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Globular realization and cubical
underlying homotopy type of time flow of
process algebra

Philippe Gaucher

ABSTRACT. We construct a small realization as flow of every precubical
set (modeling for example a process algebra). The realization is small
in the sense that the construction does not make use of any cofibrant
replacement functor and of any transfinite construction. In particular, if
the precubical set is finite, then the corresponding flow has a finite glob-
ular decomposition. Two applications are given. The first one presents
a realization functor from precubical sets to globular complexes which is
characterized up to a natural S-homotopy. The second one proves that,
for such flows, the underlying homotopy type is naturally isomorphic to
the homotopy type of the standard cubical complex associated with the
precubical set.
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1. Introduction

1.1. Presentation of the results. Various topological models of concur-
rency [Gou03] have been introduced so far. Local pospaces [FGR98| are
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102 P. GAUCHER

topological spaces equipped with a local partial ordering representing a time
flow. D-spaces [Gra03] are topological spaces equipped with a family of con-
tinuous paths playing the role of execution paths. A d-space is not necessar-
ily locally partially ordered but their category is complete and cocomplete.
This is an advantage of this model on the one of local pospaces. A close
framework is the full subcategory of d-spaces which are colimit-generated
by a small full subcategory of cubes [FRO7]. The interest of the latter
category is that it is locally presentable, and that it is therefore possible
to construct directed coverings using strict factorization system techniques.
Streams [Kri07] are locally preordered topological spaces. The category
of streams is also complete and cocomplete. Every d-space and every lo-
cal pospace can be viewed as a stream. Finally, the globular complexes
[GGO3] [GauOba] are topological spaces equipped with a globular decom-
position which is the directed analogue of the cellular decomposition of a
CW-complex. The globular complexes can be viewed as a subcategory of
the categories of local po-spaces, of d-spaces, and of streams. Nevertheless,
the category of globular complexes is big enough to contain all examples
coming from concurrency [GGO03]. All these models start from a topological
space representing the underlying state space of the concurrent system. And
an additional structure on this topological space models time irreversibility.

In the setting of flows introduced in [Gau0O3], the nonconstant execu-
tion paths are viewed as objects themselves, not as paths of an underlying
topological space. The topology of the path space models concurrency and
nonconstant execution paths can be composed. So a flow is, by definition,
a small category without identity maps enriched over compactly generated
topological spaces. The main motivation for introducing this category is the
study of the branching and merging homology theories [Gau05b]. Indeed,
they impose the functoriality of the mapping associating an object with its
set of nonconstant execution paths' and also the possibility of composing
cubes.? None of the other topological models of concurrent systems intro-
duced so far (d-space, local pospace, stream, d-space colimit-generated by
cubes) has the first feature since the associated categories contain too many
morphisms. More precisely, they contain morphisms contracting noncon-
stant execution paths. Of course, it is possible to remove the “contracting
morphisms” from the categories of d-spaces, local pospaces, streams and
d-spaces colimit-generated by cubes. But these models then lose all their
interesting properties. These homology theories are expected to be impor-
tant in the study of higher dimensional bisimulation between concurrent
processes by algebraic invariants. Indeed, all these notions are related to
the structure of the branching and merging areas of execution paths of a
time flow.

'See [Gau03] Section 20 for further explanations.
2See the introduction and especially Figure 3 of [Gau01] for further explanations.
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It is possible to realize every process algebra [WN95] as a precubical set,
and as a flow [Gau07c] using a realization functor | — |gow from precubical
sets to flows. This realization functor is complicated to handle since its
construction requires the use of the cofibrant replacement functor of the
category of flows which is a transfinite construction of length 2% ([Gau03]
Proposition 11.5). The main result of the paper is

Theorem (Theorem 4.2.4 and Corollary 4.2.5). There exists a small realiza-
tion functor gl(—) from precubical sets to flows which is colimit-preserving.
It is small in the sense that the values on cubes are given by an ordinary
nontransfinite induction. It is a realization functor in the sense that it is
equivalent to | — |gow up to a natural S-homotopy equivalence of flows.

Two applications of this result are given in this paper. Other applications
will be given in future papers.

The lack of a real underlying topological space in the setting of flows
makes some situations very difficult to treat. The first application is:

Theorem (Theorem 5.4.3). The realization functor | — |gow : (0°PSet —
flow from the category of precubical sets to that of flows defined in [Gau07c]
factors up to a natural S-homotopy equivalence as a composite

to;
[°PSet &5 glTop % flow

where glTop is the category of globular complexes and where cat : glTop —
flow s the realization functor from globular complexes to flows defined in
[Gau05a). The functor gl*P is unique up to a natural S-homotopy equiva-
lence of globular complezes.

A notion of underlying homotopy type of flow does exist anyway. The
underlying state space of a flow exists, and is unique up to homotopy, not
up to homeomorphism [Gau0Oba]. The fundamental tool to carry out the
construction is also the notion of globular complex. This definition enabled
us to prove the invariance of the underlying homotopy type of a flow by
refinement of observation in [Gau0O6b]. As a second application of the main
result of the paper, or rather, as an application of the first application,
the following theorem proposes a simplification of the construction of the
underlying homotopy type functor:

Theorem (Theorem 6.2.1). Let K be a precubical set. The underlying
homotopy type of the flow |K|gow associated with the precubical set K is
naturally isomorphic to the homotopy type of the standard cubical complex
| K |space associated with K : i.e., the functor | — |space 1S the unique colimit-
preserving functor from precubical sets to topological spaces associating the
n-cube with the topological n-cube [0,1]" for all n > 0.

This paper can be read as a sequel of the papers [Gau0ba] and [Gau06b]
which study the underlying homotopy type of a flow. Indeed, several results
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TABLE 1. Overview of the functors of the paper:

‘7|ﬂow

gl(=)
[I°PSet glTop cat flow ~
| - ‘space
|-
top YglTop YHow

cat

e /\

Ho(top) <—— glTop[SH '] = glTop/ ~5 —~— Ho(flow)

|_‘ \/

—1
cat

— 1
\ Q= ‘ —|ocat OYflow /

Ytops VglTop> YAow | Canonical localization functors

| — |space Cubical complex associated with a precubical set
| — |fow Realization functor from precubical sets to flows

| — | Underlying topological space functor

gl(—) Small realization functor from precubical sets to flows
gl"P(—) Small realization functor from precubical sets to glob-

ular complexes
cat and cat ' | Equivalence between globular complexes and flows
Q Underlying homotopy type functor

of [Gau0ba] and [GauO6b] are used in this work. It can also be read as a
continuation of [Gau07c] which initializes the study of flows modeling process
algebras. This work is in fact a preparatory work for the study of process
algebras up to homotopy.

1.2. Outline of the paper. Section 2 is devoted to the preparatory proofs
of some facts about cocubical objects in a simplicial model category. The
main Theorem 2.3.3 and Theorem 2.3.4 are used in the proofs of Theo-
rem 4.2.4, of Corollary 4.2.5 and of Theorem 6.2.1. Section 3 constructs the
simplicial structure of the model category of flows. This structure is neces-
sary for the application of Theorem 2.3.3 and Theorem 2.3.4 in the proofs
of Theorem 4.2.4 and Corollary 4.2.5. This result was not yet available in a
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published work. Section 4 constructs the small realization functor from pre-
cubical sets to flows. Section 5 describes the first application, and Section 6
the second application of the main result of the paper.

1.3. Prerequisites and notations. It is required some familiarity with
model category techniques [Hov99] [Hir03], with category theory [MLIS]
[Bor94] and with simplicial techniques [GJ99]. In a locally small category C,
the set of objects from X to Y is denoted by C(X,Y’). The notation ~ means
weak equivalence or equivalence of categories, the notation = means isomor-
phism, the notation “——— means cofibration and the notation ——s= means
fibration. Let C be a cocomplete category. The class of morphisms of C that
are transfinite compositions of pushouts of elements of a set of morphisms
K is denoted by cell(K). An element of cell(K) is called a relative K -cell
complex. The category of sets is denoted by Set. The cofibrant replacement
functor is denoted by (—)°f. The function complex of a simplicial model
category is denoted by Map(—, —). The initial object is denoted by @. The
terminal object is denoted by 1. In general, the category of functors from a
category B to a category M is denoted by MB. Note that the category M5B
is locally small if and only if the category B is essentially small [FS95]. The
category of simplicial sets is denoted by A°PSet. A is the standard cate-
gory of simplices: the objects are the posets [n] = {0 < 1 < --- < n} and
the maps are the nondecreasing maps (beware of the fact that the notation
[n] has a second meaning in this paper). A[n| = A(—,[n]) is the standard
n-simplex.

2. About cocubical objects in a simplicial model
category

2.1. Precubical set. A precubical set K consists of a family (K,),>0 of
sets and of set maps 0 : K, — K, withn >1,1<i<nand o € {0,1}
satisfying the cubical relations 8?8? = 8?_18? for any «, 8 € {0,1} and for
i < j [BH81]. An element of K, is called a n-cube.

A good reference for presheaves is [MLMO94]. A precubical set can be
viewed as a presheaf over a small category denoted by (02 with set of objects
{[n],n € N}, generated by the morphisms 6{* : [n—1] — [n] for 1 <4 < n and
a € {0, 1} and satisfying the cocubical relations 6? 0dY¥ =0 o 5?_1 fori < j
and for all (o, 3) € {0,1}%. With the conventions [0] = {()}, [n] = {0,1}"
for n > 1 and {0,1}° = {()}, the small category [J is the subcategory of the
category of sets generated by the set maps 6 : [n — 1] — [n] for 1 <i < n
and « € {0,1} defined by

5?(61,. .. ,En_l) = (61, PPN PR [P @ N G/ PPN ,En_l).

The category of precubical sets is denoted by [I°PSet.

3All the facts about the small category O recalled here are used later in the paper.
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Let O[n] := O(—, [n]). This defines a functor, also denoted by [, from O
to 0°PSet. By Yoneda’s lemma, one has the natural bijection of sets

C°PSet (O[], K) = K,

for every precubical set K. The boundary of O[n] is the precubical set
denoted by 00[n] defined by removing the interior of O[n|: (00[n]); :=
(d[n])g for k < n and (00[n]), = @ for k > n. In particular, one has
od[o] = 2.

Let K be a precubical set. Let K, denote the precubical set obtained
from K by keeping the p-dimensional cubes of K only for p < n. In particu-
lar, K<y = Ko. Let [J,, C O be the full subcategory of [ whose set of objects
is {[k],k < n}. A presheaf over [0, is called a n-dimensional precubical set.
The category [J,°Set will be identified with the full subcategory of [1°PSet
of precubical sets K such that the inclusion K¢,, C K is an isomorphism of
[1°PSet.

Let K be a precubical set. The category | K of cubes of K is the small
category defined by the pullback of categories

O] K — O°%Set | K
|
O [1°PSet.

In other terms, an object of | K is a morphism O[m] — K and a morphism
of O] K is a commutative diagram

Ofm]

N

2.2. The category of all small diagrams over a cocomplete cate-
gory. Let DM be the category of all small diagrams of objects of a cocom-
plete category M. The objects are the functors D : B — M where B is
a small category. A morphism from a diagram D : B — M to a diagram
E :C — M is a functor ¢ : B — C together with a natural transformation
w:D — Eodg.

Ofn]

Proposition 2.2.1. Let M be a cocomplete category. The colimit construc-
tion D+ lim D induces a functor from DM to M.

Proof. A morphism of diagrams (¢, u) : D — E gives rise to a morphism
D — Eo¢in MC. For every object W of M, one has the natural set map
(where Diagp is the constant diagram functor over B and where Diage is
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the constant diagram functor over C):
>~ MC(E, Diag(W)) by adjunction
— MB(E o ¢, Diage (W) o ¢)
= MPB(E o ¢, Diagg(W)) since Diage(W) o ¢ = Diagy(W)
— MB(D, Diagyz(W))
= M(lim D, W) by adjunction.

One obtains a map lim D — lim E' by setting W = lim E. So the colimit
construction induces a functor from DM to M. O

2.3. Cocubical objects in a simplicial model category. Let us con-
sider a simplicial model category M. A cocubical object (resp. of dimension
n > 0) is a functor from O (resp. OJ,,) to M.

Let X be a cocubical object of M. Let X be the functor from the
category of cubes (1| K of a precubical set K to M defined on objects by

Xk (O] — K) = X([n])

and on morphisms by

_ Oim] — 0Ojn]
XK ! ! = X(9)
K = K

The mapping X +— X induces a functor from M to DMETSet | Let (/—\)
be the composite functor

lim

(/_\) . MI:l g DMDOPSet i MDOPSet

in which the right-hand functor is the functor of Proposition 2.2.1. So one
has

X(K)= lm X(jn)) = lim Xg.
On)—K OlK

The category [J has a structure of a direct Reedy category with the de-
gree function d([n]) = n for all n > 0. Let us equip the category M5
of cocubical objects of M with its Reedy model category structure ([Hir03]
Theorem 15.3.4). The following proposition describes the Reedy cofibrations
and the Reedy fibrations of cocubical objects.

Proposition 2.3.1. Let M be a model category. Then:

(1) The Reedy fibrations of cocubical objects are the objectwise fibrations.
(2) A cocubical object X of M is Reedy fibrant if and only if for every
n >0, X([n]) is fibrant.
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(3) A cocubical object X is Reedy cofibrant if and only if for any n > 0,
the map X (00[n] C O[n]) is a cofibration of M.

Proof. A Reedy fibration of MY is by definition a map of cocubical objects
X — Y such that for every object [n] of OJ, the map

X([n]) = M X X ag, v Y([n)])

is a fibration of M where M| X (resp. M,Y) is the matching object of X
(resp. of Y') at [n]. These matching objects are equal to the terminal object
1 of M since the Reedy category [ is direct. So the Reedy fibrations are
the objectwise fibrations. Hence the first assertion.

A cocubical object X is therefore Reedy fibrant if and only if for every
object [n] of O, the map X([n]) — 1 is a fibration. Hence the second
assertion.

A Reedy cofibration of MU is by definition a map of cocubical objects
X — Y such that for every object [n] of OJ, the map

LY UL X X([n]) — Y([n])

is a cofibration of M where L) X (resp. L,Y) is the matching object of
X (resp. of Y) at [n]. The latching category at aw = [n], usually denoted by
J(O|a), is by definition the full subcategory of the category (]« of cubes of
O[n] containing the maps O[m] — O[n| different from the identity of Cl[n].
And the latching object of X at « is by definition
LypyX = lim X(O[m]) = X (00[n)).
a0l )
Hence the third assertion. (]

Proposition 2.3.2. The composite functor

— 2 o lim o

(_) . MD Q) DMD PSet — MD PSet
induces an equivalence of categories

MD ~ ME;pSet
—
where ME;PSet is the category of colimit-preserving functors from [J°PSet
—

to M.
Proof. Consider the functor F': M8t — MU defined by F(Z) = ZoD.

lim
Lim
Then for every cocubical object X of M, one has the natural isomorphisms

of M

~

FX)([n])

[12

XOp) = lim  X([m]) = X([n)
Uim]—0(n]
and, since Z is colimit-preserving,
F(Z)(K)= lim 2Z(0n) = Z(K). 0
On|l—K
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By [Hir03] Theorem 15.3.4 again, the Reedy model structure of M5 is
simplicial with the tensor product and cotensor product of a cocubical object
X by a simplicial set K defined by the composites X @ K := (- ® K)o X
and XX = (—)X o X.

Theorem 2.3.3. Let M be a simplicial model category. Let I, X and Y
be three cocubical objects of M. Let px : X — I and py : Y — I be
two objectwise trivial fibrations of cocubical objects of M. Assume that for
every n > 0, the maps X (00[n]) — X (O[n]) and Y (00[n]) — Y (Q[n]) are
cofibrations of M and I([n]) is fibrant. Then:
° Zhere/\em’sts a natural transformation from X toY over f, i.e., a map
X — Y such that the following diagram commutes:

AN
T

e Take two natural transformations [ : X—>Yandv:X — Y over
I. Then there exists a simplicial homotopy between [i(K) and v(K)
which is natural with respect to K.

e For any natural transformation i : X — Y over I and any natural
transformation U : Y — X over I, the map [i(K) o D(K) is naturally
simplicially homotopy equivalent to Idf,(K) and the map V(K )opu(K) is
naturally simplicially homotopy equivalent to 1d (K)’ natural meaning
natural with respect to K.

X Y

Proof. The cocubical object X is Reedy cofibrant by Proposition 2.3.1.
The map py is a trivial Reedy fibration by Proposition 2.3.1 as well. Let
A — B be a cofibration of simplicial sets. Consider a commutative diagram
of simplicial sets:

A— Map(Xv Y)

|

BT~ Map(X, I)

where the map (py )« : Map(X,Y) — Map(X, I) is induced by the composi-
tion by py. By adjunction, the lift k exists if and only if the lift " exists in
the commutative diagram of cocubical objects of M

XR®A——Y
7
X®B——1.

The map X ® A — X ® B is the pushout product of the Reedy cofibration
@ — X by the cofibration of simplicial sets A — B, and therefore is a
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Reedy cofibration. Hence the existence of k' and k. So the simplicial map
(py )« : Map(X,Y) — Map(X,I) is a trivial fibration of simplicial sets. Let
F be the fibre over px of the simplicial map (py )« : Map(X,Y) — Map(X, I)
defined by the pullback diagram of simplicial sets:

F —— Map(X,Y)

P
A[0] 22~ Map(X, ).
Since the pullback of a trivial fibration is a trivial fibration, the map F —

A[0] is a trivial fibration. The lift £ in the commutative diagram of simplicial
sets

6] 1F
L -
|
A[0] A[0]
)

gives ((Id) € Fy C Map(X,Y)y = MY(X,Y). By definition, ¢(Idg) :
X — Y is a morphism of cocubical objects over I. Hence a natural trans-

12

formation Em) : X — Y over I and the first assertion.

Take two natural transformations 7i and 7 from X to Y over I. By
Proposition 2.3.2, one can suppose that they come from two morphisms of
cocubical objects p and v from X to Y over I. One obtains the commutative
diagram of simplicial sets:

Al0] TA[O] 9 g
All] - Al0].

Thus, there exists a simplicial path A[l] — F C Map(X,Y’) between u and
v, i.e., by adjunction a morphism of cocubical objects H : X @ A[l] — Y
such that the two natural transformations X = X ® A[1] — Y are p and v,
i.e.,, H is a simplicial homotopy between p and v. One obtains a simplicial
homotopy Hx € Map(Xg, Yk)1 between 1ix and Uit Since there is an
isomorphism

lim(Xic © A[1]) 2 (tm X) © All
because the functor — ® A[l] is colimit-preserving, one obtains a simplicial
homotopy H(K) € Map(X (K),Y (K)); between 7i(K) and 7(K) which is
natural with respect to K. Hence the second assertion.

We are working here in the simplicial model category of functors from O] K to M
which is also equipped with a Reedy structure by setting d(d[n] — K) = n.
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The third assertion is a consequence of the second assertion by noticing
that Id ¢ is a natural transformation from X to itself over I and that Idg is

a natural transformation from Y to itself over I. O

Theorem 2.3.4. Let M be a simplicial model category. Let n > 0. Let I,
X and Y be three cocubical objects of M of dimension n. Let px : X — 1
and py 'Y — I be two objecthse trivial ﬁbmtwns of cocubical objects of
M. Assume that for every 0 < p < n, the maps X (00[p]) — X (O[p]) and
Y (80[p]) — Y (@[p)) are coﬁbmtwns of M and I([p]) is fibrant. Then:

o There exists a natural transformation from X toY over 4 I.

o Take two natural transformations i : X—>Yandv:X — Y over
I. Then there exists a simplicial homotopy between [i(K) and v(K)
which is natural with respect to K.

e For any natural transformation i : X — Y over I and any natural
transformation U : Y — X over I, the map [i(K) o D(K) is naturally
simplicially homotopy equivalent to IdA(K) and the map V(K )opu(K) is

naturally simplicially homotopy equivalent to Id ¢ natural meaning

X(K)’
natural with respect to the precubical set K of dimension n.

Proof. Use the Reedy structure of [, and the Reedy model structure of
M in the proof of Theorem 2.3.3. O

3. The weak S-homotopy model category of flows
is simplicial
The goal of this section is to prove that the weak S-homotopy model
category of flow is simplicial (Theorem 3.3.15).

3.1. Topological space. All topological spaces are compactly generated,
i.e., are weak Hausdorff k-spaces. Further details about these topological
spaces are available in [Bro88] [May99], the appendix of [Lew78] and also
the preliminaries of [Gau03]. All compact spaces are Hausdorff. The cate-
gory of compactly generated topological spaces together with the continuous
maps is denoted by top. The category top is equipped with the usual
model structure having the weak homotopy equivalences as weak equiva-
lences and having the Serre fibrations as fibrations. This model structure
is simplicial and any topological space is fibrant. The homotopy category,
i.e., the localization of top by the weak homotopy equivalences, is denoted
by Ho(top). The functor 1top : top — Ho(top) is the canonical functor
which is the identity on objects. The set of continuous maps top(X,Y’)
from X to Y equipped with the Kelleyfication of the compact-open topol-
ogy is denoted by TOP(X,Y). The latter topological space is the internal
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hom of the cartesian closed category top. So one has the natural home-
omorphism TOP(X x Y,Z) = TOP(X,TOP(Y,Z)). Moreover the co-
variant functor TOP(X,—) : top — top and the contravariant functor
TOP(—,X) : top°® — top preserve limits [Kel05].

3.2. Flow. A flow X is a small category without identity maps enriched
over the category of compactly generated topological spaces. The set of
objects is denoted by X°. The space of morphisms from « to 3 is denoted
by Pn3X.> A morphism of flows f: X — Y is a set map f: XY — Y
together with a continuous map Pf : PX — PY preserving the structure.
The corresponding category is denoted by flow. If for all € XV, the space
PooX is empty, then X is called a loopless flow. The composition law of a
flow is denoted by *.

Any poset P, and in particular any set viewed as a trivial poset (z < y
if and only if x = y), can be viewed as a loopless flow with a nonidentity
morphism from « to 3 if and only if a < 3. This yields a functor from the
category of posets with strictly increasing maps to that of flows.

Let Z be a topological space. The flow Glob(Z) is defined by:

e Glob(2)? = {0,1},
e PGlob(Z) = ]P’ﬁleob(Z) =7,

e s=0,¢t=1 and a trivial composition law.

It is called the globe of the space Z.
The weak S-homotopy model structure of flow is characterized as follows
(cf. [Gau03] for further details):

e The weak equivalences are the weak S-homotopy equivalences, i.e.,
the morphisms of flows f : X — Y such that f¥: X0 — Y% is a
bijection of sets and such that Pf : PX — PY is a weak homotopy
equivalence.

e The fibrations are the morphisms of flows f : X — Y such that
Pf:PX — PY is a Serre fibration.

Note that any flow is fibrant. The homotopy category is denoted Ho(flow).
This model structure is cofibrantly generated. The set of generating cofi-
brations is the set

g =1 U{R:{0,1} — {0},C: 2 — {0}}

with 78! = {Glob(S"~1) C Glob(D"),n > 0} where D" is the n-dimensional
disk and S"~! the (n — 1)-dimensional sphere. By convention, the (—1)-
dimensional sphere is the empty space. The set of generating trivial cofibra-
tions is

J& = {Glob(D" x {0}) € Glob(D" x [0,1]),n > 0}.

5Sometimes, an object of a flow is called a state and a morphism a (nonconstant)
execution path.



GLOBULAR REALIZATION 113

TABLE 2

Notations of this paper | Notations of [Gau03]
X®K KR X
Xt {IK], X}s

Let X and U be two flows. Let FLOW(X,U) be the set flow(X,U)
equipped with the Kelleyfication of the compact-open topology. Let f,g :
X = U be two morphisms of flows. Then a S-homotopy is a continuous
map H :[0,1] - FLOW(X,U) with Hy = f and H; = ¢g. This situation is
denoted by f ~g g. The S-homotopy relation defines a congruence on the
category flow. If there exists a map [/ : U — X with fo f' ~g Idy and
flo f ~gIdx, then f is called a S-homotopy equivalence.

3.3. Simplicial structure of the model category of flows. Let K be
a nonempty connected simplicial set. Let X be a flow. Then one has the
isomorphism of topological spaces

TOP(K|,PX)= || TOP(K|,P,sX)
(o, 3)€X0x X0
where the topological space | K| is the geometric realization of the simplicial
set K. Note the latter isomorphism is false if K is empty or not connected.

The associative composition law * : PX xyo PX — PX gives rise to a
continuous map

«: TOP(|K|,PX) xxo TOP(|K|,PX) = TOP(|K|,PX xx0 PX)
— TOP(|K|, PX).

The homeomorphism
TOP(|K|,PX) xxo TOP(|K|,PX) = TOP(|K|,PX xxo0 PX)

holds since the functor TOP(|K]|, —) is limit-preserving. Hence the following
definition:

Definition 3.3.1. Let K be a nonempty connected simplicial set. Let X
be an object of low. Let X% be the flow defined by:

° (XK)O — XO,

o P, 3(X%)=TOP(IK|, P, sX) for all (o, 3) € X° x X°, and

e the above composition law.

Several theorems of [Gau03] are going to be used. Therefore, it is helpful
for the reader to give the correspondence between the notations of this paper
(left column of Table 2) and of [Gau03] (right column of Table 2) for a flow
X and a nonempty connected simplicial set K.
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Proposition 3.3.2. Let K be a nonempty connected simplicial set. The

mapping X — XX gives rise to an endofunctor of flow. The functor (—)%
1s a right adjoint.
Proof. Consequence of [Gau03] Theorem 7.8. O

Notation 3.3.3. Let K be a nonempty connected simplicial set. Let us
denote by — ® K the left adjoint of (—)¥.

Definition 3.3.4. Let K be a nonempty simplicial set. Let (K;);cs be its
set of nonempty connected components. Let:

e XQK =[] X®K;
o XK .= HiGIXKi’
Andlet X ® @ = @ and X2 = 1.

Proposition 3.3.5. Let K be a simplicial set. The pair of functors (—®K) :
flow < flow : (—)® is a categorical adjunction.

Proof. If K = &, then one has the isomorphisms
flow(X ® @,Y) = flow(2,Y) =2 1 = flow(X,Y?).

Now let K be a nonempty simplicial set. Let (K;);er be its set of nonempty
connected components. Then one has

flow(X ® K,Y) = flow(| [(X ® K;),Y) by definition of X @ K
i€l
> [[flow(X @ K;,Y)
i€l
= [[fow(X, v by Proposition 3.3.2
el
=~ flow (X, H y )
el
>~ flow (X, YX) by definition of X*.
Hence the adjunction. (|
Definition 3.3.6. Let X and Y be two objects of flow. Let
Map(X,Y) := flow(X ® A[x],Y).
It is called the function complex from X to Y.
Proposition 3.3.7. Let X and Y be two flows. Then one has the natural
1somorphism of simplicial sets
Map(X,Y) = Sing(FLOW (X, Y))

where Sing is the singular nerve functor.
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Proof. Let n > 0. Since the topological space |A[n]| is nonempty and
connected, one has Sing(FLOW(X,Y)),, = top(|A[n]|, FLOW(X,Y)) =
flow(X ® A[n],Y) by [Gau03] Theorem 7.9. O

Proposition 3.3.8. Let B be a small category. Let X : B — flow be a
functor. Then one has the natural isomorphisms of simplicial sets

Map(li_r)n Xp,Y) = lim Map(X3,Y)
Map(Y, lim X3) = lim Map(Y, X;)
for any flowY of flow.
Proof. Limits and colimits are calculated pointwise in the category of sim-

plicial sets. Since for every n > 0, the functor — ® A[n] is a left adjoint by
Proposition 3.3.5, one obtains the following two natural bijections:

1) Map(lim Xp,Y), 2 flow((lim X;) @ Afn], )
= flow (lim(X, ® Afn]), Y)
= lim flow (X, ® Aln],Y)
= @Map(xba Y)n

Here, the first and fourth isomorphisms are by definition of Map, and the
second is because — ® A[n] is a left adjoint.

(2) Map(Y, lim X)), = flow (Y @ An], lim X)
= lim flow (Y @ A[n], Xp)
= lim Map(Y, Xp)n.
Here, the first and third isomorphisms are by definition of Map. O

Proposition 3.3.9. Let K and L be two simplicial sets. Then one has a
natural isomorphism of flows X5*I' = (X)L for every flow X of flow.

Proof. If K or L is empty, then X%*F = (XK)L = 1 by definition. Sup-
pose now that K and L are both nonempty and connected. The flows X 5*F
and (X)L have same set of states X°. And P(XX*F) =~ TOP(|K x L|, PX)
and P((X¥)L) = TOP(|L|, TOP(|K|,PX)). Hence the conclusion in this
case since top is cartesian closed and since there is a homeomorphism
|K x L| = [K| x |L| by [Hov99] Lemma 3.1.8. We treat now the gen-
eral case where K and L are both nonempty. Let (K;)ic; and (Lj)jcs
be the nonempty connected components of K and L respectively. Then
K xL= HiEIHjGJKi X Lj and:

Xtk = [T x ok = [T TT "R = [TATx"0 " = [Teern
el jeJ el jeJ JjeJ el jeJ
~ (XKL,
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Here, the first isomorphism follows since the K; x L;’s are nonempty and
connected, and the third since the functors (—)% are right adjoints. The
fourth is by definition of X and the fifth by definition of (—)%. O

Proposition 3.3.10. Let K and L be two simplicial sets. Let X be a flow.
Then one has a natural isomorphism of flows (X @ K)@ L 2 X ® (K x L).

Proof. Let Y be another flow. Then one has
flow((X ® K)® L,Y) = flow(X @ K,YF) = flow(X, (Y 1)K)
>~ flow (X, Y1 E) = flow(X @ (K x L),Y).

Here, the first, second and fourth isomorphisms are by Proposition 3.3.5
and the third by Proposition 3.3.9. The result now follows by Yoneda’s
lemma. (]

Proposition 3.3.11. Let K be a simplicial set. Let X and Y be two flows.
Then one has a natural isomorphism of simplicial sets

Map(X ® K,Y) = Map(K, Map(X,Y)).
Proof. If K = @, then one has to compare Map(X ® @,Y) = Map(2,Y) =
1 by Proposition 3.3.8 and Map (2, Map(X,Y)) = 1. So one can suppose
the simplicial set K nonempty. By construction of the functor —® K and by

Proposition 3.3.8, one can suppose that K is connected as well. Let n > 0.
Thus,

Map(X ® K,Y), & flow(X @ (K x An]),Y)
=~ top(|K x A[n]|, FLOW(X,Y))
~ APSet(K x Aln],Map(X,Y))
= Map (K, Map(X,Y)),.

Here, the first isomorphism is by Proposition 3.3.10, the second by [Gau03]
Theorem 7.9, the third by adjunction and by Proposition 3.3.7, and the
fourth by definition of Map in A°PSet. O

Proposition 3.3.12. One has the natural isomorphism of simplicial sets
Map(X ® K,Y) = Map(X,Y)
for every simplicial set K and every flow X,Y of flow.
Proof. One has for any n > 0
Map(X ® K,Y), 2 flow(X ® K ® A[n],Y)
>~ flow(X ® An], Y)
>~ Map(X,Y5),.

Here, the first and third isomorphisms are by definition of Map, and the
second is by Proposition 3.3.10 and Proposition 3.3.5. (]
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Lemma 3.3.13. Let f : X — Y be a morphism of flows. Then the
following conditions are equivalent:

(1) f is a fibration of flows, that is the continuous map Pf : PX — PY
s a fibration of topological spaces.

(2) For any (o, B) € X° x XO, the continuous map Pf : PopX —
P),f(3)Y is a fibration of topological spaces.

Proof. A continuous map is a fibration if and only if it satisfies the right
lifting property with respect to the inclusion maps D" — D" x [0,1]. The
result comes from the connectedness of both D™ and D™ x [0, 1]. O

Proposition 3.3.14. Let i : A — B be a cofibration of flows. Let p :

X — Y be a fibration of flows. Then the morphism of simplicial sets
Q(iap) : Ma‘p(Bv X) - Map(Av X) XMap(A,Y) Map(Bv Y)

is a fibration of simplicial sets. Moreover if either i or p is trivial, then the

fibration Q(i,p) is trivial as well.

Proof. By [GJ99] Proposition I1.3.13 p95, it suffices to prove that the mor-
phism of flows
XA[n} _ XBA[TL] X yoaln] YA[n]
is a fibration (resp. trivial fibration) for any n > 0 as soon as X — Y is a
fibration (resp. trivial fibration) of flows. The case of a fibration is the only
one treated since the other case is similar.
For n = 0, one has to check that

XA0 1 %, YA o A0l

is a fibration. Since A[0] is connected, X2 = X and Y2 =Y. So there
is nothing to check for n = 0.
For n = 1, one has to check that

XAy xOAN] ey YA

is a fibration. Since OA[l] is the discrete two-point simplicial set, then
X0AI = X x X. Since A[l] is connected, one has to check that for any
(o, 3) € X° x X9 the continuous map

TOP(|A[L|, Pa,gX) — (PasX xPa,sX) X (2, ;v sk 5v) TOP( AL PagY)
is a fibration of topological spaces. Using the homeomorphisms

Py X x PqgX = TOP({—1,1},P, 5X)
and

Py gY x Py gY =2 TOP({—-1,1},P, 5Y),
one has to check that the continuous map

TOP(|A[1]],P, 5X) —
TOP({~1,1}, P 5X) xT0p((_11) 2. v) TOP(A[L]], o sY)
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is a fibration of topological spaces. So one has to prove that for any com-
mutative square
D" x {0} TOP(|A[1]], P )

et

D" x [0,1] = TOP({~1,1},Pa 4X) Xrop({-1,1},p. 5v) TOP(|A[L][,Po 5Y),

the lift k exists. By adjunction, it suffice to prove that the lift &’ of the
commutative square

(D™ x |A[1]]) U (D™ x [0,1] x {—1,1}) —;]P’a,gX

-
—
-
—
— - !
—
— k
—

D" x [0,1] x |A[1]] P, Y

exists. The inclusion {—1,1} C |A[l]| is a cofibration. So the left-hand
map is the pushout product of a cofibration with a trivial cofibration. By
Lemma 3.3.13, the continuous map P, g X — P, gY is a fibration of topo-
logical spaces. The case n = 1 is therefore solved.

Consider now the case n > 2. Then both A[n] and dA[n] are connected.
Therefore one has to check that for any (o, 3) € X° x X the continuous
map

TOP(|A[n]], Py X)) —
TOP(|0An]],Pa,5X) XT0P(|8A M) Pa 5Y) TOP(|AR]|,PogY)

is a fibration. This holds for the same reason as above because:

(1) The category of topological spaces we are using is cartesian closed.
(2) The inclusion |0A[n]| — |A[n]| is a cofibration.
(3) The mapping P, 3 X — P, gY is a fibration by Lemma 3.3.13. O

Theorem 3.3.15. The model category flow together with the functors — ®
K, (—)% and Map(—, —) assembles to a simplicial model category.

Proof. By definition, the set Map(X,Y)y is the set flow(X,Y) of mor-
phisms from the flow X to the flow Y. Thus, the identity of Idx yields
for every flow X a simplicial map A[0] — Map(X, X). The theorem is
then a consequence of Proposition 3.3.11, Proposition 3.3.12 and Proposi-
tion 3.3.14. O

Let us conclude this section by an important fact:

Proposition 3.3.16. Let X and Y be two flows. Let f,g: X =Y be two
morphisms of flows. There exists a simplicial homotopy H : X ® A[l] —

Y between f and g if and only if there exists a S-homotopy H : [0,1] —
FLOW(X,Y) between f and g.
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FIGURE 1. The flow {0 < 1}?

Sketch of proof. See Table 2 for the notations. Since A[l] is nonempty
and connected, one has the equality X ® A[l] = |A[1]| ¥ X by definition
of the tensor product. And one has the bijection flow(|A[1]| K X,Y) =
top([0, 1], FLOW(X,Y")) by [Gau03] Theorem 7.9. O

4. Comparing realization functors from precubical
sets to flows

4.1. Realizing a precubical set as a flow. A state of the flow associated
with the poset {0 < 1}" (i.e., the product of n copies of {0 < 1}) is denoted
by a n-uple of elements of {0,1}. By convention, {0 < 1}° = {()}. The
unique morphism/execution path from (z1,...,x,) to (y1,...,ys) is denoted
by a n-uple (z1,...,z2,) of {6,/1\,*} with z; = x; if x; = y; and z; = * if
z; < y;. For example in the flow {0 < 1}? (cf. Figure 1), one has the
algebraic relation (x,*) = (6, *) * (*,/1\) = (*,6) * (/1\, ).

Let O — flow be the functor defined on objects by the mapping [n]| —
({0 < 1})°f and on morphisms by the mapping

O = ((€1y. . €n—1) — (€1, 61,0 6, . .,en,l))mf

where the ¢;’s are elements of {0,1, }.
The functor | — |gow : [0°PSet — flow is then defined by [Gau07c]

| K |fow == lim ({6 < T}n)wf-
D[n}—J{

It is a left adjoint. So it commutes with all small colimits.

The functor X — X from flows to sets is a left adjoint since there is a
natural bijection Set(X?,S) = flow(X, §) where S is the flow defined by
S0 = S and Pa,gg = {(a, 8)} with the composition law (o, ) * (8,7) =
(cr,7y). So one obtains the natural bijections of sets
3) [Klfow = lim ({0<T}")°= lim {0,1}"= lim Oln)o= Ko

Un]—K On|l—K On|l—K
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4.2. Small realization of a precubical set as a flow. The first two
propositions will help the reader to understand the differences between the
realization functor | — |gow and the new one gl(—) which is going to be
constructed in this section.

Proposition 4.2.1 (e.g., [Hov99] Lemma 5.2.6). Let M be a model category.
Consider a pushout diagram of M

A—=B
Lo

such that the objects A, B and C are cofibrant and such that the map A — C
is a cofibration. Then D is cofibrant and is the homotopy colimit. In other
terms, the commutative diagram above is also a homotopy pushout diagram.

Proposition 4.2.2. The functor | — |gow : 0°PSet — flow is a left adjoint
(and therefore is colimit-preserving). Moreover, it satisfies the following
properties:

e For every n = 0, there is a homotopy pushout diagram of flows

Glob (8" 1) —— [00[n + 1]|fiow

J——

Glob(D™) — 5|0 + 1|ow-

e There exists an objectwise weak S-homotopy equivalence of cocubical
flows
O] aow — {0 < 1)*
(with always, by convention, {0 < 1}° = {()}).

Proof. One only has to prove the existence of the homotopy pushout dia-
gram. Equation (3) implies [00[n + 1]|§,,, = {0,1}"*1. By [Gau07c] The-
orem 7.8, there is a homotopy equivalence S"~! ~ P5. 57,7100 + 1]|aow-
This yields a morphism of flows

t, : Glob(S™™ 1) — |100[n 4 1]|fiow
defined by t,(0) =0...0, t,(1)=1...1 and
Pa 7ln PﬁleOb(Snfl) =81 Pﬁ...ﬁ 79 gl(0d[n + 1])

is a homotopy equivalence. Then consider the pushout diagram of flows:

Glob(S™ 1) —2> |00[n + 1] |fiow

| —

Glob(D") Zns1.
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By construction, one has the equality Py, g|0[n+1]|gow = Pa.g/00[1 +1]|gow
for every (a,3) # (6 0,1 /1\) and there is a pushout diagram of topo-
logical spaces

Pﬁ,ft”
gn—1 — " > Pﬁ.._ai___ﬂam[n + 1]|ﬂ0w

|

D" P5 67.1%n+1-

Since the model category top is left proper, the map D" — Pﬁ...ﬁ,f...TZnJrl is
a weak homotopy equivalence. So the flow Z,,+1 and |[d[n+1]|gow are weakly
S-homotopy equivalent. Since Z,41 and [O[n + 1]|gew are both cofibrant
and fibrant, there is a S-homotopy equivalence Z,41 ~ |O[n + 1]|gow. The
pushout diagram defining Z,, 1 is also a homotopy pushout diagram by
Proposition 4.2.1. Hence the result. O

Proposition 4.2.3. Loopless flows satisfy the following two facts:

(1) If a flow X is loopless, then the reflexive and transitive closure of the
set
{(a, 8) € X° x X such that P, X # @}
induces a partial ordering on X©.
(2) The functor X +— X from flows to sets induces a functor from the
full subcategory of loopless flows to that of partially ordered sets with
strictly increasing maps.

Proof. The first assertion is [Gau06a] Lemma 4.2. The second assertion is
then clear. U

Theorem 4.2.4. There exists a colimit-preserving functor gl : [1°PSet —
flow satisfying the following properties:

(1) For every n > 0, there is a pushout diagram of flows

Glob(S™ 1) — gl(d0[n + 1)

Globl(D”) — gl(D[nl-i- 1]).
(2) There exists an objectwise weak S-homotopy equivalence of cocubical
flows L
gl@fx])) — {0 <1}
(with always, by convention, {0 < 1}° = {()}). In particular with
n =0, gl(t0]) = {0}

Note that the first condition alone does not imply the second condition.
Note also that by Proposition 4.2.1, the pushout diagram above is also a
homotopy pushout diagram.
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Proof. Let us construct the restriction of the functor gl(—) to the category
of n-dimensional precubical sets [J,”Set by induction on n > 0. The functor
gl(—) will satisfy the natural isomorphism

gl(K<n) = lim gl(Q[p])
Olp)—K<n

for every precubical set K. One will also prove by induction on n > 0 that:

e For any morphism § of [,, the map gl(J[8]) is a relative I8-cell
complex.

e There exists a morphism of cocubical flows of dimension n from gl([*])
to {6 < T}* which is an objectwise weak S-homotopy equivalence.

e For all 0 < p < n, the map gl(00[p] € O[p]) is a cofibration.

For n = 0, let gl((J0]) = {0 < 1}°. Note that this defines a functor
from Jj"Set to flow and that for any morphism 6 of [y, one has gl(CJ[4]) €
cell(78) since § = Idjg) is the only possibility.

Now suppose the construction done for n > 0. Consider the three cocu-
bical flows of dimension n defined by X ([x]) = gl(O[x]), Y ([*]) = |O[*]|aow
and I([¥]) = {0 < 1}* for all 0 < * < n. By induction hypothesis, there
exists a morphism of cocubical flows of dimension n from X to I which is an
objectwise weak S-homotopy equivalence. And Proposition 4.2.2 provides a
morphism of cocubical flows of dimension n from Y to I which is an object-
wise weak S-homotopy equivalence. Any map from any cocubical flow to [ is
an objectwise fibration since for any n > 0, the path space PI([n]) is discrete.
Finally, by induction hypothesis, each map gl(00[p] € O[p]) for 0 < p < n
is a cofibration. And each map [00[p] C O[p]|gow for 0 < p < n is a cofi-
bration by [Gau07c] Proposition 7.6. Theorem 2.3.4 and Proposition 3.3.16
yield a natural S-homotopy equivalence px_, : gl(K<n) — [K<nlfiow. The
precubical set d0[n+ 1] is of dimension n. So by induction hypothesis, there
exists a S-homotopy equivalence

Lot © €00 + 1)) = |00[n + 1]|gow-
There is also
gl(00[n +1])° = [00[n + 1][g,,, = {0, 1}
by Equation (3). The continuous map
Po 51 Ho0m+1) - Po 51 58100 + 1)) = P 5311001 + 1|aow

is a homotopy equivalence by [Gau03] Corollary 19.8. Using [Gau07c| Theo-
rem 7.8, one deduces that the topological spaces P5 53 7gl(00[n + 1]) and

S"~1 are homotopy equivalent. This yields a morphism of flows
5, 1 Glob(S"™1) — gl(00[n + 1])
defined by:
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e 5,(0) =0...0 with the identifications gl(d0[n 4 1])° = d0[n + 1]y =
{0, 1}

e 5,(1) = 1...1 with the identifications gl(00[n + 1])° = d0[n + 1]o =
{0,1}n+1,

] Pﬁisn : P@TGlOb(Sn_l) =S - P

5 51 78l(00[n + 1]) is a homo-

topy equivalence.
The flow gl(O[n + 1]) is then defined by the pushout diagram:

(4) Glob(S"~1) 2> gl(0[n + 1])

Globl(D”) ﬁl

— ¢el(@[n + 1)).

Note that by construction, the map gl(00[n+1] C O[n+1]) is a cofibration.
The 2(n + 1) inclusions O[n| C 00[n + 1] yield the definition of the gl(4{*)’s
for all 6% : [n] — [n+1] with 1 <i < n+1and a € {0,1} as the composites
gl(02) : g}(On]) © gl(@0n + 1)) — gl(Cln + 1),
Since the category [,+1 is the quotient of the free category generated by
the 0 : [p—1] — [p] for 1 <p<n+1with 1 <i<pand o€ {0,1}, by the
cocubical relations, one has to check the cocubical relation gl(é? Jogl(6f) =
gl(65) o gl(dj@_l) for i < j for every map 6? o6 : [n—1] — [n+ 1] and
o 5?71 : [n — 1] — [n+ 1]. By induction, each morphism of flows gl(¢)
is an inclusion of I®8-cell subcomplexes. The equality 5]@ 00y = 05 o 5?71
implies that the sources of gl(&f) o gl(05") and gl(d5") o gl(df_l) are the same
I#l-cell subcomplex of gl(O[n + 1]).5 Hence the equality. So the functor

from [J,, to flow defined by [p] — gl(O[p]) for p < n is extended to a functor
from 0,11 to flow defined by [p] — gl(O[p]) for p < n+ 1. Let

gl(K<p1) = lim  gl(O[p])
Ulp]—=K<nt1

for all precubical sets K. This construction extends the functor

gl : O;PSet — flow

to a functor gl : ()Y ; Set — flow.

It remains to prove that one has an objectwise weak S-homotopy equiv-
alence of cocubical flows of dimension n + 1 from gl(O[*]) to {0 < 1}* to
complete the induction and the proof. The map

gl(d7") : el(@n]) C gl(0[n +1]) — gl(D[n + 1)

5This argument is possible since every element of cell(I#!) is an (effective) monomor-
phism of flows by [Gau03] Theorem 10.6. Indeed, a subcomplex of a relative I%'-cell
complex is then entirely determined by its set of cells by [Hir03] Proposition 10.6.10 and
Proposition 10.6.11.
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induces a set map
gl(62)? : gl(O[n])° C gl(80[n +1])° — gl(Ofn + 1])°.
By Equation (3) and Proposition 4.2.3, one obtains a strictly increasing set
map
a0 . _ T N T+l

gl(6f)” : {0 <1}" = {0 < 1}
This yields a morphism of cocubical flows of dimension n + 1 from gl(d[x])
to {0 < 1}*. It remains to prove that gl(C[n + 1]) is weakly S-homotopy
equivalent to {0 < 1}"*!. By construction of gl((J[n+1]), one has the equal-

ity Pogel(dn + 1)) = Pagel(d0[n + 1]) for every (a,3) # (0...0,1...1)
and there is a pushout diagram of topological spaces

DTZ

Since the map Pj7s, is a weak homotopy equivalence, and since the model
category top is left proper, the map D" — P 53 7gl(0n + 1]) is a weak
homotopy equivalence. O

Corollary 4.2.5. There ezist a natural transformation p: gl(—) — | — |fow
inducing for every precubical set K a natural S-homotopy equivalence g :
gl(K) ~ |K|gow and a natural transformation v : | — |gow — gl(—) inducing
for every precubical set K a natural S-homotopy equivalence vi : |K|gow =
gl(K) which is an inverse up to S-homotopy of jix.

Proof. Consider the three cocubical flows X ([x]) = gl(O[x]), Y([¢]) =
|0[#]|fiow and I([*]) = {0 < 1}* for all % > 0. Theorem 4.2.4 and Proposi-
tion 4.2.2 yield objectwise weak S-homotopy equivalences X — [ and Y — [.
Since the path space PI([n]) is discrete for all n > 0, the two maps X — I
and Y — I are objectwise trivial fibrations of cocubical flows. Then let us
apply Theorem 2.3.3 and let us notice that a simplicial homotopy gives rise
to a S-homotopy by Proposition 3.3.16. (]

The following theorem gives a sufficient condition for a functor to be a
realization functor:

Theorem 4.2.6. Let X — {6 < /1\}* be an objectwise weak S-homotopy
equivalence of cocubical flows. Assume that for every n > 0, the map
X(80[n)) — X (Qln)) is a cofibration. Then there exist natural transforma-
tions p : gl — Xandv:X — gl inducing natural S-homotopy equivalences
which are inverse to each other up to S-homotopy. In particular, for all
n = 0, there is a commutative diagram of flows which is also a homotopy
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pushout diagram
Glob(S"™!) — X (60[n + 1))

—

Glob(D") X(@fn+1])

where the left-hand vertical map is the inclusion of flows Glob(S"~! C D")
and the right-hand vertical map X (00[n + 1] C On + 1]).

Proof. Since the path space P{0 < 1}" of the flow {0 < 1}" is discrete
for all n > 0, the map X — {6 < T}* is an objectwise trivial fibration of
flows. Then apply Theorem 2.3.3 and Theorem 4.2.4 to obtain the natural
transformations 1 and v. One obtains the commutative diagram of flows

HoO[n+1]

Glob(S™"1) — gl(80[n + 1]) X (00[n + 1))

| | N

HO [n+1]

Glob(D") gl(@[n +1]) ———— X (Q[n + 1]),
and therefore the commutative diagram of flows
He n ~ ~
Glob(8"1) — gl(80[n + 1)) — 2 R (90[n + 1)) — X (80[n + 1))

Globl(D") O l

—gl(@[n +1]) Ty X (@fn +1]).
v
HO[n+1]

The map ¢, is a weak S-homotopy equivalence since flow is left proper by
[Gau07b] Theorem 7.4. So by the two-out-of-three property, the map v, is
a weak S-homotopy equivalence as well. Hence the homotopy pushout of
flows. (]

5. Realizing a precubical set as a small globular
complex

5.1. Globular complex. A globular complex is, like a d-space, a local
pospace and a stream, a topological space with an additional structure mod-
eling time irreversibility. We refer to [Gau05a] for further explanations about
the following list of definitions.” The original definition of a globular com-
plex can be found in [GGO03] but this old definition is slightly different and
less tractable than the one of [Gau0b5al]. So it will not be used.

"The paper [GauO7a] gives an interpretation of the category of globular complexes as
the full subcategory of cellular objects of a combinatorial model category. This point of
view will not be used in this work.
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A multipointed topological space (X, X°) is a pair such that X is a sub-
set of the topological space X. A morphism of multipointed topological
spaces f: (X, X?) — (Y,YY) is a continuous map f : X — Y such that
f(X% c Y The corresponding category is denoted by MTop. The cat-
egory of multipointed spaces is cocomplete. Let Z be a topological space.
The (topological) globe of Z, which is denoted by Glob*P(Z), is the multi-
pointed space (|Glob'P(Z)|,{0,1}) where the topological space |Glob™P(Z)|
is the quotient of {0, 1} (Z x [0,1]) by the relations (z,0) = (,0) = 0 and
(2,1) = (¢/,1) =1 for any z, 2’ € Z (cf. Figure 2). In particular, Glob"P (&)
is the multipointed space ({0,1},{0,1}). If Z is a singleton, then the globe
of Z is denoted by Top, Let

I84P = {Glob'P(S"~!) — Glob'*P(D"), n > 0}.

A globular precomplex is a A-sequence for some ordinal A of multipointed
topological spaces X : A — MTop such that X € cell(/ gl’t(’p) and such
that X = (X%, X%) with X% a discrete space. This A-sequence is charac-
terized by a presentation ordinal A, and for any 3 < A by an integer ng > 0
and an attaching map ¢g : Glob™P(S™~1) — Xj3. The family (ng, d5)g<a
is called the globular decomposition of X. A morphism of globular pre-
complexes f : X — Y is a morphism of multipointed spaces still denoted
by f from liL>nX to 1i_H>1Y. If X is a globular precomplex, then the under-
lying topological space of the multipointed space lim X is denoted by [X|.
Let X be a globular precomplex. A morphism of globular precomplexes
T ?t‘)p — X is nondecreasing if there exist to =0 < t; < --- <t, =1
such that:

(1) 7(t;) € X% for all 0 < i < n.

(2) 7(Jti, tiv1]) C Glob™P (D™ \S"% 1) for some (ng,, ¢,) of the globular
decomposition of X.

(3) For 0 < i < n, there exists 22 € D™%\S™% ! and a strictly increasing
continuous map i : [t;, tir1] — [0,1] such that () = 0 and
Yr(tivr) = 1 and for any t € [t;, ti1], 7(t) = (27, ¥7(1))-

In particular, the restriction 7 [}, ;. [ of T to Jt;,t;41] is one-to-one. The
set of nondecreasing morphisms from T top to X is denoted by P*P(X). A
morphism of globular precomplexes f : X — Y is mnondecreasing if the
canonical set map top([0,1],|X]|) — top([0,1],|Y’|) induced by composi-
tion by f yields a set map P'P(X) — P'P(Y). In other terms, one has
the commutative diagram of sets

Ptop (X) Ptop (Y)

| X

top([0, 1], [X[) — top([0, 1], [Y]).
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TIME

FIGURE 2. Symbolic representation of Glob™P(X) for some
topological space X.

A globular complex X is a globular precomplex such that the attaching maps
¢p are nondecreasing. A morphism of globular complexes is a morphism of
globular precomplexes which is nondecreasing. The category of globular
complexes together with the morphisms of globular complexes as defined
above is denoted by glTop.

5.2. S-homotopy equivalence of globular complex. Let X and U be
two globular complexes. Let gl TOP(X, U) be the set glTop(X, U) equipped
with the Kelleyfication of the compact-open topology. Let f,g: X = U be
two morphisms of globular complexes. Then a S-homotopy is a continuous
map H : [0,1] — glTOP(X,U) with Hy = f and H; = g. This situation
is denoted by f ~g g. The S-homotopy relation defines a congruence on
the category glTop. If there exists a map f': U — X with fo f' ~g Idy
and f'o f ~g Idx, then f is called a S-homotopy equivalence. The class of
S-homotopy equivalences of globular complexes is denoted by SH.

Since the S-homotopy relation of globular complexes is associated with
a cylinder functor ([GauOb5a] Corollary I1.4.9), there is an isomorphism of
categories

glTop[SH '] = glTop/ ~s

between the localization of the category of globular complexes by the S-
homotopy equivalences and the quotient of the category of globular com-

plexes by S-homotopy (see the proof of [GauO5a] Theorem V.4.1 and also
[Gau03] Theorem 4.7).

5.3. Realizing a globular complex as a flow. By Theorem III.3.1 of
[GauObal, there exists a unique functor cat : glTop — cell(] il) C flow
such that:
(1) If X = XY is a discrete globular complex, then cat(X) is the flow X°.
(2) If Z=S8""! or Z = D" for some integer n > 0, then

cat(Glob™P(Z)) = Glob(2).
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(3) For any globular complex X with globular decomposition (ng, ¢3)s<,
for any limit ordinal 3 < A, the canonical morphism of flows

lim cat(X,) — cat(Xp)
a<p

is an isomorphism of flows.
(4) For any globular complex X with globular decomposition (ng, ¢3)s<,
for any 8 < A, one has the pushout of flows

t(o
Glob(s7e 1) 2 cat(X,)

| |

Glob(D"8) —— cat(Xg41).

The properties of the functor cat used in this paper are summarized in the
statement below:
Theorem 5.3.1. One has:

e The functor cat induces for each pair (X,U) of globular complexes
a surjective set map glTop(X,U) — flow(cat(X),cat(U)) ([GauOba,
Corollary IV.3.15]).

e For each flow X € cell(I _gf_l ), there exists a globular complex X P with
cat(X™P) = X

([GauOba, Theorem V.4.1] and [Gau06b, Theorem 6.1]).

e The functor cat : glTop — flow induces a category equivalence
glTop[SH '] ~ Ho(flow)

between the localization of glTop by the S-homotopy equivalences and
the homotopy category of flows ([GauO5a, Theorem V.4.2]).

e There exists a unique functor | — | : glTop[SH '] — Ho(top) such
that the following diagram of categories is commutative:

top

Vtop l/
|-

glTop[SH ! il Ho(top)

glTop

YglTop l

where Yg1Top : glTop — glTop[SH Y] is the canonical functor from
the category of globular complexes to its localization by the S-homotopy
equivalences ([GauOba, Corollary VII.2.3]).
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5.4. Realizing a precubical set as a small globular complex.

Proposition 5.4.1 (Dual of [ML98] Exercise I11.4.8b). Let C be a category.
Consider a commutative diagram of C:

A—B——C

N

D——FE—F

such the square ABDE is a pushout diagram. Then the square ACDFE is a
pushout diagram if and only if the square BCEF is a pushout diagram.

Theorem 5.4.2. There exists a functor gl*? : [0°PSet — glTop such
that for every precubical set K, there is a natural isomorphism of flows
cat(gl'P (K) = gl(K).

The functor gl*P(—) which is going to be constructed essentially coincides
with the functor from precubical sets to globular complexes constructed in
[GGO3]. Essentially means not exactly. Indeed, the old definition of globular
complex given in [GG03| and the new one given in [Gau05a] are not exactly
the same. For example, with the new definition, an execution path is locally
strictly increasing: see the remark in [Gau0ba] between Definition I1.2.14
and Definition 11.2.15. Another difference: Hausdorff spaces are used in
[GGO3]. Weak Hausdorff spaces are used here and in [Gau0O5a]. Moreover,
the construction given in the following proof is more tractable than the
construction given in [GGO3] thanks to the use of the cocomplete category
of multipointed topological spaces. Note that the functor cat is not colimit-
preserving. It only preserves globular decompositions of globular complexes.
So the proof is a little bit more complicated than expected. Intuitively, the
construction of gl*®P(K) consists of replacing each globe Glob(D") of gl(K)
by a topological globe Glob™P(D").

Proof of Theorem 5.4.2. First of all, let us construct the restriction of
the functor gl*®?(—) to [J;PSet and let us prove the existence of a natural
isomorphism cat(gl"*P(K,)) = gl(K<,) by induction on n > 0. The functor
gl'°P(—) will satisfy the natural isomorphism

g"P(Kgp) = lim  gl*P(Op))

for every precubical set K, where the colimit is taken in the category of
multipointed topological spaces MTop. So viewed as a functor from [y Set
to MTop, the functor gl™P(—) is a left adjoint. We will also prove by
induction on n that for any morphism 0 of [J,, the morphism of globular
complexes gl*°P(CJ(9)) is an element of cell(78t°P),
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For n = 0, let gl*P(K<) = Ko. We have done since cat(gl*?(K¢)) =
Ky. Note this defines a functor from O"Set to glTop which is colimit-
preserving. Note also that for any morphism & of [y, one has gl*?(CJ[0]) €
cell(7844°P), § = Idjg being the only possibility.

Now suppose the construction done for n > 0. The precubical set 00[n+1]
is of dimension n. So the globular complex gl*°?(90[n+1]) is already defined
by induction hypothesis and one has the isomorphism of flows

cat(gl*?(00[n + 1])) = gl(00[n + 1]).
Since the set map
glTop(Glob™°P (8" 1), gl*P(9[n + 1])) — flow(Glob(S™™ 1), gl(d0[n + 1]))
is onto by Theorem 5.3.1, there exists a morphism of globular complexes
55P - Glob™P(S™™1) — gl°P(900[n + 1))

with cat(si?) = s, s, being the map defined in the proof of Theorem 4.2.4.
Let gl*®®(0[n + 1]) be the multipointed topological space defined by the
pushout diagram of multipointed topological spaces

(5) Glob™P(§n—1) 2 g1t (9[n + 1])

[

Glob®P (D7) — b g1*°P(O[n + 1]).

The globular decomposition of the multipointed space gl"P(O[n + 1]) is
obtained by considering the globular decomposition of the globular complex
gl*P(90[n + 1]) and by adding the globular cell

Glob'P(S™™1) C Glob™P(D")

with the attaching map s;®. So the multipointed space gl*°P(O[n + 1)) is a
globular complex.

The 2(n + 1) inclusions O[n] € 00[n + 1] yield the definition of the
gl P (52)’s for all 6% : [n] — [n+ 1] with 1 < i <n+1and a € {0,1} as the
composites:

gl®P(58) : gl™P(O[n]) C gl*P(00[n + 1]) — gl*P(O[n + 1]).
Since the category [,41 is the quotient of the free category generated by
the 08 : [p—1] — [p]for 1 <p<n+1with1l<:<pand«aec {01}, by
the cocubical relations, one has to check the cocubical relation glt"p(éf )o
gl P (§%) = l"P(5%) o glt‘)p(éffl) for i < j for every map 5? 0¥ :[n—1] —
[n + 1] and 6§ o 5]@71 : [n — 1] — [n + 1]. By induction, each morphism of
globular complexes gl*°P (08") is an inclusion of T ghtop_cell subcomplexes. The

equality 5]@ 0 = §¢ oéf | implies that the sources of gl“P (5}6 )oglP(5¢) and
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gl P (5¢) oglt°p(5§}71) are the same 18t°P_cell subcomplex of gl**P(O[n+1]).8
Hence the equality.

So the functor from [J,, to glTop defined by [p] — gl*P(0[p]) for p < n
is extended to a functor from [J,,; to MTop defined by [p] — gl**P(O[p]
for p<n+1. Let

gl'P(Kgpi1) = lim  gl*P(0[p))
Ulp] = K<nt1

for all precubical sets K. This construction extends the functor gl*°P :
On'Set — glTop to a functor glI**® : 0¥ ;Set — MTop which is still
colimit-preserving since it is still a left adjoint. So one obtains the commu-
tative diagram of multipointed spaces

s

|_|x€Kn+1 Glob™P(Sn—1) =" e Kin glP(90[n + 1)) —— gl"P(Kg,)

l l —
s, Glob'P(D") ’—glt(’p(l][n +1]) Jtop l

—  Uzekr,a -8 (K<n+1)'

The left-hand square is a pushout by definition of gl*®?(0[n+1]). The right-
hand square is a pushout since gl*P : (0°PSet — MTop is colimit-preserving
and since for every precubical set K, there is a pushout diagram of sets

I—':EGKn+1 8D[n + ].] B — Kgn

|

Ueer,, B+ 1] —= K¢npa

where the sum is over z € K41 = O°Set(d[n + 1], K) and where the
corresponding map d0[n+1] — K, is the composite 00[n+1] C On+1] =
K,. Since pushout diagrams compose by Proposition 5.4.1, one obtains the
pushout diagram of multipointed spaces

(6) |—|x€Kn+1 GlObtop(Snil) - gltop(Kén)

|_|x€Kn+l Gllobtop(Dn) yil

— gl"P(Kni),

8This argument is possible since every element of cell(18"*°P) is an (effective) monomor-
phism of multipointed topological spaces by [Gau06b] Theorem 8.2. Indeed, since M'Top
is cocomplete, a subcomplex of a relative I89*°P-cell complex is then entirely determined
by its set of cells by [Hir03] Proposition 10.6.10 and Proposition 10.6.11.
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and then, by construction of the functor cat : glTop — flow, the pushout
diagram of flows

User, s Glob(S" 1) — cat(gl*P (K <,))

Ureri lGlO‘D(D”) [foP l

— cat(gl"P(K<n41))-

Diagram (6) above yields a globular decomposition for the multipointed
space gl™P(K,11), proving that the functor gl*P(—) is actually a functor
from DZI_’HSet to glTop. By construction of the functor cat : glTop —
flow, there is a pushout diagram of flows

Ll Glob(s" 1) Usn || cat(gl™P(00[n + 1]))

r€EKp11 r€Kp41

L] G‘rlob(D”)_‘> Ll cat(gl"P(0[n + 1])).

r€Kp11 €K1

So by Proposition 5.4.1, one obtains the pushout diagram of flows:*

(7) ek, ., cat(glP(90[n + 1)) cat(gl"P (K<)

User,., cat(@lP(On +1])) —> cat(gl*P (K <ps1)).

The diagram of solid arrows of Figure 3 is commutative for the following
reasons:

e The back face is commutative and is a pushout diagram of flows by
Diagram (7).

e The front face is commutative and is a pushout diagram of flows since
the functor gl : [I°PSet — flow is colimit-preserving.

e Apply the functor cat to Diagram (5). One obtains the pushout dia-
gram of flows

cat(sioP)

Glob (8" 1) —————— cat(gl*?(00[n + 1]))

Globl(D") gltop i

cat( (

Diagram (4) and the equality cat(s;®) = s,, imply the commutativity
of the left-hand face.

[n+1])).

9Let us repeat that the functor cat is not colimit-preserving. So the use of Proposi-
tion 5.4.1 seems to be necessary to obtain Diagram (7).
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U cat(gl*P(@0[n + 1)

2E€K, 41

LI sl(d0[n +1])

cat(gl*™P (K <y))

T

@€K1 l gl(K<n)
top
w€I|<_7|l+1€at(g1 (»[n +1])) cat(gl*P (K<nt1))
~
o ~
\ -
~
1(O 1
w61|<_7|L+1 gl 1) gl(K<n1)-

FIGURE 3. Isomorphism cat(gl™P(K<,11)) & gl(K<ni1)-

e Finally, the top face is commutative since there is a natural isomor-
phism
cat(gl'P (K)) = gl(K)
for all precubical sets K of dimension n by induction hypothesis.

Hence the existence of an isomorphism of flows

cat(gl"P(K<nt1)) & gl(K<ni1)

for every precubical set K. The isomorphism is natural for the following
reasons:

e Themap | |,cf,,, cat(gl™P(00[n + 1])) — cat(gl™P(K<,)) is natural
with respect to K since it is the image by the functor cat o gl"P(—)
of the natural map of precubical sets i(K,n) : [ | ¢k, ., 00[n + 1] —
Kep.

o The map | | ¢, gl(00[n +1]) — gl(K<n) is natural with respect
to K since it is the image by the functor gl(—) of the natural map of
precubical sets i(K,n).

e There is a natural isomorphism cat(gl*P(L)) = gl(L) with respect to
L for every n-dimensional precubical set L by induction hypothesis.
Apply this fact for L = K¢, and L = ||, ¢, ., 0d[n +1].

e Morphisms of precubical sets of the form | |, cp, ., A — |ek,,, B
are natural with respect to K for every morphism of precubical sets
A— B.

The induction is now complete. One has
cat(gl" (K)) 2 lim cat(gl" (K <n)
by definition of the functor cat. And one has gl(K) & lim gl(K<,) since the

functor gl(—) is colimit-preserving. Hence a natural isomorphism of flows
cat(gl"™P(K)) = gl(K). O
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Note that the functor gl*®® : [0°°Set — glTop is not unique. It is
entirely characterized up to isomorphism of functors by the noncanonical
choice of the maps s,, : Glob(S"~1) — gl(d[n + 1]) and of the maps sy
Glob™P(8"~1) — gl'*P(90[n+1]) for all n = 0. Let yow : low — Ho(flow)
be the canonical functor from the category of flows to its homotopy category.
Let us denote by

cat : glTop[SH '] ~ Ho(top) : cat '

the equivalence of categories between the globular complexes up to S-homo-
topy and the homotopy category of flows (see Theorem 5.3.1).

Theorem 5.4.3. The functor Yaow © | — |fow : 0°PSet — Ho(flow) factors
up to an isomorphism of functors as a composite

o hoglt°P
0O°°Set — glTop/~s— Ho(flow).

The functor hogl™P : [(0°PSet — glTop/ ~g is unique up to isomorphism of
functors.

In other terms, the functor gl™P(—) constructed in Theorem 5.4.2 is
unique up to a natural S-homotopy of globular complexes.

Proof. Since there is an isomorphism of categories
glTop[SH '] = glTop/ ~¢,

let us identify the two categories. Let

hogltop = 7glTop © gltop -

Then one obtains the isomorphisms of functors
cat o hogltop = Yflow © cat o gltop = Yow © ’ - ’ﬂow

by Theorem 5.4.2 and Theorem 4.2.4. Hence the existence. Take two func-
tors hogl!® : (1°°Set — glTop, ~g and hogly® : (°PSet — glTop/ ~g
satisfying the condition of the theorem. Then

cat o hogl'® = cat o hogly® = Yaew © | — |fiow-
So one has the isomorphisms of functors

hogli™ = cat ' o (cat o hogli™?) = cat ' o (cat o hogly?) = hogly®. [

6. Globular and cubical underlying homotopy type

6.1. Definition of the globular and cubical underlying homotopy
type. Let 1 — top be the functor defined on objects by the mapping
[n] — [0,1]™ and on morphisms by the mapping

O = ((€1y v y€n1) > (€15 vy €im1, QL €y v €q—1)) .
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The functor | — [space : 1°PSet — top is then defined by

|Klspace == lim [0, 1]"
D[n]—>K

It is a left adjoint. So it commutes with all small colimits. The purpose of
this section is the comparison of this functor with the underlying homotopy
type functor defined by the composite [Gau05al:

—1 _
Q: ﬂowMHo(ﬂow)%ngop[SH_l]|—‘>Ho(top).

6.2. Comparison of the two functors.

Theorem 6.2.1. For every precubical set K, there is a natural isomorphism

~

of homotopy types ’Ytop(’K‘Space) = Q(’K‘ﬁow)'

Proof. Consider the three cocubical topological spaces:

e X([*]) =10,1]* for all * >0,

e Y ([#]) = |gl"™P(0O[«])| for all * > 0,

e I([x]) = {0} for all * > 0.
There exist a unique map X — I and a unique map Y — [ which are
both objectwise weak homotopy equivalences and objectwise fibrations. The
cocubical object X satisfies the hypotheses of Theorem 2.3.3 in an obvious
way. The proof of Theorem 5.4.2 implies the pushout diagram of spaces

top

|GlobtP(S™~1)| = | g1*P(50[n + 1))

|Glob™P(D™)| —— [ gI"*P(O[n + 1])]

for every n > 0. Since the continuous map |Glob*P(S"~1)| — |Glob'P(D")|
is a cofibration of topological spaces (see the proof of [Gau06b] Theorem 8.2),
the map |gl™P(00[n + 1])| — |gl*?(0[n + 1])| is a cofibration as well. So
the cocubical space Y satisfies the hypotheses of Theorem 2.3.3 as well.
Hence there exists a natural homotopy equivalence |K|space = |gl"P(K)|
with respect to K. So there exists a natural isomorphism of homotopy
types Yeop (| K |space) = Ytop(| g™ (K)|). The proof is complete after the
following sequence of natural isomorphisms:

Yeop (| K |space) = Vtop(] gltOp(K)D = |’Yg1T0p(gltOp(K))|
> |cat " o cat o Ygrrop (817 (K))|
> |cat " o Yow (cat (gl"P (K)))|

—1
= [cat ™ o Yiow (| K |fow)|
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Here, the first isomorphism is by the results above, the second and fourth
are by Theorem 5.3.1, the fifth by Theorem 5.4.2, and the last equality by

definition of €. O
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