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Power bounded weighted composition
operators
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ABSTRACT. We study when weighted composition operators Cy o acting
between weighted Bergman spaces of infinite order are power bounded
resp. uniformly mean ergodic.
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1. Introduction

Let H(D) denote the set of all holomorphic functions on the open unit
disk D and ¢ an analytic self-map of . We obtain the linear composition
operator Cy by composing an element of H(ID) with the map ¢, that is,

Cy: H(D) = H(D), f> foo.

Such operators occur naturally in various problems such as the study of
multiplication operators and the theory of dynamical systems. Since com-
position operators link operator theoretical questions with classical results
in complex analysis, many properties of such operatos have been investi-
gated by several authors, see, e.g., [22], [14], [18], [10], [12], [11], [17], [21].
Since the literature on this subject is growing steadily, this can only be a
sample of articles.
In this article we combine multiplication operators

My : HD) — H(D), faf
with composition operators to get the weighted composition operator

Cou : HD) = H(D), f—=9(fod)
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We are interested in such operators acting in the following setting: Let
v : DD — (0,00) be a bounded and continuous function (weight) on D. We
consider the weighted Bergman spaces of infinite order

HE = { f € HD); |f]ly := supv(2)| ()] < oo}
zeD

endowed with norm ||.||,. Such spaces arise naturally in functional analysis,
complex analysis, partial differential equations and convolution equations as
well as in distribution theory. They have been studied intensively in several
articles. For further information see, e.g., [3], [6], [4] and [5].

For a Banach space X, we denote the space of all continuous linear op-
erators from X into itself by £(X) and assume that £(X) is equipped with
the operator norm topology. Given T' € £(X), its Cesaro means are defined
by

1o
T[”]::ng’ n € N.
m=1

The following equality is well-known and can be checked easily

n—1

lTn = T[n] - T[n—l]v n €N,

n

where Tjo) := I is the identity operator on X. An operator T' € L(X) is uni-
formly mean ergodic if (T},))n is a convergent sequence in £(X). Moreover,
it is power bounded if and only if there is C' > 0 such that

sup | 7] < C.
neN

We say that an operator 7' on X is similar to a contraction if we can find
an invertible operator S on X and a contraction C' on X such that

T=S10CoS8.

We call a contraction C' on X strict if |C]| < 1.

A good reference for information on ergodic theory is the monograph
[16]. Additionally, interesting articles related to this topic are [1], [2] and
[8]. In [9] Bonet and Ricker studied when multiplication operators acting
on weighted Bergman spaces of infinite order are power bounded resp. uni-
formly mean ergodic. More precisely, they showed that My : H° — HZ° is
power bounded if and only if |[1)||c = sup,ep [1(2)| < 1. Moreover, My, is
uniformly mean ergodic if and only if one of the following holds:

(1) There is £ € C with |¢| = 1 such that ¥(z) =&, for z € D.
(2) (1—9)~t e H>.
Here H®° denotes the collection of all bounded analytic functions on D.
Motivated by this, in [24] we analyzed when composition operators Cg on
spaces H>° are power bounded resp. uniformly mean ergodic. We proved
that Cy is power bounded if and only if it is similar to a contraction. Deal-
ing with the property “uniformly mean ergodic” was much more difficult.
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However, we could show that in case that ¢ has an attracting fixed point in-
side the disk the induced composition operator Cgy must be uniformly mean
ergodic. The same holds true for symbols ¢ that have a super-attracting
fixed point in D and the weight v(z) = 1 — |z|. While we could show that
each composition operator Cy induced by one of the following symbols:

(1) ¢p(2) == {= for fixed p € D and every z € D,

(2) do(z) = €7 for fixed rational © and every z € D,

must be uniformly mean ergodic, it is still an open question what happens
in case that © is not rational.

However, the articles [9] and [24] gave rise to the question we address in
the sequel, namely, under which conditions is the combination of a multipli-
cation and a composition operator, that is a weighted composition operator,
power bounded resp. uniformly mean ergodic?

2. Basics

For an introduction to as well as for a deep study of composition oper-
ators we refer the reader to the monographs [13] and [23]. In the setting
of weighted spaces of holomorphic functions the so called associated weights
play an important role. For a weight v we can define the associated weight
as follows:

0(z) = 1 = 1
©osup{[f(2); f e HR I fllo <13 102l proer”

where §, denotes the point evaluation of z. By [5] the associated weight ©
is continuous, ¥ > v > 0 and for every z € D we can find f, € HJ° with
| fz]lo < 1 such that |f.(z)] = % Furthermore, it is well-known that if a
weight v is radial and satisfies the Lusky condition

v(l —27"71)

0
vi—27) ~

(L1) inf

n
then v and v are equivalent, which means that we can find a constant k > 0
with

kv(z) > 9(z) > v(z) for every z € D.

Weights with this property are called essential. Since often it is quite difficult
to compute the associated weight, it is very useful to know under which
conditions weights are essential.

Moreover, by [12] the norm of a weighted composition operator Cy , act-
ing on HS° is given by

)
Coul =30 500
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Furthermore, Contreras and Herndndez—Diaz also showed that such an op-
erator is compact if and only if

v()Y(2)]

li — = =0.

|;I(I;)S|E>Ii o(¢(2))
Obviously, [CF , f1(2) = ¥(pn-1(2)) - - ¥(6(2))¥(2) f(¢n(2)) for every z € D
and every f € H(D), where ¢, := ¢ o---0 ¢ for every n € N and ¢p(z) = z.

n—times
Thus,

n—1
v(2)
1CGpll =sup | | [¥(dr(2)l=—=-
e z€D kl_‘[) U(¢n(z))
In our investigations analytic self-maps ¢ of D which have a fixed point
a inside the open unit disk D will play a great role. We will discuss the
following cases.

(1) a is an attracting fixed point of ¢, i.e., ¢'(a) # 0. Model maps are
functions ¢g(z) = Az for z € D with A € C, |A] < 1.

One can change variables analytically in a neighbourhood of a
and conjugate ¢ to the map g(z) = Az for A = ¢/(a). More precisely,
there is an analytic map o which sends a small neighbourhood of a
conformally onto a small neighbourhood of 0 such that

copoo Hz)=d¢'(a)z
for all z near 0. For more details see article [20]. Originally the
existence of such a map o was shown by Koenigs in [15].
(2) a is a super-attracting fixed point of ¢, i.e., ¢'(a) = 0. In this case,
in 1905 Bottcher showed that one can change variables analytically
to conjugate ¢ to a map g(z) = 2™, n > 2, in a neighbourhood of a,
see [7]. For more details we again refer the reader to the article [20].

We close this section by stating the famous Denjoy—Wolff theorem which
will play a great role in this article.

Theorem 1 (Denjoy—Wolff Theorem). Let ¢ be an analytic self-map of D.
If ¢ is not the identity and not an automorphism with exactly one fized point
in the open unit disk D, then there is a unique point p € D such that (¢n)n
converges to p uniformly on the compact subsets of D.

3. Power boundedness

Proposition 2. Let ¢ have an attracting fixed point in D, ¢» € H*®, and v
be a radial weight satisfying (L1). Then Cy . - Ho° — H3° is power bounded
if and only if Cy 4 is a contraction.

Proof. Obviously, if Cy, : H;° — HJ° is a contraction, then it must be
power bounded. Conversely, let us assume that Cy ,, is power bounded. We
have to distinguish the following cases. We first assume that we can find a
point zg € D such that:
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v(@)|P(2)| _ v(z0)¥(20)]
(1) $P-ep S = o))
(2) 20 = ¢(20).
In this case, since Uy, is power bounded, we can find a constant C' > 0
such that

T o T sy M1 )
_ L y_0(z0)
(i) <

for every n € N. This immediately implies that sup,cp %((‘2(‘2)()2 ) <1, ie,
Uy, is a contraction.
Next, we assume that there is zg € D with the following properties:

V@I _ v(zo)blz0)]
(1) SUPep ~y(gz) = ~o(@())

(2) 20 # ¢(20)-
The strategy now is to reduce this to the situation given in the first case.
To do this let z; be the attracting fixed point of ¢, that is ¢(z1) = 2. We
consider the weighted composition operator

C¢1,¢1 :Hz())o _>H1C;>Oa wal(fo¢1),

defined by ¢1 = (pz © ¥2,) © @ 0 (P2 0 ) and 1 = 1 o (P2 © ¥z).
Hence, Cy, 4, is similar to Cy 4 and obviously has the same norm. Moreover,

®1(z0) = zp. Thus, we have the same situation as in the first case and obtain
the claim.
It remains to assume that there is a sequence (2, ), C D with |z, — 1

such that
] _ L m)lbem)]

sup =
zed v(P(2))  m=oo v((zm))
Since w.l.o.g. ¢ is of type ¢(z) = Az with A € C, |A| < 1, this means that

limy, 00 @(U dgfg)) = 0 and hence 1 ¢ H*, since otherwise sup,cp %&Z))' =

0 which cannot be the case. Finally, the claim follows. O

Proposition 3. Let ¢ have a fized point in D and Cy : H® — H° be
compact. Then Cyy @ H° — HJ° is power bounded if and only if it is a
contraction.

Proof. If Cy : H® — H;° is a contraction, the power boundedness is
obvious. Thus, let us assume that the operator is power bounded. Again,
we have to distinguish three cases. The first two are analogous to the first
two cases in the proof of the previous proposition. In order to treat the third
case we assume that there is a sequence (2, ), C D with |z,,| — 1 such that

o] _ . 0em)m)|

sup —————~— =

zep 0(P(2))  mmoee 0(¢(2m))
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Hence it follows, that limsup) g1 v%z(zb\z/;()z)ﬂ # 0, but as we mentioned

above, by [12] this means that Cy ., : Ho° — HJ° cannot be compact, which
is a contradiction. O

Proposition 4. Let ¢ be a conformal automorphism. Then Cy,, : HJ® —
H?>° is power bounded if and only if it is a contraction.

Proof. Let Cy, be power bounded. Then, we can find a constant C' > 0
such that for every n € N:

U( )

Let us rewrite the supremum on the left-hand side of the previous equation:

bl L - v(dr-1(2))

_ v(z) >"
- (i‘éﬁ YEl5GE)
since ¢ is an automorphism and v and 1 are continuous. Hence
Y <o
(o ioscsy) <

for every n € N. Finally, the operator must be a contraction. O

Proposition 5. Let ¢ have no fized point inside the disk and let us assume
that there is a sequence (2pm)m C D with |zy,| — 1 such that

o PRI _ ) ()
zed 0(¢(2))  mooo 0(d(2m))
Then the composition operator Cg : H® — HZ° is power bounded if and
only if it is a contraction.

Proof. Obviously, if Cyy : H° — HJ° is a contraction, then it must be
power bounded. Thus, let us assume that Cy 4 is power bounded. In order
to show that it is a contraction we have to distinguish the following cases.
First let us assume that (2, ) tends to a fixed point zg of ¢. In that case
we can find C' > 0 such that

[P - |9 (¢na( - —1(2)|v(Pr-1(2))
1;[ 17( k(%))

= (225 '¢<Z>'a&§2>>)"

for every n € N. If we assume that (2, ) tends to a boundary point z; € 9D
that is not a fixed point of ¢, we consider the rotation ¢g(z) = e'©7 2 that
takes the point z; to the fixed point zy. then we consider the operator

Cd’m/fl : HSO — Hz?o

¢ =2 s o)
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given by ¢1 = ¢p_@ o ¢ o pg and 11 = ¥ o wg. Then the operator is similar
to the operator Cy . Moreover,

$1(21) = p_o(d(vo(21))) = p-o(9(20)) = v-o(20) = 21

and we have reduced the problem to the situation described above. O

4. Uniformly mean ergodicity

Proposition 6. Let v be a weight and T : H3° — HJ° a linear operator. If
T : H® — H° us similar to a strict contraction, then T is uniformly mean
ergodic.

Proof. We will show that [|7},)|| — 0 if n — co. By hypothesis, we can find
an invertible operator S on Hg° and an operator C' on HJ° with ||C] < 1
such that 7= S~' o C 0 S. Thus, we arrive at the following estimate

1< R . L.
1Tl < — DT < - > IsTHien™isi < ~[S7HIIS 1M = 0
m=1 m=1

; — _ 1
if n — oo, where M =3 "> ||C||" = ey < °° O
The converse is not true, as the following trivial example shows.

Example 7. If we take v(z) =1 — |z| and ¢(z) = id(2) = z for every z € D
we obtain ¢, (z) = z for every n € N. Obviously we have that ||Cy|| =1 and
(Co)m) = D Cyt = Cy for every n € N. Hence Cy is uniformly mean
ergodic.

Next, we need some auxiliary results regarding differences of weighted
composition operators. Dealing with such differences requires the so-called
pseudohyperbolic distance given by

p(z,p) = |pp(2)| for every z,p € D,

where ¢, denotes the Mobius transformation which interchanges 0 and p,
that is
p—z
z) = for every z € D.
op(2) 1—pz y

Lemma 8 (Bonet—Lindstrom—-Wolf [11]). Let v be a radial weight satisfying
condition (L1). Then, there exists a constant C, > 0 (depending only on
the weight v) such that, for all f € H®,

£(2) = )| < Cullf ]l max {(1) (1]@} o(z.p)
for all z,p € D.

Lemma 9. Let v and w be weights such that v is typical with (L1). More-
over, let ¢, ¢* be analytic self-maps of D and ¥, y? € H(D). Then there is
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a constant C' > 0 such that, we obtain the following estimate for the norm
of the operator Cyi y1 — Cya yo : H® — Hp':

”C(bl’wl - C¢27,¢,2 ||

< Cmax{sup |41 (2)| max { - v

zeD
w(z) 1 2
sup ————=Y (2) —¥=(2)| ¢-
W@y v )’}
Proof. First recall that the norm of Cy1 1 — Cy2 y2 + H3® — HJY is given

by

[Cr 1 — Cgz 2|

= sup {ilelgw(Z)W(Z)f(cbl(Z)) — 9% (2) f(*(2)), fe HY, [Ifllo < 1}-
Now, for every f € H3° with ||f||, <1 we obtain by using Lemma 8

iggw(Z)W(Z)f@l(Z)) — 9 (2)f(¢°(2))]
< sup 9! (2)lw(2)|f (¢! (2)) = f(6°(2))]

+w(2)|f(6*(2)[' (2) — ¥*(2)]

1 w(z) w(z) 1 2
< supl 2 mane {2 ) (2, 67(2)
1 2 w(z)
+ igﬂg [V (2) = (Z)\W-
Hence the claim follows. |

Theorem 10. Let v be a typical weight with (L1) and ¢ be an analytic
self-map but not a conformal automorphism of . Let us assume that ¢
has an attracting fized point a in D, i.e., ¢'(a) # 0. Furthermore, let
Y € H*® with sup,cp [Y(2)] < M < oo such that we can find © € C
sup,ep | [TRZ0 ¥(6r(2)) — ©| < |u|™ for some |u| < 1 and some n > nq.
Then Cgqp : H® — HZC is uniformly mean ergodic.

Proof. W.lo.g. we may assume that ¢(z) = Az for every z € D with [A\| < 1
and that ng = 1 in the hypothesis. Obviously we have that ¢,(z) = A"z
for every z € D and every n € N as well as ||Cy, || = ||Cy|| = 1 for every
n € N. If Cy g is the weighted composition operator defined by Cp g : Hy° —
H, (Coof)(z) =0f(0) for every z € D we obtain by using Lemma 9

1(Co,p)m) — Cooll

1 n
— cr,—C

> Cily—Coe
nm:l
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1
=5 Z 1G5 — Coell

max< su max & M z
<o Z {ﬂ%w( ) {vwm(z))’v()}p(%( h0:

Hwk }

1 n
< C* m m
<O S max{MA™, ™} = 0
m=1
since [A| < 1. Hence, in this case, ((Cgy)n))nen tends to Coe in L(HO).
Thus, Cy 4 is uniformly mean ergodic, and the claim follows. U

v(z) |7
sup
zeD U 0)

Theorem 11. Let v(z) = 1 — |z| for every z € D. Moreover, let ¢ be
an analytic self-map but not a conformal automorphism of D such that ¢
has a super-attracting fized point a € D, i.e., ¢'(a) = 0. Furthermore let
W € H*™ with sup,ep |¥(2)] < M < oo such that we can find © € C with
sup.ep | T2 (64(2)) — O] < |uf" for some |u| < 1 and some n > no.
Then Cyqp : H® — HZ° is uniformly mean ergodic.

Proof. W.l.o.g. we may assume that ¢ is given by ¢(z) = 2™ for every z € D,
n > 2. Hence, the iterates are given by ¢y (z) = 2" for every z € D, k € N.
We will show that the sequence ((Cgy)x))r tends to Cope with respect to
the operator norm ||.||, where Cj g is given by (Cp.ef)(2) = ©f(0) for every
z € D.

The function f:[0,1) = R, f(r) = 11_Tk is monotone decreasing since
77»77/

-1+ (1- nk)r" + nkypnt—

1) S 0 for every r € [0,1).

£'r) =

: 1—r 7 1 _ 1 oo 1 _
Moreover, we have that lim,_,q ToaF = lim, 1 e i and D e 15 =

—1-. Hence there has to be 0 < ro < 1 such that > 7, - o = L < o0.

Now, we choose such an 0 < ry < 1 and obtain with an apphcatlon of
Lemma 9

1(Cs) ) — Coell
Lk
S Z 1C4y — Coell
m=1

C & 1— ||
<< > max{ sup [¢(2)] max{l—|z|"’"’ 1— ’Z’} p(¢m(2),0),

|z|<ro
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(1- !ZD}

+ — Z max{ Ssup |¢(z)\max{1_|z|nm, - |Z|}P(¢m(z)v );

m—1
[T ¢(¢x(2)) —©

k=0

sup
|z|<r0

m—1
sup | [ ] v(er(2)) —©[(1 - !Zl)}
lz|>70 | =g
C k C k 1—17g
< < Z max{M|ro|™ ", |u|"} + m Z max {Ml — |M|”}
m=1 m=1
C M 1 1 1
< = — LM, ——— 0
-knmx{l—wrl—nw}+nmx{k ’1—»M}"
if kK — oo. Thus, the claim follows. O

Next, let us give an example when such a © as in the hypothesis of
Theorems 10 and 11 does exist.

Example 12.

(1) Let us consider ¢(z) = Az for every z € D with |A\| < 1 and ¥(2) = 2¥
for some k£ € N. Then

n—1
[T w(oi(z)) = X o,
=0

Then, with © = 0, ng = 3 and = \¥ we obtain the desired inequal-

ity.
(2) Take ¢(z) = Az for every z € D with |[A\| < 1 and ¢(z) = 1 — 2
for every z € D. Then [} ¢(éi1(2)) = [1}% (1 — Xz). Hence

sup.ep [T15g [4(¢1(2))] = TTiZ (1+|AI"). Now, the product [T, (1+
IAl") converges if and only if the series Y12, Log(1 + |A|") converges.
The quotient criterion shows that this is the case for every A € C
with |A| < 1. Now, choose © = []72,(1 + |A]").

(3) Let ¢(2) = ¥, k > 2, and ¥(z) = Az with |\| < 1. Then

n—1
H (di(z)) = PN S S N
1=0

Hence we obtain the desired inequality for © =0, ng =1 and p = A.

Remark 13. If v is a typical weight with (1) such that (") s monotone

v(rm)
decreasing with respect to r and such that there is C' < 1 with lim,_, UU(E;)) <
C™ for every n € N, then - with the same proof as above - we can show that

an analytic self-map of D with a super-attracting fixed point a € ) induces a
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uniformly mean ergodic weighted composition operator Cy, : H° — H°.

An example of this is, e.g., the weight v(z) =

1
1-In(1—|z])"
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