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The relative Riemann—Roch theorem from

Hochschild homology
Ajay C. Ramadoss

ABSTRACT. This paper attempts to clarify a preprint of Markarian
(2001). Markarian’s preprint proves the relative Riemann—Roch theorem
using a result describing how the HKR map fails to respect comultipli-
cation. This paper elaborates on the core computations in Markarian’s
preprint. These computations show that the HKR map twisted by the
square root of the Todd genus “almost preserves” the Mukai pairing.
This settles a part of a conjecture of Caldararu, 2005. The relative
Riemann—Roch theorem follows from this and a result of Caldararu,
preprint, 2003.
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Introduction

The purpose of this paper is to explain in detail an alternative approach to
the relative Riemann—Roch theorem which first appeared in a very interest-
ing but cryptic preprint [5] of Markarian. This approach leads to a proof of
the relative Riemann—Roch theorem by a direct computation of the pairing
on Hodge cohomology to which the Mukai pairing on Hochschild homology
defined by Caldararu [1] descends via the Hochschild-Kostant—Rosenberg
map multiplied by the square root of the Todd genus. In the framework of
this approach, the fundamental reason for the appearance of the Todd genus
in the Riemann—Roch theorem is the failure of the Hochschild—Kostant—
Rosenberg map Ipkgr introduced in Section 2 to respect comultiplication.
One of the main theorems in [5] (Theorem 1 of [5]) describes the Duflo like
error term that measures by how much Igkr fails to respect comultiplica-
tion. The proof supplied in [5] however, has a nontrivial error. A “dual”
version of this result equivalent to the original theorem has since been cor-
rectly proven by the author in [7]. A correct proof of another version of this
result has been outlined by Markarian himself in a revised version [6] of [5].
Theorem 1 of [5] appears as Theorem 2’ in this paper.

Let X be a smooth proper scheme over a field K of characteristic 0. We use
Theorem 2’ of this paper to prove the main result (Theorem 1) of the current
paper. This explicitly interrelates the Hochschild-Kostant—Rosenberg map,
the twisted HKR map introduced in Section 1 and a map which we call the
duality map between RHomx (Ox, A*Oa) and RHomx (A*Oa, Sx). Here,
Sx is the shifted line bundle on X tensoring with which is the Serre duality
functor on Db(X ). Theorem 1 of this paper is equivalent to a corrected
version of an erroneous result (Theorem 8 of [5]) that appears in [5].

Theorem 1 enables us to compute the pairing on Hodge cohomology to
which the Mukai pairing on Hochschild homology defined by Caldararu [1]
descends via the HKR-map twisted by the square root of the Todd genus.
Given Theorem 1, doing this computation is fairly easy. This pairing on
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Hodge cohomology (see Proposition 5 of this paper) is very similar to the
generalized Mukai pairing Caldararu defined in [2]. In particular, it satisfies
the adjointness property one expects from the Mukai pairing. Moreover, it
coincides with the Mukai pairing defined by Caldararu [2] on Mukai vectors
(see [2]) of elements of D?(X). However, the pairing obtained in Propo-
sition 5 is not exactly the same as Caldararu’s Mukai pairing on Hodge
cohomology. This settles a part of Caldararu’s conjecture in [2] regarding
the equivalence between the Hochschild and Hodge structures of a smooth
proper complex variety — to be able to say that the HKR map twisted by
the square root of the Todd genus preserves the Mukai pairing, one has to
replace the Mukai pairing defined by Caldararu [2] with the pairing that
shows up in Proposition 5. Since pairing in Proposition 5 does not in gen-
eral coincide with the Mukai pairing on Hodge cohomology for K3-surfaces,
we stay contented by saying that the HKR map twisted by the square root
of the Todd genus “almost preserves” the Mukai pairing.

The relative Riemann—Roch theorem follows from Proposition 5 and the
adjointness property of the Mukai pairing on Hochschild homology. The ad-
jointness property of the Mukai pairing on Hochschild homology was proven
in a paper [1] of Caldararu.

In order to prove Theorem 1, we elaborate upon the core computations in
[5]. These computations appeared in [5] in a very cryptic way. Some of these
computations do not appear in [6], whose approach differs in some details
from [5]. In particular, unlike [5], [6] does not contain a result equivalent to
Theorem 1 and does not compute the Mukai pairing on Hochschild homology
at the level of Hodge cohomology.

The key steps in this computational approach are covered by Theorem 2
and Lemmas 2, 3 and 4 of this paper. The most crucial computations, Theo-
rem 2’ and Lemma 4 are related to very familiar computations in elementary
Lie theory. Theorem 2’ is related to computing the pullback of a left invari-
ant 1-form on a Lie group G via the exponential map. Similarly, Lemma 4
is related computing the pullback of a left invariant volume form on G via
the the map exp where exp(Z) = exp(—Z2) for any element Z of the Lie
algebra g of G. We aim to make these relations transparent by developing a
“dictionary” in this paper in three separate subsections containing remarks
meant for this purpose only.

The layout of this paper. Section 1 begins by introducing the notations
and conventions that shall be used for the rest of this paper. It then goes on
to state Theorem 1 after defining the various maps involved in Theorem 1.
The pairing on Hodge cohomology to which the Mukai pairing on Hochschild
homology descends (via the HKR map twisted by the square root of the Todd
genus) is then computed. Finally, Section 1 uses this computation to prove
the relative Riemann—Roch theorem. The remaining sections of this paper
are devoted to proving Theorem 1.
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Section 2 introduces two “connections” on the complex of completed
Hochschild chains of a smooth scheme X. Their properties are proven in
various propositions in this section. This section also proves Theorem 2'.
Sections 2.3 and 2.5 develop the “dictionary” making the analogy between
Theorem 2" and its counterpart in elementary Lie theory more transparent.

Section 3 consists of a number of definitions, technical propositions and
two lemmas (Lemma 1 and Lemma 2) pertaining mainly to linear algebra.
These are used in later sections at various points. The definitions of this
section are important to understand later sections. Proofs of propositions
in later sections time and again refer to propositions in this section.

The key result of Section 4 is Lemma 3. This in turn follows from Lemma 4
and Lemma 2. Besides proving Lemma 3 and Lemma 4, Section 4 has a
subsection (Section 4.3) which explains the analogy between Lemma 4 and
its counterpart in basic Lie theory. Section 4.3 is the last of the three sections
(2.3, 2.5 and 4.3) developing the “dictionary” in this paper.

Section 5 undertakes the final computations leading to the proof of The-
orem 1.

Acknowledgements. I thank Prof. Victor Ginzburg for introducing me
to the works of Markarian and Caldararu and for useful discussions. I also
thank Prof. Madhav Nori for useful discussions and Prof. Andy Magid and
Dr. Victor Protsak for useful suggestions regarding the presentation of this

paper.

1. The main theorem, the Mukai pairing and the
relative Riemann—Roch theorem

We begin this section by clarifying some notation and conventions that
shall be followed throughout this paper. Immediately after that, in Sec-
tion 1.1, we state the main theorem (Theorem 1) of this paper after de-
scribing the maps involved. This section then goes on to explain in detail
why Theorem 1 implies the relative Riemann—Roch theorem. This is done
in Sections 1.2 and 1.3.

Notation and conventions. Let X be a smooth proper scheme over a field
K of characteristic 0. All schemes and complex varieties that we encounter
in this paper are assumed to be proper. Let A : X — X x X denote the
diagonal embedding. Let p; and p, denote the projections from X x X onto
the first and second factors respectively. As usual, Ox denotes the structure
sheaf of X.

Ch’(Ox — mod) (resp. Ch™(Ox — mod) and Ch™(Ox — mod)) denotes
the category of bounded (resp. bounded above and bounded below) chain
complexes of Ox-modules with coherent cohomology. DY(X) denotes the
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bounded derived category of complexes of Ox-modules with coherent co-
homology. Similarly, D?(X x X) denotes the bounded derived category of
complexes of Ox« x-modules with coherent cohomology.

Whenever f : X — Y is a morphism of schemes, f* : D?(Y) — Db(X) de-
notes the left derived functor of the pullback via f. Similarly, f, : D?(X) —
D’(Y) denotes the right derived functor of the push-forward via f. Oa
will denote A,Ox. Similarly, when we refer to a tensor product, we will
mean the corresponding left-derived functor unless stated otherwise explic-
itly. Also, if £ is an object of D’(X) and ¢ is a morphism in D(X), £ ® ¢
shall denote the morphism 1¢ ® . At times, £ shall be used to denote the
morphism 1¢.

If £ and F are objects of D?(X), we shall denote RHompy (€, F) by
RHomy (€, F). Also, we denote RHompy(y, x)(—, —) by RHomx» x (-, —).

Qx denotes the cotangent bundle of X. S®(Qx[1]) will denote the sym-
metric algebra generated over Ox by Qx concentrated in degree —1. Note
that S*(Qx[1]) = @; A’ Qx[i]. We shall often denote A’Qx by Q%. From
Section 2 onwards, Qx and S°®(Q2x[1]) shall be denoted by € and S*([1])
respectively. The tangent bundle of X shall be denoted by T'x in this section
and T from Section 2 onwards.

Where convenient,we shall denote the Hodge cohomology @,, ;H?(X, Qf;{)
by H*(X) and H?(X, Q%) by H??(X). Note that

H*(X) = RHomx (Ox, S*(Q2x[1])).

The product on H*(X) induced by the wedge product on S*(Qx[1]) will be
denoted by A. However, we shall often suppress the A: If a,b € H*(X), ab
should be understood to mean a A b € H*(X).

Despite our attempts to minimize abuse of notation, it does happen at
times. There are many situations in this paper where we encounter maps
between tensor products of various objects in D?(X) that rearrange factors.
Very often, such maps are denoted by the symbol 7. In each such situation,
we specify what 7 means unless we feel it is obvious to the reader.

1.1. The crux of this paper. Recall from Yekutieli [9] that the completed
complex of Hochschild chains 5’(X ) € Ch™ (Ox —mod) is a complex of flat
Ox-modules that represents A*O in D?(X). Upper indexing is used here
to convert what was originally a chain complex into a cochain complex.

The Hochschild-Kostant-Rosenberg (HKR) map Igkgr from 6'(X ) to
S*(Qx[1]) is a map of complexes of Ox modules. We describe this in greater
detail in Section 2. We identify A*Ox with 5'(X). Thus, the HKR map
Inkr can be thought of as a map in D?(X) from A*Oa to S*(Qx[1]).

Let Sx denote the object Q"[n] in D*(X). Let 7, denote the projection
from S°*(2x[1]) to the direct summmand Q"[n]. Consider the pairing

(= =) :S*(Qx[1]) @ S*(Qx[1]) — Sx
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given by the composite

S*(Qx[1]) © S*(Qx[1]) 27 so(Qx[1]) ™ Sy

of morphisms in D?(X). One also has a twisted HKR map from S*(Qx[1])
to RHomx (A*Oa, Sx ). This arises out of the composite

THKR®1ge (04 1))
e, SN

(1) A*Ox ®S*(Q1]) S*(Qx[1]) ® S*(Qx[1]) —1 Sx.

of morphisms in D?(X). We denote the twisted HKR map by I;;;a.

The duality map. The material in this paragraph is recalled from Cal-
dararu [1]. Recall that A* : DY(X x X) — D?(X) is the left adjoint of
A, : DY(X) — DY(X x X). Also recall that the functor of tensoring by
the shifted line bundle Sx is the Serre duality functor on D?(X). Similarly,
tensoring by the shifted line bundle Sxxx is the Serre duality functor on
D?(X x X). We denote the functor given by tensoring by a shifted line
bundle £ by £ itself. The left adjoint A : D?(X) — DY(X x X) of A* is
given by Sxxx 'A.Sx.
Since A is the left adjoint of A* we have an isomorphism

(2) Z : RHomx (Ox, A*Oa) ~ RHomyx « x (A1Ox, Oa).
Now, AOx = Sxwx TALSy ~ A*S)_(l. We also have an isomorphism
(3) 7 RHOIHXX)((A!OX,OA) ~ RHOIHXXX(OA,A*S)()

given by tensoring an element of RHom x x x (AjOx, Oa) on the right by the
shifted line bundle p5Sx and making the obvious identifications. Now, since
A* is the left adjoint of A, we have an isomorphism

(4) j . RHOIHXX)((OA,A*SX) ~ RHOIH)((A*OA,S)().

Let DA : RHomx (Ox,A*Oa) — RHomx (A*Oa, Sx) denote the com-
posite J o7 oZ. We refer to Da as the duality map.

The main theorem. The main theorem of this paper relates the HKR,
twisted HKR and duality maps. This is a corrected version of Theorem 8 of
Markarian’s preprint [5].

Note that Igkgr induces a map

Igkr : RHomyx (Ox, A*Oa) — RHomx (Ox, S*(Q2x[1])) = H*(X).
Similarly, @ induces a map
Thkr : H*(X) = RHomy (Ox,S*(Qx[1])) — RHomy (A*Oa, Sx).

Let J denote the endomorphism on S*(Qx/[1]) that multiplies A"Qx[i] by
(—=1)". J induces an endomorphism on H?(X, Q% ). Let

td(Ty) € &:H" (X, Q%)
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denote the Todd genus of the tangent bundle of X. Recall that the wedge
product (- A -):S*(Qx[1])®? — S*(Qx[1]) induces a product on H*(X).
We are now in a position to state the main theorem.

Theorem 1. The following diagram commutes.

RHomy (Ox,A*Ox)  —225  RHomy(A*Oa, Sx)

lIHKR I;I;T

H*(X) (EAtdTx))e ], H*(X).
The map in the bottom row of the above diagram takes an element o €
H*(X) to
J(a) Nd(Tx).

Theorem 1 can be thought of as an explicit computation of the duality
map.

1.2. The Mukai pairing. We now try to understand how Theorem 1 leads
to the relative Riemann—Roch theorem. It is in this attempt that we see
how Theorem 1 helps us calculate what the Mukai pairing on Hochschild
homology [1] descends to in Hodge cohomology. This settles a part of a
conjecture by Caldararu in [2].

Let HH;(X) denote Hompp x)(Ox,A*Oali]). HH;(X) is called the i-
th Hochschild homology of X. Let Z, T and J be as in (2), (3), and (4)
respectively. Let trx and trxxx denote the canonical identifications of
Homps(x)(Ox, Sx) and Home(XXx)(A*S)_(l,A*SX) with K respectively.
We recall that Caldararu [1] defined a Mukai pairing on Hochschild homol-
ogy. This was a pairing
(5) HH;(X) x HH_;(X) - K

(v,w) — trxxx(7(Z(v)) o Z(w)).

On the other hand we can consider the pairing

(6) HH;(X) x HH_;(X) - K
(v,w) — trx(Da(v) ow).

Proposition 1. The pairings on Hochschild homology defined in (5) and
(6) are identical.

Proof. By definition, Da(v) = J(7(Z(v))). The proposition would follow
if we can check that

(7) trx (7 (@) o B) = trxxx(a o Z(H))
for any a € Hompp(x x)(Oa, AxSx[i]) and 8 € Homps(x)(Ox|i], A*On).
This is just saying that Z is the map “dual” to the map J in (4).

We remark here that the assertion (7) is similar to the last part of Propo-
sition 3.1 of Caldararu’s paper [1]. Proposition 3.1 of [1] describes the
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construction of a right adjoint to a functor from DP(X) to D?(Y) given
a left adjoint (via Serre duality). In our situation, A, is a left adjoint to
A* :DY(X x X) — DP(X). Ay was constructed in [1] using the right adjoint
A, of A* and Serre duality. O

Moreover, let [y : H*(X) — K denote the linear functional that is
0 on HP(X) if (p,q) # (n,n) and coincides with the identification of
H"(X, Q%) = Homps(x)(Ox, Sx) with K on H""(X). Recall the defini-
tion of the twisted HKR map I;I;{. The following proposition is immediate
from the definition of Igkg.

Proposition 2. Ifa € H*(X) and b € RHomx (Ox,A*Oa), then
trx (Tnkr(a) o b) = / Tnkr(b) A a.
X

Let J be as in Theorem 1. Let (,) denote the Mukai pairing on Hochschild
homology in this subsection only. The following proposition is immediate
from Proposition 1, Proposition 2 and Theorem 1.

Proposition 3. If a € HH;(X) and b € HH_;(X) then
(a,b) = / Igkr(D) A J(Iakr(a)) Atd(Tx).
X

Note that the product on H*(X) is graded commutative. Also note that
[ is nonvanishing only on H?"(X). Therefore,

/v/\w:/@/\v
X X

where W is obtained from w by multiplying its component in H*(X) by
(—1)*. Note that if w € H*(X), J(w) = K (w) where K is the endomorphism
on H*(X) multiplying HY(X, Q%) by (—1)?. Since td(Tx) € &;H*(X),
td(T’x) commutes with every element of H*(X). Proposition 3 may there-
fore, be rewritten as

(8) (a,b) = /X K (Inx (a)) A Tagr(b) A td(Tx).

A Mukai like pairing on Hodge cohomology. Now suppose that X is
a smooth complex variety. Recall that a generalized Mukai pairing (, ) has
been defined by Caldararu [2] on the Hodge cohomology H*(X). Let wy =
% and let 7 denote the endomorphism on H*(X) that is multiplication
by /(—1)" " on HI(X, QF). Let ch : D’(X) — H*(X) denote the Chern
character. Recall from [2] that y/ch(wx) is a well-defined element of H*(X).
Then, if v,w € H*(X),

RO
(9) (v, w)0 = /X s
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t T denote the endomorphism on H*(X) given by multiplication by
( 1)q P on HY(X, QR ). Then, K = 707 =7 o7. Define a pairing (, )
on H*(X) by setting

(10)

(0, w0)a = (F(0), whe = /X vl

Proposition 4. If f : X — Y s a proper morphism of smooth complex

varieties, then
(f* (W), whp = (v, fu(w))m
for allv e H*(Y) and w € H*(X).

Proof. We recall from Caldararu [2] that (f*(v), w)c = (v, fs«(w))c for all
v e H (Y) and w € H*(X). Now, f*(Tv) = 7(f*(v)) for any v € H*(Y).
Thus,

for all v € H*(Y) and w € H*(X). O
Proposition 5. If a € HH;(X) and b € HH_Z-(X) then

<a, b> = <IHKR /\ \/td TX IHKR td(Tx)>M

Proof. Since 1/td(T) is a linear combination of elements in H'(X, Q%), it
commutes with other elements in H*(X'). The RHS of the equation in this
proposition is therefore,

K(I A/ td(T
/ (e (@) (Tx)) A td(Tx) A Igkr(b)
X ch(wx)
But K is a ring endomorphism of H*(X'). Thus
K(Inpkr(a) A /td(Tx)) = K(Inkr(a)) A K(\/td(Tx)).
But K (\/td(Tx)) = 7(y/td(Tx)) since both K and 7 are multiplication by
(—=1)" on HY(X,Q%). It has also been shown in Caldararu [2] that
T(vtd(Tx))
ch(wx)

— /td(Ty).

It follows that

/X K(Inkr(a) A /td(Tx)) A VA(Tx) A Tgkgr (D)

ch(wx)

_ /X K (Ixr(a)) Atd(Tx) A ngr ()

= /X K (Inkr(a)) Alakr(b) A td(Tx).
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The desired proposition now follows from (8). O

Remark 1. Recall that if £ € D?(X), then ch(&).\/td(Tx) is called the
Mukai vector of € (Caldararu [2]). The pairing (,)as is slightly different
from the generalized Mukai pairing (, )¢ defined by Caldararu [2]. However,
if v and w are Mukai vectors of elements of D(X), then (v, w)yr = (v, w)c.

Remark 2. Let X and Y be smooth complex varieties. Recall the definition
of an integral transform @ : D*(X) — D*(Y) from Caldararu [2], [1]. An
integral transform ® induces a map @, : H*(X) — H*(Y). We remark that
the pairing (,)as satisfies the adjointness one expects from a Mukai pairing.
More precisely, if ® : D?(X) — D(Y) and ¥ : D?(Y) — Db(X) are integral
transforms such that ¥ is a left adjoint of &, then

(Uyv,w)pr = (v, Puw) pr

for all v € D*(Y) and w € D¥(X). This follows from the analogous property
for the pairing (, )¢ and the fact (see Caldararu [2]) that integral transforms
preserve the columns of the Hodge diamond. We are thus justified when we
refer to the pairing (, )as as a Mukai like pairing.

Remark 3. A part of the main conjecture of Caldararu [2] was that the
HKR map twisted by the square root of the Todd genus of X preserves the
Mukai pairing. However, instead of taking the Mukai pairing on Hochschild
homology to (, )¢, it takes it to (,)as by Proposition 5. The latter pairing is
itself a Mukai like pairing and is very similar to the former pairing. However,
(,)am does not coincide with the Mukai pairing on the Hodge cohomology
of a K3-surface in general. In particular, if v € H*°(X) and w € H*?(X)
then (v, w)p; # (v,w)c. This is why we do not go so far as to call (,)y; a
generalized Mukai pairing. We can however, justifiably say that the HKR
map twisted by the square root of the Todd genus of X “almost preserves”
the Mukai pairing.

1.3. The relative Riemann—Roch theorem. Recall that Caldararu [1]
defined a Chern character

Ch : D*(X) — HHy(X).

He also showed in [1] that if f : X — Y is a proper morphism of smooth
schemes, then

(11) Ch(f.€) = f+Ch(E)
for any £ € D?(X). Also, in [2], it was shown that
IHKR o Ch(g) = Ch(g)

The relative Riemann—Roch theorem follows from Proposition 5.
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Relative Riemann—Roch Theorem. Let f : X — Y be a proper mor-
phism of smooth proper complex varieties. Then, if £ is a vector bundle on
X,

[ @) = [ aenay)
X Y
for any | € H*(Y).

Proof. Note that Iykg : HH,(X) — H*(X) is an isomorphism of complex
vector spaces. Let
0 = Tk (K() € HHL(Y).
Then,
(12) (f*a,Ch(€)) = (a, fsCh(E)) = (a, Ch(f.£)).

The first equality in (12) is due to the adjointness property of the Mukai
pairing (see Caldararu [1]). The second equality in (12) is due to (11). By

Proposition 5 and the fact that td(Tx) commutes with other elements of

H*(X),

(13)  (f*a,Ch(E) = /X K (Tixr (" a)) i (Ch(€))d (T

(a, Ch(£.E)) = /Y K (Tinicr (@) Tk (Ch(£. )t (Ty ).

Now recall that Iygg o f* = f* o Iykr (Theorem 7 of [5]) and note that
Ko f*= f*o K. Also Iykr o Ch = ch. Now, applying these facts to (13)
and using (12), the desired theorem follows. O

Remark 4. Note that the Chern character to Hochschild homology actually
commutes with push-forwards as shown in Caldararu [1]. The Todd genus
in the relative Riemann—Roch theorem thus occurs as a consequence of the
fact that the Mukai pairing on Hochschild homology does not correspond
to a Mukai like pairing on Hodge cohomology under Igkr. For the Mukai
pairing on Hochschild homology to be “preserved” in any sense, one has to

twist Iykr by /td(Tx).

2. Two “conllections” on the Hochschild chain
complex C*(X)

2.1. The completed bar and Hochschild chain complexes. Let U =
Spec R be an open affine subscheme of X. The restriction of Oa to U x U
has a free R ® R-module resolution given by the bar resolution:

B—n(R) _ R®(n+2)

Aro® - @Tpt1) =1or @+ - @ Tpy1 —To Ty @ + -+ @ Tyl
ot (D)™ ® - ® Ty
T’iER.
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The R ® R-module structure is given by multiplication with the extreme
factors. Let I,, denote the kernel of the (n+2)-fold multiplication R®("+2) —
R. Let
BT (R)

Ik
Note that each summand of the differential d takes I,, to I,,—1. It follows that
the differential on B*(R) extends to yield a differential on B*(R). Yekutieli
[9] shows that completing the bar resolution in this manner yields a complex
B*(X) of coherent sheaves on X x X. He also shows that B*(X) is a
resolution of Oa by flat Ox« x-modules.

It follows that A*Oa is represented by the complex

B~"(R) = limy

C*(X) = Ox @ 10, , ATLB*(X).

5"(X ) is called the complex of completed Hochschild chains on X.
On an open subscheme U = Spec R of X before completion,

C—n(R) _ R®(n+1)

drog® - ®@1p) =111 @+ @ Ty —TgDT1T2 @ -+ DTy
Fo At ()" @ @y
+(=1)"rpro ®@ - @ rp1

B"(R)
Iy

Yekutieli [9] also showed that RD(C*(X)) is represented in D?(X) by
the complex D;oly(X ) of poly-differential operators on X equipped with
Hochschild coboundary.

Let us describe some operations on ce (X) that endow it with the struc-

ture of a Hopf algebra in Ch™ (Ox — mod) (and therefore in D?(X)).

C™(R) = limy,

® otz C"(R).

Product on C*(X): The product m : 5'(X)®(9X C*(X) — C*(X) is given
by the signed shuffle product. Recall that a (p, ¢)-shuffle o is a permutation
of {1,...,p+q} such that o(1) < --- < o(p) and o(p+1) < --- < o(p+q).
Denote the set of (p, ¢)-shuffles by Sh,, ;. On an open subscheme U = Spec R
of X before completion, this product is given by

(ro®@T1®+ ®1p) ®R (1) @ Tp1 ® =+ ® Tpyg)

= Z Sgn(a)ror6 & 7’0—1(1) X TU_I(p—i-q)'
o€Shy ¢

This is easily seen to be a (graded) commutative product.
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Coproduct on C*(X). The coproduct C*(X) — C*(X) ®o, C*(X) is
given by the cut coproduct . Contrary to the usual practise, we denote the
coproduct by C to avoid confusion with A which denotes the diagonal map
X — X x X in this paper. On an open subscheme U = Spec R of X before
completion,

Clro®---®mr,) = Z TO®r® - QrpORl1Ary,;1 ® - @y,

Unit for 6'(X). There is a unit map € : Ox — 6'(X). On an open
subscheme U = Spec R of X before completion, € is given by the composite

R~ C%R) — C*(R).

Counit for 5'(X). There is a counit 7 : 6'(X) — Ox. On an open sub-
scheme U = Spec R of X before completion, this is given by the projection
from C*(R) to C°(R).

Proposition 6. CA"(X) is a Hopf algebra in Ch™ (Ox — mod) via M, C, €
and 7.

Proof. Yekutieli [9] showed that applying the functor Hom@& (—, Ox) (Ox
is given the discrete topology) to C*(X) € Ch™(Ox — mod) yields

* 1y (X) € Ch (Ox — mod).

It is easy to verify that this functor takes the product, coproduct, unit and
counit of C*(X) to the coproduct, product, counit and unit of D;Oly(X )
respectively. The desired proposition then follows from Proposition 2 of

[7]. 0

Antipode on 6’(X ). 6"(X ) also comes equipped with an antipode map.
We will denote this map by S. On U = Spec R before completion,

n(n+1)

Sro@--®@rp)=(=1)"2 r®@rm@rp,_1®- - Qr;.

The Hochschild—Kostant—Rosenberg (HKR) map. There is a quasi-
isomorphism (see Yekutieli [9])

Inkr : C*(X) — S*(Q[1])

of complexes of Ox-modules. On an open subscheme U = SpecR of X
before completion,

1
Inkr(ro®@ - - ®@1y) = grodrl A ANdry,.
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2.2. Two connections on C®*(X). Let 7, : S*(Q[1]) — QF[k] denote the
natural projection. Denote by ap the composite

C (léo(X)®7"IOIHKR)

C*(X) —=— C*(X)® C*(X)

C*(X) ® Q[1].

More concretely, on an open subscheme U = Spec R of X before comple-
tion,

ar(ro®@ -+ ®ry) =10 Q -+ @ Trp_1 @ dry,.
Let oz, : C*(X) — C*(X) ® Q[1] be the map such that
ar(ro® - @ry) = (1) g @r @ @1, ®@dr

on any open subscheme U = Spec R of X beforg completion.
Then, af = —(S®Q[1]) cagoS. Let ar ® C*(X) denote the composite

C*(X) ® C*(X)
aR®6'(X)l

(T, Gerx) @ O%(X) @ Q1]

C*(X) Q1] @ C*(X)

where 7 : Q1] ® C*(X) — C*(X) ® Q[1] is the map that swaps factors.
Similarly, let oy ® C*(X) denote the composite

C*(X) @ C*(X)
aL®6"(X)l

C*(X) ® Q1] ® C*(X)

We now have the following proposition.

Proposition 7. The following diagrams commute in Ch™ (Ox — mod).

O (X) @ Go(x) 2n8COHCH N8R Ge vy o Fo(x) @ Q1]
(14) lm m®Q[1}l
C*(X) LN C*(X) ® Q1]
O (X) @ O (x) 220 0TCB0L - Gy o Fo(x) g O]
(15) lm m®Q[1}l

C*(X) oL, C*(X) @ Q[1].
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Proof. This proposition is proven by a combinatorial argument. On an
open subscheme U = Spec R of X before completion,

(16) (ap®C*(X) +C*(X) ® ar)
(ro®@mM @ @71p) QR (1@ rp11 @ -+ @ Tpiyq))
= (1)U ro@r ®@ - @rp_1) Or (1 @ 1rpp1 ® -+ @ Tpyq) @ dry
+(o®r @ ®1p) AR (1@ Tp11 ® -+ @ Tpyg—1) @ drpyq.

Note that if o is a (p, ¢)-shuffle, then o1 (p+¢q) =por o~ (p+q) = p+q.
Let Shzl,,q denote the set of all (p, ¢)-shuffles o such that o~ 1(p+¢q) = p. Let
Shf,,q denote Shy, ; \ Sh;q.

Also note that there is a sign preserving bijection from Sh, , 1 to Sh;q
the inverse of which takes an element o of Sh;q to its restriction to the set
{1,...,p+ ¢ —1}. Denote this bijection by I : Sh;, ;1 — Shf,’q.

We also have a bijection from Sh}g,q to Shy_1,4. Let

be the unique order-preserving map.The permutation in Sh,_; 4, correspond-
ing to a permutation ¢ in Sh}mq is given by the composite
¥ o
{1,...;p+q¢—1}=>{1l,...;p=Lp+1,....p+q¢} = {1,...,p+q—1}.

This bijection from Sh;,,q to Sh,_1, however, changes the sign by (—1)%

Denote the inverse of this bijection by J : Sh,_1, — Shzl,’q.
Then

m(ro@ri®--®@1p) @R (1 @ 1p11 @ -+ @ rpyyq))

= Z sgn (o)1 @ To-1(1) @ + - - To—1 (ptq)
o€Shy ¢

= Z Sgn(a)ro ® 7’0—1(1) X ... 7'0.—1(p+q)

UESh;q
+ Z sgn (o)1 @ To-1(1) @ + - - To—1(ptq)
JEShf)’q
= D (—1)%sgn(0)ro @ Tyiey-1(1) @ DT (o)1 (pig1) D Tp
oc€Shy_1,4

+ D s8u(0)ro O 1) 11) @ O T1() 1 (prg-1) @ Tpig
o€Shy g1

= (1) Im((ro®T1 Q- @1y 1) R (1 @ Tps1 ® - @ Tpyg)) O T
+m((ro®@r1®-- @rp) QR(1®rpy1 @ - @ Tptg—1)) ® Tpq-
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It follows that

ar(m((ro®@r @ @rp) Qr (1@ Tpp1 @ -+ @ Tpiq)))
=(—D)"Mm(ro@r @ ®@rp—1) QR (1 @ rpp1 @ -+ @ Tpyq)) @ dry
+m((ro®r @ @rp) Op (L@ 11 @+ + @ Tpyg—1)) ® drp4q.

It follows from (16) that this is precisely
(m® Q1) ((ar © C*(X) + C*(X) ® ap))
(ro®@r @ ®rp) Qr (L @Tp41 @+ @ Tpig)).

This proves that the diagram (14) commutes. Proving that the diagram
(15) commutes is very similar and left to the reader. O

Let a% denote the composite
C*(X)
aRJ/
C*(X) Q1]
O‘R®Q[1]J/

ar®Q®IT A

C*(X) ® Q[1]%2 C*(X) @ Q[1]®".

Let p : Q[1]®" — QF[i] be the standard projection. On an open subscheme
U = SpecR, of X,

p(rodr; @ -+~ ®dr;) = rodry A -+ Adr;.
Let oz’é denote the composite

%l é'(X)@p
s

O (X) -2, Go(X) @ Q% O (X) ® Q).

Let exp(ar) denote the sum
1 . =~ ~
> S0k C*(X) — C*(X) @ S*(Q[1)).
We then have the following proposition.

Proposition 8.

(C*(X) @ Inkr) o C = exp(ag).
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Proof. On an open subscheme U = Spec R before completion,
exp(ar)(ro®@ -+ @ 1y)

1
:Z,—'ZT0®"'®Tn_i®Rd7’n_i+1/\"'/\d"r’n
g

:Zm@'“@rn—i QRIHKR(I @ Tp—it1 @ - @ Tp)
p

= (C*(X) ®IHKR)<ZT0 ® @y ®R 1 @ Tp_iy1 ®"'®Tn>
i

~

= (C* ®@1Inkr) 0 Cro @ -+ @ 1y).

This verifies the desired proposition. O

Let 7 : Q1] @ Q[1] — Q[1] ® Q[1] denote the swap map. The following
proposition tells us that oy, and ar “commute” with each other.

Proposition 9.
(ar @ Q1)) ooz, — (C*(X) @ 7) o (ar, ® Q[1]) 0 a = 0.
Proof. On an open subscheme U = Spec R before completion,

(ar@ Q) oar(ro®@ - @ry,) = (—1)" (ro@r2®- - @7y_1) @pdrn, @g dr

(ap@Q)cag(ro®@---®r,) = (—1)"_2(7“0 Rro® - Qrp_1)Qrdri Qrdr,

(C*X)@T)((ro®@Ta @ -+ @1y1) @p dr1 @R dry)
=—(ro®ro®---®@ry_1) Or dr, g dry.

The desired proposition is now immediate. U

2.3. Remark — the beginning of a dictionary. For reasons that will
become clear later in this section, the reader should think of C*(X) as
analogous to the ring of functions on an open “symmetric” neighborhood
Ug of the identity of a Lie group GG. By “symmetric” we mean that if g € Ug
then g=! € Ug. T[—1] is the analog of the Lie algebra g of the Lie group G.
Thus, Q[1] is the analog of g*. Proposition 7 says that in this picture, both
ar, and ag are analogs of “connections” on the ring of functions of G.

In the same picture, S*(Q[1]) is to be thought of as analogous to the ring
of functions on a neighborhood V of 0 in g that is diffeomorphic to Ug via
the exponential map. The Hochschild-Kostant—Rosenberg map is then the
analog of the pullback by the exponential map exp*.

The antipode map S is the analog of the pullback by the map which takes
an element of G to its inverse.
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2.4. More on the maps ar and ay. The question that arises at this
stage is, “Can «y and apr be described by explicit formulae as maps in
D?(X) from S*(Q[1]) to S*(Q[1]) ® Q[1] ?”. Markarian sought to answer this
in Theorem 1 of [5]. The proof there was however erroneous. A result dual
to what we want is available in [7]. A later version [6] of [5] also contains a
result equivalent to Theorem 1 of [5].

Recall from Kapranov [3] that T[—1] is a Lie algebra object in D’(X).
The Lie bracket of T[—1] is given by the Atiyah class

Aty : T[-1] @ T[-1] — T[-1]

of the tangent bundle of X. It is also known that the universal enveloping
algebra of T[—1] in D?(X) is represented by the complex D? 1y (X). This was
proven in [7]. Equivalent results have been proven using methods different
from that in [7] by Markarian [6] and Roberts and Willerton [8].

Let u denote the wedge product on S®(T[—1]). Let
§:S*T[-1)) @ T[-1] — S*(T[-1]) ® T[-1] @ T[~1]

be the map
i=k '
S(vp A Avg @) :Z(—l)k_zvl/\"-i"-/\vk®vi®y
i=1
for sections vy,..., v,y of T over an open subscheme U = Spec R of X.

We have a map
w:S*(T[-1)) @ T[-1] — S*(T[-1]) @ T[-1]
w= (1S°(T[—1}) ® AtT) 0d.
Note that pow yields the right adjoint action of the Lie algebra object T'[—1]
on S*(T[-1]).

The Hochschild-Kostant-Rosenberg map Inkr : S*(7'[-1]) — D5 (X)
is the “dual” of the HKR map Igkg : C*(X) — S°(Q[1]). The following
theorem, which figures as Corollary 1 in [7] and Theorem 2 in [6], describes
the Duflo-like error term that measures how the map

Inkr : 8*(T[=1]) — Dy (X)

fails to commute with multiplication.

Theorem 2 (Recalled from [7]; [6] has a similar result). The following
diagram commutes in D(X).

DS (X) @ D5 (X)  —— D (X)
TIHKR®IHKR IHKRT

S (T[-1) @ T[-1] — = §*(T[-1)).

®
IE\
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Note that applying the functor RD to @ gives us a morphism in D?(X)
w:S*(Q[1) ® Q1] — S*(Q[1]) ® Q[1].
Further, denote the comultiplication on S®(Q2[1]) by Cgq. Denote the map
(S*(Q[1]) @ m) 0 Cq : S*(Q[1]) — S*(21]) ® Q1]

by C.
We denote the map

eww_ o C:8%(Q1) — S*(Q[1) ® Q1]
by ®;. The map
1 _we_w o C:8*(Q[1]) — S*(Q[1]) ® Q1]

will be denoted by ®p.
We can now state the following theorem. This can be thought of as the
starting point for the computations leading to Theorem 1.

Theorem 2'. The following diagrams commute in DP(X).

Co(X) 2, C(X)® Q]

(17) [t wnenn |
S*(Q1)) —% s*(Q[1]) ® Q1]
C*(X) -2 C*(X)® Q]
(18) JIHKR IHKR®9[1]l

S*(Q[1)) —E S*(Q[1]) @ Q[1].

Proof. The fact that the diagram (17) commutes in D?(X) is obtained by
applying the functor RD to the diagram in Theorem 2.

Note that since af, = —(S®Q[1])oagroS the following diagram commutes
in Ch™(Ox — mod) (and therefore in D?(X)).

C*(X) —22, C*(X) ® Q1]
(19) ls S®Q[1}l
C*(X) —2L, C*(X) ® Q[1].

Recall that J is the endomorphism of S*(Q[1]) multiplying A'Q[i] by
(—1)". Then,

(20) Inkr o S = J o Ipkr.
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To see (20), note that on an open subscheme U = Spec R of X before
completion,

n(n+1) ]_
Inkr o S(ro® -+ - ®@mry) = (—1)" 2 grodrn/\---/\drl
n(n+1) n(n—1) ]_
2

- (-1
= (—1)nIHKR(T0 Q- Tn).

(=1)" 2 —rodri A--- Ndry,
n!

Further, note that applying the functor RD to J yields the endomorphism
I of S*(T[—1]) that multiplies A‘T'x[—i] by (—1). For sections v, ..., v,y
of T over an open subscheme U = Spec R of X,

SI(vy A=+ ANvg) @)

i=k
= (D)"Y D) A AR ey
i=1

i=k
= (DM () I A A @ v @y,
=1

It follows from the above computation and the fact that
w=(S*(T[-1]) ® Aty) o 0
that the following diagram commutes in D®(X).
S*(T[-1)) @ T[-1] —2— S*(T[-1]) ® T[-1]
(21) l[@T[—l] l[@T[—l]
S*(T[-1)) @ T[-1] —2 S*(T[-1]) ® T[-1].

Applying the functor RD to the diagram (21) we obtain the following
diagram.

S*(Q[1]) ® Q1] —— S*(Q1]) ® Q[1]
(22) lJ@Q[l] J®Q[1]l
S*(Q[1]) ® Q1] — S*(Q1]) ® Q[1].

A calculation similar to the one made to verify (21) also shows that the
following diagram commutes.
s*(@[1)) —— s*(@[1)) & 1]

(23) L} J®Q[1}l
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Combining (23) and (22) we obtain the following commutative diagram.

Se(1)) T (@) @ [
(24) lJ J®Q[1}l
% oC

S*(Q[l]) ——— S*(Q[1]) ® Q[L].
It follows from (17) and (24) that all squares in the diagram below com-
mute in D?(X).
C*X) 2R, OX)® Q]

lIHKR IHKR@WHl

—oC

(25) S*(Q[1])) ——— s*(Q1)) @ 1]

E s |

S (Q1]) —= o se(Q[1]) ® Q1]

The diagram (25) says that
—®;0Jolgkr = [(J o IHKR) X Q[l“ O (XR.

But by (20)
Jolukr =Iukr oS = —®@polukroS = (Inkr ® Q[1]) o (S @ Q[1]) 0 ag.
Since af, = —(S®@Q[1])oaro S and So S =15,(X),

®; olgkr = (IHKR & Q[l]) oaqQy,.
This proves that the diagram (18) commutes. O
2.5. A long remark — enlarging the dictionary. This subsection is
a continuation of Section 2.3. Recall that C*(X) should be thought of as
analogous to the ring of functions on a “symmetric” neighborhood Ug of
the identity in a Lie group G. T[—1] is analogous to the Lie algebra g of G.

S*([1]) is analogous to the ring of functions on a neighborhood V of 0 in g
that is diffeomorphic to Ug via the exponential map.

Tikr : C*(X) — S*(Q[1))

is analogous to the pullback of functions by the map exp : g — G.
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2.5.1. The classical picture. I. Let us look at the classical picture for
now. Choose a basis {X1,...,X,} of g and a basis {Y7,...,Y,} of g* dual
to {X1,...,X,}. Then, ZZ:{” X; ®Y; yields an element g ® g*. Denote
the ring of functions on Ug by C(G). We identify elements of g (resp.
elements of g*) with left-invariant vector fields (resp. left-invariant 1-forms)
on Ug whenever necessary. Given any element of g ® g*, letting g act on
C(Q) as a differential operator yields us a map from C(G) to C(G) ® g*
satisfying the Leibniz rule. Therefore, any element of g ® g* yields a global
connection on C'(G). It is easy to verify that the connection on C(G) yielded
by > X; ®Y; is precisely dg, the de Rham differential from C(G) to the
sections of the cotangent bundle of Ug.

Denote the ring of functions on V by C(g). Note that replacing C(G) by
C(g) in the previous paragraph enables us to conclude > " | X; ® Y; yields
the connection dg on C(g) where dg is precisely the de Rham differential
from C(g) to the sections of the cotangent bundle of V.

Note that elements of C'(G) ® g* are smooth functions from Ug to g*, i.e,
sections of the cotangent bundle of Ug. Similarly, elements of C(g) ® g* are
smooth functions from V to g*, i.e, sections of the cotangent bundle of V.

Given a smooth function A from V to End(g) and a smooth function h
from V to g (resp. g*), one can obtain a smooth function A(h) from V to g
(resp. g*) by setting

for every Z € V. Denote the smooth function Z — ad(Z) from V to End(g)
by ad.

Consider the connection ® on C(g) such that the following diagram com-
mutes.

e, oG ey

lexp* exp*®g*l

C(G)

Clg) —— C(g) @ g™

We are interested in comparing ® with dg. This is done as follows:

Let f be any function on Ug. Then, dg(f) is a 1-form on Ug. The
pullback of the 1-form dg(f) via the exponential map is precisely the 1-
form dg(exp*(f)). Recall the formula

1— e 2dd) 1—ecad

d(exp)z = iz (exp™ @ d(exp)”) = ——— o (exp” @ g7).

By definition,

O(exp”(f)) = (exp” @ g")da(f)-
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The fact that dgq(exp*(f)) is the pullback of dg(f) via the exponential map
implies that

* * * 1— e_m * *
do(exp’ () = (exp° & dlexp)" o (1)) = ——— o (exp" & 6°) o (1)
1 —ead N
ad
Since any smooth function on V is of the form exp*(f),
1—ead ad
(26) g ad ° 1—ead ° e

Now assume that Ug and V are chosen so that V is a sufficiently small
open disc in g containing 0. Also assume that G is not 1-dimensional. Then,
any closed 1-form on Ug is also exact. Let Y € g*. Since the left-invariant
I-form 1 ® Y € C(G) ® g* is closed, it is exact as well. Thus, there is a
function fy on Ug such that dg(fy) =1® Y. Then, ®(exp*(fy)) =1RY.
On the other hand, dg(exp*(fy)) is the pullback of the 1-form 1 ® Y via
the exponential map. The formula (26) thus amounts to the formula for the
pullback of a left-invariant 1-form on Ug via the exponential map.

Note that the bracket ad : g® g — g induces a map ad : g* — g*®g*. Let
w:C(g) ®g* — C(g) denote the product taken after treating an element of
g* as a function on V. We now claim that as an endomorphism in the space
of smooth sections of V x g*, ad is given by the following composite map

C(g)®ad pRg*
———

Clg)@g" Clopgeg —— Clgeg"
Denote the above composite map by wg.
To verify this, choose a basis {X;} of g and a basis {Y;} of g* dual to
{X;}. Suppose that [X;, X;] =>", C’ijk. Then, ad(Yy) = 3_; ; CZYZ ® Yj.
Therefore, if f € C(g), then

o) o (Clo) @ a)( @ ¥ (ki ) = £ (L ek ) ¥ aichy;
On the other hand, Z Z ;
ad(f @ Yy) (Z aiXZ-> = f <Z aiXZ-> ad (Z aiXZ-> (V).
But ad(X;)(Ya) = Y, éijj. Thereforel, Z
ad(f ®Yy) <Z aiXZ-> = f <Z aiXZ-> > aiCly;.
It follows that Z Z :

ad _ Wy
l—ead 1—evs
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and that
Wy

1 —e W

P o dyg.
2.5.2. The classical picture. II. Let exp denote the map from V to Ug
such that Z — exp(Z)~! = exp(—Z). The discussion in Section 2.5.1 with
exp replaced by exp together with the fact that

- 1 — e—ad(—Z) ead(Z) -1
&P)z = —— 97 = @)
tells us that if "
_ g
V= o —1° dg

then the following diagram commutes.

C(@) oy —% (@) g

v *
Clg) —— Clo)®g"
This is equivalent to the formula,
edd _ 1

dy= ————o0V.
g ad

The above formula is equivalent to giving a formula for the pullback by exp
of a left-invariant 1-form on Ug.

2.5.3. Emnlarging our dictionary. The discussion in the previous two sub-
sections helps us understand Theorem 2’ better. The discussion in Sec-
tion 2.5.1 says that if
w
®=—"—0dy:Clg)®g" > Clg)®g

1 —e Ws

then the diagram

@) - c(@) o g*

lexp* exp*®g*l

Clg) —— Cla) g’
commutes. The analogy between this and the diagram (17) of Theorem 2’ is
now fairly explicit. C*® (X) is analogous to C(G). The map ap is analogous
to the connection dg. Ipkgr is analogous to exp*. T[—1] is analogous to
g. Q1] is analogous to g*. S°*(Q[1]) is analogous to C(g). The map C
is analogous to dg. The map @ : S*(Q[1]) ® Q[1] — S*(Q[1]) ® Q1] is
analogous to wg, and the map @ is analogous to ®. In short, the diagram
in (17) is analogous to the computation of the Duflo-like term describing the
correction that needs to be applied to dg to yield the map ®. This in turn is
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equivalent to the formula for the pullback of a left-invariant 1-form on Ug
Via theAeaﬁponenticil map.

S :C*(X) — C*(X) is analogous to the map Sg : C(G) — C(G) given
by pulling back an element of C(G) by the map g+ g~!. The map

—ar =(S®Q[1])ocaro S

is therefore analogous to (Sg ® g*) o dg o Sig. Moreover, exp* o S = €Xp".
Therefore Iggr o S is analogous to exp*. It follows that &7 is analogous
to the map —W of the previous subsection. In short, the diagram (18) is
analogous to the computation of the term describing the correction that has
to be applied to dg to describe the map —W. This in turn is equivalent to the
formula for the pullback of a left-invariant 1-form on Ug via the map €Xp.

Finally we recall from [7] that the universal enveloping algebra in D?(X)
of the Lie algebra object T[—1] was shown to be represented by the com-
plex DI') oly (X) of polydifferential operators with Hochschild coboundary. Re-
sults equivalent to this statement were obtained using different methods by
Roberts and Willerton [8] and Markarian [6] as well. Yekutieli [9] showed

that the functor RD applied to D5 (X) yields C*(X). It follows that the

Hopf algebra object C*(X) of D?(X) is the “dual” in D?(X) of the universal
enveloping algebra in D?(X) of the Lie algebra object T[—1] of D?(X).

We warn the reader that the material in thg remaining part of this sub-
section is rather hazy. It can be verified that C'*(X) satisfies all the formal
properties that a ring of functions on aALie group is required to satisfy. It
might therefore be possible to say that C'*(X) corresponds to a “Lie group
object” in Db(X).

One has to be very careful here. Since the concept of a geometric object
like a manifold in D®(X) does not make sense by itself, the best we can do
is to try to define such a notion by attempting to define a ring of functions
on a manifold in D®(X). This has to be a commutative algebra object in
D?(X). If such a definition is possible, T[—1] thought of as a manifold in
D?(X) should correspond to the algebra object S*(Q[1]) of D*(X).

The Lie algebra of the Lie group object C*(X) should be T[—1]. The
diagrams (17) and (18) in Theorem 2" could then be thought of as being
equivaleAnt to “computing the pullback of a 1-form on on the Lie group
object C*(X) via the maps exp and €xp respectively”. Of course, exp and
oxp are defined solely by what they are as maps from C®(X) to S*(€[1]).
However, for this to make any sense, one should be able to define the notion
of a differential form on a manifold in D?(X).

3. Some essential linear algebra

The first subsection of this section proves some propositions and a lemma,
in linear algebra. The second subsection describes their extensions per-
taining to the object S®*(Q[1]) of D’(X). We remind the reader that maps
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between tensor products of graded K-vector spaces (or graded Ox-modules)
that rearrange factors are assumed to take the appropriate signs into ac-
count. If z is a homogenous element of a graded K-vector space W, |z| will
denote the degree of x.

3.1. Some propositions and a lemma of linear algebra. In this sub-
section, we will work with differential graded vector spaces over a field K
of characteristic 0. Almost every dg-vector space in this section has 0 dif-
ferential. We shall assume that the differential on a graded vector space is
0 unless we explicitly say otherwise. Let V be a finite-dimensional vector
space over K. Denote the dual of V' by V*. Denote the dimension of V in
this subsection by m.

As usual S*(V[1]) denotes the symmetric algebra @; A® V[i] generated
over K by V' concentrated in degree —1. Similarly, S®(V*[—1]) denotes the
symmetric algebra @©; A® V*[—i] generated over K by V* concentrated in
degree 1. Note that the products on S®(V[1]) and S*(V*[—1]) are wedge
products.

There is a map

iy : S*(V[1]) — End(S*(V[1)]))
Z— (W= WAZ).
iy takes an element Z of S*(V[1]) to the endomorphism of S*(V[1]) given
by multiplication by Z on the right.
We will often denote the related map

S*(V[1]) @ S*(V[1]) — S*(V[1])
WRZ—WANZ

by (- A - )y. The subscript V may be dropped at times when it is obvious.
Choose a basis {x1,...,2,,} of V. Let {y1,...,ym} be a basis of V* dual
to {x1,...,xm}. Let jy«(y;) be the endomorphism of S®(V[1]) given by

Jve(yi)(z;) = 04
Jv=(yi)(1) =0

(27) Jve(yi)(@iy A Awiy)
= iy Tiy N+ ANy — Jve(Ua) (@i Ao Awi ) Ny

Note that jy+ extends by linearity to a map from V*[—1] to End(S*(V[1])).
o o: End(S*(V[1]))®? — End(S*(V[1]))
denote the composition map. Extend jy+ to a map
Jv=: S*(V7[=1]) — End(S*(V[1]))
by setting
(28) Jv=(M1 A Y2) = ju=(Y2) o jy=(Y1) V Y7, Y2 € S*(VF[-1]).
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We will often denote the related map
S*(V[1]) ® 8*(V*[-1]) — 8*(V[1])

WY — jy-(Y)(W)
by (- e - )y. The subscript V may be dropped at times when it is obvious.

Remark 5 (A geometric analogy). One can think of S*(V[1]) as the ring
of functions on an odd supermanifold My . For an element Z of S*(V[1]),
iy(Z) is just the operator given by “multiplication on the right by Z”.
All operators on S*(V[1]) act on the right in our viewpoint. From this
viewpoint, elements of V*[—1] yield vector fields on My . The map jy~ takes
an element Y of V*[—1] to the constant vector field on My associated with
Y. The reader can observe that the Leibniz rule is part of the definition of
the map jy~ : V*[—1] — End(S*(V[1])) (see Equation (27)). The equation
(28) in the definition of jy» just says that the map jy« takes an element YV
of S*(V*[—1]) to the constant differential operator on My associated with
Y.

Note that on End(S®(V[1])) we have a natural product given by the
composition o. Let o°P denote the product on End(S®*(V[1]))°P. If a,b €
End(S°®(V[1])) then a o°? b = bo a. We have the following proposition.

Proposition 10. The composite

S*(V*[-1]) @ S*(V[1]) " Z End(S*(V[1])) ® End(S*(V[1])
2, End(S*(V[1]))
18 an isomorphism of graded K vector spaces with 0 differential.

Proof. Denote the given composite by G,..

Since all vector spaces involved in this proposition have 0 differential,
it suffices to check that G, is an isomorphism of graded K-vector spaces.
Further, it is easy to check that iy, jy+ and o°P are degree preserving. It
therefore, suffices to check that G, is an isomorphism of K-vector spaces.
All the K-vector spaces involved in this proposition are finite-dimensional.
Further, S*(V*[—1])®S*(V[1]) and End(S*(V[1])) have the same dimension
as K-vector spaces. It therefore, suffices to check that G, injective.

Choose a basis {z1,...,zy} of V. Let {y1,...,ym} be a basis of V*
dual to {x1,...,z,}. By convention, we list the elements of any subset of
{1,...,m} in ascending order. We can then define an ordering < on the set
of subsets of {1,...,m} by setting

S < T if |S] < |T|

and {i1,...,0} < {j1,--- gkt if (31,...,9) < (J1,-..,Jk) in the lexico-
graphic order.
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For S = {i1,...,ix}, let xg denote z;, A--- Az, . Similarly, yg will denote
Yiy N Ay, It is easy to verify that
(29) Jv=(ys)(zs) = +1

jve(ys)(xp) =0if T < S.
An element of S*(V*[—1])®S®(V[1]) is given by an expression of the form
Z Ys ® ag, as € S.(V[l]).
Sc{1,...m}

Choose Sy C {1,...,m} to be the least subset (under the ordering <) of
{1,...,m} such that ag, # 0. Then

G, ( Z Ys & a5> (1’50) = ﬂ:ago

Sc{1,...m}
by (29). It follows that G, is injective. O
Remark 6. Let My be the supermanifold of whose ring of functions is
S*(V[1]). Under our convention that all operators on S*(V[1]) act on the
right, G, identifies A"T'[—i] @ S®(V[1]) with the space of principal symbols
of differential operators of order i on My . Proposition 10 says that every
endomorphism of S®(V[1]) is given by a differential operator on My .

Notation. For the rest of this paper, GG, shall denote the isomorphism in
Proposition 10 and F). shall denote its inverse. In addition, if

T:S*(V*[-1)) @ 8*(V[1]) — S*(V[1]) ® 8*(V*[-1])
denotes the swap map the composite
S*(V*[-1]) @ 8*(V[1])

S (V[]) @ S*(V*[—1]) v mhacse (Vi)

shall be denoted by Gj;. The inverse of G; will be denoted by F;.
Let 7, : S*(V[1]) — A*V[k] denote the natural projection. Note that we
have a nondegenerate pairing (,) on S*(V'[1]). This is given by the composite

S* (V1)) @ S*(V[l]) —— S*(V[1]) - A™V[m]

where m is the dimension of V.

Definition 1. The adjoint ®* € End(S®*(V[1])) of a homogenous element
® of End(S*(V[1])) is the unique element of End(S®(V[1])) satisfying

(P(a),b)y = (—1)@”17| {a,®" (b)) ¥ homogenous a,b € S*(V[1]).

The adjoint of an arbitrary element of End(S®(V[1]) is the sum of the ad-
joints of its homogenous components.
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Let
evy : S*(V[1]) ® End(S*(V[1]))
be the map
Wed—o(W).

Denote the map which takes an element of End(S®(V[1])) to its adjoint by
Ay. Let ( ,evt)y denote the composite

S*(V[1]) ® S*(V[1]) ® End(S*(V[1])

s (V[1)es* (V1)@ Ay
S*(V[1]) ® S*(V[1]) ® End(S*(V[1])
S*(V[1])®evy

S*(V[1]) @ s*(V[1])

;)
AV [m].
Then the following diagram commutes.

S*(V[1]) @ End(s*(V[1))) @ S*(v[1]) <2V, gevi)) @ 8o (V)

ls-(vm)@T <7>l

S*(V[1]) @ S*(V[1]) @ End(S*(V]1])) =0V, ATV ).

The map 7 : End(S*(V[1])) ® S*(V[1]) — S*(V]1]) ® End(S*(V[1])) in the
above diagram swaps factors.
The following proposition describes the basic properties of the adjoint.

Proposition 11. (1) Let L be an element of End(S®*(V[1])). Then
LTt =1L.
(2) If Ly and Lo are homogenous elements of End(S®*(V'[1])), then
(Lo Lo)* = (=) (Lo) o (L0) .
(3) If Z € S*(V[1]) is a homogenous element, then
iv(2)T =iy(2).
(4) If Y € S*(V*[—1]) is a homogenous element, then
() = ()M v).
(5) If Z € S*(V[1]) and Y € S*(V*[—1]) are homogenous elements, then
Gvez)t=)Yae(ve2z).
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Proof. Observe that if L € End(S*(V[1])) is homogenous, then |LT| = |L|.
Also note that if a,b € S*(V[1]) are homogenous, then (a, b) = (—1)11"(p, a).
Also recall that the pairing (,) is nondegenerate.

If a,b € S*(V[1]) are homogenous elements and if L € End(S*(V[1])) is
homogenous, note that

(Lt (a),b) = (_1)|blla\+|bllL|<b7 LT (a)) = (_1)|blla\+|bllL|+\allL|<L+(b)7a>

_ (_1)|b||a\+|b||L|+\a||L|+\a||b|+\a||L|<a7L+(b)> = (L(a),b).

Part (1) of this proposition now follows immediately from this calculation.

For the rest of this proof a and b shall be homogenous elements of S®(V'[1]).
If Ly and Ly are homogenous elements of End(S®(V[1])), then

(_1)|L1HL2I<G7 (L2)+ o (L1)+(b)>
= ()RRl (1, (a), L (b))
— (_1)|L1||L2|+\L2|(\b\+|L1|)+|L1||b| (Ly o La(a), b)

= (=Pl LD o Lo (a), b).
Part (2) of this proposition now follows from the observation that
|L1 OL2| = |L1| + |L2|

Part (3) of this proposition is immediate from the relevant definitions and

the fact that
anZnAb=(—DPZlgapn z.

To verify part (4), choose a basis {x1,..., 2} of V. Let {y1,...,ym} be
a basis of V* dual to {z1,...,2,,}. For an ordered subset S = {i1,...,ix}
of {1,...,m} let yg denote y;, A--- Ay;, and let zg denote z;; A--- A z;,.
If T is disjoint from S, note that

k(k—1)

Jve(ys)(wr Nxs) = 27 Ajv=(ys)(zs) = (=1)" = .
Let T and T" be subsets of {1,...,m} disjoint from S. Then,

jv (ys)(ZET Azg) A (2 A xg)

—1)
) “ T AN X N xs

) (TS|

xr Nxg N\ xT

rr Nxs Ajv(ys)(xr A xs)
) (17" 1+1S)IS|+S|

(=
(=
= (- 1)\T||5\
= (-

xr Axs Ajv(ys)(z N xs).

Putting @ = zp A g, b = 1 A xg we see that |b| = |T'| + |S|. Further,
Y| = —|S|. Part (4) now follows from the above computation once we recall
that (a,b) = my,(a AD).
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Part (5) follows from part (2), part (3) and part (4).
G(Y ® Z) = (-1)" g (v) 0iv(2).
Thus,
Gy ® 2)t = ()P Gy (V) 0iv(2))*
= (-1 )Gy (2)F o (- ()
= (=) (2) 0 Gv-(V) = ()G (v 2 2). O

Recall that 7; : S*(V[1]) — AJV[j] denotes the natural projection. We will
denote the projection

S* (V1)) @ - S*(VI[-1]) @ S*(V[1]) — S*(V*[-1]) @ N V5]

by 7; itself. Let I denote the endomorphism of S®(V*[—1]) that multiplies
A'WV*[—i] by (=1)". The following proposition is really a corollary of Propo-
sition 11.

Proposition 12. If L € End(S*(V[1])), then
mo(Fi(L)) = I(mo(F(L7))).

Proof. This is almost immediate from part (5) of Proposition 11. Let Y €
S*(V*[—1]) and Z € S*(V[1]) be homogenous. By part (5) of Proposition 11

Gy @ 2)t = ()G (v @ 2).
By definition, F,.(G,(Y ® Z)) =Y ® Z. On the other hand,
G (Y o 2)H)=FR(-DYavez) = -1)Wlrvez

Since G, and Ay are degree preserving isomorphisms of K-vector spaces,
any homogenous element in End(S®(V[1])) is of the form G, (Y ® Z)*. Tt
follows from the above computation that

Fy(M) = (I ®S*(V[1]))F(MT)
for any homogenous M € End(S*(V[1])). Therefore,
mi(F(L)) = I(mj(F.(LT)))
for any j. When j = 0, we get the desired proposition. U

Convention To simplify notation, we follow the following convention: if
a € S*(V*[—1]) ® S*(V1]), then G,(a) will be denoted by a itself. Keeping
this convention in mind:

Proposition 13. Ifa,b € S*(V*[—1]) ® S*(V1]), then
mo(Fr(a0b)) = mo(Fr(mo(a) o b)).
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Proof. It suffices to check that if Z € A*V[i]with i > 0, then
(Y@ ZoY' @27')=0

for any Z' € S*(V[1]), Y, Y’ € S*(V*[—1]). Note that by our convention,
Y@ZoY' ®@Z =iy(Z)ojy(Y)oiv(Z') ojv«(Y').

For subsets S and T of {1,...,m}, let g and yp be as in the proof of

Proposition 11, part (4). By Proposition 10,
jve(Y)oiv(Z)ejy-(Y)= > asryr@us

S, Tc{1,...m}
for some agr € K. Then,
iv(Z) ojv-(Y)oiv(Z)ojy-(Y)= > asryr@zsAZ.
S,Tc{1,...m}

Since Z € AWVi], x5 A Z € @i A¥ V[E] C @pso AP VK], Tt follows that

7T0< Z aS,TyT®:L“5/\Z) = 0.

S, Tc{1,...m}

This proves the desired proposition. O

Remark 7. Proposition 10 said that every element of End(S®(V[1])) can be
thought of as a differential operator on My . The isomorphism F; makes this
identification. The map my : S*(V*[—1]) ® S*(V[1]) — S*(V*[—1]) should
be thought of as the map which “takes the constant term” of a differential
operator. Proposition 13 says that

const. term(D; o Dy) = const. term(( const. term (Dy)) o Dy)

for any two differential operators D1 and D5 on My, .
Recall that by Proposition 10, F,. identifies End(S®(V[1])) with

S*(V*[-1]) ® S*(V[1]).
We also remarked (in Remark 6) that the direct summand
AV*[—i] @ S*(V[1))

of S*(V*[—1])®@S*(V[1]) can be thought of as the space of principal symbols
of differential operators of order i on S*(V'[1]). Reflecting this understand-
ing, we denote A"'V*[—i] ® S*(V[1]) by D;.

Note that the composition o : End(S*(V[1]))®2 — End(S°*(V[1])) equips
End(S®(V[1])) with the structure of a graded associative K-algebra. This

algebra structure induces a Lie superalgebra structure on End(S®(V[1])). If
a,b € End(S*(V[1])) are homogenous, then

[a,bly =aob— (—1)‘a||b|b o a.

Also note that the map o°P : End(S*(V[1]))®? — End(S*(V[1])) equips
End(S*(V[1])) with the structure of a graded associative K-algebra. We
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denote this K-algebra by End(S®(V'[1]))°P. Its algebra structure induces the
structure of a Lie superalgebra on End(S®(V'[1]))°P. If a,b € End(S°*(V[1]))
are homogenous, then

la, b = a o b — (_1)|aHb\b 0% q = [b, aly.
Proposition 14.
[DI,DI]V C Dl.

Proof. Let H € S*(V[1]),Jet Z € S*(V[1]) and let Y € S*(V*[—1]). Recall
that (H oY) denotes jy«(Y)(H). Note that HZ := H AN Z = iy(Z)(H).
Keep in mind that Y ® Z is identified with G, (Y ® Z). Then

Y ®Z(H) = (HeY)Z.
Let Zy,Z5 € S*(V[1]) be homogenous and let yq,y2 € V*[—1]. Then, if
H e S*(V[1)),
(y1 ® Z1)o(y2 ® Zo)(H)

= ((Heoy2)Z20y1) 2

= (Heys)(Zyey1)Z1 + (—1)|Z2|((H o ys)ey1)Zoy.
Therefore,
(30)  (11®Z1)o (12 ® Zo) =12 @ (Zo e y1) Z1 + (1) Plyp Ny @ 2021
Similarly,
(BL)  (12® Z2) o (11 ® Z1) =11 @ (Z1 @ y2) Zo + (1) P lyy Nyp @ 21 2.

If Dy = y1 ® 71 and Dy = yo ® Z then |Dy| = |Z1|—1 and |Dy| = |Z2| — 1.
It then follows from (30) and (31) that

(32) Dy oDy — (—1)P1IP2p, oD,

=y @ (Zr0y1)Z) — (—1)‘D1“D2|y1 ® (Z1 @ y2)Zo.

Note that the right-hand side is an element of D;. The desired proposition
now follows immediately. (]

We will assume that the Lie superalgebra End(S®(V[1])) is equipped with
the bracket [, ]y unless we explicitly state otherwise.

Proposition 14 tells us that D; is a Lie subalgebra of End(S®*(V[1])). It
also follows immediately from Proposition 14 that

[Dl, Dl](‘)/p C Dy.

It follows that D equipped with the bracket [,](‘)/p is a Lie subalgebra of
End(S*(V[1]))°P. D,, can be identified with the top symmetric power of D;
over S*(V[1]). In other words,
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One can then study the right adjoint action of the Lie algebra Dy (equipped
with the bracket [,]{F) on D,,. For an element L of Dy, let ad(L) denote
the right adjoint action of L on D,, with respect to the bracket [,]{¥. Then

ad(L)(DmDm_1 . Dl)

= Dy D1 ... [P, LI¥ + (=1)EPD, D,y [Dy, L)PDy
4. (_1)|L|(\D1|+“'+|Dm—1\)[Dm’ L](‘)}’ ...Dy

= DDy ... L, D]+ (-1)EPp, D, [L, DDy
4. (_1)|L|(\D1|+---+|Dm,1\)[L, Dm] ... Dy

for homogenous elements D; € Dy. In defining ad(L), D,, is treated as
Sge v Pr- _

One also has the right adjoint action ad(L) of L on D{™ (with respect
to the bracket [,]{ on Dy).

ad(L)(Dy ® Dy @ -+ ® Dy)

=Dy @ Dpo1 @ -+ @ [Dy, LITY
+(~)HPD, @Dy @ @ Do, LI @ Dy
4. (_1)\L\(|D1|+---+\Dm,1|)[,Dm7 L]“’/P Q- QD

=Dy @D @+ @ [L, D]+ (=DHPID, @ Dy @ -+ @ [L, Ds] @ Dy
+ oo (=) P APl DT - @ Dy

for homogenous elements D; € D;.
Let p: D?m — D, denote the map

Dy @Dypp—1 @ ++- @Dy — Dy, Dyuq ... D1.
The following proposition is clear from the definitions.

Proposition 15. The following diagram commutes.

p¢m 2 D,

JE(L) lad(L)

D¢ 2 D,
Choose a basis {z1,...,2,} of V and a basis {y1,...,ym} of V* dual to
{z1,...,xm}. Let 1™ : K — A™V*[—m] @ A"V [m] be the map
1=y A Ay Qa1 A+ ATy

Let 7 : S*(V[1]) ® A"V*[—m] — A™V*[-m] @ S*(V[1]) denote the swap
map. Denote the composite map
o (T®A™V[m])o(S* (V[1])®1™)
S*(V[1])

by 1™ itself.

A"V*[—=m] ® S*(V[1]) @ A"V [m]



RELATIVE RIEMANN-ROCH THEOREM 677

Lemma 1. Let L € Dy be a homogenous element. The following diagram
commutes.
S*(V[1]) —— A™V*[—m] ® S*(V[1]) ® A"V [m]
l—L+ l(—l)‘L‘mad(L)@J/\mV[m]
S (V1)) ——— A™V*[~m]® S*(V[1]) ® A"V [m].

Proof. This lemma is proven by a direct computation. We once more recall
that if H,Z € S*(V[1]) and if Y € S*(V*[—1]) then HZ denotes

HANZ=iy(Z)(H)
and (H oY) denotes jy«(Y)(H).
Choose a basis {y1,...,ym} of V* and a basis {z1,..., 2y} of V dual to
{y1,.-.,ym}. We may assume without loss of generality that L = y; ® Z

where Z € S*(V[1]) is homogenous. Then, if H € S*(V[1]) is homogenous,
by Proposition 11, parts (2), (3), and (4),

LY (H) = (-1 (HZ) 0 y1) = ()T (HZ) 0 ).
Thus,
(33) 1™(LT(H))
— (_1)(\H|+\Z|—1)m(_1)|Z\+1ym Ao A1 @ (HZ) o 1) @ 21 A -+ Ao,
On the other hand, if we treat H as an element of Dy, then
(y1® Z) o H(P) = (PH ey1)Z = P(Hey1)Z + (-1)/"|(Poy)HZ
Ho(y@2)(P)=(Pey)ZH.
Note that the degree of the operator y; ® Z is |Z| — 1. It follows that
1 ® Z H|(P) = P(H e y1)Z.

Thus,
1 @ Z,H] = (H ey1)Z.

By (32) in the proof of Proposition 14,
1 ® Zyi) = (=)l @ (Z 0 ),

Therefore,

ym/\"'/\[y1®Z7yl]/\”'/\yl:Ovz#l'
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Thus,
ad(L) @ A"V m|(ym A Ay1 @ H Q1 A+ A Tyy)
=Ym A A1 ® ((Hoyl)Z
+(~1 )\HI(\ZI 1) ( 1)‘Z|(Zoy1)H) QTLNA ATy
=Yn N AY1 ® ( Hey)Z
+ (-1 )\Hl(\Zl 1) ( 1)\Z|( )|H\(|Z\ 1)H(Zoy1)) QIIA ATy
=y A Ay @ (Hey)Z+ (D) H(Z ey)) @21 A+ Az
Note that
(HZ oyy) = H(Zey1)+ (—1)‘Z|(Hoy1)Z.
Further recall that
1"(H) = () "y A Ay @ HO g A A
Therefore,
(—)"™ad(L) @ A"V [m] (1™ (H))
= (=)HHZI=Dma (D) @ A" Vm](ym A - Ayt @ HR 2 A=+ A )
= (~) WA=y A Ay @ (H o) Z + (1) H(Z o 1))
@xTy N NIy,
_ _(_1)(|H\+|Z\—1)m(_1)|Z\+1ym Ao Ay @ (HZ @yy)) @y A=+ Ay
S (H)).
This proves the desired lemma. (]

Remark 8. Lemma 1 seems to be a phenomenon occurring in purely odd
supergeometry only. Let My be the supermanifold whose ring of functions
is S*(V[1]). The pairing (,) on S*(V[1]) is the pairing

g9) = /M fgv f,geS*(VI[1]).

By [ My e of course mean a Berezinian integral. We can think of the
usual geometric analog of S®*(V[1]) to be the ring of compactly supported
functions on a smooth oriented manifold M. The analog of the pairing (,)
on S*(V[1]) is the pairing

(f,9) — /M fodp

where dp is the measure arising out of a volume form on M.On My there
is a constant top-order differential operator 0 that is unique upto scalar.
Lemma 1 then says that if D is a differential operator on My that is purely
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of first-order, and if f is a function on My , the Lie bracket of D with [0 is
+(D* f)d where DV is the adjoint of D. In the usual geometric setting, the
analog of 0 would be a global, nowhere vanishing section of the top wedge
power of the tangent bundle of M. Even if such a section exists on M,
the analog of Lemma 1 does not hold even in the 1-dimensional case. For
example, if M = R, then the adjoint of the operator f % is the operator
—(% +f %). This follows from the standard integration by parts. But
d d dg df df dg
—g— | =f=—-9g—Ft|-9g——f— ).
[fda:’gda:} fdm Y < g /
We get back to proving more propositions in linear algebra that we require
for future use.

Choose a basis {z1,...,2,} of V and a basis {y1,...,ym} of V* dual to
{z1,...,2m}. Define ky : S*(V[1]) — End(S®*(V*[—1])) by the formulae

ky (i) (y;) = 0ij
ky (z;)(1) =0
kv () (Y1 A Y2) = kv () (1) + (=1) Y1 A ey () (V2)
ky (X1 A X2)(Y) = ky (X1) (kv (X2)(Y)).
To simplify notation, we shall denote ky (Z)(Y') by (Z]Y).
Remark 9. The map jy- identifies an element Y of S®(V*[—1]) with the

operation “differentiation on the right by Y”. The map ky identifies an
element Z of S*(V'[1]) with “differentiation on the left by Z7.

We have the following proposition.
Proposition 16. Let Y € S*(V*[—1]) and let Z € S*(V[1]). Then,
mo(Er (v (Y) e iv(2))) = (Z]Y).

Proof. This is again proven by a direct computation. We may assume
without loss of generality that Y and Z are homogenous.

Choose a basis {x1,...,2,} of V and a basis {y1,...,ym} of V* dual to
{z1,...,xm}. Let H € S*(V[1]). Let Z = xg and let Y = yr for some
S, T C{l,...,m}. If S and T are disjoint and if S is nonempty, jy+(Y") and
iy (Z) commute upto sign. It follows that mo(F;(jy=(Y)oiy(Z))) = 0. Also,
(ZlY) =0if S and T are disjoint and S is nonempty. If S is empty, xg =1
by convention. Therefore, mo(F,(jy+«(Y)oiy(Z))) =Y and (Z|Y) =Y. We
therefore, have to prove this proposition for the case when S and 7" are not
disjoint.

Let S and T be arbitrary subsets of {1,...,m}. Suppose that j € SUT.

ey NY) oiv(Z Nay)(H) = (HZ Nzjey; NY)
=(HZeY)—((HZeoyj) NzjoY).
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Since j is not in T. It follows that
Z'NxjoY =+(Z' oY) Au;j.
Therefore
vy NY)oiv(ZANaj)(H)=(HZeY) £ (HZoyj)eY) A x;.
It follows that
mo(Fr(v=(y; AY) o iv(Z A xj))) = mo(Fr (= (V) 0 iv(Z2))).
Note that
(Z Nxjly; NY) = (Z]Y)

since 7 € SUT. The desired proposition follows for homogenous Z = zg
and Y = yr by induction on |[S NT|. For general Y and Z the proposition
follows from the fact that the maps

S*(VF[=1]) x 8*(V[1]) — S*(V*[-1))
(Y, Z) = mo(Fr(v=(Y) 0 iv(2)))

and
S*(V7[-1]) x 8*(V[1]) — S*(V*[-1])

(Y, Z) — (Z]Y)
are both K-bilinear. O
Let (-] -)v:S*(V[1]) ® S*(V*[-1]) — K denote map
Z®Y — po(Z]Y)

where pg : S*(V*[—1]) — K denotes the projection to the degree 0 direct
summand.
Let vy : S*(V[1]) — S*(V*[—1]) @ A"V [m] be the isomorphism such that

(= A =)y =[(-1-)v @ A"V[m]] o (S*(V[1]) @ y).
Let (v denote 7‘71.
Proposition 17. If Z,W € S*(V1]), then
(2] - )@ A"VI[m]}(v(W))) = Z A W.

Proof. This proposition is verified by a direct computation. Choose a basis

{z1,...,2m} of V and a basis {yi1,...,ym} of V* dual to {z1,..., 25}

Without loss of generality, Z =xz1 A+ - Az and W =200 A+ Az,
Then

(Z] - ) A" Vm])(yw(W)) = (1 A Axglyy A= Ay1) @y A Ay
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If & > [ then (x1 A -Azg|lyr A---Ayy) = 0and 21 A+ - -Axp Az 1 A Az, = 0,
proving this proposition. We may thus assume that & <. Then

((Z]-) A" VIm])(yw(W)) = (@ A= Azglyg A Ayr) @ Ty Ae e Ay
= (DM Py A A @3 A A,
=y (T A AN AZppr Ao AT

This proves the desired proposition. O

Let Ji denote the endomorphism of $*(V[1]) multiplying A‘V[i] by (—1)".
We also have the following proposition. Let

7: A"V [m] @ S*(V*[-1]) @ A"V [m] — S*(V*[—1]) @ A"V [m] @ A"V [m]
denote the map that interchanges A™V[m| and S*(V*[—1]) @ A"V [m]. Let
~: A"VIm] @ N"V¥[—m] - K
TIN ATy, @Ym A - ANyp — 1.
Proposition 18. The following diagram commutes.

AV [m] @ S*(V*[—1]) @ A"V [m] @ A"V *[—m)] RGLESIA S*(V[1])

lr@mmv* [—m] Jvl

S*(V*[=1]) @ A"V [m] ® A"V [m] @ A"V*m]  E5 se(V1).

Proof. This is verified by a direct computation as well. Let {z;}, {y;} be
as in the proof of the previous proposition.

(TL A AT @Y Ao AYpr1) =21 Ao+ A Tg
implies that
((- 0 - )@ )TN AT @Ym A+ AYk1 @TINA - AT @Y A+ - AY1)
=T1 N ANTy.
Also,
T A ATy @Ym A AYpp1 @ TL A+ A Tip)
= (=)™ (Y A AYpp1 @TLA - Ay @1 A v+ A )
and
Um A Ay @@L A - Az) = (=D By A Ay
imply that ({y® ~) o (T @ A™V*[—m]) takes
(TI AN AN @Y A AYkp1 QLTI NA - Ay @Y A -+ A Y1)

to
(—1)_k23:1 A ANxg = Jdy(xg A Axg).
This proves the desired proposition. O
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Let Cy denote the comultiplication on S®(V[1]). Think of Cy as an
element of End(S*(V[1])) ® S*(V1]).

Proposition 19. IfY € S*(V*[—1]) then
(End(S*(V[1])) @ (- |[Y) o Cy) = ju=(Y).

Proof. This is yet another proposition that is verified by a direct computa-
tion. Let {z;}, {y;} be as in the proof of the previous proposition. Without
loss of generality, Y = y1 A -+ Ayr. Then

Cv(ml/\---/\xl):xl/\---/\a:k+1®xk/\---/\a:1+ Z ixs®m§
S£{l,. k+1}

implies that
(End(S*(V[1])) @ (- [IY) o Cy) (@i A+ Ax1) =21 @ -+ @ Tpyy
= jy= (Y)(l‘l VANERIEIVAN :L‘l).

The desired proposition follows immediately. O

3.2. Applying the linear algebra to S®(2[1]). Let M be a locally free
coherent Ox-module. We begin with the remark that every proposition in
the previous subsection holds in Ch®(Ox —mod) (and hence in D?(X)) with
V replaced by M, V* replaced by M* = Homp, (M, Ox). We are inter-
ested in the case when M = Q. All graded Ox-modules in this subsection
are to be thought of as complexes of Ox-modules with 0-differential.

All K-vector spaces in this section are finite-dimensional. In this subsec-
tion and in future sections, n shall denote the dimension of X.

3.2.1. An important point for the reader to note. Each proposition
or lemma in this subsection is proven by proving it for an arbitrary open
subscheme U of X such that € is trivial over U. Then, Q|y = Oy ®@x V
and T|y = Oy ®k V* for some finite-dimensional K-vector space V. Af-
ter observing that every map involved in the proposition/lemma is Op-
linear, proving the proposition/lemma reduces to proving the corresponding
proposition/lemma in Section 3.1. The proposition/lemma in Section 3.1
corresponding to each proposition here can be thought of as the “local com-
putation” required to prove the corresponding proposition/lemma in this
subsection.

With the above announcement we can just state the propositions and
lemma that we wish to state.

Note that there is a morphism

ig : S*(Q[1]) — End(S*(Q[1]))

such that whenever U is an open subscheme on X such that Q ~ Oy @k V
for some K-vector space V', then

iQ|U =iy ®kg Op.
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We denote i by i to simplify notation.
Similarly, we have a morphism
jr : S*(T[-1]) — End(S*(Q[1]))

such that whenever U is an open subscheme on X such that Q ~ Oy g V
for some K-vector space V', then

jrlv = jv- ®x Op.

We denote jr by j to simplify notation.
The following proposition corresponds to Proposition 10.

Proposition 20. The composite

S*(T[-1]) @ S*(Q[1]) 2= £nd(S* (1)) @ £nd(S*(Q[1]) <5 End(S* (1))

is an isomorphism in Ch®(Ox — mod).

Notation. G, shall denote the isomorphism in Proposition 20 and F;. shall
denote its inverse. In addition, if
7:S*(T[-1]) ® S*(Q[1]) — S*([1]) ® S*(T[-1])

denotes the swap map the composite

S*(T[-1)) ® S*(Q[1]) —— S*(Q[1]) ® S*(T[~1]) -3+ £nd(S*([1]))
shall be denoted by ;. The inverse of G; will be denoted by Fj.

Let 1 : S*(Q[1]) — QF[k] denote the natural projection. Note that we
have a nondegenerate pairing (, ) on S®(€2[1]). This is given by the composite

s (1)) @ s*(Q1]) L s (Q[)) — Q).

Recall the definition of the adjoint of an element of End(S®(V[1])) from
Section 3.1. Let Ay : End(S®*(V[l])) — End(S*(V[l])) denote the map
taking an element of End(S®(V[1])) to its adjoint. We have a morphism
Ag : End(S*(Q[1])) — End(S*(Q[1])) in Ch®(Ox — mod) such that if U is
an open subscheme of X such that ) ~ Oy ®k V for some K-vector space
V', then

A=Ay ®k Op.

Similarly, the map
evy : S*(V[1]) ® End(S*(V[1]))
ZRd— d(Z)
yields a map
ev: S*(Q[1]) ® End(S*(N[1])) — S*(2[1))

such that

evly = evy @k Opy

on any open subscheme U of X such that Q| = V ®@g Oy for some K-vector
space V.
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We denote Ag by A to simplify notation. Let ( ,ev’) denote the com-
posite
S*(Q1]) ® S*([1]) ® End(S*(Q[1])

S*(QI)eS* (Q[1])BA
S*(Q[1)) ® S*(Q[1]) ® End(S*(Q[1])
S*(Q1]))®ev
S*(Q[1]) @ s*(1])

()

O"[n).

By the corresponding fact for a finite-dimensional K-vector space V', the
following diagram commutes in Ch®(Ox — mod) (and hence in D?(X)).

$*(Q[1]) ® End(S* (1)) @ s*([1]) <=2 ge 1)) @ s2(0[1))

(34) |s*@nper o]

ev+
S*(Q[1]) ® S*(Q[1])) ® End(S*(Q1])) L Q" [n).
The map 7 : End(S*([1])) ® S*(Q[1]) — S*(2[1]) ® End(S*(22[1])) in the
above diagram swaps factors.
The following proposition corresponds to Proposition 11 in Section 3.1.

Proposition 21. (1) To begin with,

Ao A =1gnqse(])-

(2) If 7 : End(S*(Q[1]))@End(S*(2[1])) — End(S*(2[1]))®End(S*(2[1]))
s the swap map, then the following diagram in Chb((’) x —mod) com-
mutes.

End(S*(Q1])) ® End(S*(Q[1]) 2227, end(S*(Q[1])) ® End(S*(Q[1])

End(S*(Q1))) - End(S*(Q[1])).
(3) Also,
Aoci=1i.
(4) If I : S*(T[—1]) — S*(T'[-1]) denotes the endomorphism multiplying
NT[—i] by (—1)" then
Aoj=jol.
(5) Finally,
Ao G =Gro(I@S*Q[l])).
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Recall that 7; : S*(Q[1]) — Q7[j] denotes the natural projection. We will
denote the projection

S*(T[-1]) ® m; : 8*(T[-1]) ® S*(Q[1]) — S*(T[-1]) ® P[]

by 7; itself. Let I be as in part (4), Proposition 21. The following proposi-
tion corresponds to Proposition 12 of Section 3.1.

Proposition 22.
mpoFy =1omyo F.oA.
Denote the composite

(S*(T[-1]) @ S*(2[1]))™*

Gr OGTJ/

£nd(S*(2[1])) I se(T[-1)) ® S*(2[1))

by m to simplify notation. The proposition below corresponds to Proposi-
tion 13 of Section 3.1.

Proposition 23. As morphisms in Chb(OX —mod),
mpom = mpomo (mg ® S*(T[—1]) ® S*(Q[1])).

Denote the direct summand A‘T[—i] @ S*(Q[1]) of End(S*(Q1])) by D;.
Note that the map [,]y : End(S®(V[1]))®? — End(S®*(V[1])) extends to a
morphism [,] : End(S*(Q[1]))®? — End(S*([1])). If U is an open sub-
scheme on X such that Q ~ Oy ®x V for some K-vector space V', then

[7]|U = [7]V XK OU-
The following proposition corresponds to Proposition 14 of Section 3.1.

Proposition 24. The composite

Dy ® D —— End(S*(Q1]))®2 — gnd(s*(QM])

factors through the inclusion of Dy in End(S*(2[1])).

Let V be a K-vector space of dimension n. Denote the direct summands
V*[—-1] ® S*(V[1]) and A"V*[—n] @ S*(V[1]) of S*(V*[-1]) ® S*(V[1]) by
Dy and D, respectively, unlike in Section 3.1. Recall that in Section 3.1 we
defined maps

ad(L) : A"V*[—n] ® S*(V[1]) — A"V*[—n] @ S*(V[1])

ad(L) : ﬁ?n — E?n
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for any L € D;. These yield maps
ady : A"V*[—n] ® S*(V[1]) ® D1 — A"V*[-n] @ S*(V[1])
Y ® L~ ad(L)(Y)
ady : D" @Dy — D}
W ® L~ ad(L)(W).
These yield morphisms
ad : A"T[—n] ® S*(Q[1]) ® D1 — A"T[—n] ® S*(Q[1])

ad : D" @ D; — DY

in Ch®(Ox —mod). If U is an open subscheme on X such that Q ~ Oy @k V

for some K-vector space V', then
ad|y = ady ®g Oy
ad|y = ady @k Op.
The map py : E?n — D, also yields a map
p: DY — A"T[—n] @ S*(Q[1])

such that if Q ~ V ®kg Oy for some open subscheme U of X and some
K-vector space V, then,

p =pv @k Op.
Note that the dimension n of X is the rank of Q as well. Let

1": Ox — A"T[—n] ® Q"[n]
denote the map dual to the evaluation map. There are maps
T:A"T[—n] ® Q"[n] ® S*(Q[1]) ® D1 — A"T[—n] ®@ S*(Q[1]) ® D; ® Q"[n]
and
7 AN"T[—n] @ Q"[n] ® S*(Q[1]) — A™T[—n] ® S*(Q[1]) ® Q"[n].

7 is obtained by swapping Q"[n] and S*(Q[1]) ® D;. 7' is obtained by
swapping Q"[n] and S®(Q[1]). Denote the composites

70 (1" ® S*(Q[1]) ® D)
and
o (1" ® S*(Q[1]))

by 1™. The following proposition corresponds to Proposition 15 of Sec-
tion 3.1.
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Proposition 25. The following diagram commutes in Ch®(Ox — mod).

D{" oD, Y22 D, @D

= .
D" —2— D

The following lemma corresponds to Lemma 1 of Section 3.1. In the
following lemma, A denotes the composite

Dy —— £nd(S*(Q1])) —2— End(S*(Q[1])).
Lemma 2. The following diagram commutes in Ch®(Ox — mod).
S* Q1)) ® Dy ——— AM[-n] ® S*(Q[1]) ® D1 ® Q"[n]
l—evo(S'(Q[l])@A) ad®Q”[n}l
SUQ]) ——  AT[—n]®S*(Q[1]) @ Q"[n].
The map
(-1-)v:8*(V[A]) @ 8*(V*[-1]) — S*(V*[-1])
ZRY — (Z|Y)
yields a map
(-1-):8%Qfl]) @ S*(T[-1]) — S*(T[-1)).

As usual, if U is an open subscheme on X such that Q ~ Oy ®k V for some
K-vector space V, then

(-1-)=C(-1-)vexOu.
Recall that the composition product on End(S®(€2[1])) was denoted by o.

Let o°P denote the product on End(S*(2[1]))°P. The following proposition
corresponds to Proposition 16 of Section 3.1.

Proposition 26.
T00 Fyro(io®j) = (- | - ) : S*(Q[1]) @ S*(T[~1]) — S*(T[~1)).

Let (-] -):S*(Q1]) ® S*(T[-1]) — Ox denote the map such that for
any open U C X such that Q ~ V @k Oy for some K-vector space V,

(-1l-)=C-1I-)v exOv.
Let v : S*(Q[1]) — S*(T[—1]) ® Sx be the isomorphism such that
mo (- A-)=((--)®S5x)e(8*(Q]) 7).

Let ¢ denote the inverse of ~.
The following proposition corresponds to Proposition 17 of Section 3.1.
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Proposition 27.
CIC- [ -)@8x]o[S*(Q1)@7]) = (- A -): S*(Q1])@8*(Q[1]) — S*(Q[1]).

Let 7: Sx®S*(T[-1))®Sx — S*(T[-1])®Sx ®Sx be the map swapping
Sx with S*(T[~1]) ® Sx. Let ~ be the identification of Sx ® Sy with
Ox. The following proposition corresponds to Proposition 18 of Section 3.1.
Recall that J is the endomorphism of S®(2[1]) that multiplies Q7[;] by (—1)”.

Proposition 28. The following diagram commutes in Ch®(Ox — mod).

TRST!
Sx ®S*(T[-1]) ® Sx ® S5~ §*(T[-1]) ® Sx ® Sx ® Sy

l( - - )R C®:l
S*(Q[1]) . S*(Q[1)).

Let Cgq denote the coproduct on S®(Q2[1]). Think of Cg as a morphism
in D°(X) from Ox to End(S*(Q[1])) ® S*(2[1]). The following proposition
corresponds to Proposition 19 of Section 3.1:

Proposition 29.
End(S*(Q1])) @ (- || - ) o Cq =j: S*(T[-1]) — End(S*(Q[1])).

4. The adjoint of ®p

This section is a continuation of Section 2. All maps in this section are in
D?(X) unless explicitly stated otherwise. Both in this section and the next,
we use results from Section 3.2. All morphisms in Ch®(Ox —mod) described
in Section 3.2 induce morphisms in D’(X). The diagrams that were shown
to commute in Ch’(Ox — mod) in Section 3.2 also commute in D?(X).

4.1. Stating the main lemma of this section. Let ®; and & be as in
Section 2. By Theorem 2/, the following diagrams commute in D?(X).

C*(X) -2 O%X)® Q]
lIHKR IHKR®Q[1}J/

S*(Q[1]) —22- S*(Q[1]) ® Q[1]

C*(X) —2E, CX)®Q[l]

lIHKR IHKR®Q[1}l

S*(Q[1]) —2- S*(Q[1]) ® Q[1].

®p can be thought of as lying in Hompsx)(Ox,End(S*(2[1])) @ Q[1]).
Recall the endomorphism A of End(S*(2[1])) (defined in Section 3.2) which
takes a section of End(S*(2[1])) to its adjoint.
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Definition 2. The adjoint ®} of ® is the element (A ® Q[1]) o @ of
Hompy(x)(Ox, End(S*(2(1])) @ Q1]).

This section is devoted to finding an explicit formula for <I>;5.

Note that the Atiyah class of the tangent bundle T" of X yields a morphism
Aty @ Q1] — Q1] ® Q[1]. Let p : Q[1]*" — Qf[i] denote the standard
projection. Let

Ath Q1] — S*(Q[1)) ® Q[1]
denote the composite
(p® Q1)) o (Y @ Atr) o --- 0 Aty

Then if %5 =1+ ", ¢;Z" the map

exp@f:t% =1+ ZCiAtiT : Q1] — S*(Q1]) @ Q1]

makes sense. Denote the element

Atr

det <W> S HOIHDb(X)(OXy S.(Q[l]))

by f.
Note that i(f) and i(f~") are elements of Homps(y)(Ox, End(S*(Q1]))).
Let i(f) o ®r 0 i(f~!) denote the composite

Ox

Qr

£nd(S*(Q[L])) ® Q1] ~ Ox @ End(S*(Q[1]) © Ox ® Q1]
i(F)@End(S* (Q1)@i(f~1)@Q(1]

£nd(S*(Q[1])) ® End(S*(Q[1])) ® End(S*(Q[1])) © Q]

0®Q1]
End(S*(Q1))) ® Q[1].
The following lemma is the main lemma of this section.
Lemma 3.
oL =i(f) o Proi(f ).

The proof of this lemma requires further preparation. The following sub-
section is devoted to a key lemma (Lemma 4) used to prove Lemma 3. The
proof of Lemma 3 itself is at the end of this section (in Section 4.4).
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4.2. Comparing two “sections” of D,, ® Q"[n]. Let
pr 2 S*(T[-1]) — A"T[-k]
be the standard projection. View ®; as an element of
Homp (x) (O, End(S* (1) © Q1]
We have the following proposition.
Proposition 30.
(pr @ S*(Q1]) ® Q[1]) o (Fr @ QL)) (@1) = 0V k # 1.

Remark 10. The above proposition just states that ®; can be thought of
as an element of Hompy(y)(Ox, D1 ® Q[1]). Recall that D is like the space
of “purely first-order differential operators on S®(€2[1])”. In principle, this
proposition should follow from Proposition 7 and Theorem 2'. T however,
give a concrete proof below that uses the definition of ®, from Section 2, as I
cant see how the above proposition follows immediately from Proposition 7.

Proof of Proposition 30. Let

C: 8*(T[-1]) — S*(T[-1]) ® S*(T[-1])
denote coproduct on S*(T[—1]. Denote the composite (S*(T[—1]) @ p1) o C
by C. Denote the wedge product on S®(2[1]) by u in this proof only. Note
that the dual of the map
w: S*(Q1) @ Q1] — S*(Q[1]) ® Q1]
defined in Section 2 is the composite

(S*(T]-1]) ® Aty) o (C ® T[-1]).

It follows that
= (1@ Q1)) o (S*(Q1]) @ Atr).

In the latter composite, Aty is thought of as a morphism in Db(X ) from
Q1] to Q1] ® Q[1]. Therefore,

(35) ©' = (n®Q[1]) o (S*(Q1]) ® Atp)

where At?. is as in the previous subsection.
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It follows from (35) that (pr ® S*(Q[1]) ® Q[1]) o (F, ® Q[1])(@’ o C) is
given by the composite

Ox

C
£nd(S*(Q[1])) @ Q[1]

(P ®S*(Q[1]))oFr) @At

AFT k] @ S*(Q[1]) @ Q1] ® Q[1]

ANET[—k]@ueQ[1]
NPT k] ® S*(Q[1]) @ Q[1].
Note that from the above description, proving that
((pr @ S*(Q[1])) 0 ) @ Q[1]) 0 C = 0
will imply that

(pr ® S*(Q[1]) ® Q[1]) o (F, @ Q[1])(@* o C) = 0.

The desired proposition will then follow the fact that

P, = Z cz-wi oC

where >, ¢;2" = =
Proving this proposition has therefore been reduced to proving that
(36) (((pr © S* QL)) 0 ) © Q1)) 0 C = 0k # 1.

Let U be an affine open subscheme of X such that Q ~ V ®x Oy for some
K-vector space V. Proving (36) reduces to proving that

(37) (e ®8*(V[1])) o Fr) @ V[1]) o Cy = 0 Vk # 1
where Cy € End(S®*(V[1])) ® V[1] ~ Homg (S®*(V[1]),S*(V[1]) ® V[1]) is the

map
—_—

Ul/\"'/\'Uj’_’Z(—l)j_ivlA“'i"'AUj®Ui7
%

F} is as in Section 3.1 and py, : S*(V*[—1]) — AFV*[—k] denotes the standard
projection. (37) however, follows from the fact that

j=n j=n
Cy =) jvly)®z; = (FaV[)eCy=>) y;eu
j=1 J=1

for any bases {z1,...,xn} of V and {y1, ..., yn} of V* dual to each other. [
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The proof of Proposition 30 also helps us understand the map ®;, better:
let

id: Ox — T[-1] ® Q1]
denote the dual of the evaluation map from Q[1] ® T'[—1] to Ox.

Proposition 31. As an element of Homps(x)(Ox, D1 @ Q1]), @ is given
by the composite
At

; T[-1® oA =1
Oy —4 T[-1]® Q[] Pty

T[-1] ® S*(Q[1]) ® Q[1].
Proof. By the proof of Proposition 30, C : S*(Q[1]) — S*(Q[1]) ® Q[1] is
given by the composite
S*(Q[1]) ® Ox
S‘(Q[l])@idl

(-e-)e0[]
—_—

S*(Q[1]) ® T[-1] ® Q[1] S*(Q[1]) ® Q[1].

Note that by definition, ®; = —“— o C. Also, Equation (35) in the proof

ew—1
of Proposition 30 says that @* is given by the composite

S*(Q1]) ® Q1]

S‘(Q[l])®AtiTl

S*(Q[1)) ® S* (1)) ® o] A,

S*(Q[1]) © Q[1].
Therefore —=*~ is given by the composite
S*(Q1]) ® Q1]
s'm[u)@m(:tﬁl
S*(Q[1)) ® S*(Q[1])) ® Q[1] S*(Q[1]) © Q[1].

It follows that as a morphism in D?(X) from S*(Q[1]) to S*(Q[1]) ® Q[1],
®; is given by the composite

S*(Q1]) ® Ox

(- A-)e[]
e

lS‘(Q[l])@id
S*(Q1) @ T[-1] ® Q[1]

ls'(ﬂu])@ﬂ—u@m

((-e-)A - )01

S*(Q1]) @ T[-1] ® S*([1]) ® Q[1] S* (1)) ® Q[1].
This proves the desired proposition. O
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By Proposition 30, @7, can be thought of as an element of
Hompy(x)(Ox, D1 ® Q[1]) ~ Hompe(x) (Ox, T[—1] @ S*(Q[1]) @ Q[1]).
Let @7 denote the composite
Ox

@%”l
(T[-1] ® S*(Q[1]) ® Q[1])®"
TE" | _n) @ S* Q)P © Q= [n] ZEE, ATl _pn] @ $°(Q[1]) @ Q7).

The map 7 in the above diagram is a rearrangement of factors. The
map m : S*(Q[1])®" — S*(Q[1]) is n-fold multiplication. p’ is the standard
projection from T®"[—n] to A"T[—n| and p is the projection from Q®"[n]
to Q"[n]. Note that @7 is an element of Homps(xy(Ox, Dy @ Q27[n]). Let
1" : S*(Q[1]) — D,, ® Q"[n] be as in Section 3.2. Then:

Lemma 4. The following diagram commutes in DP(X).

@) X —>1 OX

ol
S* Q1)) —~— D, ® Q"[n].

Proof. Step 1: The inverse of 1™. Let e : Ox — Q"[n] ® A"T[—n] denote
the natural isomorphism dual to the evaluation map from A"T[—n]® Q"[n]
to Ox. Denote the evaluation map from Q"[n] ® A"T[—n] to Ox by b. We
claim that the inverse to 1™ is given by the following composite.

Ox ® D, @ Q"[n]
e®D, 0™ [n]
2" [n] @ A"T[—n] ® D,, @ Q"[n]
(38) 2" [n] @ D, ® Q"[n] @ A"T[—n)]
Q"[n] @ A"T[—n] @ S*(Q[1]) ® Q"[n] @ A"T[—n)]
beS*(2[1])®b
S*(Q1)).
The map 7 in (38) swaps A"T'[—n| and D,, ® Q"[n].




694 Ajay C. RAMADOSS

To see this, note that if U is an open subscheme of X such that
Q|U ~ V ®K OU

for some n-dimensional K-vector space V', the maps involved in (38) can be
described explicitly. Choose a basis {x1,...,z,} of V and let {y1,...,yn}
be the dual basis of V*. Let

ey : K — A"V[n] @ A"V*[—n]
Loy A AZn @Yn A Ay

Let

by : A"V [n] @ A"V*[-n] — K
TIN - ANTpy @Y A Ayp — 1.

Let 17, be as in Section 3.1. The map denoted by 17, was denoted by 1™ in
Section 3.1. Then, if H € S*(V[1]) is a homogenous element,

1"(H) = (-)"Hly, A Ay @ HR @y A+ Ay,

(ev ® N"V*[—n] ® S*(V[1]) @ A"V[n]) o 1"(H)
= ()"l A A @y A A @Y A Ayt @ H®ay Ao Ay,

7'((—1)”‘}”381/\"'/\acn®yn/\---/\y1®yn/\-~/\y1®H®$1/\---/\:En)
= ()" gy A Ay @y A A
QHRTI N ATy QYn A Ay1.

(by ® S*(V[1]) ® by) ((_1)”\H|(_1)n\H|m1 Ao AT ®@yn A Ay

®H®9C1/\"'/\:En®yn/\---/\y1):H.

The fact that the composite given in (38) is the inverse to 1™ follows from
the facts that b|y = by ®k Oy, ey = ey @k Op and 1"y = 17 @k Op.

Step 2. Let us look at the composition of the composite map in (38) with
. ®F can also be identified with the composite

(b®S*(Q1]) @ Q2"[n]) o (2"[n] ® @F) : Q"[n] — S*(Q[1]) © Q"[n].

Thinking of ®’ as the above composite, it follows from (38) that the
inverse of 1" composed with ®} : Ox — D,,®Q"[n] is given by the composite
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Ox

e

Q"[n] ® AT~

(39) ®p@AnTI-n

S*(2[1]) @ Q"[n] @ A"T'[—n]

s*(Q[1))eb
S*(Q1]).
Let by : Q[1] ® T[—1] — Ox denote the evaluation map. Let
m : 8*(Q[1))*" — S*(Q[1])

denote the n-fold product. Let p : Q[1]%" — Q"[n] denote the natural
projection. Note that ®7 : Q"[n] — S*(Q[1]) ® Q"[n] is also given by the
following composite.

"[n]

Q1] ® 0x)*"
(QedL)®"
Q1] ® T[-1] ® S*(Q[1]) ® Q[1])®"
(40) (b1@8*(Q)@Q1]) "
(S*(Q[1) @ Q™"

s ()" @ Qi]er

mep
S*(Q[1]) ® Q"[n].

The topmost vertical arrow in the above diagram is induced by the natural
inclusion from Q" to Q°". The map 7 in the above diagram is a rearrange-
ment of factors.

It follows from Proposition 31 and that the composite

(by ® S*(Q[1]) ® Q[1]) o (1] @ 1) : Q1] — S*(1]) @ Q1]

Atp

is precisely W.
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Therefore the composite in (40) is equal to the composite
Q[n]

Q[l]@n
| (etizr)™
(S*(Q[1]) @ Q1))®" —— S*(QL)" @ Q1P T S (Q[L)) © Q[n].

It follows from Equation (39) that the inverse of 1" composed with ®7 is
given by the composite

Ox

e

O"[n] @ A"T'[—n]

Q%" @ A"T'[—n]
(i) "ol
(8*(Q1]) ® Q[1])*" @ A"T[—n]

T

S*(Q[1))®" @ Q[1]®" @ A"T'[—n]

mEpIA*T[—n]
S*(Q[1])®b
S (Q[]) © Q] @ AMT[—n] S CEEP ge ).
The above composite is det (exp(ﬁ%) by the definition of det. O

4.3. Another long remark — Lemma 4 and our dictionary. Lemma 4
is the root reason for the Todd genus, an expression having a form similar to
the Jacobian of the differential d(exp~!), showing up in the Riemann-Roch
theorem. Markarian [6] remarks that a lemma in [6] similar to Lemma 3 in
this paper is like pulling back the canonical volume form on a Lie group via
the exponential map. He makes a remark in [5] that a formula analogous
to that describing the pullback of the canonical (left-invariant) volume form
on a Lie group via the exponential map is responsible for the Todd genus
showing up in the Riemann-Roch theorem. Lemma 4 is precisely where
something like this happens. We will attempt to make the parallel between
Lemma 4 and “pulling back the canonical left-invariant volume form by the
map exp’ more transparent. In Lemma 4 of this paper, it is exp rather than
the exponential map itself that is involved.
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We warn the reader that ad and ad have the same meaning in this sub-
section as in Section 2.5. Their meaning in this section is therefore, different
from their meaning in Section 3, the rest of Section 4 and Section 5.

4.3.1. The classical situation. Keep the dictionary developed up to Sec-
tion 2.5 in mind. Let G be a Lie group and g its Lie algebra. Choose a basis
{X;} of g and a basis {Y;} of g* dual to {X;}. Let n be the dimension of
g. Let 1, denote the element > " | X; ® Y; of g® g*. Let C(G) and C(g)
be as in Section 2.5. Letting an element of g act as a differential operator
on C'(G) (as in Section 2.5) yields a connection on C'(G) for each element of
g ® g*. 1, yields the canonical connection dg.

The element 1" := Y, A--- AY; ® X1 A--- A X, of A"g* ® g" yields a
section of the trivial line bundle V x A"g* ® g" over the neighborhood V of
0 in g. This section yields a map

15:C(g) = C(g) @ N"g" ® g"
=Y, A AT QX1 A-- ANX,.
The map 1" in Lemma 4 is analogous to 1.
On the other hand, if we think of an element of g* as a function on V, we
have an (i + 1)-fold multiplication u; : C(g) ® g*®* — C(g). Let ad® denote
the composite

(g*®i_1®ad)0---oad:g*—>g*®i®g*.

Note that (p; @ g*) o (C(g) ®ad®) = ad’ where ad is as in Section 2.5. Given
any (convergent) power series f(z) =, ¢;2' let f(ad) denote the map

Y ciad' 1 Cla) @ ¢" — C(g) @ g™

Let ¥ be as in Section 2.5. Then
—ad
N ead — 1 o
as a map from C(g) to C(g) ® g*. Therefore, as an element of C(g) ® g® g*,
—ad
v = <g®ead_1> O]_g.
We can therefore think of the element A¢,(—¥) of C(g) ® A"g" @ g".

Denote this by (—W¥)". Note that (—%)" is a section of the trivial line bundle
V x A"g* ® g" over V. Moreover 17 is an isomorphism of R-vector spaces.
We can therefore ask for the function

fa:= 1) 7H(=D)") € Cla).

One can check from the formula for —W that

(41) fo = det ( _ad )

ead — 1
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At this stage, we remark that the map ®7 in Lemma 4 is analogous

to (—=0)". det (e5d—1) is analogous to f in Lemma 4. Lemma 4 itself is

analogous to Equation (41).

4.3.2. Pulling back the canonical left invariant volume form on G
via €xp. Finally, we observe that an element of C'(g) ® A"g* ® g" and a
volume form on V together yield another volume form on V by letting A"g*
contract with g™. In this manner, the canonical volume form Y, A --- A Y]
on YV and 13 yield the canonical volume form Y,, A--- A Y] on V.

Consider the left invariant volume form wg on Ug arising out of the
element Y, A --- AYy of A"g*. In the same manner the volume form w
yielded by exp*(wg) and U™ equals Y, A --- A'Y;. But on the other hand,
w is also equal to det(d(exp*))(—1)" fy. It follows that (41) is equivalent to
the formula

det(d(exp*)) = det <e%?1> .

This in turn is equivalent to the formula for the pullback of a left invariant
volume form on G via exp.

4.4. Proof of Lemma 3. We are now equipped to prove Lemma 3. Let
ad(®g) : D, — D, @ Q[1]

denote the composite

D, ® Ox n ® Dy @ Q[1] L UN D,, ® Q[1]

where ad : D, ® D; — D, is as in Section 3.2. We begin with the following
proposition.

Dp®d
®RD

Proposition 32.
Dh(f) = 0.

Proof. The upper square in the commutative diagram below commutes by
Lemma 4. The lower square in the diagram below commutes by Lemma 2.

1

Ox - Ox
lf ¢Zl
(42) s Q) =  D,®Q"[n
l_qg ad(<I>R)®Q"[n}l
s*@) e 1] — b, w01 0"

The proof of Proposition 30 with ®p instead of ®; would show that
bR € Home(X)(Ox,D1 & Q[l])
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Let ad be as in Section 3.2. Let ad(®r) denote the composite
(D1 @ QI)*" @ Ox
(D1@Q1]))* @R

(D1 @ QI)*" @ D1 @ Q1]

DE" % Dy @ Q1" © [l

ad®@Q[1]®"@0[1]
DY@ QP e Ql]  —— (D) @ Q[1)%" @ Q[1].

The unlabeled arrows in the above diagram are rearrangements of factors.
Note that by the Proposition 25, the following diagram commutes.

1

Ox — Ox
l@%” q’ﬁl
(43) (D1 Q)*" ——  Dp®Q"[n]
@@R) ad(® ) S0 [n]

(D1 ® QI))*" ® Q1] —— D, @ Q1] ® 2"[n].

By Theorem 2" and by Proposition 9, ®z and ®, are commuting operators
on S*(Q[1]). It follows that ad(®x)(®%$") is 0. Thus, ad(Pg) @ Q" [n](®7}) is
0. The desired proposition now follows from (42) and the fact that 1" ® Q[1]
is invertible in D?(X). O

Proof of Lemma 3. Note that the pairing (,) : S*(Q[1])®? — Q"[n] in-
duces a nondegenerate pairing

(,) : RHomx (Ox,S*(Q[1]))®? — RHomx (Ox, Q" [n]) ~ K.

(®p(-), -):S*(Q1)) @ S*(Q1]) — Q"[n] @ Q1] denotes the composite
S*(Q[1]) ® s*(Q1])

®R®S® (Q[1]))

S*(Q[1]) ® Q1] ® S*(Q[1])

S*(Q1)®T

S*(Q[1]) ® S*(Q[1]) @ Q1]

(yenll]

Q"[n] @ Q1]
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map in D?(X). The map 7 in the above composition of maps in D’(X)
swaps Q[1] and S*(2[1]).

Similarly, (-, ®%L(-)) : S*(Q[1]) ® S*(Q[1]) — Q"[n] ® Q1] denotes the
composite

S*(Q1]) @ s*(Q[1])
S%QDD@@El

s*(Q[1]) © 8*(Q[1]) @ Q[ 2,
Let a,b € RHomx (Ox,S*(22[1])). Then,

(44) (abf™H ®L(F) =0

Q"n) @ Q).

by Proposition 32. But,
(45) (ab £, @5 (F)) = (Pr(abfh), f)

by the commutative diagram (34).
By Proposition 7, Theorem 2" and by the fact that

Tkr : C*(X) — S*(Q[1))

is a homomorphism of algebra objects in D?(X),

(46) Pr(abf™ 1) = dr(a)bf ! + a®r((bf ).
By (44), (45) and (46)
(47) 0= (Pr(abf™1),f) = (Br(a)bf L, ) + (a®r(Df 1), f).

But for any elements u,v, w € RHomx (Ox, S*(2[1])),
(uv, w) = (u, vw)
by the definition of (,). It then follows from (47) that
(48) 0= (®g(a),b.f71) + (a, Pr(D£1)f) = (Bg(a),b) + (a, Pr(D.£71)F).
It follows from the commutative diagram (34) that
Ph(b) = —Pr(bf Hf
for any b € RHomx (Ox,S*(Q[1])). This proves Lemma 3. O

Remark 11. The computation proving Lemma 3 that has been written
here can very easily be rewritten in a “canonical” manner without choosing
elements of RHomx (Ox, S*(2[1])). Though that would be the ideal thing
to do from the point of view of rigor, we feel that the computation we
have depicted conveys the key idea behind the computation more concretely.
Computations of a similar nature that show up in Section 5, have however,
been written down in a “canonical” manner.
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5. Proof of Theorem 1

5.1. Unwinding some definitions. In this subsection, we shall confine
ourselves to unwinding the definition of the duality map Da. This will help
us focus more on what exactly we need to compute to prove Theorem 1. Let

K1 Oa — AN O

denote the unit of the adjunction A* 4 A, applied to Ox € D(X x X).
Also let

B:0x — A"A\Ox
denote the unit of the adjunction A; 4 A* applied to Oy € Db(X).

Let Db(X) denote the category whose objects are those of D?(X) such
that

Hom]ﬁ/x) (F,G) = RHompy ) (F,G)

for any pair of objects F and G of D’(X). Note that any diagram that

—_——

commutes in D?(X) also does so in D?(X). We perform a particular cal-

P

culation in D?(X) instead of D?(X) only when absolutely necessary. This
enables us to take care of the shifts in grading that occur when an element
of RHom x (¥, G) shows up instead of an element of Homp(x)(F,G). In [8],

Db(X) is called the “extended derived category” of X.

Note that AOx ~ ASy'. It follows that A*AOy ~ A*Op ® Syl
Let ~: Sx ® S)}l — Ox be as in Section 3.2. We now state the following
proposition.

Proposition 33. Let ¢ € RHomx(A*Oa,Sx). Then, as a morphism in
Db(X), DX'(¢) is given by the composite
Ox
B
A*Op ® Sy

A*(r)®S%"
A*Op @ A*Op @ Sy
A*OARPRS K"
A*Op @ Sx ® Syt

A*OA®~

A*On.

Proof. By the definition of Da, Dgl =T 1oT toJ ! where Z,7 and J
are as in (2), (3) and (4) respectively.
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Now,
(49) TH$) = Audo k.
Further,
(50) T () = a ® p3Sy!
and
(51) I (y) =A%yop.

Now, A*(a@pES}l) = A*a@S)_(l since pao A = id. The desired proposition
now follows from (49), (50) and (51) and the fact that A*A,yp = A*Opx @1
for any morphism v in D?(X). O

The following propositions help us understand A*(x) and 3 explicitly.

Proposition 34. The following diagram commutes in DP(X).

AOx 25 A 00 ® A0,

A*OAl lA*OAQ@A*OA
A*Or —S s A*OA ® A*On.
Proof. Step 1. Note that if F € D’(X x X), then
ANF ~Or@F.

Denote the canonical quotient map Ox«x — Oa by h.
Also observe that if G € D?(X), then

A*ALG ~ A*OA ® G.

Recall that A*Ox is represented by the complex 5’(X ). Note that the
projection from the graded Ox-module C*(X) to C°(X) = Ox is a map
of complexes of Ox-modules. This was denoted by 7 in Section 2. In this
proof, we will denote this projection by p.

We claim that tensoring with h constitutes the unit of the adjunction
A* 4 A, and that tensoring with p constitutes the counit of the adjunction
A*HA,.

To see this, note that A*(h) is just the map

€:0x — 6'(X)

defined in Section 2. This was the unit of the Hopf algebra object c* (X) of
Ch™ (Ox —mod). It follows that p o A*(h) = Ox. Also,

Ai(p)o(h® Oa) =Ona
since h ® Oa can be identified with the map A, (€). It follows that
k=h® Oa.
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Step 2. We now show that A*(k) and C yield the same morphism in
D?(X) from A*Op to A*Op @ A*Op.

Note that Op is represented by the complex B*(X) in DY(X x X). It
follows that both B*(X)®Oa and Oa®B*(X) represent the object O @O
of D*(X x X). Let

v:B*(X)® Oa — B*(X)® B*(X) ® Ox

denote the map such that on an open subscheme U = Spec R x Spec R of
X x X before completion,

I/(To X QTkt1 ORR 7“/)
= Z T0®~~~®7’p®1®R®Rl®Tp+1®"'®T’k+1®R®R7‘,.
p+q=k;p,q=0
v is easily seen to be a map of complexes of Oxy x-modules. Similarly, let
7:0a® B*(X) = O ® B*(X) ® B*(X)

denote the map such that on an open subscheme U = Spec R x Spec R of
X x X before completion,

7(r' @reRrTO ® @ k1)
=" ®ror Y., T0® @1y ®1®prer 1@ Tp11 Q- @ Ty
p+q=Fk;p,q>0
v is easily seen to be a map of complexes of Ox« x-modules.
Let 7 : Oa ® B*(X) — B*(X) ® Oa denote the map swapping factors.
Let 7 : Oa ® B*(X) ® B*(X) — B*(X) ® B*(X) ® Oa denote the map
swapping Oa and B (X)® E’(X ). The following diagram then commutes.

Ox ® B*(X) —2— Ox® B*(X)® B*(X)
B*(X)®0Op —2— B*(X)® B*(X) ® Oa.

Note that A*(7) = A*Oa ® C. It follows from this and from the above
commutative diagram that

(52) A*(v) = C® A*Ox.
Step 3. We use (52) to compare the morphisms v and k@O in D?(X x X).
Recall that
Hompy(yy x)(Oa ® Oa, Oa @ O @ On)
= Home(X)(A*OA ® A*OA, A*Op @ A*Op)
via

a— (pRATOA @ A*Op) o A¥(av).
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Since p is induced by the counit of the Hopf algebra objecj:\ c* (X) of
Ch™ (Ox —mod), and C is induced by the comultiplication of C'*(X),
(P®A"OA) 0 C =1a-0,.
Also, since A*(k) = € @ A*Oq,
(p @ A*Op) 0o A*(K) = 1a+0, -
It follows that
(P®AOA @A™ Or) 0o A*(v) = (p® ATOA ® A™Op) 0 A (£ ® Oa)
= 1A+*OAQA*Op -

This proves that v and k®Oa represent the same morphism in D?(X x X).

Therefore, C @ A*Opx and A*(k) @ A*Oa represent the same morphism in

D?(X). The desired proposition now follows from the fact that if A : G — H
is a morphism in D°(X), X is equal to the composite

ARA*OA HRP
_— —_

G 5% Go ATOa H & A*Oa H. O
Recall that p : Q[1]%° — Q'[i] denotes the standard projection. Let ®%

denote the composite
Pre Q¥ o...0dr: S*(Q1]) — S*(Q[1]) ® Q[1]®".
Let ®%, denote (S*(Q[1])®p)o®@%. Then exp(Pp) := ", #®% is a morphism
in D?(X) from S*(Q[1]) to S*(Q[1]) ® S*(Q[1]).
The following proposition follows immediately from Proposition 8 and
Theorem 2'.
Proposition 35. The following diagram commutes in DP(X).

A*On —S o A*OA® A*OA

IHKRl lIHKR@)IHKR
s*(@[1]) =222 s(0[1)) © $*(Q1).
Let ¢ : Sx — S*(Q[1]) denote the inclusion of Sx ~ Q"[n] into S*(Q[1])
as a direct summand. Let 3 denote the composite
. —1
Oy —— Sy ® 55 22 so(Q[1]) ® S5

Proposition 36. The following diagram commutes in DP(X).

Ox —2— A*0x® S¢

ll Tukr ®5§1l

ox —2 s (@Q[1) ® S
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Proof. Step 1. Note that if F € D’(X x X), then
AN F~ASY @ F
Also, if G € D¥(X), then
A*AG ~ A*Op ® Sy ®G.

Now, A*S)_(l is isomorphic in D?(X x X) to Oa ®p§S;<1. We now refer to
the statement of the Serre duality theorem in Markarian [6]. By the Serre
duality theorem there is a canonical map in D?(X x X) from Oa to p3Sx.
We denote this map by q. Tensoring q with p3 )}1 on the right and making
the obvious identifications gives us a morphism from Oa ® 1!)35)_(1 to Oxxx.
We denote this morphism by p in this proof.

Let 3 : Ox — A*Oa ® Sy be the morphism in D?(X) such that the
diagram in this proposition commutes. 3 is well-defined in Db(X ) since
Inkr is a quasi-isomorphism.

We claim that tensoring by 8 and tensoring by p constitute the unit and
counit of the adjunction Ay 4 A* respectively. In order to verify this claim,
it suffices to verify that

(53) A*(p)o B =0Ox
as morphisms in D?(X) and that
(54) (p®Ayox)OA152A!OX

as morphisms in D?(X x X).

Step 2. We verify (53) on “good” open subschemes of X. We begin by
verifying (53) on an open subscheme U = Spec R of X with local coordinates
Yiy---sYn. The elements {y; ® 1 — 1 ®@y; ¢ = 1,...,m} form a regular
sequence generating the ideal I of R ® R defining the diagonal on an open
affine neighborhood V' = Spec S of the diagonal in U x U. Let

Z=v®1—-1®y.

This regular sequence gives rise to a Koszul complex K®(z1,...,2,). This
Koszul complex is a free S-module resolution of A, R.

The third part of the Serre duality theorem as stated in [6] says that the
map q (restricted to V') is equal to the map of complexes

K*(z1,. .-, 2n) = P2 i [n]
AN Nz = dyy A Adyy,

as morphisms in D(V/).

Further, let [z;] denote the class of z; in H*(R ®g K*(21,...,2,)). The
R-linear map dy; — [z;] induces an isomorphism of graded algebras between
S*(Qr/k[1]) and Tor? (R, R) by Proposition 3.4.7 of Loday [4]. Moreover,
by the proof of the Hochschild-Kostant—Rosenberg theorem in Section 3.4
of Loday [4], this isomorphism coincides with the isomorphism induced on
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cohomology by the anti-symmetrization map ¢ : S*(Qp/x([1]) — 5"(R).
Before completion,

o(rodri A+« Ndry) = Z sgn(0)10 @ To(1) @ +++ @ To(k)-
oESE
This is immediately seen to be a right inverse of Iyjggr. It follows from the
facts recalled in this paragraph and the description of q in the previous
paragraph that A*(q) = 7, o Iykr as morphisms in D*(U).
Therefore, in D°(U), A*(p) is given by the composite
A*Ox ® Sy'|u Tlman @9 o,
The unlabeled arrow in the above composite is just the identification of
Sx|u ® S;(1|U with Oy = R. Tt follows that A*(p) o 8 = Oy as morphisms
in D?(U).
Step 3. We verify (54) on “good” open subschemes of X x X. Let U and
V be as in Step 2 above. Note that

A*IHKR o (A!ﬁ ® SXXX) = 1A*SX'

SX|U ®S)_(1|U —— Oy = R.

Further,
PRAOx ® Sxxx =q& Oa.
By the discussion in Step 2, as morphisms in D(V),
q® OA = A*A*q = A*(ﬂ'n o IHKR)
Therefore, as morphisms in D?(V),
(@®O0a) o (A1B @ Sxxx) = Au(mp oTakr) © (A1 ® Sxxx) = 1A, 55

Tensoring the morphisms involved in the above equation with S)_(lX vy We see
that
(Pp®AOx)oAS=A0x

as morphisms in D(V'). This is what we set out to verify.
Step 4. Now observe that

Homp(x)(Ox, A O ® Sy') ~ &Hompsx)(Ox, Q' @ A"T[i —n).
For 7 < n,

Hompy (v (Ox, Q' @ A"T'[i — n]) = Ext™ " (Ox, Q' @ A"T'[i — n]) = 0.
For 1 = n,

Hompy(x)(Ox, Q'@ A"T'[i —n]) = Hompy (x)(Ox, " @ A"T)
~ Hompy(x)(Ox, Ox) ~ K.

It follows that Homp(y)(Ox,A"OA ® S¥') is a 1-dimensional K-vector
space. Tensoring with 6 and tensoring with p therefore, do indeed form
a valid choice of unit and counit of the adjunction A, 4 A* upto some

scalar factors. In other words, (53) and (54) are satisfied in D(X) and in
D?(X x X) respectively upto some scalar factors. That the scalar factors
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are indeed 1 follows from the local verifications in Step 2 and Step 3 of this
proof.

Step 5. Let J be as in (4) in Section 1. The last detail to be checked
is that this particular choice of unit and counit for the adjunction A, 4 A*
satisfies

(55) trx (J(¢) o B) = trxxx ()

for any element ¢ of Home(XxX)(A*S;(l,A*SX). By the arguments in
Step 4 of this proof, this “compatibility with traces” is satisfied upto a
scalar factor independent of ¢. We must verify that this scalar factor is 1.

Let m: Oxxx — Oa denote the obvious morphism in this proof. Let £
and F be objects in D’(X). Let £* denote the dual RD(E) of £. We recall
the second part of the Serre Duality theorem as stated in [6]. It states that
if f € Hompy(xy(€,F), the composite

(Axf)om pIFRPp5E*Rq
T

PIF @pr&” @ Oa
is exactly the image of the element f, of

HOIHK(HOIHDI;(X) (OX, g), HOHlDb(X) (OX, JT))

Oxxx piF @ p5(E* @ Sx)

under the identification
Homg (Hompyxy(Ox, €), Hompe ) (Ox, F))

HOHlDb(X) (OX, JT) & HOInDb(X) (OX, 5)*

HOInDb(X)(Ox,f) 0%y HOHlDb(X)(Ox,S* ® Sx)

P ®p;

Home(XxX)(OXxX,pr & p§(5 ® Sx)).

Let tr € Homps(x)(Ox, Sx) be the element satisfying trx(tr) = 1. Ap-
plying the above statement with £ = F = Ox and f = Ox, we see that the
composite

Oxxx —=— Oa —— piSx
is precisely p3(tr). It follows that the composite t given by

pi(tr)®q "
Oxxx —— Oxxx ® Opn — P1Sx @ p3Sx = Sxxx
satisfies
trxxx(t) =1.
Let tra denote the following composite:
pi(tr)®q Sxxx®m
Oxxx ® On ——— Sxxx ® Oxxx ——— Sxxx @ On.
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By Lemma 2.2 of Caldararu’s paper [1],

trxxx(tra) =trxxx(t) = 1.
Therefore,
tryxx (tra ® p5Sy') = 1.
To verify (55), it suffices to check that

try (J(tra @ p5Syt) o B) =1

where J is as in Section 1.
For this, it is enough to check that

(56) trx(j(tI'A) o (ﬁ ® Sx)) =1.
Note that A*(tra) is given by the composite

tr®A*(q) Sx®Sx®e
—_— _

Ox ® A*Oa Sx ® Sx Sx ® Sx ® A*Oa

where e is the map induced in D?(X) by the unit Ox — C*(X) of the Hopf
algebra object C*(X) of Ch™ (Ox — mod). It follows that J(tra) is given
by the composite

Ox @ A*Op M Sx ® Sx.
To verify (56) it suffices to check that A*(q)o (8 ® Sx) = Sx. This is an
immediate consequence of (53). O

5.2. The final (long) computation proving Theorem 1. We first re-
call some notation. We remind the reader that as in Section 3.2, the product
on S*(Q[1]) is denoted by (- A - ) : S*(Q[1]) ® S*([1]) — S*([1]). Let
ev be as in Section 3.2. Denote the composite

s*(@l1) @ s°(7]-1)) S,

S*(Q[1]) ® End(S*(Q[1])) —— S*(Q[1)
by (- e - ) as in Section 3.2. Note that the composite

Q)i

s* (1)) @ $*(Q[1]) 5 ge01)) @ End(S* Q1)) —2— S*(Q[1])

is (- A -). Let (-]|-) be as in Section 3.2. We will also denote the
isomorphisms Sx ® S)_(l — Ox and S)_(l ® Sxy — Ox by ~.
Also recall from Section 1 that

(-, -)=mo(- A -):S(Q]) @S*(Q1]) — S*(Q1]).
Let 2 € RHomx (Ox, S*(22[1])).
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Outline of the final computation proving Theorem 1. The final com-
putation proving Theorem 1 begins by summarizing the results of the previ-

ous subsection to express Iykr (D' (I;Ea(m))) as a composite of morphisms

in Db(X). This is done in Proposition 37. After Proposition 37, in (59), (60),
(61) and (62), the composite yielding IHKR(DKI(@(x))) is rewritten to
express it in a form that is possible to simplify. Lemma 5 is then used to
simplify this composite further, yielding the composite (63). The simpli-
fication using Lemma 5 is a crucial step. The composite (63) is further
simplified to the composite (64). The fact that the composite (64) of mor-
phisms in D?(X) yields Inxr(Dy' (I;Ea(x))) together with Proposition 28
and Proposition 27 of Section 3.2 yield Theorem 1. Lemma 5 is then proven

in Section 5.3.
With the above notation and outline in mind, view ®g as an element of

Homps xy(Ox, End(S*(Q[1])) @ Q[1]).

The following proposition begins the final set of steps towards Theorem 1.

Proposition 37. As a morphism in Db(X), IHKR(DE(IEE{(@*))) is given
by the composite

Ox

B

S*(Q[1]) @ S' =~ 8*(Q[1]) @ Ox ® Sy
S*(Q[1])®exp(Pr)@Sy"

S*(Q[1]) ® End(S*(Q[1])) @ S*(Q[1]) @ Sy

S*([1]) ® End(S*(Q[1])) ® S*(Q[1]) ® Ox ® Sy
S*(Q1))@End(S* ([1])2S* (1) @2@ Sy
S*([1]) ® End(S*(Q[1])) ® S*(Q[1]) ® S*(Q[1]) ® Sy
s*(Q))@end(S* Q)@ -, - )@SK"

S*(Q[1]) ® End(S*(2[1])) ® Sx ® Sy

evR
S*(Q[1]).

Proof. This proposition just amounts to putting together Propositions 33,
34, 35 and 36 and the definition of Igkgy. O



710 Ajay C. RAMADOSS

As in Section 3.2, let v : S®*(Q[1]) ~ S*(T[—1]) ® Sx be the isomorphism
such that
(57) (- -)=mo(-A-)=((-][-)®5x)0(8*(Q1]) ®~).
Let ¢ denote the inverse of ~.

Also note that by the definitions of F, and Fj, the following diagrams
commute.

(58)
S*(Q[1]) ® End(S*(Q[1]))

evl l((—/\—)o-)

S*(Q[1]) S*(Q[1))

S*(Q)eT(F)
e

S*(Q[1]) @ End(S*(Q1])) e

evl l((-o-)/\-)

S*(Q[1]) S* (1)
In the first diagram in (58),
7: 8Y(T[-1]) ® 8*(Q[l]) — $*(Q[1]) ® S*(T'[-1])

interchanges factors. By Proposition 37, IHKR(DE(IEE{(@*))) is given by
the composite

Ox

B

S*(Q1]) ® Sy! ~S*(Q1]) ® Ox ® Ox ® Sy
S*(Q1])Rexp(®r)@z@S K

(59) S*(Q[1]) ® End(S*(2[1])) ® S*(Q[1]) ® S*(Q[1]) ® Sy
eve( -, - )@Sy!

S*(Q[1]) ® Sx ® Sy!

S* (Q[1)®~
S* (1))
of morphisms in D/bZ)?) Denote the composite
Ox
oo

T(F)@S*(Q[1])
e

End(S*(Q[1])) @ S*(Q1]) S*(Q[1]) @ S*(T[-1)) ® s*(2[1])
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by P.
By (57) and (58) the composite (59) yielding Inkr(Dx' (Inkr(z))) is the
same as the composite

Ox

B

S*(Q1) ® Sy' ~S*(Q[1]) ® Ox ® Ox @ Sy'

(60) S*(Q1]))@P®y(z)®Sx!
S*(Q[1]) ® S*(2[1]) ® S*(T[-1]) ® S*(Q[1]) @ S*(T[-1]) ® Sx ® Sy'

(- A=)e-)8(- |- )@=

S*(Q[1])

e~

of morphisms in D?(X). Note that the composite

. «3 7417 . - - S_l
Qifj] 20 ge o) @ 0ij] @ 55t LN ge(o1)) @ sy

is 0. (“B® Q[j]” is a rearrangment of factors composed with 3 ® Q/[j]).

It follows that the composite (60) yielding IHKR(DE(IEE{(@*))) is equal to
the composite

Ox

8

S* (1)) ® Sx' ~S*(Q[1]) ® Ox ® Ox @ Sy

(61) 8* (QI)©QwY(x)2Sy!
S*(Q[1]) © S*(T[-1]) © S*(Q1]) ® S*(T[-1]) ® Sx ® Sy
(-o-)@(- - )@

S* (1))

e~

of morphisms in D?(X). In (61), Q in turn denotes the composite

Ox

vt

7r()OFl®S.(Q[1])

End(S*(Q[1])) @ S*(Q1]) S*(T[-1]) @ S*([1)).
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Let (exp(®R)|| - ) : S*(T[-1]) — End(S*(2[1])) denote the composite
Ox ®8*(T[-1))
xp(@)5s* (r[-1) |

End(S*(Q1])(- | -)

End(S*(Q[1))) ® S*(Q[1]) ® S*(T'[-1]) End(S*(Q[1])).

The composite in the diagram (61) yielding IHKR(DKI(@(x))) can be
rewritten as

Ox

8

S* (1)) ® Sy' ~S*(Q[1]) ® Ox @ Sy!

(62) s* Q)RS
S*(Q[1]) ® S*(T[-1]) ® Sx ® Sy

(-o0-)®~

S*(Q[1])

where

R = [mo(Fi(exp(®R)|| - )) ® Sx]ov(z) : Ox — S*(T[-1]) ® Sx
in 51’_(\)?)
We remind the reader that since (exp(®g)|| - ) is a morphism in D’(X)
from S*(T[—1]) to End(S*(Q[1])), mo(Fi(exp(Pr)|| - )) is a morphism in
D?(X) from S*(T[-1]) to S*(T[—1]). It follows from this and the fact that

v(z) € Homlﬂ/X)((’)X,S'(T[—l]) ® Sx) that R is indeed an element of

HomD/b(\/X)((’)X, S*(T[-1]) ® Sx) as mentioned above. The following lemma

simplifies the computation of R. Let
(- 1-):s*(QN)) @ s*(T[-1]) — S*(T[-1])
be as in Section 3.2. Let (tdy'| - ) denote the composite
(-1-)o (tdy' ® S*(T[-1])).
This is a morphism in D?(X) from S*(T[—1]) to itself.
Lemma 5.
mo(Fy(exp(®@r)l| -)) = (tdy'| - ) : S*(T[-1]) — S*(T[-1)).

We postpone the proof of this lemma to Section 5.3.
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—

It follows from (62) and Lemma 5 that Iykr(Dx'(Inkr(z))) is given by
the composite

Ox
|7
(63) S*(Q1]) ® Ox ® Sy
ls'(ﬂ[l})@w(:v)@é’}l

- e(tdLl - ~
S*(Q[1]) ® S*(T[-1]) ® Sx © 551 i [)®

S*(Q[1])

of morphisms in Db(X).

Now note that the following diagram commutes in D?(X).

P

Ox Tox Ox
5
Sx ® Ox ® S5t LBOxBSY S*(Q[1]) ® Ox @ Sy!
Sx®@y(z)®55" S* Q1))@ (z)@Sk"
Sy @ S*(T[-1)) ® Sx ® S¢*  —1—  S*(Q[1]) @ S*(T[-1]) ® Sx ® Sy’
(- otz - o (- o(tdx!] - Do
S*(Q[1)) s, s*(2[1]),

where f =1 ® S*(T[-1]) ® Sx ® Sy

The topmost square in the above diagram commutes by the definition of
(3. That the remaining squares in the above diagram commute is obvious.
The reader should recall that Sy = Q"[n] to make sense out of the map
(- o (tdy!|-)) : Sx ® S*(T[-1]) — S*([1]) in the above diagram.

It follows from the above diagram and (63) that IHKR(DKI(@(x))) is
given by the composite

Ox

Sx ® Ox @ Sy
(64) Sx@v(z)®S%"
Sx ®S*(T[-1]) ® Sx ® Sy
(-eo(tdx'| - )@~

S*(Q[1])




714 Ajay C. RAMADOSS

of morphisms in D?(X).

Let 7 : Sx @ S*(T[-1]) ® Sx — S*(T[-1]) ® Sx ® Sx denote the map
swapping Sx and S*(T[-1]) ® Sx. Let 7/ : Sx ® Ox — Ox ® Sx swap
factors. We now have the following proposition.

—_~—

Proposition 38. The following diagram commutes in Db(X).

1

Ox —_— Ox
-1 7’/®S;(1 _1
Sx ®Ox ® Sy — Ox ® Sx ® Sk
sxen@esy’ | |r@esxass!
RSS!
Sy ® S*(T[-1]) ® Sy ® S5}~ S*(T[-1]) ® Sx ® Sx ® S
(- o(td] - >>®zl lq(td;ﬂ Sy )®m
S*(Q[1]) - S*(Q[1]).

Proof. The fact that the first two squares in the above diagram commute
is clear. The third square commutes by Proposition 28 of Section 3.2.  [J

Recall that v : S*(Q[1]) ~ S*(T[-1]) ® Sx and ¢ denotes the inverse of
~. By Proposition 27 of Section 3.2,

C(((tdx'] - ) ® Sx)(y()) = tdy' Az

Therefore, by Proposition 38, the fact that the composite (64) yields
IHKR(DK1 (Inkr())), and the fact that J? = 1se(qn));

Tnkr (DA Tukr(z))) = J(td A o).
It follows that
Da(Iiir () = Inkr(tdx A Jy).
This proves Theorem 1. O
5.3. Proving Lemma 5. Lemma 5 is the only thing left to be proven.

The proof of Lemma 5 uses Lemma 3. We first state and prove the following
proposition. All statements in this subsection hold in D°(X) and hence in

—~—

Db(X).
Proposition 39.
mo(Fr(exp(®r)|| - )) =1:S*(T[-1]) — S*(T[-1]).
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Proof. The notation used here is that used Whi_le proving Proposition 30.
While proving Proposition 30, we noted that @w’oC is given by the composite

s (Q[1)) —S— se@p1) @ af1] SEEAE ge o)) ¢ 0ifi] @ Q1

(- A=y |
S*(Q[1]) ® Q[1].
It follows by the definition of g o F). that
(moo Fr @ Q[1])(@ 0o C) =0
2o =145 ¢i2' that
(mo © Fr @ Q1])(®R) = (70 0 F @ Q[1])(C).

Therefore, by Proposition 23,

(w0 0 Fy @ S*(Q1]))(exp(®r)) = (0 0 Fy ® S* (1)) (exp(C))-

Note that

if 7 > 0. It follows from the fact that il

exp(C) = Cq

where Cq is the comultiplication on S*(£2[1]) treated as an element of
Hompy(x)(Ox, End(S*(Q[1])) @ S*(Q[1])).
For the rest of this proof let (Cql| - ) denote
[End(S*(Q1]) @ (- || - )] o Co.

Therefore,

7o(Fr(exp(@r)l| - )) = mo(Fr(Cal| - )) : S*(T[-1]) — S*(T[-1]).

But (Cql| - ) =j: S*(T[-1]) — End(S*(T'[—1]) by Proposition 29. This

proves the desired proposition. O

Proof of Lemma 5. Let (exp(®g)|| - )T : S*(T[—1]) — End(S*(Q[1])) de-
note the map Ao (exp(®r)|| - ) : S*(T[—1]) — End(S*(2[1])) where A is as
in Section 3.2.

By Proposition 22,

mo(Fy(exp(®p)]| - )) = I(mo(Fy(exp(@g)]| - 1)) : 8*(T[=1]) — 8*(T[~1)).
By part (2) of Proposition 21,

(exp(®R)[| - )* = (exp(@R)]| - ) : S*(T[~1]) — End(S*(Q[1])).
By Lemma 3,

(exp(@R)I| - )

= (exp(=i(f) o ®r o i(f) )| -)

=i(f) o (exp(=Pg)[| - ) 0 i(f 1) : S*(T[-1]) — End(S*(Q1])).
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We remark that i(f) o (exp(—®g)|| - ) o i(f~!) is precisely the composite
Ox ® S*(T[-1]) ® Ox
|1 en-eni-eic)
End(S*(Q[1])) ® End(S*(Q[1])) ® End(S*(Q[1]) —— End(S*(Q[1])).
Thus,
(65) mo(Fi(exp(®r) - ))
= I(mo(F;(i(f) o (exp(=Pr)|| - ) 0i(f71)))) : S*(T[+1]) — S*(T[-1)).

Note that mo(F}(i(f))) = 1 since f = det(1+ Y, c;At%). It follows from
Proposition 23 that

(66) mo(Fi(exp(®r)l - ))
= I(mo(Fy((exp(—=@g)|| - ) 0 i(f71)))) : S*(T[~1]) — S*(T[-1]).
Another point to note is that

(exp(=Pg)| - ) = (exp(®r)I| - ) o I : S*(T[-1]) — End(S*(2[1])).
It follows from this observation and (66) that

mo(Fi(exp(Pr)|| - ))

= I(mo(F((exp(®r)|| - ) 0 i(f71)))) o
I (7o (Fy (j(mo (Fy (exp(®R)|| - ))) 0 i(f1)))) o I by Proposition 23
I(mo(F(G(I( -)) oi(f™1)))) by Proposition 39
I(fYI(-)) : S*(T[-1]) — S*(T[-1]) by Proposition 26

where (- |-):S*(Q[1]) ® S*(T[—1]) — S*(T[—1]) is as in Section 3.2.
We remind the reader that (F71I(-)) : S*(T[-1]) — S*(T[-1]) is the
composite

F
F

S*(T[-1])

l]
Ox @ S*(T'[-1])
lf‘1®S'(T[—1})
s*(@[1)) @ 8°(T(-1])
of morphisms in D?(X).
Note that

IEHI(-)) = (JETD] - )« SUT[-1]) — S*(T[-1)).
Also observe that J(f~!) = td'. This proves Lemma 5. O

S*(T[-1])
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