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Variation of periods modulo p in
arithmetic dynamics

Joseph H. Silverman

Abstract. Let ϕ : V → V be a self-morphism of a quasiprojective
variety defined over a number field K and let P ∈ V (K) be a point with
infinite orbit under iteration of ϕ. For each prime p of good reduction,
let mp(ϕ, P ) be the size of the ϕ-orbit of the reduction of P modulo p.
Fix any ε > 0. We show that for almost all primes p in the sense of
analytic density, the orbit size mp(ϕ, P ) is larger than (log NK/Qp)1−ε.
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Introduction

Let
ϕ : PN

Q −→ PN
Q

be a morphism of degree d defined over Q and let P ∈ PN (Q) be a point
with infinite forward orbit

Oϕ(P ) =
{
P,ϕ(P ), ϕ2(P ), . . .

}
.
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For all but finitely many primes p, we can reduce ϕ to obtain a morphism

ϕ̃p : PN
Fp

−→ PN
Fp

whose degree is still d. We write mp(ϕ,P ) for the size of the orbit of the
reduced point P̃ = P mod p,

mp(ϕ,P ) = #O
eϕp(P̃ ).

(For the remaining primes we define mp(ϕ,P ) to be ∞.)
Using an elementary height argument (see Corollary 12), one can show

that
mp(ϕ,P ) ≥ Cd log log p + O(1) for all p,

but this is a very weak lower bound for the size of the mod p orbits. Our
principal results say that for most primes p, we can do (almost) exponentially
better. In the following result, we write δ(P) for the logarithmic analytic
density of a set of primes P. (See Section 1 for the precise definition of δ
and the associated lower density δ.)

Theorem 1. With notation as above, we have the following :
(a) For all γ < 1,

δ
{
p : mp(ϕ,P ) ≥ (log p)γ

}
= 1.

(b) There is a constant C = C(N,ϕ, P ) so that for all ε > 0,

δ
{
p : mp(ϕ,P ) ≥ ε log p

} ≥ 1 − Cε.

More generally, we prove analogous results for any self-morphism ϕ :
V → V of a quasiprojective variety V defined over a number field K. See
Section 1 for the basic setup and Theorem 2 for the precise statement of our
main result.

The proof of Theorem 1, and its generalization Theorem 2, proceeds in
two steps. In the first step we prove that there is an integer D(m) satisfy-
ing log log D(m) � m with the property that

mp(ϕ,P ) ≤ m if and only if p | D(m).

This is done using a height estimate for rational maps (Proposition 4) and
a height estimate for arithmetic distances (Proposition 7). The second part
of the proof uses the first part to prove an analytic estimate (Theorem 13)
of the following form: for all λ ≥ 1 there is a constant C = C(ϕ, λ) so that

(1)
∑

p prime

log p

pesmp(ϕ,P )λ ≤ C

s1/λ
for all s > 0.

The inequality (1) is a dynamical analogue of the results in [9], which treated
the case of periods modulo p of points in algebraic groups.

Theorem 1 says that for most p, the mod p orbit of P has size (almost) as
large as log p. If ϕ were a random map, we would expect most orbits to have
size on the order of

√
#PN(Fp) ≈ pN/2. In Section 6 we present the results of
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some experiments using quadratic polynomials ϕc(z) = z2 + c which suggest
that mp(ϕc, α) is almost always larger than

√
p1−ε, and for c /∈ {0, 1

2}, it is
seldom larger than

√
p1+ε.

Acknowledgements. The author would like the thank the referee for his
careful reading of this paper and for suggesting a simplified proof of Propo-
sition 7.

1. Notation and statement of main result

In this section we set notation for our basic objects of study, give some
basic definitions, and state our main result. We start with the dynamical
setup. Let K/Q be a number field, let V ⊂ PN

K be a quasiprojective variety
defined over K, and let

ϕ : V −→ V

be a morphism defined over K.

Definition. Let V/RK be a scheme whose generic fiber is V/K and let Φ be
a rational map Φ : V/RK ��� V/RK whose restriction to the generic fiber
is ϕ : V/K → V/K. We say that ϕ has good reduction at a prime p if the
rational map

Φ : V ×RK
Rp ��� V ×RK

Rp

over the local ring Rp extends to a morphism; cf. [12, §2.5]. If this is the
case, then we define the reduction of ϕ modulo p to be the restriction of Φ
to the special fiber over p,

Φ|p = ϕ̃ : Ṽ /Fp −→ Ṽ /Fp.

We note that reduction modulo p commutes with ϕ in its action on points,
i.e.,

ϕ̃(P ) = ϕ̃(P̃ ).

We observe that different choices of model Φ : V ��� V affect only finitely
many of the reduced maps Φ|p, and thus have no effect on the density results
proven in this paper. We will assume henceforth, without further comment,
that a particular model has been fixed.

Definition. With K/Q and ϕ : V → V as above, let P ∈ V (K) be a point
whose forward ϕ-orbit

Oϕ(P ) =
{
P,ϕ(P ), ϕ2(P ), . . .

}
is infinite. For each prime ideal p of K at which ϕ has good reduction, we
let

mp = mp(ϕ,P ) = size of the ϕ̃-orbit of P̃ in Ṽ (Fp).

If ϕ has bad reduction at p, we set mp = ∞. As noted above, the choice of
a model for ϕ : V → V affects only finitely many of the mp(ϕ,P ) values.
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We next define the analytic density that will be used in the statement of
our main result.

Definition. Let K/Q be a number field with ring of integers RK . For any
set of primes (0) /∈ P ⊂ Spec(RK), define the partial ζ-function for P by

ζK(P, s) =
∏
p∈P

(
1 − 1

NK/Qps

)−1

.

This Euler product defines an analytic function on Re(s) > 1. As usual, we
write ζK(s) for the ζ-function of the field K. Then the (logarithmic analytic)
density of P is given by the following limit, assuming that the limit exists:

(2) δ(P) = lim
s→1+

d log ζK(P, s)
d log ζK(s)

= lim
s→1+

ζ ′K(P, s)/ζK(P, s)
ζ ′K(s)/ζK(s)

.

Expanding the logarithm before differentiating and using the fact that ζK(s)
has a simple pole at s = 1, it is easy to check that the density is also given
by the formula

(3) δ(P) = lim
s→1+

(s − 1)
∑
p∈P

log NK/Qp

NK/Qps
.

We similarly define upper and lower densities δ(P) and δ(P) by replacing
the limits in (2) with the limsup or the liminf, respectively; and then (3) is
true with the appropriate limsup or liminf.

With this notation, we can now state our main result.

Theorem 2. Let K/Q be a number field, let ϕ : V/K → V/K, and let P ∈
V (K) be as described in this section. Further, let mp(ϕ,P ) denote the size
of the ϕ̃-orbit of P̃ in Ṽ (Fp).
(a) For all γ < 1 we have

δ
{
p ∈ SpecRK : mp(ϕ,P ) ≥ (log Np)γ

}
= 1.

(b) There is a constant C = C(K,V, ϕ, P ) so that for all ε > 0,

δ
{
p ∈ SpecRK : mp(ϕ,P ) ≥ ε log Np

} ≥ 1 − Cε.

Remark 3. Our results apply more generally to a map ϕ : V → V , i.e.,
not necessarily a morphism, provided that we start with a point P ∈ V (K)
such that ϕ is well-defined at every point in the forward orbit of P . We need
merely note that inequality (4) in Proposition 4 is valid away from the locus
of indeterminacy of ϕ, so under our assumption, it may be applied to every
point in Oϕ(P ). The rest of the proof remains unchanged. However, we feel
that this situation is of somewhat less interest, since in general it is difficult
to determine when the full orbit of a point P ∈ V completely avoids hitting
the indeterminacy locus of a rational map ϕ : V → V .
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2. Height and norm estimates

In this section we prove various estimates for heights and norms that
will be needed for the proof of our main result. To ease notation, for the
remainder of this paper we fix the number field K/Q and write Na for
the K/Q norm of a fractional ideal a of K.

We also fix a projective embedding of V/K ⊂ PN , and we use this to fix
a height function

h : V (K) −→ R

on V as the restriction of the classical Weil height function on PN (K). See,
e.g., [6, Part B], [8, Chapter 3], or [12, §§3.1,3.2,7.3] for the theory of height
functions.

Proposition 4. With notation as in Section 1 and Theorem 2, there are
constants

d = d(V,ϕ) ≥ 2 and C = C(V,ϕ) ≥ 0
so that

h
(
ϕn(Q)

) ≤ dn
(
h(Q) + C) for all n ≥ 0 and all Q ∈ V (K).

Proof. We are given that ϕ is a morphism on V , but note that V is only
quasiprojective, i.e., V is a Zariski open subset of a Zariski closed subset
of PN . We write V as a union of open subsets V1, . . . , Vt such that on
each Vi we can write

ϕi = ϕ|Vi = [Fi0, Fi1, . . . , FiN ],

where the Fij are homogeneous polynomials and such that

Fi0, Fi1, . . . , FiN do not simultaneously vanish on Vi.

We may view ϕi as a rational map ϕi : PN ��� PN of degree di = deg Fij .
Letting Zi ⊂ PN be the locus of indeterminacy for the rational map ϕi, we
have the elementary height estimate

(4) h
(
ϕi(Q)

) ≤ dih(Q) + C(ϕi), valid for all Q ∈ PN (K) � Zi.

(See [6, Theorem B.2.5(a)].) By construction,

V ∩ Z1 ∩ Z2 ∩ · · · ∩ Zt = ∅,
so for all Q ∈ V (K) we obtain the inequality

h
(
ϕ(Q)

)
= h

(
ϕi(Q)

)
for any i with Q /∈ Zi,

≤ max
i with Q /∈ Zi

dih(Q) + C(ϕi) from (4),

≤ max
1≤i≤n

dih(Q) + max
1≤i≤n

C(ϕi).

Setting

d = max{2, d1, . . . , dt} and C = max
{
C(ϕ1), . . . , C(ϕt)

}
,
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we have
h
(
ϕ(Q)

) ≤ dh(Q) + C for all Q ∈ V (K).
Applying this iteratively yields

(5) h
(
ϕn(Q)

) ≤ dnh(Q) + (1 + d + · · · + dn−1)C ≤ dn
(
h(Q) + C),

(note that d ≥ 2 by assumption) which is the desired result. �

Remark 5. If ϕ : PN → PN is a finite morphism of degree at least 2, then
in the statement of Proposition 4 we can take d = deg ϕ. More precisely,
in this situation a standard property of height functions [6, B.2.5(b)] gives
upper and lower bounds,

h
(
ϕn(Q)

)
= dn

(
h(Q) + O(1)

)
.

Remark 6. For maps of degree 1 on PN , the middle inequality in (5) yields
the stronger estimate

h
(
ϕn(Q)

) ≤ h(Q) + Cn.

Tracing through the proofs in this paper, this would give an exponential
improvement in our results, and more generally, we get an exponential im-
provement for any ϕ : V → V satisfying h

(
ϕ(Q)

) ≤ h(Q) + O(1).
We illustrate with an example. Let ϕ(z) = az with a ∈ Q∗, so mp(ϕ, 1) is

the order of a in the multiplicative group F∗
p. Then in place of (1) we obtain

(6)
∑

p prime

log p

pmp(ϕ, 1)s
≤ 2

s
+ O(1),

which allows us to replace Theorem 1(b) with

(7) δ
{
p : mp(ϕ, 1) ≥ pε

} ≥ 1 − 2ε.

The estimates (6) and (7) are special cases of results proven in [9]; see in
particular [9, equation (3)] and the remark following [9, Theorem 4.2].

Proposition 7. Let K/Q be a number field and let

α0, . . . , αN , β0, . . . , βN ∈ K

be elements of K with at least one αi and at least one βi nonzero. Define
fractional ideals

A = (α0, . . . , αN ), B = (β0, . . . , βN ), D = (αiβj − αjβi)0≤i<j≤N .

Also let A = [α0, . . . , αN ] ∈ PN (K) and B = [β0, . . . , βN ] ∈ PN(K), and
assume that A 
= B. Then

1
[K : Q]

log
(

ND

NA · NB

)
≤ h(A) + h(B) + log 2.

(Here h is the absolute logarithmic height on PN (Q); see [6, Part B], [8,
Chapter 3], or [12, §§3.1,3.2,7.3].)
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Proof. We let MK be a set of absolute values on K normalized so as to
obtain the absolute height, i.e., the height of a point P = [x0, . . . , xN ] is
given by h(P ) =

∑
v∈MK

−mini{v(xi)}. We write M∞
K (respectively M0

K)
for the set of archimedean (respectively nonarchimedean) absolute values
on K. We observe that with this normalization, the norm of a nonzero
ideal C = (γ1, . . . , γn) is given by

1
[K : Q]

log NC =
∑

v∈M0
K

min
1≤i≤n

v(γi).

Since A 
= B, there are indices i and j such that αiβj 
= αjβi. Relabeling
the coordinates, we may assume without loss of generality that α0β1 
= α1β0.
We observe that for all v ∈ M∞

K we have

v(α0β1 − α1β0) ≥ min
{
v(α0β1), v(α1β0)

}
+ v(2)(8)

≥ min
{
v(α0), v(α1)

}
+ min

{
v(β0), v(β1)

}
+ v(2)

≥ min
0≤i≤N

{
v(αi)

}
+ min

0≤i≤N

{
v(βi)

}
+ v(2).

We use this to compute

1
[K : Q]

log
(

ND

NA · NB

)

=
∑

v∈M0
K

(
min

0≤i<j≤N
v(αiβj − αjβi) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi)

)

≤
∑

v∈M0
K

(
v(α0β1 − α1β0) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi)

)

=
∑

v∈MK

(
v(α0β1 − α1β0) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi)

)

−
∑

v∈M∞
K

(
v(α0β1 − α1β0) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi)

)

≤
∑

v∈MK

(
v(α0β1 − α1β0) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi)

)

−
∑

v∈M∞
K

v(2) from (8),

= 0 + h(A) + h(B) + log 2 from the product formula.

This completes the proof of Proposition 7. �

Remark 8. The proof of Proposition 7 is elementary, but it may be illu-
minating to rephrase the argument using the theory of local heights relative
to closed subschemes and arithmetic distance functions as developed in [11].
We briefly sketch. Since A 
= B, relabeling lets us assume that α0β1 
= α1β0.
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We define

D = {x0y1 = x1y0} and Δ = {xiyj = xjyi for all i and j}.
Thus Δ is the diagonal of PN × PN , while D is a divisor of type (1, 1). In
particular, if we let π1 and π2 be the projections PN × PN → PN and let H
be a hyperplane in PN , then D is linearly equivalent to π∗

1H + π∗
2H.

We also observe that Δ ⊂ D. It follows from [11] that

(9) λΔ(P, v) ≤ λD(P, v) + Ov(1) for all P ∈ (
(PN × PN) � |D|)(K),

where λΔ and λD are local height functions; see [11]. Here Ov(1) denotes
an MK-bounded function in the sense of Lang [8]. By construction, the
point (A,B) is not in the support of D. We also note that since D is an
effective divisor, the local height λD is bounded below by an MK -constant
for all P not in the support of D. Hence evaluating (9) at P = (A,B) and
summing over v ∈ M0

K yields∑
v∈M0

K

λΔ

(
(A,B), v

) ≤
∑

v∈M0
K

(
λD

(
(A,B), v

)
+ Ov(1)

)
(10)

≤
∑

v∈MK

λD

(
(A,B), v

)
+ O(1)

= hD

(
(A,B)

)
+ O(1)

= hπ∗
1H+π∗

2H

(
(A,B)

)
+ O(1)

= h(A) + h(B) + O(1).

It remains to compute λΔ, which in the parlance of [11] is an arithmetic
distance function. From [11], and using the generators of the ideal defin-
ing Δ, a representative local height function for Δ is

λΔ

(
(A,B), v

)
= min

0≤i<j≤N
v(αiβj − αjβi) − min

0≤i≤N
v(αi) − min

0≤i≤N
v(βi).

Summing over M0
K gives∑

v∈M0
K

λΔ

(
(A,B), v

)
=

1
[K : Q]

(log ND − log NA − log NB),

and substituting this into (10) yields the desired result (with log 2 replaced
by a constant that might depend on N).

We conclude this section with an elementary result saying that every point
in PN (K) has integral homogeneous coordinates that are almost relatively
prime.

Lemma 9. Let K/Q be a number field and let RK be the ring of integers
of K. There is an integral ideal C = C(K) so that every P ∈ PN (K) can be
written using homogeneous coordinates

P = [α0, α1, . . . , αN ]
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satisfying
α0, . . . , αN ∈ RK and (α0, . . . , αN )

∣∣ C.

Proof. Fix integral ideals a1, . . . , ah that are representatives for the ideal
class group of RK . Given a point P ∈ PN (K), choose any homogeneous
coordinates P = [β0, . . . , βN ]. Multiplying the coordinates by a constant,
we may assume that β0, . . . , βN ∈ RK . The ideal generated by β0, . . . , βN

differs by a principal ideal from one of the representative ideals, say

(γ)(β0, . . . , βN ) = aj for some γ ∈ K∗.

Then each γβi ∈ aj ⊂ RK , so if we set αi = γβi, then

P = [α0, . . . , αN ] with α0, . . . , αN ∈ RK and (α0, . . . , αN ) = aj .

Hence if we let C be the integral ideal C = a1 ∩ a2 ∩ · · · ∩ ah, then C depends
only on K, and for any point P we have shown how to find homogeneous
coordinates in RK such that the ideal generated by the coordinates divides C.

�

3. An ideal characterization of orbit size

In this section we estimate the size of the product of all prime ideals
satisfying mp ≤ m.

Proposition 10. With notation as in Section 1 and Theorem 2, for any
integer m ≥ 1, let D(m) = D(m;K,V, ϕ, P ) be the integral ideal defined by

(11) D(m) =
∏

prime p
mp≤m

p.

Then there is a constant C = C(K,V, ϕ, P ) such that for all m ≥ 1,

(12) log log ND(m) ≤ Cm.

Remark 11. If V is projective and ϕ is finite of degree d ≥ 2, then the
following more precise version holds:

log log ND(m) ≤ (log d)m + C log m.

Proof. By definition, for primes of good reduction, mp(ϕ,P ) is the smallest
value of m such that there exist r ≥ 1 and s ≥ 0 satisfying

r + s = m and ϕr+s(P ) ≡ ϕs(P ) (mod p).

Notice that s is the length of the tail and r is the length of the cycle in the
orbit O

eϕp (P̃ mod p).
We let C be the ideal described in Lemma 9. Then for each n ≥ 0 we can

write
ϕn(P ) = [A0(n), A1(n), . . . , AN (n)]

with Ai(n) ∈ RK and such that the ideal

A(n) :=
(
A0(n), . . . , AN (n)

)
divides the ideal C.
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It follows that for all primes of good reduction p � C we have

ϕr+s(P ) ≡ ϕs(P ) (mod p)

⇐⇒ Ai(r + s)Aj(s) ≡ Ai(s)Aj(r + s) (mod p)
for all 0 ≤ i < j ≤ N .

Hence if we define ideals B(r, s) by

B(r, s) =
(
Ai(r + s)Aj(s) − Ai(s)Aj(r + s)

)
0≤i<j≤N

and define D′(m) to be the product

D′(m) =
∏

r≥1, s≥0
r+s=m

B(r, s),

then for all primes p � C we have

mp(ϕ,P ) ≤ m ⇐⇒ p | D′(m).

Thus D(m) and D′(m) agree up to finitely many prime factors. More
precisely, D(m) | CD′(m), where C is independent of m, so it suffices to
prove (12) with D′(m) in place of D(m). We also note that the assumption
that P has infinite ϕ-orbit tells us that

ϕr+s(P ) 
= ϕs(P ) for all r ≥ 1 and s ≥ 0,

so D′(m) 
= 0.
It remains to estimate the norm of D′(m). We apply Proposition 7, which

with our notation says that
1

[K : Q]
log

NB(r, s)
NA(r + s)NA(s)

≤ h
(
ϕr+s(P )

)
+ h

(
ϕs(P )

)
+ O(1).

Using the fact that NA(r + s) and NA(s) are smaller than NC, which only
depends on K, we find that

1
[K : Q]

log NB(r, s) ≤ h
(
ϕr+s(P )

)
+ h

(
ϕs(P )

)
+ O(1).

Next we apply Proposition 4 to estimate the heights, which gives

log NB(r, s) ≤ Cdr+s,

where C = C(K,V, ϕ, P ) and d = d(V,ϕ) ≥ 2. The key point is that
neither C nor d depends on r or s.

The ideal D′(m) is a product of various B(r, s) ideals, so we obtain

log ND′(m) =
∑

r≥1,s≥0
r+s=m

log NB(r, s) ≤
∑

r≥1,s≥0
r+s=m

Cdr+s ≤ Cmdm+1 ≤ Cd2m.

Taking one more logarithm yields

log log ND′(m) � m,

where the implied constant is independent of m. �
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An immediate corollary of Proposition 10 is a weak lower bound for mp.

Corollary 12. With notation as in Section 1, there is a constant C =
C(K,V, ϕ, P ) so that

mp(ϕ,P ) ≥ C log log Np for all primes p.

Proof. For each m ≥ 1, let D(m) be the ideal (11) defined in Proposition 10.
Then for all primes p with mp < ∞ we have

p | D(mp) and log log ND(mp) ≤ Cmp.

The divisibility implies that ND(mp) ≥ Np, which gives the desired result.
�

4. An analytic estimate

We now prove the key analytic estimate required for the proof of The-
orem 2. This analytic result is a dynamical analog of a theorem of Ro-
manoff [10], see also [2, 3, 7, 9]. The exact form of the infinite series used
in Theorem 13 is not obvious from the earlier work, but once this series
has been correctly formulated, the proof of the required estimate follows the
general lines of the proof in [9].

Theorem 13. With notation as in Theorem 2, let λ ≥ 1. Then there is a
constant C = C(K,V, ϕ, P, λ) so that

(13)
∑

p∈Spec RK

log Np

Np · esmλ
p
≤ C

s1/λ
for all s > 0.

Proof. To ease notation, define functions g(t) and G(t) by

(14) g(t) =
log t

t
and G(t) = e−stλ .

We use Abel summation to rewrite the series S(ϕ,P, λ, s) in (13) as follows:

S(ϕ,P, λ, s) =
∑

p∈Spec RK

log Np

Np · esmλ
p

(15)

=
∑

p∈Spec RK

g(Np)G(mp)

=
∑
m≥1

( ∑
p∈Spec RK

mp=m

g(Np)G(m)
)

=
∑
m≥1

G(m)
( ∑

p∈Spec RK
mp≤m

g(Np) −
∑

p∈Spec RK
mp≤m−1

g(Np)
)

=
∑
m≥1

(
G(m) − G(m + 1)

) ∑
p∈Spec RK

mp≤m

g(Np).
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The mean value theorem gives

G(m) − G(m + 1) ≤ sup
m<θ<m+1

−G′(θ) = sup
m<θ<m+1

sλθλ−1e−sθλ

≤ sλ(m + 1)λ−1e−smλ

≤ sλ(2m)λ−1e−smλ
.

Substituting into (15) yields

(16) S(ϕ,α, λ, s) ≤
∑
m≥1

sλ(2m)λ−1e−smλ
∑

p∈Spec RK
mp≤m

log Np

Np
.

To deal with the inner sum, we use two results. The first, Proposition 10,
was proven earlier. The second is as follows.

Lemma 14. Let K/Q be a number field. There are constants c1 and c2,
depending only on K, so that for all integral ideals D we have

∑
p|D

log Np

Np
≤ c1 log log ND + c2.

Proof. This is a standard result. See for example [9, Corollary 2.3] for a
derivation and an explicit value for c1. �

Using the two lemmas, we obtain the bound

S(ϕ,α, λ, s)

≤
∑
m≥1

sλ(2m)λ−1e−smλ
∑

p∈Spec RK
mp≤m

log Np

Np
from (16)

=
∑
m≥1

sλ(2m)λ−1e−smλ
∑

p∈Spec RK
p|D(m)

log Np

Np
by definition of D(m)

≤
∑
m≥1

sλ(2m)λ−1e−smλ(
c1 log log ND(m) + c2

)
from Lemma 14

≤ Cs
∑
m≥1

mλe−smλ
from Proposition 10.

Here C = C(K,V, ϕ, P, λ), but is independent of s. It remains to deal with
this last series. If λ = 1, then we can explicitly evaluate the series, but
this is not possible for general values of λ. (For example, if λ = 2, then it
is more-or-less a theta function). Instead we use the following elementary
estimate.
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Lemma 15. Fix λ > 0 and μ ≥ 0. There is a constant C = C(λ, μ) so that
∞∑

m=1

mμe−smλ ≤ Cs−(μ+1)/λ for all s > 0.

Proof. We note that the function tμe−stλ has a unique maximum on [0,∞).
This allows us to estimate

∞∑
m=1

mμe−smλ ≤ 2
∫ ∞

0
tμe−stλ dt

= 2s−(μ+1)/λ

∫ ∞

0
uμe−uλ

du letting u = s1/λt.

The integral converges and is independent of s. �

Applying Lemma 15 with μ = λ and substituting in above yields

S(ϕ,α, λ, s) ≤ C1(K,V, ϕ, P, λ)s · C2(λ)s−(λ+1)/λ

= C3(K,V, ϕ, P, λ)s−1/λ .

This completes the proof of Theorem 13. �

5. Proof of Theorem 2

We now use the analytic estimate provided by Theorem 13 to prove our
main density results.

Proof of Theorem 2. (a) For any 0 < γ < 1 we let

Pγ =
{
p ∈ Spec(RK) : mp ≤ (log Np)γ

}
.

Then for all s > 0 we have
C

sγ
≥

∑
p∈Spec RK

log Np

Np · esm
1/γ
p

from Theorem 13 with λ = 1/γ,(17)

≥
∑
p∈Pγ

log Np

Np · esm
1/γ
p

≥
∑
p∈Pγ

log Np

Np · es log Np
by the definition of Pγ ,

=
∑
p∈Pγ

log Np

(Np)1+s
.

Hence

δ(Pγ) = lim sup
s→1+

(s − 1)
∑
p∈Pγ

log Np

(Np)s
by definition of upper density,
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= lim sup
s→0+

s
∑
p∈Pγ

log Np

(Np)s+1
replacing s by s + 1,

≤ lim sup
s→0+

Cs1−γ from (17),

= 0 since γ < 1.

Since the density is always nonnegative, this proves that δ(Pγ) = 0. This is
equivalent to Theorem 2(a), which asserts that the complement of Pγ has
density 1.

(b) The proof is similar. Let ε > 0 and define

Pε =
{
p ∈ Spec(RK) : mp ≤ ε log Np

}
.

Applying Theorem 13 with λ = 1 and using the definition of Pε, we estimate

C

s
≥

∑
p∈Spec RK

log Np

Np · esmp
≥

∑
p∈Pε

log Np

Np · esmp
≥

∑
p∈Pε

log Np

Np · esε log Np

=
∑
p∈Pγ

log Np

(Np)1+sε
.

Replacing s by s/ε yields

Cε

s
≥

∑
p∈Pγ

log Np

(Np)1+s
.

Hence

δ(Pε) = lim sup
s→0+

s
∑
p∈Pε

log Np

(Np)s+1
≤ Cε.

It follows that the complement of Pε has lower density at least 1 − Cε. �

6. Conjectures and experiments

The density estimate provided by Theorem 2 is probably far from the
truth. If the ϕ-orbit of a point P in V (Fp) were truly a “random map”
from V (Fp) to itself, then the expected orbit length mp would be on the
order of

√
#V (Fp) ≈ Np

1
2

dimV . (See [4, 5] for statistical properties of orbits
of random maps and [1] for the analysis of orbits of certain polynomial
maps.) The following conjecture thus seems plausible.

Conjecture 16. Let K/Q be a number field, let ϕ : PN → PN be a morphism
of degree d ≥ 2, and let P ∈ PN (K) be a point whose ϕ-orbit is Zariski dense
in PN . Then for every ε > 0,

δ
{
p : mp(ϕ,P ) ≤ Np

N
2
−ε

}
= 0.
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z2 − 2 z2 − 1 z2 z2 + 1 z2 + 2

λ = 0.3 0.038904 0.016799 0.029620 0.013705 0.012378
λ = 0.4 0.150752 0.087533 0.126437 0.079133 0.084439
λ = 0.5 0.323165 0.411141 0.282051 0.389920 0.397436
λ = 0.55 0.430150 0.721043 0.383289 0.702918 0.705128

λ = 0.6 0.541556 0.944739 0.487622 0.937666 0.941202
λ = 0.7 0.767462 0.999116 0.712644 0.997790 0.999116
Table 1. Proportion of p < 20000 with mp(z2 + c, 3) ≤ pλ

We tested Conjecture 16 using quadratic polynomials z2 + c. For various
values of c and various exponents λ, we computed the number of primes p <
20000 satisfying mp(z2 + c, 3) < pλ. There are 2262 primes less than 20000,
and Table 1 gives the value of the ratio

#{p < 20000 : mp(ϕc, 3) ≤ pλ}
2262

in each case.
As a complement to Conjecture 16, it is tempting to conjecture that

mp(ϕ,P ) ≤ Np
N
2

+ε for almost all primes, but as Table 1 shows, not all
maps behave equally randomly. In particular, the polynomials ϕ(z) = z2

and ϕ(z) = z2 − 2 seem to exhibit atypical behavior. This is not surprising,
since they are associated to endomorphisms of the multiplicative group [12,
§§6.1,6.2], so their complex and arithmetic dynamics are unusual compared
to the dynamics of other quadratic polynomials. We do not have a general
conjecture to complement Conjecture 16, but based on experimental and
heuristic arguments, we make the following guess for quadratic polynomials.

Conjecture 17. Let K/Q be a number field, let c ∈ K, let ϕc(z) = z2 + c,
let a ∈ K be a point whose ϕc-orbit is infinite, and let ε > 0.

(a) If c 
= 0, 1
2 , then δ

{
p : mp(ϕc, P ) ≤ Np

1
2
+ε

}
= 1.

(b) If c = 0, 1
2 , then δ

{
p : mp(ϕc, P ) ≤ Np1−ε

}
= 0.
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Math. et Mêc. a l’université Konybycheff de Tomsk, I (1935) 101–103.

[3] Erdős, Paul; Turán, Paul. Über die Vereinfachung eines Landauschen Satzes.
Bull. de l’institut de Math. et Mêc. a l’université Konybycheff de Tomsk, I (1935)
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