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Feynman’s operational calculi: using
Cauchy’s integral formula

Lance Nielsen

ABSTRACT. In this paper we express the disentangling, or the formation
of a function of several noncommuting operators using Cauchy’s Integral
Formula in several complex variables. It is seen that the disentangling
of a given function f can be expressed as a contour integral around the
boundary of a polydisk where the standard Cauchy kernel is replaced by
the disentangling of the Cauchy kernel expressed as an element of the
disentangling algebra. This approach to the operational calculus allows
for us to develop a “differential calculus” with disentanglings.
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1. Introduction

The primary topic for this paper is, as stated in the title, Feynman’s op-
erational calculus. The approach to the operational calculus considered in
this paper is that which was originated in and elaborated on by Jefferies and
Johnson in the papers [5, 6, 7, 8]. Jefferies and Johnson constructed a “com-
mutative world”, specifically a commutative Banach algebra, in which the
time ordering calculations required for the operational calculus are carried
out in a mathematically rigorous way. The result of these calculations — the
disentangling — is then mapped into the noncommutative world of £(X).
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In order to carry out the disentangling calculations, that is, in order to form
the desired function of a (finite) set of not necessarily commuting operators,
the Taylor series for the function is first written down and then the disen-
tangling is carried out term-by-term. The current paper changes this point
of view and looks to obtain the disentangling of a given function, say f, by
avoiding the use of its Taylor series. Indeed, in the approach outlined be-
low, only one Taylor series is ultimately needed and that is the series for the
Cauchy kernel. Once the disentangling for the Cauchy kernel is determined
(and this is very easily done), the disentangling for any desired (and allowed)
function f is calculated via the use of Cauchy’s integral formula. In fact, the
end result is a contour integral of the complex-valued function f(&1,...,&,)
against the disentangling of the Cauchy kernel; see Theorem 3.4 below. This
representation makes the operational calculus much easier to deal with, in
the opinion of the present author, as the Cauchy kernel is the only object
that requires explicit disentangling; i.e., a term-by-term disentangling of a
power series. An illustration of this idea is elaborated in the fourth section
of this paper, where a “calculus” of disentanglings is defined and some exam-
ples are considered. Without the representation of the operational calculus
using Cauchy’s integral formula, this “calculus” would not be at all clear.

Before proceeding further, it may be helpful to present some background
on the operational calculus. Feynman’s operational calculus originated with
the 1951 paper [3] and concerns itself with the formation of functions of
noncommuting operators. Indeed, even with functions as simple as f(z,y) =
xy it is not clear how to define f(A, B) if A and B do not commute — does
one let f(A,B) = AB, f(A,B) = BA, f(A,B) = AB + 3BA, or some
other expression involving products of A and B? One has to decide, then,
usually with a particular problem in mind, how to form a given function
of noncommuting operators. As mentioned above, one approach to this
problem (the approach used in this paper) was developed by Jefferies and
Johnson in the papers [5, 6, 7, 8] . This approach is expanded on in the
papers [10], [11], [16], [13], [9], [12] and others. It is important to note that,
in the setting of the Jefferies—Johnson approach, measures on intervals [0, T']
are used to determine when a given operator will act in products and the
measures used are continuous measures. However, Johnson and the current
author extended the operational calculus to measures with both continuous
and discrete parts in the aforementioned [16].

The discussion just above, then, begs the question of how measures can be
used to determine the order of operators in products. Feynman’s heuristic
rules for the formation of functions of noncommuting operators give us a
starting point.

(1) Attach time indices to the operators to specify the order of operators
in products.

(2) With time indices attached, form functions of these operators by
treating them as though they were commuting.
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(3) Finally, “disentangle” the resulting expressions; i.e., restore the con-
ventional ordering of the operators.

As is well known, the central problem of the operational calculus is the
disentangling process. Indeed in his 1951 paper, [3], Feynman points out
that “The process is not always easy to perform and, in fact, is the central
problem of this operator calculus.”

We first address rule (1) above. It is in the use of this rule that we will see
measures used to track the action of operators in products. First, it may be
that the operators involved may come with time indices naturally attached.
For example, we might have operators of multiplication by time dependent
potentials. However, it is also commonly the case that the operators used are
independent of time. Given such an operator A, we can (as Feynman most
often did) attach time indices according to Lebesgue measure as follows:

1 t
A:/ A(s)ds
t Jo

where A(s) := A for 0 < s < t. This device does appear a bit artificial but
does turn out to be extremely useful in many situations. We also note that
mathematical or physical considerations may dictate that one use a measure
different from Lebesgue measure. For example, if i is a probability measure
on the interval [0,77], and if A is a linear operator, we can write

A= /[0 A@H)

where once again A(s) := A for 0 < s <T. When we write A in this fashion,
we are able to use the time variable to keep track of when the operator A
acts. Indeed, if we have two operators A and B, consider the product
A(s)B(t) (here, time indices have been attached). If ¢ < s, then we have
A(s)B(t) = AB since here we want B to act first (on the right). If, on the
other hand, s < t, then A(s)B(t) = BA since A has the earlier time index.
In other words, the operator with the smaller (or earlier) time index, acts to
the right of (or before) an operator with a larger (or later) time index. (It
needs to be kept in mind that these equalities are heuristic in nature.) For a
much more detailed discussion of using measures to attach time indices, see
Chapter 14 of the book [14] (and Chapter 2 of the forthcoming book [15])
and the references contained therein.

Concerning the rules (2) and (3) above, we mention that, once we have
attached time indices to the operators involved, we calculate functions of the
noncommuting operators as if they actually do commute. These calculations
are, of course, heuristic in nature but the idea is that with time indices
attached, one carries out the necessary calculations giving no thought to
the operator ordering problem; the time indices will enable us to restore the
desired ordering of the operators once the calculations are finished; this is
the disentangling process and is typically the most difficult part of any given
problem. More details of the process are to be found below, in Section 2.
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2. Definitions and basic properties of Feynman’s operational
calculus

2.1. The Banach algebras A and D. We now move on to a discussion
of the disentangling map. Before defining the map, however, we need some
preliminary definitions and notation (see [5], [10], [15] and others). We begin
by introducing two commutative Banach algebras A and ID. These algebras
are closely related and play an important role in the rigorous development
of the operational calculus.

Given n € N and n positive real numbers ri,...,7,, let A(ry,...,7ry)
or, more briefly A, be the space of complex-valued functions (z1,...,2,) —
f(z1,...,2n) of n complex variables that are analytic at the origin and are

such that their power series expansion
o0

(2.1) FG )= ) mym, 2

mi,...,mnp=0

converges absolutely at least in the closed polydisk

{(z15-yzn) s lza| <riyoooy|zn] <l

All of these functions are analytic at least in the open polydisk
{(z1y-oyzn) s lza| < iy |zn] <mnl.

Of course, all elements of A are continuous on the boundary of the polydisk.
We remark that the entire functions of (z1,...,2y,) are in A(ry,...,r,) for
any n—tuple (r1,...,ry) of positive real numbers.

For f € A given by Equation (2.1) above, we let

o0

(2.2) 1 lagrrr) = Wflla = D0 g 7™ -

mi,...,mn=>0

This expression is a norm on A and turns A into a commutative Banach
algebra. (See Proposition 1.1 of [5].) (In fact A is a weighted ¢!-space.)

We now turn to the construction of the Banach algebra D. Let X be a Ba-
nach space and let Aj,..., A, € £(X). Construct the commutative Banach
algebra A (|[A1]],...,]|An||) as in the previous paragraph. We associate to
each of the operators A;, j = 1,...,n, the formal object /Nlj, j=1,...,n,
by discarding all operator properties of A; other than its operator norm
”Aj”L(X) and assuming that A;A; = A;A; for any 1 < i,5 < n. (We re-

mark that we will assume that the objects — “formal commuting objects”
— Aq,..., A, are all distinct even if two or more of the operators Ay, ..., A,
are identical or are linear combinations of some or all of the Aj,..., A,.)
In order to define D ([11, . ,/Nln> we replace the indeterminates z1,..., 2z,

in functions f (z1,...,2,) € A (| A1]l,. .., |Anl]) by Ai,..., Ay, respectively.
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That is, we take D (1211, . ,fln> to be the collection of all expressions

2 f(AA) = 3 e (A1) (4)"

M ey My =

for which

24 fly(4,, 4, = I/l

oo

= Y ampma JAU™ - AR ™ < oo,

mi,...,mnp=0

Clearly f € A(||A4ll,...,||An||) determines an element of D </~11, . ,fln)

Equation (2.4) defines a norm on D) and D is a commutative Banach algebra
with respect to this norm and point-wise operations of the elements of D.
Further, A and ID can be identified — they are in fact isometrically iso-
morphic. For proofs of these statements, see [5] or [15]. The commutative

Banach algebra D (Al, . ,/Nln> is called the disentangling algebra.

~ ~ ~\Z
Consider the elements pg (Al, .. .,An> = (Aj) of D for j =1,...,n
and ¢ € N. We note that ’

¢ l
(2.5) 7|, = 1451cxy
foreach j =1,...,nand £ € N. We will below suppress the notation pZAV and
J

Y’ N\
simply write (Aj) and consider (Aj> as an element of the disentangling
algebra .

2.2. The disentangling map. Let Aj,..., A, be operators from L£(X)
(taken to be nonzero) and let p1, ..., u, be continuous probability measures
(time-ordering measures) defined at least on B([0,T7]), the Borel class of
[0,T], T > 0. (Recall that the measure p is said to be continuous if pu({s}) =
0 for all s € [0,T].) We wish to define the disentangling map

(2.6) T i D (Al, . ,An) s L(X)

according to the time-ordering directions given by the measures p1, ..., .

Said another way, given any analytic function f € A(||A1]l,..., |4,

we wish to form the function f,, .. (A1,...,Ay) of the not necessarily

commuting operators Ai,..., A, as directed by u1,..., ,. The measures

[1, - - -, fn serve to tell us when (or in what order) operators act in products.
Given nonnegative integers myq, ..., my, we let

(2.7) P (g oo zy) = 2z
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so that
(2.8) Pt (A, Ay ) = AP A

We will begin shortly by doing calculations in the setting of the com-
mutative Banach algebra D (fll, e ,fln>, which will end by showing us,

following Feynman’s ideas, how to define 7, ., P™™n ([11, ... ,An).
Since we want 7,, . ,, to be linear and continuous, it will then be clear
from (2.3) how to define the operator 7, . .. f ([11, . ,fln), for any ele-

ment f (Al,...,fln> of D ([11,...,121”)

It is worthwhile at this point to briefly remind the reader of Feynman’s
heuristic rules, since we will follow them explicitly, but in a mathematically
rigorous way. The first of Feynman’s “rules” was to attach time indices
to the operators in question, in order to specify the order of operation in
products. (Operators sometimes come with indices attached, especially in
evolution problems. However, this situation will not concern us in in this
paper.) As mentioned previously, the measures will determine the ordering
of the operators in products and can do this in a variety of ways. Feynman
did not use measures to order operators in products but his choice was nearly
always Lebesgue measure when attaching time indices to operators.

Feynman’s next “rule” was to form the desired function of the operators,
just as if they were commuting and then “disentangle” the result, that is,
bring the expression to a sum of time-ordered expressions. This disentan-

gling will be done in our next proposition by working in D ([11, e ,fln)
Once we have the time-ordering, Feynman says to simply return from the

commutative framework to the operators themselves. This is the point at
which we will define

T P (/117 e ’An> and then

T f (Al, N .,An) :

for f (Av,.o s An) €D (Arys Ag)
For each m = 0,1,..., let .S, denote the set of all permutations of the
integers {1,...,m}, and given w € S,,, we let
(2.9) Ap(r) = {(81, ceySm) €10, T :0 < Sp1) < < Spim) < T} .
For j=1,...,n,and all s € [0,T], we let

(2.10) Aj(s) = Aj.
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Now, for nonnegative integers my, ..., m, and m = my+---+my,, we define

Al(S) ifie{l,...,ml},

- Ao(s) ifie{mi+1,...,mi +msy},

(2.11) Ci(s) = 2(s) tm 1 me)
Ap(s) ifie{mi+---+muy_1+1,...,m},

fori=1,....mand 0 < s <T.

Although C;(s) depends on the nonnegative integers my, . .., m,, we will
suppress this dependence for clarity of notation. The following proposition
is critical for the definition of the disentangling map. Its proof can be found
in [5] and with more detail in [15].

Proposition 2.1.

(2.12) Preem (Al,... A )
> / Cor(m) (Sx(m)) * +* C(1) (S2(1))
TESm Am ()
(™ X oot (dsy, - .., dS).

We see from (2.9) that the right-hand side of (2.12) is the sum of time-
ordered expressions. Following Feynman’s ideas, we now define the map
Ty, Which will return us from our commutative framework to the non-
commutative setting of £(X). We need notation as in (2.11), but involving
the operators A, ..., A, instead of the indeterminates Aq,..., A,. Accord-
ingly, for j =1,...,n and all s € [0,T], we set

Al(S) ifie{l,...,ml},

AQ(S) ifie{ml—l—l,...,ml—}—mg},
(2.13) Ci(s) = )
Ap(s) ifie{m+--+mp1+1,...,m}.

Definition 2.2.
%17---7”71 (thm’mn <A17 ... 7;171)) =

3 / Cortmy (Smm) ++ Congt) (S(y) (B X =+ X ) (dsy, . .., dsym).
WGSmAm(w)

Then, for f (Al,...,fln> ebh (Al,...,fln) given by

FAed) = Yt AT A

mi,...,Mn=>0
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we define the action of the disentangling map on
f ([11,...,]1”) c D(Al,...,fln>
to be

(2.14) Ty f (Al, o ,An)

o0

= > T (P (A A)).

mi,...,Mp=>0

-----

As is customary, we shall write 7, ., f in place of 7,, . ., (f) for an
element f of D (fll, e ,len). We will also, in the sequel, use the nota-

tion 77 for the n-tuple (p1,...,u,) of measures and we will use T; [ or
fz (A1,..., Ap) to denote 7, 4, f- The next proposition will assure us
that the sum (2.14) makes sense. We will state the proposition without
proof and refer the reader to [5] or [15] for its proof.

Proposition 2.3. (1) The series (2.14) converges absolutely in the uni-
form operator topology of L(X), for all

F(Are Ag) €D (A1, Ay).
(2) Tpy,...pn 15 @ linear map from D (Al, e ,fln) into L(X).
(3) For all f (Al,...,fln) eD ([11,...,[1”>, we have

(2.15) H%l,...,pnf (1‘117--'“‘1”) ’c(x) = Hf (Al""’A”)HD(A,...,A”)'

In fact,
(2.16) [T = 1.

In the following section we will develop an integral representation of the

disentangling of a function f (1211, .. .,An) by using the classical Cauchy

Integral Formula from several complex variables. It will be seen that the
disentangling of f can be represented by a contour integral of f against the
disentangling of the Cauchy kernel.

3. Using Cauchy’s integral formula to re-express

disentanglings
Let Ay,..., A, € £(X) be nonzero linear operators on the Banach space
X. Associate to each operator A;, j = 1,...,n, a continuous Borel proba-

bility measure p; on the interval [0,7], T > 0. Construct, as in Section 2.1,
the commutative Banach algebras A (||A1]],..., ||An|) and D (1211, . ,fln> .
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We begin with some simple observations. First, we recall from (2.5) that

~\7
(%)
for/ € Nand j = 1,...,n. This tells us that the spectral radius ofpjl- (flj) =
Aj eDis

spr (p}) = spr (4;) = lim H(Ajy

= 1145112
D

1/¢
= elim 145 1lccxy = 1A,
D — 00

l—o0

It follows that
spr (Aj) > spr (A;)
for each j = 1,...,n and so 0 (4;) C o (flj> or p (flj) C p(4;) (where,

for an operator B, o(B) denotes its spectrum and p(B) its resolvent set)
for each j = 1,...,n. (Here and below we suppress the use of pﬁ and will

instead write flg)
We will be interested in the function

(3.1) h(gl,...,gn;Al,...,An) — b (gl —Al)_l-u (5n—An)_l.

In particular, we wish to determine the set of (&1,...,&,) in C" for which
h € D. In view of the previous paragraph we must choose £1,...,&, € C
such that

(3:2) 61> A, = 14ilece)

for j =1,...,n. For such &1,...,&, we have

h(gl,...,gn;ﬁl,...,ﬁn) — £ (fl—Al)_l--.(gn—An>_l

R

mi o .. Mn
mi,...,mp=0 1 gn
since
i) 4
(3.3) i = !
&l [

for j = 1,...,n. Hence, given any n-tuple ({i,...,&,) € C" with [§;] >

145 2y we bhave h (51, b AL ,An) eD (211, N .,An>. Said differ-
ently,

h(-;fll,...,fln> :p<A1> ><~-><p(f~1n>—>]D)(f~11,...,f~1n>.

As a function on p ([11> X oo Xp (fln>, h is clearly continuous.
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To accommodate the use of h (51, v Eng 1211, e ,fln> in the operational

calculus, we need a construction that allows us to use functions analytic on
any polydisk containing

(3.4) Po:={(21,-- - 2n) ¢ || < ||Ajllex), 5 =1,...,n}.
We start by choosing sequences {ﬁj,k}zozp j=1,...,n, of strictly decreasing
positive real numbers for which
(3.5) lim € = 0.
k—o00
Using these sequences, define positive real numbers 71 g, ..., 7,1 by
(3.6) ik = [1Ajllcx) + €k
for 5 =1,...,n. Use these numbers to define closed polydisks P, k € N:
(3.7) Pyi={(z1,...,20) €C"t |2z5| <mjp, G =1,...,n}.

Since the sequences {€; 1}, ; are decreasing for each j, the closed polydisks
Py, form a decreasing family, Py, C Py for all k, and so the corresponding
commutative Banach algebras

(3.8) Ap=A(rig. .. Tng)
form an increasing family:
(3.9) Al CAy Co - CAL C Ay Co- CA(JAL-- - [[ARD -

Now that we have our family {Ax}7”; of commutative Banach algebras, we
can easily obtain the corresponding family {Dy};-, of disentangling alge-
bras. This is done by replacing the indeterminates z1,..., z, for f € Ay by
the formal objects Ay, ... A, respectively. We have, of course, Dy = Ay
(they are isometrically isomorphic) for all k£ € N.

Now, given k,l € N, with & < [, we define g, : Ay — A; by gi(f) =
flp,- Clearly gy is linear and because our sequences {7 }r- ; of weights are
decreasing, it follows that

(3.10) g () law = IR llay < (1 f ]l

Hence gj; is continuous for k,l € N, k < [. We therefore have a inductive
system (A, gx;) and we define

the inductive limit of the increasing family {Ax} of Banach algebras. It
is well-known that A, is an algebra and it is clear that for f € A, f
is analytic on a polydisk containing the closed polydisk Py. Further, for
f € A, there is obviously a least positive integer ko such that f € Ay, and,
of course, f € Ay for all k > k.

As for the disentangling algebras Dy, Do, ..., we repeat the construction
above to obtain an increasing family {Dj},-, of commutative Banach alge-
bras, the maps gj; : D — ID; and the inductive limit algebra Dy.
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We now define the disentangling map on the inductive limit algebra Dy.
Given f € Do, there is a least positive integer ko such that f € Dy,.
As observed above in regard to the algebras Ap, it is clear that f € Dy
for all £ > kg. Given any k € N, we denote by ’Z;flk)un the “standard”

disentangling map from Dy, into £(X) (defined in Definition 2.2 above).

Definition 3.1. Given f € D, let kg € N be the least integer for which
[ € Dy,. Define 7, : Doy — L(X) by

k
(3.12) Tof =T, f=T0VF.
Remark 3.2. This definition gives the same operator for every k > kg as
f is analytic on every P with k > kg and so the disentangling series is the
same for every k > k.

It follows at once from Proposition 5.6 of [1] that, because ,];L(f;)/tn is
continuous from each Dy, into £(X), 75 is continuous from Do, into £(X).
It is obvious that 75, is linear.

With the inductive limit constructions done and the proper definition of
the analogue of the disentangling map defined, we turn to the calculations
that will lead us to our representation of the disentangling using the classical
Cauchy Integral Formula from several complex variables. Given f € D,
let ko be the smallest positive integer for which f € Dy,. Write

(3.13) f <A1, . ,fln) = i A ...;mim (Al)ml (An)mn

mi,...,Mn=

on the polydisk Pj,. Via Cauchy’s Integral Formula for derivatives we may
write

am17'~-7mn -

(2mi) ™" / / Fl&, &) &M g ey - dey.

[§11=71,kq [€n =7, kg
We can therefore write

o0

Tef= Y. [<2m'>" [ [ raeegme

mi,...,Mp=>0

[E11=T1,kg  |énl=Tn kg
&g - dfn] > / Cr(m) (8x(m)) * ** Cr(1)(Sx(1))"
ﬂ'ESmAm(w)

(:Lﬂlnl Koo X /J’:znn) (dsla" : 7d5m)‘

Provided that we can establish the validity of interchanging the sum over
mi,...,my, € NU{0} and the integral over the boundary of the polydisk
Py,, we may rewrite 7, f as
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Tﬁf:(27”)_n / / f(glaagn)fflggl
l€1l=r1,kg  1&n|=Tn,kg
Z gl_ml T grjmn Z / CTr(m) (Sﬂ(m)) U Cﬂ'(l) (Sw(l))

mi,...,Mp=0 WGSmAm(W)

(MTl X X MZL”) (d517"'7d8m)d€1 o dg’rl

To continue further, we define symbols C’f and C’§ by modifying (2.11) and
(2.13), respectively, to

ﬁfs) if je{1,...,m}

As(s) ¢ .
(3.14) C’f(s) — a; Vit je{mi+1,...,m +ma}

A~27(LS) ifje{m+---+mp_1+1,...,m}
and

iy T m
(3.15) C’f-(s) — ) & ifje{m +1,...,m +may}

¢ fje{m+-+mpa+1....m}.
Of course, we must have &i,...,&, € C\{0}. We can, using the C’f just

defined, write

(3.16) T f = (2mi) ™" / / Flé, . &)t 60

|£1‘:T1,7€0 |£’ﬂ|:rn,k0

o0
¢ ¢
> > / Crmy (xm)) -+ Oy (871

m1,e..,Mp=0 TI'ESmA ()

(™ x oo x ) (dsy, ..., dsy)dEy - - - dép.

At this point we ask ourselves what function has a disentangling equal to
e}
£ £
BI) 3 Y [ ) Casn)
m1,...,Mp=0 WESmAm(ﬂ')

(™ x oo x ) (dsy, ..., ds)
and is such that the contour integral in (3.16) makes sense. Consider the
function h (fl, R - Ay, ... ,fln> defined by

(3.18) h(gl,...,gn;ﬁl,...,,in> £ (51 —/11)_1--- (gn—An>_1
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for |§;| = 7rjre, 7 = 1,...,n. In view of the discussion at the start of
this section, h as defined is analytic on any polydisk containing Py because

& € p(A;) for j = 1,...,n. It is routine to calculate the disentangling of
the function h; however, to ensure convergence of the contour integral, we

apply the disentangling map ’TgOH) to h to obtain

(ko+1), _ S 3 3
Tﬁ v h= Z Z / Cw(m)(sﬂ(m)) o Cﬂ(l)(sﬂ(l))'
mi,...,mMn=0 WGSmAm(W)

(B - ) (ds, - )

Hence

(319) T f = (2mi) ™" / / e ) T

H "
l€11=r1,kg  |€nl=Tn kg
-1 -1
((a—A) (6= An) )der- e
Note that for any k,l € N, we have

(- 5) " (o2

=T

(a-a) - (e-4) )

==

for &; Gp(flj),jzl,...,n.
Remark 3.3. The reason that we apply the disentangling map
k
T Dy 1 — L(X)

to the Cauchy kernel is due to the norm on the disentangling algebras.
Indeed, on Dy, we have

[CEENRCEP AN
Joee 5 (B (2)

Dy,
0 ',"ml e Tm”
- - 1,k k
mi,...,mn=0 1 n
If|&i| =714k, [€n] = Tnk, €., if we're on the boundary of the polydisk P,

then this series fails to converge. Further, by disentangling with the index
ko + 1, we obtain the inequality ||T—l5>k0)fH < |[fllpy,- (See Proposition 3.5
below.) Finally, using the index ko + 1 on the disentangling of the Cauchy
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kernel does not effect the disentangling of the kernel and, as long as the index
is larger than kg, there is no effect on the conclusion of Proposition 3.5.

All that remains to be done in order to show that (3.19) is the disentan-
gling of f € Dy, is to verify that we can indeed interchange the sum over
mi,...,my € NU{0} and the contour integral around the boundary of the
polydisk in question (Pj,). The tool we use for this task is the vector version
of Corollary 12.33 of [4]. The scalar version is stated here.

Corollary (Corollary 12.33 of [4]). Let {fn} be a sequence of C-valued mea-
surable functions on the measure space (2, A, 1) such that

o0
D o lfal € LN (Qp)
n=1
or, equivalently,

Z/ | fnl dpt < o0,
n=1 Q

Then Y02 | fn € L' (Q, 1) and

/| @jlf) duzg/ﬂfndu-

In our setting we take, for the sequence {f,},

gm1,...,mn (517 e 7§n) = f(éh s 7671) 51_1 o fr?l

3 3
Z / Cﬂ(m)(sw(m)) o 'Cﬂ(l)(sw(l))
WESmAm(ﬂ.)

(™ x oot (dsy, - .., dSi).

It is clear that g, ... m, is continuous on the boundary

{1, &) &l =Tjkes G=1,...,n}
of the polydisk Py, for all my,...,m,. Since

S [ [ e 8 der s,

mi,...,Mn=0
L= =r1 kg 1€nl=rn,k,

is the disentangling series for f € Dy, it is norm convergent in £(X). The
sum—integral interchange follows at once from the (obvious) vector-valued
version of the corollary stated above.

The discussion above is summarized in the following theorem.

Theorem 3.4. Let Do, be as constructed above. For f € D, let kg € N be
the least integer such that f € Dy,. Then

e T (6 2) - 1))
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is Bochner integrable on the boundary of Py, and we have

Tof = T8 0 f =T = furun (A1, An)

M1, shm

—em [ [ e g T

|£1|:r1,k0 |£n|:Tn,k0

(620" o) s

It is clear that the same result obtains for any k > ko.

Proof. The only part of the theorem that needs proof is the assertion
SN | .|

that f(&1,...,&n) T_/SkOH) (({1 — A1> e (fn — An) ) is Bochner inte-

grable. But this is clear since f is continuous on the boundary of Py, and

(ko+1) i)' i \7h
Tﬁ ((51 - A1> e ({n — An) ) is a bounded operator. Hence the
contour integral of the scalar function

e -7 (6 2) (62

around the boundary of Py, is finite and so

f&,. &)1 kOH) <(§1 - 1211)_1 o <§” - A”) _1)

is Bochner integrable as claimed. (See Theorem 2, page 45 of [2].) O

It is natural to ask if representing the disentangling using the disentan-
gling of the Cauchy kernel causes the disentangling map to be other than a
contraction. The answer is “no” as is seen in the following proposition.

Tl oy < W, = 15y,

Proof. Let f € Dy. Let kg € N be the least integer such that f € Dy,. We
calculate as follows:

5 140

Proposition 3.5. For f € Dy,

eriy [ [ g

l11=r1g  [&nl=Tn kg
Tékoﬂ) ((51 _ 1211)71 .. <£n _ An>1> e, - - - dé,
L(X

) o (ko+1)
(2mi) 7

£(X) 1€11=71,kq &0 |=7n,kq
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(f(fl,...,fm (6-4) (fn—An)_1>d§1---dfn

Tg“O“)((Qm')—” / / F(&s i 6n)

|£1|:T1,k0 ‘Sn =Tn ko

(6-4) (60— 4) der- --d£n>

\Tgom f (Al, o ,An) .

L(X)

®)

L(X)

©

o < 1y, <1,

Equality (a) follows from the linearity of the disentangling map. Equality
(b) follows from the argument above that shows that we can interchange

the contour integral and the sum over mq,...,m,. Also, note that we can
apply T_ﬁ)koﬂ) to the contour integral representing f at this point since Dy, C

Dko+1. Equality (c) follows from Cauchy’s Integral Formula. The second to
the last inequality is due to the fact that T ) is a linear contraction for

every k € N and the last inequality is due to the fact that the sequences
{7jk}ren of weights are (strictly) decreasing. O

It is striking that the representation obtained in Theorem 3.4 tells us that
we can obtain the disentangling of a function f € D, by integrating this
function against the disentangling of the standard Cauchy kernel around
the boundary of a polydisk. Upon some reflection, this type of represen-
tation seems very natural in view of the Cauchy representation of analytic
functions.

4. An application of the Cauchy representation of
Feynman’s operational calculus

We can use the representation of Feynman’s operational calculus (in the
time-independent setting) obtained above in Theorem 3.4 to obtain a “differ-
ential calculus” for the operational calculus. The motivation for the “partial
derivative” introduced below is the Cauchy representation for the partial de-
rivative of an analytic function of several variables. Indeed, given a function
g(z1,...,2y) that is analytic on the open polydisk P with radii r1,...,m,

and continuous on its boundary, we can write, for (ci,...,¢c,) € P,
dg 1 -1
8723'(61,...,0”)— (27_(_7/)” 9(5177671) (51—61)

|€1]=m1 |n|=rn

(&1 = ¢i—1) T (& =) P (G — i) (G — )N dEr - dEn
We use this idea to define the “derivative” d4; f7 (A1, ..., Ay) of the disen-
tangled operator f5 (A1,..., An).
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Definition 4.1. Given f € D, let kg be the smallest positive integer such
that f € Dy,. Define, for each j =1,...,n, da, f7 (41,...,45n) by

(4.1) 64, fz (A1, Ag) = (2m0) " / / FErn )

1€1]=71,% [én]="n &
0 0

o (=) () (- 4)
(§j+1 — Ajﬂ)il e (fn - An>l> dgy - --dé,
Proceeding exactly as in the proof of Proposition 3.5, we have:

Proposition 4.2. For f € Dy and for any j =1,...,n,

of

lon i G Al < 5]

where kg is the least integer for which f € Dy, .
The basic properties of 04, are given in the next proposition.

Proposition 4.3. Let f,g € Dy and let kg be the smallest positive integer
for which f,g € Dy,. Let o, 3 € C.

(1) 04, is linear:

(4.2) 04, [afﬁ(Al,...,An)—|—Bgﬁ>(A1,...,An)]
:Oé(SAjfﬁ (Ala"'aAn)—i_/B(sAjgﬁ (Ala"'aA’fL)'
forj=1,...,n
(2) 04, satisfies the Leibniz rule:
(4.3) 4, [fﬁ»(Al,...,An)gﬁ»(Al,...7An)]
= (0a;f7 (A1, An)) g (A1y .o, A)
+fﬁ (AlaaAn) (614]9? (AlvyAn))
forj=1,...,n

The proof of this proposition will be delayed so that we can establish some
necessary machinery. We first note that, for any fixed j,

(4.4) lim (6 (4 Wf>>_1 ~(6-4) ) = (& - 4) -

w|0 w

Remark 4.4. A one-sided limit is used above for reasons that will become
clear as we proceed.
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We would like to be able to write (where the limit is taken in the norm
topology on £(X))

(45) 5Ajfﬁ) (Al) Tty AN)
= lim—( - (Al,... ,Aj_l,Aj —wI,Aj_H,...,An)
— fz (A1, An)).

Before we can establish this formula, we must make sure that, when choosing
f € Do, we are able to make mathematical sense of

f(zzh,. . .,Aj_l,/Ij —wjz,fle, e ,An)

for small w (since we are letting w tend to zero). We will work with the
algebras A(). As always, for f € A, there is a smallest integer ko such
that f € Ay,. We start by choosing wy > 0 so that

(4.6) 1ike > 1% =114 —wolll + €k
> (|45l — wo + €500 = Tk — W0 > Tjko+1-
It follows that

(4.7) Agy = A(T1kgs - Tnko)

wo
- A (rl,kou ce oy Ti—1 ko> Tj’k07rj+1,k07 ) 7,n,ko)
c A (rl,koy sy Tj—1koy Tj kg — WO Tj41,kos -+ - » Tn,k‘o)
g Ak0+1

It is due to this chain of inclusions that we use the limit w | 0 above in (4.4).
For any w for which the preceding chain of inclusions holds, in particular
for any w < wq, we have

w
(4.8) f S Ako CcCA (7“17]{0, . ’rj*l’ko’rj,%o’ Ti+1 ks« - - 7Tn,k0> .

Because of the identification of the algebras A and Dy, it makes sense to
consider, for any w < wg, the element

F(Ave Ajr, Ay = wlL Ay, Ay) € D)
where D(w) denotes the disentangling algebra corresponding to
A(Tl’ko, e T ko s T‘;jk()?rrj_l’_l’ko, e Tn,ko)
for f € Dy,. The disentangling of f(/il, e ,flj_l,flj —wl, Aj+1, . ,An),
f €Dy, is

(49) fﬁ (Al, ce 7Aj—17Aj - wI,Aj+1, ‘e 7An)

= (2mi)™" / / FlEn. . 60 ko +1) <<§1 B A1>—1 N

"
[€11=71,kq 1€n|="n,kq
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(gjfl - 1‘1171)71 <€j - [[1]. - WINDA <§j+1 - AjJrl)il e (§n - An>1)
d¢y - - - dé,,.

Next, we want to establish that

(410) E?& Hfﬁ (Al, ce ,Aj_l,Aj - wI,Aj_H, PN ,An)

_fﬁ (Al, . ,Aj_l, Aj,Aj_H, e ’An)HL(X) =0.
All that we need to do to obtain this limit is to appeal to the definition
of the disentangling map and use the time independence of the operators.
Indeed, we can easily obtain

(- )

-1

.. CT(:") _ Cﬂ(m) .. Cﬂ(l)”g(x)

(7™ X pg'™) (Am(T))

where C](-w) denotes the operators in the disentangling of the version of the

Cauchy kernel containing flj — wl. Tt is clear that the norm difference in
the sum over .S, that appears in the second to last line of the above display
goes to zero as w | 0 since the norm on L£(X) is continuous. Using the
Dominated Convergence Theorem, we obtain

o

(4.11) E% Z ‘fl_ml_l o gmnl

mi,...,mMn=0

2|

7T€Sm

(w) (@ _ e
Crrmy =" Oy ~ Crm) C”(I)HL(X)

(1™ e X ') (A(7)) = 0.
It therefore follows, again by the Dominated Convergence Theorem, that
(412) B?Ol Hfﬁ (Al, ce 7Aj—17Aj - wI, Aj+1, cee 7An) —

fﬁ (Al,...,Aj_l,Aj,Aj+1,... =0.

aAn)“ﬂ(X)
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With the discussion just above completed, we can verify (4.5) by calcu-
lating as follows, using the definition of d4; .

oa; [ (A1, An)
= (2mi) " / / F&r, .., &) T_(}koJrl) ((51 _ ;h)—l -

l11=r1,kg  [&nl=Tn kg '
(@'71 - fljfl)il (fj - 41)72 (€j+1 - Aj+1)71 o <«Sn - fln)1>
= (2mi) ™" / - / & &) T
€1=r1hg  1Enl=Tmk

((51 SA) (g A)
(6= (i) "6 )

lim
wl0

(01— An) " (= An) ) der e,

(;) lim l [(27”')_” / - / f (517 o ’gn) T(koJrl)

w|0 w
[E1l=r16y  1&n|=Tn kg

((6-a) " () " (o (A1)
(60— Asn) (60— An)_1>d& g,
ORI ISR VI CRINCAE S

l€11=r1,kg  [&nl=Tn kg
((51 - fh)_l e <Ej—1 - flj—1>_1 <€j - /L) B
(61— Ajn) - (6 - An)_l>d51 . -dgn]
- hml[# (A, Ay, Ay — wl, Ajay, .. Ay)

- fﬁ (Aly' . 'aAj—lvAj)Aj-‘rla s 7An)i|
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where equality (x) follows easily from the dominated convergence theorem
and the linearity of the disentangling map. Finally, the last equality just
above follows from (4.9). We see, then, that (4.5) holds as claimed.

The proof of Proposition 4.3 is now straightforward.

Proof of Proposition 4.3. The proof of item (1) is obvious. For the proof
of item (2), the Leibniz property for d4,, j = 1,...,n, we proceed much as
one does in elementary calculus. For simplicity of notation we execute the
proof for j = 1 as the proof for arbitrary j will be identical except for the
obvious changes in notation. Given f,g € Dy let kg be the least positive
integer such that f,g € Dy,. (It should be noted here, however, that the
notation we are using suppresses the role of Dy, in the calculation below.)
We calculate as shown below, appealing to (4.5) and (4.12) in the first and
fourth equalities below:

5A1 [fﬁ (Al,...,An)gﬁ (Al,,An)]
1
— [fﬁ (Al*WI,AQ,...,An)gﬁ (A1 *(A}I,AQ,...,An)
_fﬁ) (A17A27"')An)gﬁ) (A17A27"-)An)]
.1
:gma [fﬁ» (A1 —wl, Ag, .o Ap) g (A1 —wl, Ag, ..o Ay)
—fﬁ (A1 —WI,AQ,...,An)gﬁ (Al,AQ,...,An)
—l—fﬁ (A1 —WI,AQ,...,An)gﬁ (Al,AQ,...,An)
_fﬁ (14171427"')1471)gﬂ> (A17A27"')An):|
:g?&fﬁ(Al—wI,Ag,...,An)

w

1
{ (gﬁ(Al—wI,AQ,...,An)—gﬁ(Al,Ag,...,An)>}+

. 1
E%{w (fﬁ (A1 —wl, Ag, .. Ay) — [ (A1,A2,...,An))}
g (A1, Ag, .. Ay)
= fz (A1, Az, A) [0a,97 (A1, As, . Ay)]
+|:5A1fﬁ) (A17A27'~-7An)] gﬁ’ (Al,AQ,...7An) ‘:’

With the basic properties of d4; put down, we can define higher order
“derivatives”, or iterations of d4;.

Definition 4.5. Given f € Dy, we define d4, [5Aifﬁ (Ay,... ,An)] by
a; [64,f7 (AL, ..., Ay)]

RN |
—6Aj{<2m'>" [ AR IR < ((a ~A)

[€11=71,k [€nl="n, kg



484 LANCE NIELSEN

(61 A) " (6 2) o) (e 2) )

dfl - dgn}
= (2mi) ™" / / f(@,...,f@fé’foﬂ) <(§1 —Al>_1---
[E1l=r1kg  16n]=Tn kg

({z‘—1 - x‘iz‘—1>_1 <€z‘ - x‘L')_Q <€i+1 - z‘ii+1>_1 e (§j—1 - Aj—l)_l
(6-4) " (G- Am) (- A) ey

where we’ve assumed that j > i for notational simplicity. The corresponding
definitions for j < i and j = ¢ are obvious. Further, kg is, as usual, the least
positive integer for which f € Dy, .

Remark 4.6. It is clear from Definition 4.5 how to iterate d4, to any order.
In fact, we can state the following proposition concerning the commutativity
of the iteration of d4;.

Proposition 4.7. Given f € Do, we have
(4.13) 514]' [5A¢fﬁ (Aq,... ,An)] =04, [5Ajfﬁ (Ay,... ,An)}
fori,je{l,...,n}.

Proof. The proof is accomplished by using Definition 4.5 on both sides of
(4.13) and observing that the expressions obtained are identical. ]

We now turn our attention to the exponential function; i.e., to the dis-
entangling of the exponential function. From elementary calculus, we know
that the derivative of the exponential function is itself. Such a statement is
true for the disentangled exponential function as is seen from the following
proposition.

Proposition 4.8. For the entire function

f(z1,zn) =exp(z1+ -+ 2p)

we have
(4.14) 5Aj [fﬁ (Al,...,An)] :fﬁ (Ay,...,Ap)
for any j =1,...,n. Further, any iterate of 04, returns the same result.

Proof. First, it is clear that, because f is an entire function, f € Dg.

Indeed, f € Dy for all kK € N and also f € D (Al,...,An>, the “base”
algebra. We will carry out the proof of this proposition for j = 1; the proof
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for any other j is a simple and obvious change in notation. We have, by
definition of §4, and because f € D (/Nll, e fln>,

(4.15)

S [f (A1, An)]

= (2m)™" / / exp (& + -+ + &) T

v
l&il=rie  lEnl=rnk
((6-a) " (- a) " (6= An) )y
— (2ri)" / - / exp (b1 + -+ &) T
[€1]=r1,k |n|="n K

< S gt () (1) An)mn>

mi1=1;ma,...,my=0

o0

- > ml{(m)—" / / exp (&1 + -+ +&n)
mi1=1;ma,...;mn=0 €1 ]=r1 & |&n|=Trn.k

gt g ldg dén}

> / Crm—1) (Sr(m—1)) =+ Cr(a) (50 (17" 7 % - x )
WESm*lAmfl(ﬂ')

- i ((m1—1)!;@2!..-mn!) >

mi1=1;ma,...,mp=0 TESmy —1+mog+t-+mn

(dsl, e ,dSmfl)

/ Cﬂ(ml—1+m2+'"+’mn)(Sﬂ'(ml—1+m2+...+mn))
Ay —ttmgtertmn (7)
a Cﬂ'(l)(sﬂ'(l)) (MT1—1 XX :U’Zln) (dsla cee 7d8m1—1+m2+--.+mn)
. 1
- Z myl - my! Z / Cﬂ(m)(sw(m)) e CW(1)(SW(1))-

mi,...,mp=0

’ WGSmAm ()

(™ x oo ™) (dsy, - .., dS)

— [ (A, A
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Finally, the last comment of the proposition concerning the result of any
iterate of d4; is simply Proposition 4.7. O

We conclude with some examples to show that 64, acts as expected when
applied to disentangled monomials/polynomials. These examples also illus-
trate how the Cauchy representation of the disentangling works for some
simple, easy to calculate, disentanglings.

Example 4.9. We consider here the constant function f(z1,...,2,) = a,
for a € C. Of course, for any choices of the measures p1, ..., u, we have
fz (A1, ..., Ay) = a. We would expect that d4, f7(A1, ..., Ay) = 0. To see
that this is indeed the case, we calculate d4, f (Aq,...,A,); the calculation
for 64, f77 (A1,..., Ap) is the same. We have, for any k € N:

Sy for (A1, Ay)
= (2mi)™" / e / aT_l(ZkJrl) ((fl — Al)_z <§2 — AQ)_l e

[&1l=rie  l&nl=rnk

(6 4) " )a s,

_ oy {(2772')" // aéfml_l"fnm"1d§1~-d€n}

=1; =0
mi 3M2,...,Mn |£1|:T1,k ‘fnlzTn,k

my Y / Crim-1)(Sx(m-1)) ** '@(1)(%(1))(#?171 Xoeee X Mnm")
7€Sm-1n,” ()
(ds1,...,dsm—1)
=0

since, for m; > 1 and msy, ..., m, > 0 we have

(2mi) ™™ / / agfml_l---ggm“*1d§1---dgn:0.

[€1]=r1,% |én]="n k

Example 4.10. We consider here the case where n = 2 and f (z1,22) =
2229. We let yy and g be any continuous probability measures on [0, T]. We
will calculate 64, fyu, s (A1, A2). Because the disentangling f,, ., (A1, A2)
is linear in Ay, we would expect that the “derivative” da, fiu, uo (A1, A2) will
not involve A, at all. We have, for any k € N,

6142 f#17N2 (Alv AQ)

o0

= > Jem [ [ gmtigraad

=0.ma=1
m=time |€1]=r1,k |€2|=T2,k
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2 Z / Cﬁ(m1+m2—1)(sw(m1+m2—1))

WESm1+m271Aml+m2_l(ﬂ_)

- Cry(8r(1)) (u’f“ X ph?T 1) (dsi,. .., dSmytmy—1)

=2 Z / =2)Cr1) (1 1) (ds1,ds2)
7r652A (ﬂ.)
=2 (AT ({s1 < s2}) + ATpf ({52 < 51}))
=243
since the only nonzero terms in the sum are for m; = 1 and mo = 2 and

since p is a probability measure. Further, when m; = 1 and my = 2, both
operators Cyr (o) and Cr(y) are equal to Ay, for both permutations in Ss.

Example 4.11. For this example we stay with the same function as that
used in the preceding example but we calculate d 4, fu; u, (A1, A2). We would
assume, since the function is quadratic in 21, that 04, fu, u, (A1, A2) will be
linear in both A; and As. For any k € N we have

6141 ful,,uz (Alv AQ)

= Z (271.2‘)—2 / / £;m1+155m2d£1dfg

[§11=71,k [€2]=r2,k

S Z / Cﬂ(m1*1+m2)(87r(m171+m2))

7|-esml_H_mQAwu*HmQ ()

. Cﬂ(l)(Sﬂ(I)) . (u;nl_l X ,u;nz) (dsl, . ,d8m1_1+m2)

=2 Z / Cr2)Cr1y (11 X p2) (ds1, dsz)
TFGSQAQ(W)

=2(A1 4z (1 x p2) ({s1 < s2}) + A2 A1 (1 X p2) ({52 < s1}))

since the only nonzero terms of the sum are for m; = 2 and mo = 1. In this
instance, one of the operators Cr ;) is A1 and the other is Ay in both terms
of the sum over Ss.
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