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An acylindricity theorem for the mapping
class group

Kenneth J. Shackleton

ABSTRACT. We study the action of the mapping class group of a sur-
face on the 1-skeleton of Harvey’s curve complex from a computational
perspective. With the appropriate quantification, we find that the num-
ber of mapping classes moving a long geodesic path a small distance
is explicitly bounded in terms of certain intersection numbers and the
topological type of the surface.
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1. Introduction

Let ¥ be a compact, connected and orientable surface of genus g(3) with
#0Y. boundary components. In [6], Harvey associates to ¥ a simplicial
complex C(X) called the curve complexr. As well as encoding some of the
asymptotic geometry of the Teichmiiller metric, the curve complex plays
a central role in the celebrated proof of Minsky and his collaborators of
Thurston’s ending lamination conjecture [11, 3]. A key step in their strategy
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is a theorem of Masur—Minsky’s [9], that every curve graph is hyperbolic in
the sense of Gromov.

The curve complex is constructed as follows. We say that a simple loop
on X is trivial if it bounds a disc and peripheral if it bounds an annulus
containing one component of 0%. Let X (X) be the set of all free homotopy
classes of non-trivial and non-peripheral simple loops on Y. The elements of
X (X) are referred to as curves. We take the vertex set of C(X) to be X ()
and deem a family of pairwise distinct curves to span a simplex if and only
if any two of its curves admit disjoint representatives. Any maximal set of
pairwise distinct and pairwise disjoint curves has cardinality

£(X) := max{3g(X) + #0%X — 3,0}.

With the exception of only seven cases, namely either Y is a sphere and
#03 < 4 or ¥ is a torus and #9¥ < 1, the set X(X) is non-empty and
the curve complex is connected. For these non-exceptional cases, it can be
verified that the simplicial dimension of C(X) is equal to £(X) — 1. We see
that ¥ is in fact non-exceptional if and only if £(3) > 2.

When this is the case, the curve complex can be endowed with the canon-
ical path-metric by first declaring each edge to have length equal to 1 and
then by taking euclidean simplices. All that is important in this paper is the
1-skeleton of the curve complex, denoted G(X), which in its own canonical
path-metric is quasi-isometric to C(X) via the natural inclusion. We refer
to the simplicial graph G(X) as the curve graph of X. All distances will be
taken in this graph, whose own canonical metric we will denote by d. We
remark that the curve graph is nowhere locally finite and, when £(X) > 3,
between two vertices of distance at least 2 there often exist infinitely many
geodesic paths.

The mapping class group of ¥, denoted Map(X), we define as the group of
all self-homeomorphisms of 3 modulo the normal subgroup of those homeo-
morphisms homotopic to the identity. This group has a natural cocompact
action on the curve graph and this has been exploited by numerous authors
in numerous ways; see [5] or [7] by way of example.

The purpose of this paper is to prove a new theorem regarding the nature
of this action. There have been at least two studies along these lines already,
beginning with the work of Bestvina—Fujiwara [1] who, prompted by an
argument of Luo’s sketched immediately after Proposition 4.6 of [9] and
itself a moderate simplification of an argument of Kobayashi’s [8], establish
a certain “weak proper discontinuity (WPD)” property. Bestvina—Fujiwara
[1] use this to prove that the dimension of the second bounded cohomology of
the mapping class group, and any one of its non-virtually abelian subgroups,
is infinite.

Inspired by their arguments, Bowditch [2] proves the acylindricity of this
action: the set of all mapping classes moving a “long” geodesic a “small”
distance has cardinality uniformly bounded in terms of the topology of the
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surface. This is stronger than WPD, where instead this set is assumed to
be finite and where one end of the geodesic is the image of the other under
a pseudo-Anosov mapping class raised to a sufficiently high power. Many
of the interesting groups that admit an acylindrical or WPD action on a
hyperbolic metric space necessarily contain free groups of rank 2 and thus
of arbitrarily high rank; see [4].

At some stage both proofs from [1] and [2] make essential use of passing
from a sequence of curves to a limiting lamination to ultimately derive a
contradiction and, as such, all the information found this way would appear
to be non-computable. The main result of this paper may be viewed as a
computational alternative to the acylindricity theorem of Bowditch.

Theorem 1. Suppose ¥ is non-exceptional. There exists a computable
function F: N> — N and a constant C such that the following holds: Let
r be any mon-negative integer. Then, for any two curves o and B with
d(a, ) > (C + 2)r + 9, the number of mapping classes h € Map(X) sat-
isfying d(a, ha) < r and d(B,hB) < r is bounded above by F(i.(a,f3),r).

We remark the lower bound on d(«, 3) can likely be reduced. Even so, this
is stronger than the WPD property found by Bestvina—Fujiwara, and logi-
cally independent of Bowditch’s acylindricity theorem: While our bound on
the number of mapping classes does depend on intersection number, whereas
the bound given in Bowditch’s acylindricity theorem does not, in contrast it
is computable and our argument is entirely elementary. Of much interest is
an argument that overcomes this trade-off, yielding both computability and
uniformity simultaneously.

2. Background and definitions

We begin by recalling several definitions, the most important of which is
that of a “tight multigeodesic” after Masur—Minsky.

2.1. Curves and multicurves. Given any two curves « and 3, their in-
tersection number t(c, 3) is defined to be min{laNb| : a € a,b € f}. A
multicurve is a non-empty collection of pairwise distinct curves of pairwise
zero intersection number, and as such spans a simplex in the curve complex.
The intersection number of two multicurves is defined additively.

2.2. Paths and multipaths. We regard a path in the curve graph as a
non-empty sequence of vertices in which consecutive vertices span an edge.
We denote the length of a path p, defined equal to the number of vertices
less 1, by I(p). A geodesic in the curve graph is then a path whose length is
precisely the distance between its ends, or initial and terminal vertices.

A multipath (vy,...,vy,) is a finite sequence of multicurves such that
(70, --,7n) is a path for each curve ; € v; over each index ¢ € {0,...,n}.
We refer to each multicurve v; as a vertexr of the multipath, following the
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language of Masur—-Minsky. We denote the length of a multipath p, also
defined equal to the number of vertices less 1, by I(p). A multigeodesic is

a multipath (vp,...,v,) such that (yo,...,7,) is a geodesic, for each curve
vi € v; over each index i € {0,...,n}.
We say that a multipath (vg,...,v,) is k-embedded for a non-negative

integer k if, for any two indices ¢ and j with |i —j| > k, we have d(v;,7;) > k
for each curve v; € v; and each curve 7; € vj. Any k-embedded multipath
(vo,...,vn) of length at least k is locally k-geodesic, in the sense d(v;,v;) =
li —j| for |i — j| < k and any v; € v; and y; € v;. Any multigeodesic is
k-embedded for each non-negative integer k.

A multipath (v, . .., v,) is said to be k—-almost-geodesic for a non-negative
integer k if n < d(~p,vn) + k for each curve g € vy and each curve 7, € v,.

Finally, we say a set of multicurves p extends to a multipath ¢ if as sets
p C ¢. For any set of multicurves p and any subset B C X (X)), we define the
set p—B={rvep:vNB =0} Notep— B extends to p if p is a multipath.

2.3. Tight multigeodesics. The notion of a tight multigeodesic was in-
troduced by Masur—Minsky [10] to address the lack of local-finiteness in the
curve graph. Though there often exist infinitely many geodesics connecting
a pair of vertices of distance at least 2 whenever £(X) > 3, Corollary 6.4
of [10] states that the number of tight multigeodesics connecting any given
pair of vertices is always finite. A slightly weaker definition was later offered
by Bowditch in [2], where the finiteness result of Masur—Minsky is strength-
ened. In [12], the author offers computable bounds on the number of tight
multigeodesics, in either definition, connecting any pair of vertices.

We work exclusively with Masur—Minsky’s definition, recalled as follows.
For any two multicurves vy and v, connected by a multigeodesic of length
2, we realise vy and v, by transverse representatives intersecting (v, v2)
times and denote by U an open regular neighbourhood of their union whose
boundary is the union of finitely many simple loops. Attach to U all the
discs, and all the one-holed discs containing a component of 3%, comple-
mentary to U. The free homotopy class of the non-peripheral boundary
components of the resulting surface is a well-defined multicurve associated
to vy and vs, so long as we disregard multiplicity. We denote this multicurve
by (v, v2), and refer to it as the relative boundary of vy and vs. Note every
curve in d(vp, v7) is distinct and disjoint from every curve in the multicurve
vo U vs.

An example of a relative boundary v is depicted below in Figure 1.

We now recall the relevant definition of a tight multigeodesic.

Definition 2 (Masur—Minsky). A multigeodesic (vyp,...,v,) is said to be
tight at index j, for j € {1,...,n — 1}, if v; = O(vj_1,v;41). We say that
(vo,...,vy) is tight if it is tight at each such index.

Lemma 4.5 of [10] states the existence of at least one tight multigeodesic
connecting any two given vertices of the curve graph, found as follows. Sup-
pose (vg,v1,v2,v3) is a multigeodesic tight at vo. We replace v; with the
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FIGURE 1. A relative boundary, here of two curves vy and vs.
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relative boundary of 1y and v5. It is verified in the proof of Lemma 4.5
from [10] that this does not affect tightness at v, so that (9(vp, v2), v2,3)
is a tight multigeodesic. Moreover, we are free to replace vy with a sec-
ond multicurve v, without affecting tightness at v5 in any way, so long as
(v}, v1,v2,v3) is a multigeodesic. This observation is implicit in the fourth
paragraph of the proof of Lemma 4.5 from [10].

We summarise this discussion as follows:

Lemma 3 (Masur-Minsky). Let (v1,v2,v3) be a tight multigeodesic, and let
vy denote any multicurve such that (v, v1,ve,v3) is a multigeodesic. Then,
(v, O(vo, v2),v2,v3) is a tight multigeodesic.

The tightening procedure is robust, and can be applied to the vertices of
a given multigeodesic in any order to produce a tight multigeodesic with the
same ends. As is observed in [10], the tight multigeodesic that results from
tightening at each non-initial and non-terminal vertex of a geodesic path
may depend on the order in which the vertices are tightened.

As we see in this paper, the tightening procedure can be generalised to
accept a larger collection of multipaths. While we also have to keep in
mind the technical difficulties of working with multicurves, and not just sin-
gle curves, the main issue is the multipath that results from tightening a
3-embedded multipath at a single vertex might not be 3-embedded. This,
however, presents the opportunity to shortcut the resulting multipath. Com-
bining the two operations of tightening and shortcutting, we have a finite-
time algorithm which returns a tight and 3-embedded multipath sharing the
same ending vertices as the input multipath. What is more, “much” of the
original multipath will remain intact if it happens to be geodesic and tight
over much of its length. The full details of this procedure amount to the
proof of Lemma 4 in Section 3.

2.4. Hyperbolicity. We recall two definitions from [13]. A metric space
(X,d) is c-hyperbolic for some non-negative real number c if for any ge-
odesic triangle the closed c-neighbourhood of the union of any two sides
contains the third side. A subset B C X is c-quasi-convez if any two points
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of B are connected by a geodesic path entirely contained in the closed c-
neighbourhood of B.

3. Proof of Theorem 1

Let us introduce the notation B(c,r) for the ball of radius r € Z, empty if
r < 0, in the curve graph centred on the vertex a € X (X), and B(a, ;1) for
the union B(a,r) U B(f,r). Let us also introduce the notation T'(«, ) for
the set of all curves belonging to vertices of tight multigeodesics connecting
a to 3. For r a non-negative integer, we define T'(a, ;1) to be equal to the
union of all sets T'(d,~) where § € B(a,r) and v € B(3,r). For a second
non-negative integer s, we define T'(«v, 3;7,s) = T(«, 8;7) — B(a, 8; 8 — 1).

The supporting Lemma 4 offers computable bounds on the number of
curves that can lie on a tight multigeodesic, sufficiently far from its ends,
that connects two bounded subsets sufficiently far apart in the curve graph.
In what follows, let ¢ be any fixed choice of hyperbolicity constant and let
C = 61 4 1000c.

Lemma 4. Suppose ¥ is non-exceptional. There exists a computable func-
tion Fy: N> — N such that the following holds: For r any non-negative
integer and o and B any two curves, |T(«, B;r,Cr)| < Fi(«(a, B),T).

Before proving Lemma 4, let us complete the proof of Theorem 1.

Proof of Theorem 1. We start by connecting « to 8 by a tight multi-
geodesic z. For any mapping class h € Map(X) such that d(«, ha) < r and
d(B,hB) < r, the h-translate of z is a tight multigeodesic whose curves all
belong to the set T'(a, ;7). In particular, our choice of lower bound for
d(a, B) implies the existence of a pair of curves {d,n} contained in the ver-
tices of z and of distance 3 such that each of their translates by each such
mapping class h is contained in T'(«, 8;r, Cr). According to Lemma 4, the
number of such translates of either § or 7 is at most Fi(¢(«, 3),r). Com-
bining this fact with Lemma 7.4 from [2], asserting that the stabiliser in
Map(X) of a pair of curves at least distance 3 apart in the curve graph is
uniformly and explicitly bounded in terms of £(X), we complete a proof of
Theorem 1. O

To prove Lemma 4 we rely on the following theorem, a proof of which
is implicit in the proof of Proposition 1.3 from [12]. The argument found
therein proceeds by contradiction, constructing a path of length at most 2
connecting a pair of curves of distance at least 3 and as such needs only the
3-embedded property of tight multigeodesics to apply.

Theorem 5. Suppose X is non-exceptional. There exists a computable func-
tion Fy : N> — N such that the following holds: Let k denote any non-
negative integer. For any k-almost-geodesic, 3-embedded and tight multipath
(Yo, .- V), both t(vy,v;) and (v, vy) are at most Fo(u(vo, vn), k) for each
index j.
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Proof of Lemma 4. For any multigeodesic z beginning in B(«, r) and end-
ing in B(f3,r), suppose there exists a tight 2r-almost-geodesic multipath ¢
connecting « to (3, containing z — B(«, 3; Cr — 1), and which is 3-embedded.
According to Theorem 5, each vertex of ¢ has intersection number with «
and intersection number with § uniformly and explicitly bounded in terms
of the almost-geodesic parameter of ¢, and hence in terms of r, and the in-
tersection number ¢(«, 3). Each vertex of z at least distance Cr from both
« and ( thus has similarly bounded intersection number with o and with .
As a and 3 together fill X, this is enough to explicitly bound the cardinality
of T(«, B;r,Cr).

All that remains is to establish the existence of such a multipath, whose
length is at most d(«a, 3)+2r, and we do so by a careful surgery argument. To
this end we will introduce two new and non-symmetric operations between
multipaths, denoted S and T.

The operation S shortens a given multipath where it fails to be 3-embed-
ded. The operation T tightens a 3-embedded multipath at a single vertex.
When the original multipath is both geodesic and tight over much of its
length these operations tend to be localised and much of the original mul-
tipath remains intact. In particular, this is the case when our multipath is
the concatenation of a “short” multigeodesic, a “long” tight multigeodesic,
and then another short multigeodesic each ending on single curves.

The multipath that results from tightening a 3-embedded multipath once
might not be 3-embedded and will be in need of further shortening. However,
such complications only occur a bounded number of times, for path-length
strictly decreases upon each S and the number of non-tight vertices decreases
with each T. Thus our tightening procedure will soon stabilise, in fact in
linear time, at which point we have found a tight and 3-embedded multipath
connecting the same two vertices.

We now give formal definitions. For two multipaths p and p’ with common
ends we write pSp’ if there exist consecutive vertices (i, ..., pt;) of p, with
i < j — 2, and consecutive vertices (w;,...,wg) of p/, with 0 < k —i <
min{2, j —i — 1}, such that:

wi,w € X(X) are both curves;
(Wi, ..., wg) is a tight multigeodesic, called the shortcut;
w; € pi; and
Wk € Wj.

Note that the length of p is strictly greater than the length of p/, thus
p # p/, and that p’ may fail to be tight at the two vertices of p’ either
side of the shortcut (wj,...,wy) and at both w; and wi. An instance of the
operation S is depicted below in Figure 2.

For a 3-embedded multipath ¢ and a multipath ¢’ with the same ends
but distinct from ¢, we write ¢Tq if ¢’ results from tightening ¢ at a single
vertex. We note that if ¢T¢, while g is by definition 3-embedded it does not
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FIGURE 2. The multipath p’ is formed by shortcutting p, so pSp’.

follow that ¢’ is 3-embedded. If ¢T¢/, then ¢ and ¢’ have the same length
and ¢ is tight at an additional vertex.

We define a constant K = 50c+3. We fix an arbitrary non-negative integer
r, and two curves o and 3 such that d(a, 3) > 2r + 5. For a multipath p we
denote p— B(a, 3; s) by p[s] for any non-negative integer s, noting p[t] C pl[s]
whenever s < ¢.

Lemma 6. For two multipaths p and p', if p[r] extends to a multigeodesic
and pSp’ then plr + K| C p'.

Proof. Suppose otherwise, for contradiction. There then exists a vertex
v € plr+K]such that v ¢ p'. As p[r] extends to a multigeodesic, the shortcut
does not connect two curves from two distinct vertices of p[r|. Moreover v is
not contained in a multigeodesic whose ends both intersect either B(«a,r+1)
or B(#,r 4+ 1) as all balls are c-quasi-convex. It follows the shortcut does
not connect two curves in B(a,r + 1) or two curves in B(5,r + 1). The
shortcut can therefore only connect a curve from B(a,r + 1) to a curve
from B(f3,r + 1), or connect a curve from a vertex v/ € p[r] to a curve in
B(vy,r + 1) where v € {«, (3} is such that if v/ # v then v separates 1/
along p from B(v,r + 1). Now the former case is absurd, for the shortcut
has length at most 2 while every curve from B(a,r 4 1) is at least distance
d(a, B) = 2(r+1) > 2r+5—2r —2 =3 from any curve in B(5,r+1). In
the latter case, for any curve § € v and any curve §' € v/, the hyperbolicity
of the curve graph gives

d(d',y) > d(6,7) —20c>r+ K +1—20c=7r+30c+4>r+4.

In particular, ¢’ is at least distance 3 from every curve in B(y,r + 1). This
is a contradiction. O
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Lemma 7. For two multipaths p and p', if p[r] extends to a multigeodesic
and pSp’ then p'[r + 3] C p[r].

Proof. Suppose otherwise, for contradiction. Then, there exists a vertex
v € p'[r + 3] that does not belong to p[r]. In particular, v is contained
in the shortcut forming p’ from p. As p[r| extends to a multigeodesic, the
shortcut does not connect two curves from distinct vertices of p[r]. The
shortcut therefore either connects two curves in B(«, 3;7 + 1), or connects
a curve in a vertex of p[r] to a curve in B(«, 3;7 + 1). In either case we find
vNB(a, B3;7+3) is not empty and so v ¢ p'[r+3]. This is a contradiction. [

Lemma 8. For a 3-embedded multipath q and a multipath ¢, if q[r] is tight
and qTq' then q[r +1] C ¢'.

Proof. Let v be a vertex of ¢[r+1]. If v is not an initial or terminal vertex
of ¢[r] then v is the relative boundary of two vertices of ¢[r], in which case
v belongs to ¢'. If v is an initial or terminal vertex of ¢[r] then v is also an
initial or terminal vertex of ¢ and belongs to ¢'. O

Lemma 9. For a 3-embedded multipath q and a multipath ¢', if q[r] is tight
and qTq’ then ¢'[r + 1] C q[r].

Proof. Suppose otherwise, for contradiction. Then, there exists a vertex
v € ¢'[r + 1] that does not belong to ¢. Now v is the relative boundary of
two vertices of ¢ and, since ¢[r] is tight, at least one of these vertices must
have non-empty intersection with B(a, ;7). It follows v has non-empty
intersection with B(«, 3;7 + 1) and as such does not belong to ¢'[r + 1].
This is a contradiction. [l

Given two multipaths pg and p, and a finite word W = A4 --- A,,, where
A; € {S,T} foreachi € {1,...,n}, we write pg Wp,, if there exist multipaths
D1, .., Pn—1such that p,_1 A;p; for eachi € {1,...,n}. We say that the word
W is compatible with p if there exists a multipath ¢ such that pWgq.

Lemma 10. For any multipath p and any word W in {S, T} compatible
with p, if pWq for a multipath q and plr] extends to a tight multigeodesic
then plr + KI(W)] C q.

Proof. We argue by induction on word length. If W is the empty word
then [(W) is zero and ¢ = p, completing the base case. For the inductive
step, we may express W as a product UA where U is a word in {S, T} of
length {((W) — 1 and A € {S, T}. As W is compatible with p there exist
multipaths ¢ and ¢’ such that pUqg and qAq’. The inductive hypothesis
yields p[r + KI(U)] C q. As [(U) < (W) it follows

plr + KI(W)] € plr + KI(U)] C ¢.

By Lemma 7 and Lemma 9, we know ¢[r + KI(U)] extends to a tight multi-
geodesic. We may now apply Lemma 6 and Lemma 8 to find

ql(r+ KI(U)) + K] € .
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It follows p[r + KI(W)] C ¢/, completing the induction. O

We now choose any tight multigeodesic z connecting a curve in B(a,r)
to a curve in B(f3,r) and form a new multipath p by concatenating a tight
multigeodesic connecting « to the end of z in B(a, ), the tight multigeodesic
z, and a tight multigeodesic connecting the end of z in B(3,r) to 5. We take
any word W in S and T compatible with p and of maximal length among
all such words. The number of S operations appearing in the word W is at
most 4r, for the multipath p has length at most d(«, 3) + 4r, no multipath
connecting o and 8 has length strictly less than d(«, ), and length strictly
decreases with each S. Moreover, each S operation will entail at most 4
tightening operations T, for by Lemma 3 upon each S we are only ever re-
quired to tighten at the ends of the shortcutting multipath (contributing at
most two T operations) and then at the two vertices either side of the short-
cutting multipath (contributing at most two more T operations). There are
thus at most 4r x 4, or 16r, T operations in any such word W. We conclude
that the length of W is at most 4r + 167, or 20r.

Let us denote by ¢ any multipath such that pWq. As W is of maximal
length, ¢ is both tight and 3-embedded. Lemma 10 tells us every curve
belonging to a vertex of z and at distance strictly greater than r + KI(W),
or C'r, from both « and 3 also belongs to ¢. The bound offered by Theorem 5
for the vertices of g thus applies to all the corresponding vertices of z. This
concludes the proof of Lemma, 4. O
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