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Growth of solutions of a class of linear
differential equations with entire
coefficients

Saada Hamouda

ABSTRACT. In this paper we will investigate the growth of solutions of
the linear differential equation

F™ 4+ Paa(2)e "7 o Ry(2)e" f =0

where Py, ..., P,—1 are polynomials.
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Introduction

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna value
distribution theory (see [5], [6]).

For n > 2, we consider the linear differential equation

(0.1) F 4 A () f 4+ Ag(2) f=0

where Ay (2), ..., A,—1 are entire functions with Ay (z) # 0. It is well known
that all solutions of (0.1) are entire functions. A classical result, due to Wit-
tich [7], says that all solutions of (0.1) are of finite order of growth if and
only if all coefficients are polynomials. For a complete analysis of possible
orders in the polynomial case, see [3]. If some (or all) of the coefficients of
(0.1) are transcendental, a natural question is to ask when and how many

(n—1)
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linearly independent solutions of finite order may appear? Partial results
have been available since the paper of Frei [1], which says that if p is the
largest integer such that A, (z) is transcendental, then there can exist at
most p linearly independent finite order solutions of the differential equa-
tion (0.1). Recently, in a paper to appear [4], I investigated the growth of
solutions of the differential equation
(0.2) FO A, () e e Ay () € f = 0;
I proved that if Ag (z) is transcendental entire function of order o (f) = 0
and A (z),...,A,—1(2) are polynomials, then every non trivial solution
of (0.2) has infinite order. So, a natural question is to consider the case
when all A;(z), j = 0,...,n — 1, are polynomials. This question is our
investigation in this paper.

We will see that there are similarities and differences between the following
differential equations

(0.3) F™ 4 P (2) e f +--+Py(2)e*f =0,
(0-4) f+Pa () 7+ Py(2) f =0,

where Py (2) #0,...,P,_1 (2) are polynomials.

From [1], (0.3) has at least one solution of infinite order. While, (0.3)
may have a polynomial solution: for example f (z) = z is a solution of the
differential equation f” + ze*f' —e*f = 0.

As in [3], we define a strictly decreasing finite sequence of nonnegative
integers

(n—1)

(n—1)

(0.5) $1>8>->5,>0
in the following manner. We choose s; to be the unique integer satisfying
d d d d
(0.6) —— = max F_ and o> TP forall 0< k< sq;
n—s 0<k<n—1n —k n — 8§ n—=k
where d; = deg P; if P; # 0 and for convenience d; = —oc if P; = 0,
0<j<n-1.
Then given s;, j > 1, we define s;41 to be the unique integer satisfying
ds, ., —ds, dy — ds,
(0.7) I TS pax % 5 1 and
Sj — Sj+1 0<k<s; S; — k
ds, , —ds, dp—ds,
St 7 TR TS forall 0< k< sja1.
Sj — Sj+1 Sj —k

For a certain p, the integer s, will exist, but the integer s;,;1 will not exist,
and then the sequence si,s2,...,s, terminates with s,. Obviously, p < n,
and we also see that (0.5) holds.

Correspondingly, define for j =1,2,...,p,

ds; —ds;_,

0.8 aj =142 571
(0.8) j Pa—



GROWTH OF SOLUTIONS 739

where we set

(0.9) so=n and ds, =d, =0.
From (0.7) and (0.8), we observe that a; > 0 for each j, 1 < j <p.
We mention that the integers si,s2,...,s, can also expressed in the fol-
lowing manner:
. { . dj dy. }
$1=min< j: - =  max :
n—j 0<k<n—1n —k

and given s;, j > 1, we have

. . dZ - de dk’ - dS]'

Sj41 =minqi: ——— = max ———— > —1..
S;—1 0<k<s; S5 — k

We denote by n’ < n — 1 the largest integer such that P, (z) # 0 in (0.3)
in all this paper. If n’ > 1 we define, as above, a strictly decreasing finite
sequence of nonnegative integers

1> 8y >0 > 5, >0,

as follows:
dg — dy dp — d,
81,7,”: max u>—1 and
n' — sy 0<k<n’'-1 n/ — k
dy —dy di — d,y
BT S TE T forall 0< k<.

n' — s n' —k

Then given s%, j > 1, we define s/, to satisfy

Ao —dsy Gy
— 5 = maxllik > -1 and
55— 8j11 0<k<s) 5; —
dy —dgy di —dy
T s — 7 forall0< k<.
s — s, s —k J
J Jj+1 J

As above, this sequence terminates with s;, and obviously we have ¢ < n/.
Correspondingly, define for j =1,... ¢

dy —dy_

/ VA
Sj—l Sj

(0.10) oy =1+

where we set s, = n/, and we have also
ai>a'2>--'>a;>0.
In [3], G. Gundersen, E. Steinbart and S. Wang proved the following:

Theorem 0.1 ([3]). For equation (0.4), the following conclusions hold:

(i) If f is a transcendental solution of (0.4), then o (f) = a; for some
J,1<j<p.



740 SAADA HAMOUDA

(ii) If s1 > 1 and p > 2, then the following inequalities hold:

1 1 1
> Q> >0 2 > > —.
Sp—1 — Sp 51— Sp S1

(iii) If s1 = 0, then any nontrivial solution f of (0.4) satisfies o (f) =
1+ %,

In this paper, we will give the possible orders of solutions of (0.3). We
also give related results.

1. Statement of results

Theorem 1.1. If (0.3) admits a transcendental solution of finite order «

then

aef{og,an,...,0p U {0, 0n, ... 00},
where a1, g, ..., 0p, 1, ..., o are defined in (0.8) and (0.10).
Remark 1.2. It may happen that some values of {o/, o, ..., o/} are equal
to some values of {a, a9, ..., ap}, and globally we have at most n distinct

values. More precisely, if s; = n/, then ajy, = aj, for every integer k,
1 <k <g;andif s; #n' and s; = s} for some integers 4, j then a; ), = a;-Jrk
for every integer k, 1 < k < q— j.

For example: if n =3,dy=4,d1 =3,dy=1,thenp=2, a3 = %, ap =2

and ¢ =2, o) =3, o, = 2.
Theorem 1.3. If s; = 0, then every nontrivial solution of (0.3) satifies

do

A natural question is: are there cases of (0.3) when every nontrivial solu-
tion has infinite order. The answer is positive as indicated by the following
example.

Example 1.4. Every nontrivial solution of the differential equation
™+ Py (2)eff =0,

has infinite order, where Py (z) # 0 is a polynomial. In fact, if we suppose
that f % 0 is of finite order then by looking at e* = — Pol(z) #, we conclude
that T (r,e*) = O (logr), a contradiction.

Theorem 1.5. If s, = 0, then there is no polynomial solutions f # 0 of
(0.3).
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2. Preliminary lemmas

Lemma 2.1 ([3]). For any fized j =0,1,...,p—1, let a be any real number
satisfying o > ajy1, and let k be any integer satisfying 0 < k < sj. Then

n—k+dy+ka <n-—s;j+ds; + s;a

Lemma 2.2 ([3]). For any fived j = 1,...,p, let o be any real number
satisfying o < o5, and let k be any integer satisfying s; < k < n. Then

n—k+dp+ka <n-—s;j+ds; + s;a

Lemma 2.3 ([3]). Let o > 0. Then for any integer k satisfying 0 < k < sy,
we have

n—k+dp+ka<n-—s,+ds, + spa.

Lemma 2.4. Let o be any real number satisfying a > «q, and k be any
integer satisfying 0 < k < s1. Then

n—k+dy+ka<n—s +ds +sia.
Proof. We have
n—k+dy+ka=n—s+ds +sia+a(k—s1)+dp—ds +s1—k,
and since o > a7 and 0 < k < 51 we obtain
n—k+dy+ka<n-—s+dsg +s1a+ay(k—s1)+di —ds, + 51— k.
And we have

Ozl(k‘—sl)—l-dk—dsl-i—sl—k‘
ds d

n— s
— (k—s1) —ds,

dy d
= () (k—s51)— —— (k—s1+ 5 —n) —ds,

n—=si

o d81 _ dk
T \n—-s1 n-—=k

(s dk> )
_< )(k n).
(

n—s n-—=~k

From the definition of s; in (0.6), we obtain

ds, d,
LU k—n) <0
(n—51 n—k)( n) <0,

for 0 < k < s1. Thus, we deduce that

n—k+dy+ka<n—s; +ds + s10,
for 0 <k < s1. O
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Lemma 2.5. Let o be any real number satisfying a > «q, and k be any
integer satisfying 0 < k <n’ (n’ is the largest integer such that P, (z) £ 0

d /
in (0.3)). If sy <n' and —*— = —"— then we have
n—s n-—-n

n—k+d,+ka<n—n+dy+na.
Proof. We have
n—k+di+ka=n—n"+dy+n'at+a(k—n')+di—dy+n —k,
and since a > a1 and 0 < k < n’ we obtain
n—k+d,+ka<n—n'+dy+nata(k—n')+dy—dy+n -k
and we have

al(k—n/)—f—dk—dn/—i-n/—k

= I )y dy — d
n—:sp
ds, d,
= > (k- 1 —n' dp — dyy
n—sl( n)+n—81(n n)+ K
_ d81 dy /
_7n_51(k—n)+n_n/(nfn)qtdk—dn/
ds,
=5 (k—n)+dy
n— sy

n—s n-—=k

ds d
A PR
for any k satisfying 0 < k < n/. Thus, we deduce that
n—k+d,+ka<n—n+dy+na. O

ds, S dyp

n — S n—n

Lemma 2.6. If sy <n' and

-, then of > ay.

Proof. We have the following equivalences:

d d,y n’ — 51
s & e ds, — ———dg, > dyy
n— s n—mn n— S
/
n — s
S dg, —dy > ds,
n—si
dsl - dn/ dsl
/ > .
n — s n—si
Which implies that
dp — dyy d
max — " Ten
o<k<n’ n' —k n — 81

and so
ol > a. U
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Lemma 2.7. If o > oy, then for o> o and 0 < k < n’, we have
n—k+d,+ka<n—n+d,+na.
Proof. We have
n—k+dk+ka:n—n'—l—dn/—l—n’a+a(l€—n')+dk—dn/—|—n’—k:,
and since a > o} and 0 < k < n/ we obtain
n—k+d,+ka<n—n'+dy+nat+a)(k—n')+d,—dy+n -k

and we have

dy — dyy
oy (k=n') +dy—dy+n' —k= <nl,3,> (k—n') +di — dy
21

dg — dpy di — d,y
= 1 = ") (k—-n) <0
<n’—s’1 n’—k:)( n)*’

for any k satisfying 0 < k < n/. Thus, we deduce that

n—k+d,+ka<n—n+dy+na. O

By using the same proofs as for Lemma 2.1 and Lemma 2.2, we can obtain
the two following lemmas:

Lemma 2.8. For any fized j = 0,1,...,q — 1, let a be any real number
satisfying o > a;H, and let k be any integer satisfying 0 < k < s;-. Then

n—k+dk+ka<n—sg+ds;+sga.

Lemma 2.9. For any fixred j = 1,...,q, let a be any real number satisfying
a < o, and let k be any integer satisfying i < k <n'. Then

n—k+dk+ka<n—39+d59+sga.

Lemma 2.10 ([3]). Suppose that s,, + 1 < k < n for two positive integers
m and k. Then

dp, <ds, 4+ (Sm-1—k) (amm — 1).

Lemma 2.11 ([2]). Let f # 0 be a meromorphic function of finite order [3,
and let k > 1 be an integer. Then for any given € > 0, we have

f® (2)
f(2)

where |z| ¢ [0,1]UE, E is a setin (1,00) that has finite logarithmic measure.

< ’Z’k(ﬂ—l)-i-a

Y
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3. Proof of Theorem 1.1

Suppose that (0.3) admits a transcendental entire solution f of finite order

o (f) = a.

From (0.3), we can write

(n) (=t '

f
If V (r) denotes the central index of f, then
(3.2) V(r)=(1+0(1))Cre,

as r — oo, where C' is a positive constant. In addition, from the Wiman-
Valiron theory it follows that there exists a set F C (1,00) that has finite

(3.1) e + P (2)

logarithmic measure, such that for all j = 1,2,...,n we have
f9 (z) <V (r))j
3.3 —={1+o0(1
(3.3 o) = (rom) (£
as r — oo, r ¢ E, where z, is a point on the circle |z| = r that satisfies
|f (zr) = mlax\f(ZN , 0<r < oo

|z|=r
Let by denote the leading coefficient of the polynomial Py (z), and set
ap = CF |bg|, where C' > 0 is the constant in (3.2) and set a,, = C™.
Substituting (3.2) and (3.3) in (3.1) and multiplying the both side by 2],
we get an equation whose the left side consists of a sum of n+ 1 terms whose
moduli are asymptotic ( as r — oo, r ¢ E ) to the following n + 1 terms:

(3.4) e_mosa"anrno‘, an_erd“*lH”_l)o‘, .. ,akrn_k+d’“+ko‘, .. ,aor”+d°.
We discuss three cases according to the limit of e 750,
Case 1. lim e "% = co. In this case, e "% g, is the unique

T—00
dominant term ( as r — oo, r ¢ E ) in (3.4). This is impossible.

Case 2. lim e "% = ¢ where 0 < ¢ < 00 . If j41 < @ < @ for some
r—00

j=1,...,p—1, Then from Lemma 2.1 and Lemma 2.2, we have
n—k+dp+ka<n-—sj+ds; + s,

for any k # s;, then asjrn_$j+dsf+sja is the unique dominant term (as

r — 00, 7 ¢ E) in (3.4). This is impossible also. Now if 0 < o < v, then
from Lemma 2.2 and Lemma 2.3, we have

n—k+dp+ka<n-—sp,+ds, + sy,

for any k # sp, then aspr”_sp+dsp+spa is the unique dominant term (as

r — oo, r ¢ E) in (3.4). This gives a contradiction in (3.1). Finaly if
a > «q then from Lemma 2.1, we have

(3.5) n—k+di+ ka < na,

for any 0 < k < n; so e~ "% q, 7" is the unique dominant term (as T — 00,

r ¢ E) in (3.4). Also, this leads to a contradiction in (3.1).
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Case 3. lime "% = 0. If 0 < a < qp or aj41 < a < a; for some

r—00
j=1,...,p—1, we find the same contradiction as in Case 2. Now if a > ay,
although we have (3.5), e™" %, is not the dominant term because
lim e "0 g,y = (.
T—00

If sy = n/, then from Lemma 2.4, we have
n—k+d, +ka<n—n+dy+na,

for any 0 < k < n'. So, there exists only one dominant term in (3.4) (as

r — oo, r ¢ E). A contradiction.

d dp
If sy <n' and —*— = —"— then from Lemma 2.5, we have
n—s n-n

n—k+d,+ka<n—n+dy+na,

for any 0 < k < n’. As above, there exists one dominant term in (3.4) (as

r — oo, r ¢ E), which leads to a contradiction.
d Ay
> D -, then from Lemma 2.6, we have af > a.
n—sy n-—n
Now we will use the sequence o, a, ..., aq. If0 < a < agoraj,; <a<aj
for some j =1,...,q — 1, by using Lemma 2.8 and Lemma 2.9, we find the

same previous contradiction. Now if @ > o, from the Lemma 2.7, we have

If sy < n and

n—k+4+d,+ka<n—n+dy+na,
for any 0 < k < n’/. As above, this gives a contradiction.

Thus, the possible values of a are {1, g, ..., 0p} U {o/l, ... ,a;} .

4. Proof of Theorem 1.3
Suppose to the contrary that there exists a non trivial solution f of (0.3)
which satisfies o (f) =5 <1+ %. Then, we can write

d
(4.1) B=1+2_r,
n

where 7 is a positive constant.
Since s; = 0, from (0.6) we have

n

s
do, k=1,2,...,n—1.
n

(4.2) dy, <

From (0.3) we can write

(n) (n—1) /
esz P,_1(2) / 7 ';

By taking arg z € (O, 5) , we can get |e”*| < 1; and from Lemma 2.11 and
(4.3), we obtain

(4.3) — P (2) =

+o+ P (2)

(4.4) [Py (2)] < D || B0
k=1
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where |z| large enough (|z| ¢ E) and d,, = 0.
From (4.4), (4.2) and (4.1), we get

n
[Py (2)] < D [ 07FTHE <m0
k=1
where |z| is sufficiently large (|z| ¢ E). This is not possible if we choose
0<e<r Thuso(f)>1+ %,

5. Proof of Theorem 1.5

Suppose that f # 0 is a polynomial solution of (0.3).
From (0.3), we can write

_fm fn=1) /
—Po(z):eZT+Pn_1(z) 7 +‘--+P1(z)7,
which implies that f must be of degree at most n — 1. So we get

f(n—l) f/

(5.1) — P (Z) =P, (Z) 7 4+ + P (Z) 7

It follows from (5.1) that
< _
(5.2) dp < 1§I}1€n§a£<_l {dp, — k}.

By Lemma 2.10, we have
(5.3) dp < ds,_ + (sp—1 — k) (ap — 1),

forall k=1,...,n—1, since s, = 0. Therefore, from (5.3), the definition of
ap in (0.8), and the fact that s, = 0, we obtain for any 1 <k <n —1,

(5.4) de —k <dg, , —k+ (sp1— k) (ap — 1)

<do+ - (ds,_, —do — $p-1) -
Sp—1

Since o, > 0 and s, = 0, it follows from the definition of «;, in (0.8)
that ds,_, < s,—1 + do. Hence from (5.4), we obtain d, — k < dg for all
1 < k < n — 1. But this contradicts (5.2). This completes the proof of
Theorem 1.5.
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