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Note on Frobenius monoidal functors
Brian Day and Craig Pastro

ABSTRACT. It is well known that strong monoidal functors preserve
duals. In this short note we show that a weaker version of functor,
which we call “Frobenius monoidal”, is sufficient. Further properties of
Frobenius monoidal functors are developed.

The idea of this note became apparent from Proposition 2.8 in the paper
of R. Rosebrugh, N. Sabadini, and R.F.C. Walters [5].
Throughout suppose that .7 and % are strict! monoidal categories.

Definition 1. A Frobenius monoidal functor is a functor F' : &/ — 98 which
is monoidal (F,r, o) and comonoidal (F\ i, 1), and satisfies the compatibility
conditions

ir=1er)(i®l): FA®B)@ FC—FA® F(B® ()
ir=rel)(1®i): FAQ F(B®(C)—F(A® B)® FC,
for all A, B,C € «.

The compact case (® = @) of Cockett and Seely’s linearly distribu-
tive functors [2] are precisely Frobenius monoidal functors, and Frobenius
monoidal functors with i = 1 have been called split monoidal by Szlachanyi
in [6].

A dual situation in <7 is a tuple (A, B,e,n), where A and B are objects
of &/ and

e: AR B——=1 n:I—B®A
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734 BRIAN DAY AND CRAIG PASTRO

are morphisms in <7, called evaluation and coevaluation respectively, satis-
fying the “triangle identities”:

A

" A9 B®A B . BgA®B
\ Le@)l \ L1®e
A B.

Theorem 2. Frobenius monoidal functors preserve dual situations.

This theorem is actually a special case of the fact that linear functors
(between linear bicategories) preserve linear adjoints [1].

Proof. Suppose that (A, B,e, n) is dual situation in /. We will show that
(FA,FB,e,n), where e and n are defined as

(FA®FB—>F(A®B)—>FI—>I)

n

(1—">F1""~F(BoA) —>~FBoFA),

is a dual situation in 4.
The following diagram proves one of the triangle identities.

FA—2% pAwFT 200 FA@F(B@A)ﬁFA@gFB@FA

S
(

FAo D) 28" p(A9Bo A) - F(A® B)® FA

\ F(e®1) Fe®1
i

F(I® A) FI®FA
\ ip®1
1
FA.

The square labelled by (}) requires the second Frobenius condition. We
remark that to prove the other triangle identity is similar and requires the
first Frobenius condition. (]

Proposition 3. Any strong monoidal functor is a Frobenius monoidal func-
tor.

Proof. Recall that a strong monoidal functor is a monoidal functor and a
comonoidal functor for which r =i~ and g = iy ! The commutativity of
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the following diagram proves one of the Frobenius conditions.

1®1

F(A® B)® FC FA® FB® FC

r % 1®i 1®r

F(A®R B® C) —->FA® F(B®C).
The other is similar. O

Proposition 4. The composite of Frobenius monoidal functors is a Frobe-
nius monoidal functor.

Proof. Suppose that F : &/ — % and G : 8— € are Frobenius monoidal
functors. It is well known and easy to see that the composite of monoidal
(resp. comonoidal) functors is monoidal (resp. comonoidal). We therefore
need only prove the Frobenius conditions, one of which follows from the
commutativity of the following diagram.

GF(A® B)® GFC — > G(F(A® B)® FC) —%"~ GF(A® B® C)
Gz‘®1l G(i®1)l 1) le’

G(FA® FB)® GFC > G(FA® FB® FC) " G(FA® F(B @ C))

R if

GFA®GFB® GFC L GFA® G(FB® FC) 2L GFA® GF(B ® O).

The square labelled by (1) uses the Frobenius property of F', and the square
labelled by (3$) uses the Frobenius property of G.
The other Frobenius condition follows from a similar diagram. U

It may be seen that a Frobenius monoidal functor R : 1 — .47 is a Frobe-
nius algebra in o7 [4]. Therefore, we have the following corollary.

Corollary 5. Frobenius monoidal functors preserve Frobenius algebras. That
18, if R is a Frobenius algebra in of and F' : of —= A is a Frobenius monoidal
functor, then F'R is a Frobenius algebra in 2.

Example 6. Suppose that &7 = (&7, ®, I, ¢) is a braided monoidal category.
If R = (R, u,n,d,¢€) is a Frobenius algebra in &7, then ' = R® — : of — of
is a Frobenius monoidal functor. The monoidal structure (F,r,rg) is given
by

1c o1 1RIR1

rap=(R®A®R® B RORA®B—>R®A®B)

7«0:(]_77>R)
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and the comonoidal structure (F\,i,ig) by

] c
irn=(Ro9AB ROR®A®OB —* R AQR®B)

’ioZ(R—E>I).

The Frobenius conditions now follow easily from the properties of Frobenius
algebras.

This example shows that Frobenius monoidal functors generalize Frobe-
nius algebras much in the same way that monoidal comonads, or comonoidal
monads, generalize bialgebras.

The following proposition is a generalization of the fact that morphisms of
Frobenius algebras (morphisms which are both algebra and coalgebra mor-
phisms) are isomorphisms. It also generalizes the result that monoidal nat-
ural transformations between strong monoidal functors with (left or right)
compact domain are invertible.

Proposition 7. Suppose that F,G : o/ — 9B are Frobenius monoidal func-
tors and that o : F— G is a monoidal and comonoidal natural transforma-
tion. If A € of is part of a dual situation (i.e., (A, B,e,n) or (B, A,e,n) is
a dual situation) then oy 1 FA—GA is invertible.

Proof. We shall assume that A is part of the dual situation (4, B,e,n).
The case where A is part of a dual situation (B, A, e, n) is treated similarly.
The component ap : F'B—GB has mate

GA=E" GA® FBo FA-22%L GA9GB o FA % F4

which we will show is the inverse to a4.
If « is both monoidal and comonoidal then the diagrams

aps®@ap

FA®R FB———GA®GB

I
| 2%
FI o GI

YAQB

F(A® B) G(A® B)
Fn Gn
Fe Ge @
L o F(BeA) —22. G(B® A)
FI GI
\I/ IR

commute. The following diagrams prove that a4 is invertible.The first dia-
gram above says exactly that the triangle labelled by (£) below commutes.
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The second diagram above that the triangle labelled by (*¥) below commutes.

a 1®n

FA GA GA GA®Q FB® FA
1®nj Ll@n 1®nt () {oago jl@a@l
FA9 FBo FA22'GA© FBo FA GA®GB® GA==GA®GB® FA
a®@a®l
e®1 1®a®1l e®1 e®1
| @ | | |
FA GA®GB® FA GA 2 FA

e®1

An obvious corollary to this proposition is:

Corollary 8. Let & be a category in which every object is part of a dual
situation (e.g., a left or right compact category), % a monoidal category, and
F.G : of — P Frobenius monoidal functors. Any monoidal and comonoidal
natural transformation o : F—= G is a natural isomorphism.

Denote by Frob(.7, %) the category of Frobenius monoidal functors from
& to A and all natural transformations between them.

Proposition 9 (cf. [5] Prop. 2.10). If # is a braided monoidal category,
then Frob(</, %) is a braided monoidal category with the pointwise tensor
product of functors.

Proof. Consider the pointwise tensor product of Frobenius monoidal func-
tors F, G : &/ — %B. That is,

(F®G)A=FA®GA.

It is obviously an associative and unital tensor product with unit I(A) = I
for all A € &7.
We may define morphisms as follows:

r=ror)(leclol): (F®GA® (F®G)B—(F®G)(A® B)
ro=ro®@ro: [ —=(F®G)I
i=(1lecel)(i®wi): (FRG)ARB)—(FRGAR(F®G)B
ig=1p®ip: (FRG)—1I.
That these morphisms provide a monoidal and a comonoidal structure on

F ® G is not too difficult to show, and is omitted here. The following
diagram proves the first Frobenius condition, where the “®” symbol has
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been removed as a space spacing mechanism.

(F®G)(AB)®(FoG)C

I 3
F(AB) G(AB) FC GC " FA FB GA GB FC GO 1L

FAGAFBGB FC GC
lc—lll eghaprel I11e7t1

il 1
F(AB) FC G(AB) GC "X FA FB FC GA GB GC

CFBFC,GA
_—

11
FAGAFB FC GB GC

’I‘T\L Irlr 11rr

F(ABC) G(ABC) —'"~ FA F(BC) GA G(BC) —¢L~ FA GA F(BC) G(BC)
I
(FRG)A®(F®G)(BC).

The bottom left square commutes by the Frobenius condition, and the others
by properties of the braiding. The second Frobenius condition follows from
a similar diagram. So, F' ® G is a Frobenius monoidal functor.

The braiding crg : F'® G—=G ® F is given on components by

(CF,G)A:CFA,GA:FA(@GA—)GA@FA. |

Corollary 10. If % is a braided monoidal category and </ is a self-dual
compact category, meaning that for any object A € of, (A, A,e,n) is a dual
situation in <, then Frob(</, A) is a self-dual braided compact category.

Proof. By Theorem 2 Frobenius monoidal functors preserve duals, and
therefore, for any A € o/, (FA, FA,e,n) is a dual situation in 2. O

Recall that, if .7 is a small monoidal category, and if small colimits exist
and commute with the tensor product in &, then the equations

AB
Fs+G = Z(A®B,~) -FA® FB

J=d(1,—-)- 1,

where - denotes copower, describe the convolution monoidal structure on the
functor category |7, %] (cf. [3]).

Monoidal functors are monoids in [«/, %] with the convolution tensor
product. The following theorem attempts a similar description for Frobenius
monoidal functors as Frobenius algebras in [/, %]. Unfortunately, it is not
entirely successful as there is no natural counit. This is also the reason that
comonoidal functors are not comonoids in [/, %|. However, what we have
is:

Theorem 11. If &/ is a small monoidal category and % is a monoidal cat-
egory having all small colimits commuting with tensor (so that we may form
the functor category </ , ] with the convolution tensor product), then any
Frobenius monoidal functor F : of — % for which the canonical evaluation
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morphism
A,B,C
(b) l/ S(ASB®C,~)-F(A® B® C)—>F

18 an isomorphism, becomes an algebra with a comultiplication which satisfies
the Frobenius identities in the convolution functor category [<f , A].

Note that, by the Yoneda lemma, the equation (b) is satisfied by all the
functors F : of — R if &7 is a closed monoidal category and the canonical
evaluation morphism

B,C
(1) (A, BC®BRC,—-])— (A —)

is an isomorphism for all A € o .
Before we prove Theorem 11 we will need the following lemma.

Lemma 12. Assuming equation (b) in Theorem 11, we may also derive the
two variable version, that is, that the canonical evaluation morphism

A,B
Fd(A®B,—) - F(A® B)—=F

18 an isomorphism.
Proof. The canonical evaluation morphism
A,B,C A,B

A(A9B©C,~)F(A® BoC)—> [ «(A9B,~) F(A® B)

is a retraction of either of the canonical morphisms in the opposite direction,
let us say, k. We may compose the canonical morphism

A,B
Fd(A®B,—)-F(A® B)—=F
with the isomorphism of our assumption

~ [ABC
F—»/ S(A2BeC,—) F(A® B C)

to get a morphism

AB | [ABC
ﬂm®3f+pm®3y»/' S(A2B®C,—)F(A2 BaC),
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which makes the diagram

A,B,C
/ SADB&C,—)F(A2 B C)

/ |»

copr A7B
S(ASB®C,—)-F(A® B C) —p>/ S(A® B,~)-F(A® B)

\ ll

AB,C
/ SADB&C,—)F(A2 B C)

commute. Therefore [h = 1. We also have
hl = hlhk = hk =1,
where the last step holds as k is a retraction of h, so [ is an isomorphism,
and hence the canonical evaluation morphism
A,B
Fd(A®B,—)-F(A® B)—=F

is an isomorphism. O

A consequence of Lemma 12 is that we may write

X,C
F+F= A(X®C,—) - FX @ FC
X,C A,B

o M(X@C’,—)-( M(A@B,X)-F(A@B))@FC’

[

X,A,B,C
/ (A (X®C,—)x #(A® B, X)) (F(A® B)® FC)

12

A,B,C X
/ (/ M(X@C,—)x%(A@B,X))-(F(A@B)@FC)
A,B,C
o / S(A©B®C,—)-F(A® B)® FC, (Yoneda)
and similarly,

AB,C
F*Fg/ FJ(ARB®C,—) - FAQ F(B® ().
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Proof of Theorem 11. Using the isomorphisms of equation (b) and Lem-
ma 12 one of the Frobenius equations may be written as

A,B,C [1@@@1 A,B,C
FJ(A®B®C,—) - F(A® B)® FC - F(A®B®C,—)-FA® FB® FC
J1er Jieler
A,B,C f1®i A,B,C

A(ARB®C,—-) - F(A® B () F(A®B®C,-) - FA®Q F(B®C).

This diagram is seen to commute as F' is a Frobenius monoidal functor. The
other Frobenius equation follows from a similar diagram.

To prove the second part of the theorem, assume that &/ is a closed
monoidal category and that equation (f) holds. The following calculation
verifies the claim.

A,B,C
/ SARB®C,—)-F(A® B® C)

A,B,C
g/ A(C,[A®B,~]) - F(A® B&C) (o closed)

A,B

o F(A B® [A® B,—]) (Yoneda)
X,A,B

%/ (X, A9 B[A® B,—])-FX (Yoneda)
b's

~ / A (X,~) @ FX (#)

=¥ (Yoneda)

0
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