so that
f(n") = f((n—1)")

-1

40,

If t < d(f) then

for all positive a. O
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Theorem 1.1 now follows, since if

f(@) = llge—1 * pll,
then by [8], or [12, Lemma 2.3],

() =1 (6 - D ().

To prove Theorem 1.2 requires only the following lemma.

Lemma 3.4. Suppose f : [1,00) — (0,00) is differentiable. If, for some
finite constant C,
d

(e <o

for all x, and if
d(f) = limsup In(/(@))

0
T—00 ln(l‘) > O

then
e )|
1m sup = 0
n—oo ].Il('n)

Proof. Suppose for some a > 0 there is an ng so that
n>nyg = |f(2") - f(2”_1)‘ < n.
Then
n>ny = f(2") < f(2") +n>TL,
Suppose B > 0. Then for some n; > ny,

n>n; = f(2)4n*Tt <28

Therefore
- In (f(2"))
| — 2.
msup = Tony - <4
Lemma 3.1 tells us
. In(f(z) . In (f(2"))
1 —r L =] —r L = (. O
msup =y Ty~ msup = oy =0

4. Gaussian kernel correlation integrals

The probabilistic interpretations of the correlation integral

JECE e
make it a common tool for determining the Rényi dimensions of p. Here

B:{XER5‘|X|§1}
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and p is a Borel probability measure on R%. When ¢ = 2 the correlation
integral is

[ (B ) = Pr (131 - Xa < o}

where X; and Xy are random locations in the probability space (]R5, u).
Using a sharp cut-off for the allowed distance seems unwise in a numerical
situation, as is discussed in [4, 5, 6, 7, 8, 11, 13, 16, 17].
Consider the expectation of the scalar-valued random variable
G (6_1 |X1 — X2|)

for a function such as a Gaussian G(z) = e~ or any G > 0 that is positive
at 0 and rapidly decreasing. This expectation can be rewritten as follows.
Let g(x) = G(|x|) and

ge(x) = € °G(e x|

Then
LG 1% - Xal)] = ¢ [ [ gotxy) duty) dutx)

6
=€ Hgé * /J'”u,l :

As is shown in [1],

1 In (fRa (e )" du)

in(,u) = lim :"P

e—0 nf q—1 IH(E)
n (Jlge il g1 )
_ . sup Uvq_l
R T

and more specifically there is a constant C' # 0 so that

Js € (gex )™ dp
Sh(e)

cl< <C

for all e.
The Rényi dimensions of pu can be computed as

li sup hl(P,u(e)\))
Ao — 00 inf A
for at least the following six choices of partition function. (See [1, 8, 9, 15]
and Section 5.)

(7) Ple) = (S1) T = [ S uleG+ent|

jezs

(5) R = ([ ux+ ®tduto)
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o R = ([ ntx+ B dmi)) ”

1
qg—1

(10) Plle)= (> </ng ( — %) du(y)>q_1 ;

jezs

) Bl = ( [ ([o(52) ww)™ du(X)) o
w ra=([ ([ () du<y>>q€%dm<x>)ﬁ.

The functions (7) and (8) can be discontinuous in e. (A sum of two point
masses shows this.) Assuming p has compact support, we find that (10)
is continuous for 1 < ¢ < oo (Theorem 5.2), that (11) is continuous for
1 < ¢ < 0o and differentiable for 2 < ¢ < 0o, (Theorems 4.5 and 4.2), and
that (12) is differentiable for 1 < ¢ < oo (Theorem 2.3). Added smoothness
should be an advantage in computational situations, as was pointed out in
[17].

It is not clear if the function in (9) is continuous whenever p is finite with
compact support.

The bound on the last partition function that we found in Section 2 used
a different normalizing constant. Recall there is a C' so that

d
~5 < == (|lgor ul,) < C.

In the Gaussian case we had C = 0. Since

(L (L2 o) o))
=t (M g <4l )

10 (flgor * el
q_]. geA luq

=0\ +

we have

ot ((/R ([ o(*5) du<y>>qe%dm<x>>ﬁ) <a.

In the Gaussian case, we may take C = 4.
In this section we prove that for 2 < ¢ < oo, there is a constant C
depending on ¢ and ¢ so that for any finite Borel measure p of compact
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support,

0§%In </R§</R§g<xe;y> dﬂ(y)>q_1du(x)>ﬁ <C.

We will need a lower bound on
/ & (he x )t dp,
Ré

where h is the negative of the radial derivative of g. Since h(0) = 0 we need
a small modification of a result in [1]. We are restricting our attention to
the case 1 < ¢ < oo, which allows us to avoid the technicalities encountered
in [1].

Here we use the notation from [12], so 1 is the sequence over Z° given
by

st) = pu(en + €l).

Lemma 4.1. Assume that g > 0 is rapidly decreasing and that 1 < g < oo.
There is a finite constant C so that for any finite Borel measure pu on R?,

66 ||gE * lu”u,q—l
1
(Si(€)) 7T
for all € > 0. If also g(0) > 0 then there is a ¢ > 0 so that

<C

66 ||gE * lu”u,q—l
S oL
(Sji(e)) T
Proof. Define I over Z? by
'y =sup{g(x) | x € n + D},

where
D=(-1,1) x (=1,1) x --- x (—=1,1).
Repeating an argument from [1], we find

—1
lge * pll g~

—ewvs | ( [ ot e y))du<y>)q_l dp(x)
_ 08 Z/
ejtel

jezs

q—1

6_1 X — X
ke% /Ekﬂg( (x—y)duly) | du(x)
q—1

< (a1 Z Z Fj—kul(f) MJ@'

jEZS \keZs
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Holder’s inequality and Young’s convolution inequality now tell us

g—1
q) [0

q
q

1 (e
llge * plld gty < e (@10 (HF )

q
=R I

ie.,

1 =

(Sh(e))aT
If g is positive at the origin, then since it is continuous we can rescale g
using g = g, with the same properties as g, but with

inf{g(x) | x €D} >0

and ge = gpe. We can compare ||ge * f|, ,_ and [[gpe * 'u”uq—l as follows:

g illgr € Mame * pill, gy

(S3(e)) 7 - (S3(e))
) (77_5) 1€’ ||gne * ul!lu,q_l (SZ(ne))leTll‘
(Sh(me))a—1  (Sh(e))aT
By [12, Theorem 3.4], there are constants A and B so that

o A-BInG)| < Sﬁq(”e) < (A+BIIn()|
SH(e)

for all e. Therefore

5 S
€ IIQE*ull;i,q_l - ( ‘%AH?IT(”)> (ne) ||9176*M|1|u,q—1’
(Si(e))eT (Sfi(ne))aT

and it suffices to prove the result in the case where
inf{g(x) | x € D} > 0.
Let
n = inf{g(x) | x € n + D}.
As above, we find

q—1

-1 A
lge * pll% oty > @IS ST gl |
jEZS \keZs
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and so
_ € q—1 €
lge s pllf gy = @3 (o)l
jezs
— - € q
= yoe "7 7 (uf >)
jezs
and
L 1
€ llge % ptll g1 =76 (SE(e) 7T =

Theorem 4.2. Suppose 2 < q < oo. Suppose g : R® — R is rapidly
decreasing and let h : R® — R denote the negative of the radial derivative of
g. Suppose g >0 and h > 0. If ju is a finite Borel measure on R? then

 Jo (e x ) he# pudp O llge prllug

€llge * 2 ¢

||gE lu”uq 1

and
Jrs (ger )72 hn + prdps
s (ger * )" dpa

o (g 1) = -3

Proof. For ¢ restricted to some interval [a,b], it follows from Lemma 2.1
that

o (e 0G0

Dominated convergence yields

% (/Rs (gex )" du)

qg—1
= (/Ra(ge*u) hes pudp — 6 || ge = pl& - 1>

< (a = Da” VDYl 9] (hlle + 6 llgllc)

and so
d
2 19e * all g1
1 2 -2 -1
= Dl ([ e e man = Sl ull

. fRé Ge * :u)q_Q h * :udiu _ 0 HgE * NHu,q—l

€ llge * |2 €

We use

d
<&‘5:5A ”gé * /’L”u’q_1> 6)\

©n (lgor # il )
—_— n =
N Ger * [y g—1 [gor *lu”u,q—l
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and find

d | S (gon #)T 2 hox % pdp
1 (llger # il g1 ) = = -
”ge)‘ * :u‘”u,q—l

0. O

Theorem 4.3. Suppose 2 < q < co. Suppose g : R® — R is rapidly
decreasing and let h : R® — R denote the negative of the radial derivative
of g. Suppose g > 0 and h > 0. If u is a finite Borel measure of compact
support on R then

_ d
3¢ lge s pillg < 2 (llge % Al )
S 6_1 ||h‘E * lu”u,q—l - 56_1 ||g€ * M||M7q—1
and

d [Foer * gy
65 < =t (g # il ) € T B 5

N ||ge)‘ * MHu,q—l

Proof. If 2 < g < 0o, we can apply Holder’s inequality and we find

/RE (ge * )7 (he x 1) dps
—2 1

S(éﬁ%m&*@&h<AJMMN*@OF?

This is trivially true as well when ¢ = 2. We can rewrite this as

-9 -2
[ (G172 o ) i < s 2 e sl

and the inequalities follow from the last result and the fact that g. * g and
he % p are nonnegative. (]

Corollary 4.4. Suppose 2 < q < oo. Suppose g : R® — R is nonnegative,
nontrivial, rapidly decreasing and is radially nonincreasing. There is a finite
constant C so that if ju is a finite Borel measure of compact support on RO
then

0§%ln (/E§6<459<X;y> dﬂ(y)>q_lcm(:)c)>ﬁ <C.

Proof. By Lemma 4.1, we have an upper bound on |[hey # [, , 1 and a
lower bound on ||g. * ] uq—1 that depends only on ¢ and g. Therefore
Theorem 4.3 gives us a C; so that

d
6 < =10 (llgor * #ll g1 ) < O
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for all i and all A. As to the partition function,

1

In (/Ra (/Rag <x;y> du(¥)>q_1 du(X)) -

=6\+1In (HQeA * ””u,q—l)

OS%m (/RE</R(59<XG_AY> du(y)>q_1cm(x)>;1 <Oy 46 O

Theorem 4.5. Assume that g > 0 is rapidly decreasing and that 1 < q < co.
For any finite Borel measure p on R® with compact support,

/ (ge )" dpu(x)
R5

varies continuously in €.

Proof. Assume 0 < a <e <b. If G is a bound on g, then a~°G is a bound
on g. and so

—5(g— - -1
((ge % 1) (y)) < a0 DGO )97
Since p is a finite measure, we can apply the dominated convergence theorem

and have

lim [ (gex p)®" dp(x) = / (gn* )" dp(x). O
€E—n R(S Ré

5. Gaussian kernel Rényi entropy sums

There is a smooth version of the partition function

> pu(ej + €l

jezs

that eliminates the sharp cut-off at the boundary of the cells in the grid,

> (/Rag(i—%) du(y)>q-

jezs
Although we have not determined if this creates a partition function that is
differentiable, it does at least give continuity.

What we have in mind for g is either a Gaussian, or a smooth function
between 0 and 1 that equals the characteristic function for I except close to
the boundary of 1.

Recall from [12] that we say a finite Borel measure p on R? is g-finite if
SE(1) < co. This is automatic if 1 < ¢ < oo.

First we show that this modified Rényi entropy sum still leads to D;t ().
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Theorem 5.1. Assume that g > 0 is rapidly decreasing, with g(0) > 0,
and that 0 < q¢ < 0o, q # 1. There is a constant C so that, for any Borel
measure 1 on R?,

L Ygers (Jrs g (= %) duly))”
© = > jezs H(€j + €l)? =¢

for all e > 0.

Proof. The proof is almost identical to that of [12, Lemma 2.3], and we
again use the notation used there.
Notice that

> (/Rag(j— %) du(y)>q => (> Zk+eﬂg(j—%) du(y)

q

jez? jezs \kezs
If
y € ek + €l
then y
j—; €e(j-k-IC(—-k) —D.
Therefore
q
q
Z (/5 g (j - %) d,u(y)) < Z Z I'j_kp(ek + €ll)
jezs MR jezd \kezd
and
q
.y /
2. ( [a(-2) du(.v)) >3 [ X vwnleleteD)
jezs MR jezd \kezd
Therefore
q
el < S (Lo 6-2) ) < fren)|
¢ IR € q
and the rest of the proof follows that of [12, Lemma 2.3]. O

Theorem 5.2. Assume that g > 0 is rapidly decreasing and that 0 < g < 00,
q # 1. For any finite Borel measure p on R? with compact support, the sum

q
.Y

> (/ g (J - —) du(y)>

j€Z5 RS €

varies continuously in €.

Proof. Since

2 (/R 7(-%) d“(”>q =€ (g0 ()’

jezs jezs
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it will suffice to prove the continuity of

> (ge * pled))?.

jezs

Again we restrict € to some the interval [a, b].
We know that g is bounded by some G < co. We have the bound

g(i-¥) <aic,

and since p is a finite measure, we can apply dominated convergence and
conclude that

ge * p(€j) = /Ré e’g (j — %) dp(y)

varies continuously in e.
We saw in the proof of Theorem 2.3 that there is a bound

(ge * 12) (%) < Co(C5 A x| 7F),
541

where k is taken to be an integer larger than et Therefore

We

((ge * () < a™ ™ Co(b™CF A [5|79F).

can apply dominated convergence, this time with the measure being

counting measure on Z°, and conclude that

> (ge # nled)"

jezs
varies continuously in e. O
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