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The matrix Stieltjes moment problem: a
description of all solutions

Sergey M. Zagorodnyuk

ABSTRACT. We describe all solutions of the matrix Stieltjes moment
problem in the general case (no conditions besides solvability are as-
sumed). We use Krein’s formula for the generalized II-resolvents of pos-
itive Hermitian operators in the form of V. A. Derkach and M. M. Mala-

mud.
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1. Introduction

The matrix Stieltjes moment problem consists of finding a left-continuous
nondecreasing matrix function M(z) = (mk’l(x))]kvl;lo on Ry = [0,400),
M(0) = 0, such that

(1) / x"dM(x) = Sy, n € Zy,
Ry

where {S5,}72 is a given sequence of Hermitian (N x N) complex matrices,
N € N. This problem is said to be determinate if there exists a unique
solution and indeterminate in the opposite case.

In the scalar (N = 1) indeterminate case the Stieltjes moment problem
was solved by M. G. Krein (see [8], [9]), while in the scalar degenerate case
the problem was solved by F. R. Gantmacher in [7, Chapter XVI].

The operator (and, in particular, the matrix) Stieltjes moment problem
was introduced by M. G. Krein and M. A. Krasnoselskiy in [10]. They ob-
tained the necessary and sufficient conditions of solvability for this problem.
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Let us introduce the following matrices

So S1 ... S,
@) = (S)l= | 8 T
Sy Suir ... Son
S S ... Sw
(3) fn:(Si—&-j—‘rl)?:j:o: 5;2 5;3 Sn:+2 , nEZ,.
Sn.+1 57;+2 527;+1

The moment problem (1) has a solution if and only if

In 2004, Yu. M. Dyukarev performed a deep investigation of the moment
problem (1) in the case when

(5) I,>0, I,>0 neZ,

and some limit matrix intervals (which he called the limit Weyl intervals)
are nondegenerate, see [6]. He obtained a parameterization of all solutions
of the moment problem in this case.

Our aim here is to obtain a description of all solutions of the moment
problem (1) in the general case. No conditions besides the solvability (i.e.,
conditions (4)) will be assumed. We shall apply an operator approach which
was used in [16] and Krein’s formula for the generalized Il-resolvents of
nonnegative Hermitian operators [14], [11]. We shall use Krein’s formula
in the form which was proposed by V. A. Derkach and M. M. Malamud
in [4]. We should also notice that these authors presented a detailed proof
of Krein’s formula.

Notations. As usual, we denote by R,C,N,Z,Z, the sets of real num-
bers, complex numbers, positive integers, integers and nonnegative integers,
respectively; Ry = [0,400), C4 = {z € C: Imz > 0}. The space of n-
dimensional complex vectors a = (ag, a1, ...,an—1), will be denoted by C",
n € N. If @ € C" then a* means the complex conjugate vector. By P we
denote the set of all complex polynomials.

Let M(x) be a left-continuous nondecreasing matrlx function M (z) =

(mii(@))iiZy on Ry, M(0) = 0, and my(2) = 335 myk(a); U(x) =
dmy;/ dTM),iV i_o (the Radon-Nikodym derivative). We denote by L2(M)

a set (of classes of equivalence) of vector functions f : R — CV, f =
(fo, f1,--+, fN—1), such that (see, e.g., [15])

Uhm@—/f (2)dr (z) < .
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The space L2(M) is a Hilbert space with the scalar product

(.92 = /R @)U (@)g* (@)dr (), g€ LA(M).

For a separable Hilbert space H we denote by (-,-)g and || - ||z the scalar
product and the norm in H, respectively. The indices may be omitted in
obvious cases. By Ey we denote the identity operator in H, i.e., Fgx = x,
r € H.

For a linear operator A in H we denote by D(A) its domain, by R(A) its
range, and by ker A its kernel. By A* we denote its adjoint if it exists. By
p(A) we denote the resolvent set of A; N, = ker(A*—zFEy). If A is bounded,
then ||A|| stands for its operator norm. For a set of elements {xz, },ecr in H,
we denote by Lin{z, },er and span{x, },er the linear span and the closed
linear span (in the norm of H), respectively. Here T is an arbitrary set of
indices. For a set M C H we denote by M the closure of M with respect to
the norm of H.

If H; is a subspace of H, by Py, = gl we denote the operator of the
orthogonal projection on H; in H. If H is another Hilbert space, by [H, H]
we denote the space of all bounded operators from H into H; [H| := [H, H].
€(H) is the set of closed linear operators A such that D(A) = H.

2. The matrix Stieltjes moment problem: solvability

Consider the matrix Stieltjes moment problem (1). Let us check that
conditions (4) are necessary for the solvability of the problem (1). In fact,
suppose that the moment problem has a solution M (z). Choose an arbitrary
function a(z) = (ap(z),a1(x),...,an—1(x)), where

n
aj(z) = Zaj,k:ck, a;jr€C, neZy.
k=0
This function belongs to L?(M) and

0< /R a(x)dM(x)a* () = Z /R (ks Q1 s - - an—11)2 T dM (z)

k,1=0

n

*
*(o 1, 1y an—1y)" = E (00 k, 0 ks - - -y N1 k) Skti
k,1=0
* *
*(ao,la Qqy--- 7aN—17l) == AFnA ,

where

A= (00,0,01,0, -+ s ON=1,0, Q0,1, XL 15 -y ON—1,15- 000, Xlns - AN—1n),
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and we have used the rules for the multiplication of block matrices. In a
similar manner we get

0< /R a(z)zdM (z)a*(z) = AT, A*,

and therefore conditions (4) hold.
On the other hand, let the moment problem (1) be given and suppose
that conditions (4) are true. For the prescribed moments

Sj = (Sj;k,z)]k\fl;lo, sjkl €C,  j €Ly,
we consider the following block matrices

So S1 S
- St Se S .
(6> I'= (Si+j)i,j:0 = Sy S3 Sy ... )

S1 Se S
~ - Sy S3 Sy
(7) I'= (Si+j+1)i,j:() = S3 Si Sj

The matrix I' can be viewed as a scalar semi-infinite matrix

(8) I'= (Yn,m)pm=0>  Vnm € C.
Notice that

9) VrN+jtN+n = Srttyjn, Tt €Ly, 0<jn < N —1.

The matrix I" can be also viewed as a scalar semi-infinite matrix

(10) T = Fm) o = (It M) B
The conditions in (4) imply that

(11) (’Yk,l)z,l:() >0, reZy;

(12) (Ve NDki=0 =0, 7 €Zy.

We shall use the following important fact (e.g., [2, Supplement 1]):

Theorem 1. Let I' = (Vn,m)%?mzo’ Yn,m € C, be a semi-infinite complex
matriz such that condition (11) holds. Then there exist a separable Hilbert
space H with a scalar product (-,-)g and a sequence {xn}o2 in H, such
that

(13) Tnm = (QTn,l’m)H, n,m e Z+7

and span{x, }5°, = H.
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Proof. Consider an arbitrary infinite-dimensional linear vector space V,
e.g., the space of all complex sequences (up)nez, , un € C. Let X = {z,}7,
be an arbitrary infinite sequence of linear independent elements in V. Let
L = Lin{z, }nez, be the linear span of elements of X. Introduce the follow-
ing functional:

(14) [1'73/] = Z ’Yn,mana7

n,m=0

for z,y € L,

0o 00
T = Zanxna Yy = Z bnTm, an,bm € C.
n=0 m=0

Here and in what follows we assume that for elements of linear spans all

but a finite number of coefficients are zero. The space V' with [-, -] will be a
quasi-Hilbert space. Factorizing and making the completion we obtain the
required space H (see [3]). O

From (9) it follows that
(15) YatNp = Yap+ N, @0 € ZLy.
In fact,ifa=rN+j,b=tN+n,0<jn<N—-1,rteZ;, we can write
Ya+N,b = Y(r+1)N+jtN+n = Sr+t+1;5,n = VrN+4,(t+1)N+n = Va,b+N-

By Theorem 1 there exist a Hilbert space H and a sequence {z,}22, in H,
such that span{z,}>°, = H, and

(16) (xny xm)H = Ynm, N,M S Z+.

Set L := Lin{z,};2,. Notice that elements {z,} are not necessarily lin-
early independent. Thus, for an arbitrary x € L there can exist different
representations:

(17) T = Zakxk, ar € C,
k=0

(18) T = Zﬁkxk, Br. € C.
k=0
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(Here all but a finite number of coefficients «y, S are zero). Using (15),
(16) we can write

o0 oo oo oo
> aapyn, | = Z (Tt N, T1) = Z R V4N, = Z OV, + N
k=0 = = =

_ z s ) (z N>

= ($7$l+N)» leZy.
In a similar manner we obtain that
o
<Z /J’kwarN,fEl) = (@, 214n), | €Zy,
k=0
and therefore
oo o
<Z ak$k+N7iBl> = <Z 5k$k+N,:El> , leZy.
k=0 k=0

Since L = H, we obtain that

[e.e] oo
(19) > aarin =Y Brtrin-
k=0 k=0
Let us introduce the following operator:
oo oo
(20) Ax = Z oapTrain, TEL x= Z OLT.
k=0 k=0

Relations (17), (18) and (19) show that this definition does not depend on
the choice of a representation for x € L. Thus, this definition is correct. In
particular, we have

(21) Axp = TE+N, ke Z+.
Choose arbitrary z,y € L, x =Y 72 g g, Y = D _pe YnTn, and write

(Az,y) = (Z ak$k+N,Z%$n> = ) aVn(@hin, )

k,n=0

= Z WV (Thy Tt N) (Z ATk, Z 'YnanrN)

k,n=0
= (z, Ay).
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By relation (12) we get

o0 o0 o0
(Azz) = (z akw,zanmn) T
k=0 n=0

k,n=0

o0
= Z kO YN 2 0.
k,n=0

Thus, the operator A is a linear nonnegative Hermitian operator in H with
the domain D(A) = L. Such an operator has a nonnegative self-adjoint
extension [13, Theorem 7, p.450]. Let A D Abe an arbitrary nonnegative
self-adjoint extension of A4 in a Hilbert space H D H, and {E/\}AGR+ be its
left-continuous orthogonal resolution of unity. Choose an arbitrary a € Z.,
a=rN+j,reZy, 0<j<N—1. Notice that

Tq = TpNtj = AT )Ny = - = Az
Using (9), (16) we can write

t
Sr+t;jn = VrN+jtN+n = ($TN+j7xtN+n)H = (AT-ij A xn)H

= (A", Alay) ;= < / N'dEyzj, / )\tdﬁ,\xn>
Ry Ry i
= [ NT(E\z;, 2 ~:/ N+ (PH Eya;, x
/R+ ( ALj, T )H k. ( HLATj, T >H

Let us write the last relation in a matrix form:

(22) S = [ XM, ntezy,
R4
where
(23) M()) = <(P§E,\x xn) )Nil .
D) 1) =0

If we set ¢t = 0 in relation (22), we obtain that the matrix function M())
is a solution of the matrix Stieltjes moment problem (1). In fact, from the

properties of the orthogonal resolution of unity it easily follows that M (\)

is left-continuous nondecreasing and M (0) = 0.
Thus, we obtained another proof of the solvability criterion for the matrix
Stieltjes moment problem (1):

Theorem 2. Let a matriz Stieltjes moment problem (1) be given. This
problem has a solution if and only if conditions (4) hold true.

3. A description of solutions

Let B be an arbitrary nonnegative Hermitian operator in a Hilbert space
H. Choose an arbitrary nonnegative self-adjoint extension B of B in a
Hilbert space H 2 H. Let R.(B) be the resolvent of B and {Ej}iecr,
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be the orthogonal left—continuousAresolution of unity of B. Recall that the
operator-valued function R, = P R, (A) is called a generalized I1-resolvent
of B, z € C\R [11]. If 7—[ H then R,(B) is called a canonical I-resolvent.
The function Ey = PH EA, A € R, we call a Il-spectral function of a non-
negative Hermitian operator B. There exists a one-to-one correspondence
between generalized Il-resolvents and Il-spectral functions established by
the following relation ([2]):

(24)  (Rofoq)n = /R L d(Baf o, frg€H, 2 €CR.

Denote the set of all generalized Il-resolvents of B by
Q% (=00, 0) = Q°(—o0,0)(B).

Let a moment problem (1) be given and conditions (4) hold. Consider
the operator A defined as in (20). Formula (23) shows that Il-spectral
functions of the operator A produce solutions of the matrix Stieltjes moment
problem (1). Let us show that an arbitrary solution of (1) can be produced
in this way.

Choose an arbitrary solution ]\//7( ) = (my l(m))évl_lo of the matrix Stieltjes
moment problem (1). Consider the space L?(M ) and let ) be the operator

of multiplication by an independent variable in L? (M ). The operator @ is
self-adjoint and its resolution of unity is given by (see [15])

(25) Ey — Eqy = E([a,0)) : h(z) = X(ap) (2)h(2),

where x[q)(7) is the characteristic function of an interval [a,0), 0 < a <
b < +o0. Set

—

€r = (ex0,€r,1,- - €k,N-1), €kj=0kj, 0<j<N-—1,

where £ = 0,1,... N — 1. A set of (equivalence classes of) functions f €
LQ(M\) such that (the corresponding class includes) f = (fo, f1,--., fn-1),
f € P, we denote by P? (J\/f\ ). It is said to be a set of vector polynomials in
L2(M). Set L3(M) := P2(M).

For an arbitrary (representative) f € P? (]\//T ) there exists a unique repre-
sentation of the following form:

N—-1 oo

(26) fz) = Z Zak,jxjé'k, ay,; € C.

Here the sum is assumed to be finite. Let g € P? (M ) have a representation

N—-1 oo
(27) Z > Bieaté, B €C.
=0 r=0
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Then we can write

o0
(28) (f. Z cn B /R 27 & AV ()&

o
=Y > anB [ @ di)
4 R

o0
E Ok, BlrSjtrik -

On the other hand, we can write

oo N-1 oo N-1
(29) Z Z Qe jTjN+ks Z Z Blr&rN-ti
j=0 k=0 r=0 1=0 I
N—-1 oo
= D B (N o)
k,l=0 j,r=0
N—-1 oo
> i BrViNskaN
k,l=0j,r=0
N—-1 oo
= Z W i Bl Sjtrskl-
k,l=0j,r=
From relations (28), (29) it follows that
oo N-1 oo N-1
(30) (f’ L2(M Z Z Ak i TNtk Z Bl,rx'rN—s—l
j=0 k=0 =0 =0 I
Let us introduce the following operator:
oo N-1
(31) V= Z Z QL jLjiN+k)
j=0 k=0
for f(x) € }P’Q(]/\/[\), flx) = iv:_ol > 720 oy 7€, apj € C. Let us show

that this definition is correct. In fact, if vector polynomials f, g have repre-
sentations (26), (27), and || f — g||L2(]\7[) = 0, then from (30) it follows that
V(f —g) =0. Thus, V is a correctly defined operator from IF’Q(]\/I\ ) into H.

Relation (30) shows that V is an isometric transformation from IP’2(]\/4\ )
onto L. By continuity we extend it to an isometric transformation from

LQ(M ) onto H. In particular, we note that
(32) Valey =ajnik, jE€Zy; 0<k<N-1.
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Set Li(M) := L*(M) & L§(M), and U := V & EL%(J\?)'

an isometric transformation from L2 (]\/4\ ) onto H & L%(]\/J\ ) =: H. Set

The operator U is

A:=UQU".

The operator Ais a nonnegative self-adjoint operator in H. Let {EA} AER
be its left-continuous orthogonal resolution of unity. Notice that

UQUﬁlx]’N+k = VQVilxjNJrk = Vijgk = ij+1§k = Z(j+1)N+k

:xjN—f—k—&—N:ijN—i-ka jE€EZy; 0<k<N-1.
By linearity we get
UQU 'z = Az, zeL= D(A),

and therefore A D A. Choose an arbitrary z € C\R and write

1 ~ 1 ~
33 —d(E g = —dFE i
®) [ yiaBeay= ([ 5B

H

1 ~
= (Ul/ dE)\xk,lej>
Ry A2 L2(M)
1 ~
- </ dUlE,\Uék,éj)
R A—2z L2(1/\/[\)

+
1
= </ dEAf?k,f?J)
Ry A2 L2(M)
1

- R, )\_zd(Ekekaej)LQ(]\/j)v

0<k,7 <N —1. Using (25) we can write

(EAgkv éj)L2(ﬂ) = ﬁlk,j(A%

and therefore

1

1 N
Ry A% R -z

+

By the Stieltjes—Perron inversion formula (see, e.g., [1]) we conclude that
(35) ik, (N) = (PH Extr, @)

Proposition 1. Let the matrixz Stieltjes moment problem (1) be given and
conditions (4) hold. Let A be a nonnegative Hermitian operator which is
defined by (20). The deficiency index of A is equal to (n,n), 0 <n < N.

Proof. Choose an arbitrary uw € L, u = Y, , cxxk, ¢ € C. Suppose that
¢, =0,k> N+ R+1, for some R € Z,. Consider the following system of
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linear equations:
(36) —zdy=c¢p, k=0,1,...,N—1;
(37) dey_ny—zdp=c¢c, k=N,N+1,N+2, ...;

where {dj}rez, are unknown complex numbers, z € C\R is a fixed param-
eter. Set

(38) dp =0, k>R+1,
dj = cn4j + zdn4j, j=R,R—1,R—2,...,0.

For such defined numbers {dj }rez, , all equations in (37) are satisfied. But
equations (36) are not necessarily satisfied. Set

o0
U:del‘k, v e L.
k=0

Notice that

(A—zEg)v =" (dp-n — zdy)zy,
k=0
where d_1 =d_o =--- =d_n = 0. By the construction of d; we have
00 N-1
(39) (A—zEg)v—u= Z(dk_N — zdj, — cp)xp = Z (—zdy, — c)zk,
k=0 k=0
N-1
u=(A—-zEg)v+ Z (zdi + )z, we L.
k=0
Set
Yk ::xk—szxk, k=0,1,...,N — 1.
Set

Hy = span{yk}g:_ol.
Notice that the dimension of Hy is less or equal to N, and Hy 1 H,.
From (39) it follows that u € L can be represented in the following form:

(41) u=uy +us, u € H,, wus€ Hp.

Therefore we get L C H, ® Ho; H C H, ® Hy, and finally H = H, © Hy.
Thus, Hy is the corresponding defect subspace. So, the defect numbers of
A are less or equal to N. Since the operator A is nonnegative, they are
equal. O

Theorem 3. Let a matriz Stieltjes moment problem (1) be given and con-
ditions (4) hold. Let an operator A be constructed for the moment problem
as in (20). All solutions of the moment problem have the following form

(42) M(N) = (M (N2, mag(A) = (Baa, z5)m,
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where By is a Il-spectral function of the operator A. Moreover, the cor-
respondence between all I1-spectral functions of A and all solutions of the
moment problem is one-to-one.

Proof. It remains to prove that different II-spectral functions of the oper-
ator A produce different solutions of the moment problem (1). Suppose to
the contrary that two different II-spectral functions produce the same solu-
tion of the moment problem. That means that there exist two nonnegative
self-adjoint extensions A; O A, in Hilbert spaces H; O H, such that

(43) PIEy \ # Pl B,
(44) (P Eiyar,a))g = (PR Bopty,wj)a, 0<k,j<N—1, A€Ry,

where {E, x} er, are orthogonal left-continuous resolutions of unity of op-
erators A,, n =1,2. Set Ly := Lin{xy}y—o n—1. By linearity we get

(45) (P Ey s, y)g = (PP Baya,y)i, 2,y €Ly, AERy.

Denote by R, » the resolvent of A,, and set R, ) := PII}"R”)\, n=1,2.
From (45), (24) it follows that

(46) (RLZ:C,:I/)H = (RQ,va y)H7 T,y € LN7 KAS C\R

Choose an arbitrary z € C\R and consider the space H, defined as above.
Since

R;.(A—zEg)x = (A; — ZEHj)*l(Aj —zEy;)r =z, xz€L=D(A),

we get,
(47) Rl,zu = RQ,ZU € H, wueH;
(48) Ri.u=Ro,u, ueH, zcC\R

We can write

(49) (Rn,zwau)H - (Rn,zx; U)Hn - (x7 Rn,éu)Hn - (xa Rn,Z”)Hy
r €Ly, ue Hy, n=1,2,

and therefore we get
(50) (Rizz,u)g = (Rex,u)g, x € Ly, ue Hs.

By (39) an arbitrary element y € L can be represented as y = yz + ¢/,
yz € Hz, y' € Ly. Using (46) and (48) we get

(Rl,zl‘,y)H = (Rl,zx, Yz + y’)H = (R2,zx,yg + y,)H
= (Ro.2,y)n, =€ LN, yeclL.

Since L = H, we obtain

(51) Ri.zr=Ry.z, =€ Ly, z€C\R.
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For an arbitrary z € L, x =z, + 2/, z, € H,, 2/ € Ly, using relations (48),
(51) we obtain
(52) Ri.z=Ri.(z.+2")=Ra.(z,+2')=Ro.x, x€L, z€C\R,

and

(53) Ri.x=Ry.z, xz€H, zeC\R.
By (24) that means that the II-spectral functions coincide and we obtain a
contradiction. O

We shall recall some basic definitions and facts from [4]. Let A be a closed
Hermitian operator in a Hilbert space H, D(A) = H.

Definition 1. A collection {#,I';,I'2} in which H is a Hilbert space and
I',I'y € [D(A*),H], is called a space of boundary values (SBV) for A*, if:

(1) (A*fv g)H - (fv A*Q)H = (Flfv FQQ)H - (FQfa Flg)H7 vfag € D(A*)
(2) The mapping I' : f — {1 f,Taf} from D(A*) to H D H is surjective.

Naturally associated with each SBV are self-adjoint operators Zl, Ay (C
A*) with
D(.Zl) = kerFl, D(gg) = keI'FQ.
The operator I'y restricted to the defect subspace N, = ker(A* — zFEp),
2z € p(Ay), is fully invertible. For Vz € p(Ay) set

(54) v(2) = (Taln.) ™" € [M, V2],
Definition 2. The operator-valued function M (z) defined for z € p(A3) by
(55) M(Z)FZfzzrlea fz ENZ)

is called a Weyl function of A, corresponding to the SBV {H,T'1,T'2}.
The Weyl function can be also obtained from the equality:

(56) M(z) =T1v(2), 2 € p(Ay).
For an arbitrary operator A = A* C A* there exists an SBV with ([5])
(57) D(Ay) = kerD'y = D(A).

(There even exists a family of such SBV).
An extension A of A is called properif A C A C A* and ( )= A
proper extensions A; and Ay are disjoint if D(Al) N D(Ay) = D(A) and

transversals if they are disjoint and D(A;) + D(Ay) = D(A®).

Suppose that the operator A is nonnegative, A > 0. In this case there
exist two nonnegative self-adjoint extensions of A in H, Friedrich’s extension
A, and Krein’s extension Ay, such that for an arbitrary nonnegative self-

adjoint extension A of Ain H it holds:
(58) (A, +zEg)t < (A+zEg) ' < (Ay +2En)~", zeR,.
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Recall some definitions and facts from [11], [13]. For the nonnegative oper-
ator A we put into correspondence the following operator:

(59) T=(Ey—A)(Ey+A)~'=—-Ey+2(Eg+ A7}

D(T) = (A+ En)D(A).
The operator T is a Hermitian contraction (i.e., ||7'|| < 1). Its domain is not
dense in H if A is not self-adjoint. The defect subspace H © D(T) = N_;

and its dimension is equal to the defect number n(A) of A. The inverse
transformation to (59) is given by

(60) A=(Ey —T)Eg+T) ' =-Ey +2(Eg +T)7 1,

D(A) = (T + Eu)D(T).
Relations (59), (60) (with T, A instead of T, A) also establish a bijective
correspondence between self-adjoint contractive extensions 7' 2 T in H and
self-adjoint nonnegative extensions A D A in H ([13, p. 451]).

Consider an arbitrary Hilbert space H D H. It is not hard to see that
relations (59), (60) (with T, A instead of T, A) establish a bijective cor-
respondence between self-adjoint contractive extensions T 2T in H and
self-adjoint nonnegative extensions ADAin H as well.

There exist extremal self-adjoint contractive extensions of T in H such
that for an arbitrary self-adjoint contractive extension TO>TinH )

(61) T, <T < Tu.

Notice that

(62) AH = —EH—FQ(EH—FTH)_l, Ay = —EH—I-Q(EH—I-TM)_l
Set

(63) C=Ty— Ty.
Consider the following subspace:
(64) T =ker (C|n_,) .

Definition 3. Let a closed nonnegative Hermitian operator A be given. For
the operator A we are in a completely indeterminate case if T = {0}.

By Theorem 1.4 in [12], on the set {z € H : T,z = Ty} = ker C, all
self-adjoint contractive extensions in a Hilbert space H O H coincide. Thus,
all such extensions are extensions of the operator Teyy:

T e D(T
(65) Tz =4 10 = € D(T)

T,x=Tyx, x¢ckerC.
Introduce the following operator:

(66) Aext =—FEy+ 2<EH + Text)_l D) A.
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Thus, the set of all nonnegative self-adjoint extensions of A coincides with
the set of all nonnegative self-adjoint extensions of Aext. Since Text, = 1),
and Toxe, mr = T, Aexs is in the completely indeterminate case.

Proposition 2. Let A be a closed nonnegative Hermitian operator with
finite defect numbers, such that A is in the completely indeterminate case.
Then extensions A, and Ay given by (62) are transversal.

Proof. Notice that
(67) D(Ax) N D(A,) = D(A).
In fact, suppose that there exists y € D(Ay) N D(AL), y ¢ D(A). Since
Ay C A* and A, C A" we have Ayy = Auy. Set
9= (Am + En)y = (A + En)y.

Then
Thig=—g+2(Eg +Ay) g = —g+2y,
Tug=—9+2(Eg +A)) "9 =—g+ 2,
and therefore Cg = (T — T,)g = 0. Since y ¢ D(A), then g € N_;. We
obtain a contradiction, since A is in the completely indeterminate case.
Introduce the following sets:

(68) Dy = (Ay +Eg) 'N_1, D, :=(A,+FEy) 'N_;.

Since D(Ay) = (A + Eg)"'D(Ty), D(A,) = (A, + Ex)~'D(T}), we
have

(69) Dy € D(Am), D, C D(A,),

and

(70) Dy ND(A)={0}, D,nD(A)={0},
By (67), (69) and (70) we obtain that

(71) Dy N D, ={0}.

Set

(72) D:=Dy +D,.

By (68) we obtain that the sets Dy and D,, have the linear dimension n(A).
Elementary arguments show that D has the linear dimension 2n(A). Since
D(A,) C D(A*), D(Ay) C D(A*), we can write

(73) D(A)+ Dy + Dy € D(A*) = D(A) + N, + N3,
where z € C\R.
Let

91,925 - - s 92n(A)»
be 2n(A) linearly independent elements from D. Let

(74) i =9Aj+ gs; + 925, 1<j<2n(A),
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where g4 ; € D(A), 9.5 € N2, gz; € Nz. Set

(75) gj =9 —ga,;, 1<j<2n(A).
If for some a;; € C, 1 < j < 2n(A), we have
2n(A) 2n(A) 2n(A)

0= Z a;g; = Z @395 — Z @j9A,5>

then
2n(A)

Z Q95 =

and a; = 0, 1 < j < 2n(A4). Therefore elements g;, 1 < j < 2n(A) are
linearly independent. Thus, they form a linear basis in a finite-dimensional
subspace N, + N;. Then

(76) N, + N; C D,

(77) D(A*)=D(A)+ N.+ N: CD(A)+D=Dy.
So, we get the equality

(78) D(A)+ Dy + D, = D(AY).

Since D(A) + Dy € D(Anr), Dy € D(A,), we get
D(A*) = D(A)+ Dy + D,y € D(Anr) + D(AL).

Since D(An) + D(A,) € D(A*), we get
(79) D(A7) = D(Ay) + D(4,).
From (67), (79) the result follows. O

We shall use the following classes of functions [4]. Let H be a Hilbert
space. Denote by Ry, the class of operator-valued functions F'(z) = F*(2)
holomorphic in C\R with values (for z € C4) in the set of maximal dissi-
pative operators in €(H). Completing the class Ry by ideal elements we
get the class Ry. Thus, Ry is a collection of functions holomorphic in C\R
with values (for z € C4) in the set of maximal dissipative linear relations
0(z) = 0*(z) in H. The indeterminate part of the relation 6(z) does not
depend on z and the relation 6(z) admits the representation
(80) (9(2) = {<h1,F1(Z)h1 + h2> : h € D(Fl(z)), ho € /HQ},
where H = Hi & Ha, Fi(z) € Ry, .

Definition 4 ([4]). An operator-valued function F(z) € Ry belongs to the
class S;[O(—oo,()) if Vvn € N, Vz; € C4, hj € D(F(z5)), & € C, we have

" (27 F(2i)hiy hy) — (hiy 25 Y F(25) by
(81) Z(z (2i) ZZ_; ; ())&@20

ij=1
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Completing the class S;lo(—oo,()) with ideal elements (80) we obtain the
class S5,"(—00,0).

From Theorem 9 in [4, p.46] taking into account Proposition 2 we have
the following conclusion (see also Remark 17 in [4, p.49)):

Theorem 4. Let A be a closed nonnegative Hermitian operator in a Hilbert
space H in the completely indeterminate case. Let {H,I'1,T2} be an arbi-

trary SBV for A such that Ay = A, and M(z) be the corresponding Weyl
function. Then the formula

(82) R = (Ay—2Bm) " = (2)(1(2) + M(2) = M(0))"'9*(2), =€ C\R,

establishes a bijective correspondence between R, € Q°(—00,0)(A) and T €
S7,°(—00,0). The function 7(z) = 7 = 7* in (82) corresponds to the canon-
ical II-resolvents and only to them.

Now we can state our main result.

Theorem 5. Let a matriz Stieltjes moment problem (1) be given and condi-
tions (4) hold. Let an operator A be the closure of the operator constructed
for the moment problem in (20). Then the following statements are true:

(1) The moment problem (1) is determinate if and only if Friedrich’s
extension A, and Krein’s extension Ay coincide: A, = Apyr. In
this case the unique solution of the moment problem is generated by
the orthogonal spectral function Ey of A, by formula (42).

(2) If A, # Awm, define the extended operator Aext for A as in (66). Let

{#H,T'1,T2} be an arbitrary SBV for Aext such that Az = (Aext)p
and M (z) be the corresponding Weyl function. All solutions of the
moment problem (1) have the following form:

(83) M) = (mg;(N)e 520,

where
dmy, (A
(84) /R Wi _ (4, 2By) " o, 25) 4
+

A—z
— (1)) + M(z) = M)y (D)aw, ;)
z € C\R,

where T € §7_{0(—oo,0). Moreover, the correspondence between all

T € g;{o(—oo,()) and all solutions of the moment problem (1) is
one-to-one.

Proof. This follows directly from Theorems 3 and 4. O
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