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On the secondary Steenrod algebra

Christian Nassau

ABSTRACT. We introduce a new model for the secondary Steenrod al-
gebra at the prime 2 which is both smaller and more accessible than the
original construction of H.-J. Baues.

We also explain how BP can be used to define a variant of the sec-
ondary Steenrod algebra at odd primes.
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1. Introduction

Let A be the Steenrod algebra. In [Bau06], H.-J. Baues has constructed
an exact sequence B,

(1.1) A B, —2 By A

which captures the algebraic structure of secondary cohomology operations
in ordinary mod p cohomology. This sequence is called the secondary Steen-
rod algebra and its knowledge allows, among other things, to give a purely
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algebraic description of the ds-differential in the classical Adams spectral
sequence (see [BJ06], [BJ04b] and Remark 4.13).

Unfortunately, the construction of B, is not very explicit and apparently
not many topologists have become familiar with it. The aim of the present
note is to show that there is a smaller and much more accessible model which
captures the same information. In fact our model is so simple that we can
describe it in this introduction:

Fix p = 2 and let Dy be the Hopf algebra that represents power series

k k !
fl@) =) &Ga* + > 242"+
k>0 0<k<l

under composition modulo 4. There is a natural map 7 : Dy - A and a
decomposition

(1.2) Dy=Z/4{Sa(R)} & > YiuA
—1<k<l

where Sq(R),Y;; € Do are dual to £R resp. €k+1,+1 with respect to the
natural basis { 7%, 267, } of Do, = Z/4[&n, 281.1).-

Here are some computations that can help to become familiar with Dy:
Sq'Sq' = 2Sq*+Y_1,0, Sq'Y_10 = Y_1,0Sq" +2Sq(0,1). Let Q; = Sq(Ax+1)
for the exponent sequence A with £ = &, and P’ = Sq(2°A;). Then
QoQr = SA(A1 + A1) + Y1 and [Qo, Qx] = Y14 if £ > 0. One also
finds

s+1
PtSPtS: 2Pt (3+1 <t),
2P + Y, 5:5q ((2° — 1)Ay) (s+1=t).
So for example Sq(0,2) - Sq(0,2) = 25q(0,4) + Y5 25q(0, 1). More computa-

tions can be found in Figure 1.
For products involving Y}, ; there is the simple formula

(1.3) Yieg= Y Yo W€ a)
1,70

if we interpret the Y ; with k > [ as

}/l,k (l < k),

25q(Ak+2) (I=Fk).

Here we have written T(p,a) for the contraction of a € A by p € A, defined
via (((p,a), q) = {(a,pq) for ¢ € A,. Let k(a) = (&1, a).
Our model D, for the secondary Steenrod algebra is the sequence

(1.4) Yy =

)

9

A D, Dy —» A.
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where
—1<k,0<1
po and Uy are symbols of degree |puo| = —1 and |Uyy| = Yyl — 1 =
2k+1 4 ol+1 _ 9 We turn D; into an A-bimodule via apg = poa + x(a) and
k+1 I+1
(1.5) aUki =Y Ukpiary W& a).

4,520

The relations defining D, are

Ul,k + Sq(Ak-+1 + Al+1) (l < k),

10Sd(Ag+2) +Sq(2A%+1) (l=k).

The boundary 9 is zero on A C Dy and otherwise given by dupa = 2a and
8Uk7la = Ylea.

(Note that our grading convention differs slightly from the one that is
used by Baues: our 0 raises degrees by one whereas the inclusion A C D,
is degree-preserving; in [Bau06] the inclusion ¥ A C Bj raises degrees but
0 : By — By doesn’t.)

The following is our main result:

(1.6) Uky =

Theorem 1.1. There is a weak equivalence By — Do of crossed algebras
that is the identity on my and 1.

Recall that a crossed algebra [Bau06, 5.1.6] is an exact sequence of the
form B, with By an algebra, B; a By-bimodule and a bilinear differential
0 : By — By with (9b)b' = b(dV') for b,/ € B;. The homotopy groups
mo(Bs) := coker 0 and 71 (B,) := ker 0 will mostly be A in our examples.

This theorem makes it easy to compute threefold Massey products in the
Steenrod algebra. Think of D, as the splice of the two short exact sequences

u o

L DN
A>—>D1—8»RD, Rp— Dy —» A

and pick sections o and u as indicated. For o, for example, we can take
the (nonadditive) map o(>_ ¢;Sq(R;)) = > &Sq(R;) with (=) : Z/2 — Z/4
given by 0 =0 and 1 = 1. For u we can let

(1.7)  2Sq(R) = poSa(R),  YgSa(R) — Uk Sq(R)  (for k <)

which gives a right-linear section. For a,b € A one then has o(ab) =
o(a)o(b) + 01(a,b) with 7(a,b) = u(o(ab) —o(a)o(b)) € Dy. Associativ-
ity of the multiplication in A dictates that

{a,b,c) = 1(ab,c) — 7(a,b)o(c) — 7(a,bec) + o(a)7(b, c)
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is a O-cycle, hence in A. (a,b,c) is the Massey product in question. It is
only defined up to an indeterminacy coming from the choices of ¢ and w.

As an example, consider the case a = b = ¢ = Sq(0,2). With o and u
chosen as above one has o(a)o(b) = 25q(0,4) + Yp25q(0,1), so 7(a,b) =
1034q(0,4) + Up,25q(0, 1). One finds

{a,b,c)y =Sq(0,2)7(b,c) — 7(a,b)Sq(0,2)
= 10 [Sq(0,2), Sq(0,4)] +Uo 2 [Sa(0, 2), Sq(0,1)] +U2,25q(0, 1)

-~

=Sq(0,1,0,1) =0
= 5q(0,1,2)

which agrees with the calculation of Baues [Bau06, 16.6.7]. A straightfor-
ward computation, whose details we leave to the interested reader, now
generalizes this to:

Corollary 1.2. Let t > 1. Then (Pf, P?, Pf) is zero for s < t —1 and
(P P P 2 8q (2871 — 1AL + 28A ).

The plan of the paper is as follows. In Section 2 we will review the
definition and structure of Do and sketch proofs for the claims in this in-
troduction. In Section 3 we will construct an intermediate sequence F,
with a weak equivalence E, — D,. We then construct a comparison map
By, — E, in Section 4, thereby proving the main theorem. Finally, the ap-
pendix sketches the relation of the odd-primary secondary Steenrod algebra
with the algebra of BP operations.

Acknowledgements. I want to thank Mamuka Jibladze for many stimu-
lating emails on the subject. The first such email arrived in May 2004 and
this is when my interest in the secondary Steenrod algebra began. Without
his guidance it would have been a lot more difficult to wrap my head around
Baues’s wonderful construction. I also thank Hans-Joachim Baues for very
constructive comments on an earlier draft of this paper.

2. The construction of D,

2.1. Definition. As in the introduction, we let
DO* = Z/4[§k>2§k,l | 0<k< l7 50 = 1]
This is turned into a Hopf algebra with coproduct

Ag)= > @ og+2 Y & 82, 04,

itj=n 0<k<l
k k
A (gn,m) = gn,m ®1+ Z gi—kffn—k X gk—i—l
k>0

+ Z (ﬁik—k&i—l + fgf—kﬁil_o ® gt

0<k<l
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We list some basic properties of its dual in the following

Lemma 2.1. Let Dy = Hom(Dy,,Z/4) be the dual algebra and let Sq(R),
Yii(R) € Do be defined by

(Sa(R),%) = 0rs,  (Sa(R),2%mnt") =0,

(Yii(R),€%) =0, (Y (R), 26mnE”) = 26k 11,mO141,n0R,5-
Write Yy, for Y3 1(0). The following is true:

(1) There is a multiplicative map 7 : Dy — A with Sq(R) — Sq(R).

(2) One has Yy (R) = Y} 1Sq(R).

(3) The kernel Rp = ker 7 is 2D0+Z—1§k<l Yy 1A and satisfies RzD = 0.
(4) The commutation rule (1.3) holds with Yi; as in (1.4) for k > 1.

Proof. The verification is straightforward. O
We will encounter the following A-bimodules more than once.

Lemma 2.2. There are A-bimodules U, V with

V=Y WA, U= ) UyA

—1<k —1<k,l

and relations
2k+1 2l+1

CLVk — Z Vk+l ,CL), aUkl - Z Uk+l l+j —i( j 70')'
i>0 4,7>0

2k+1

Furthermore, let R = U + U and Ry, = Uy, for =1 <k <1 and

K= Z RkJA—I— Z RkaA.

—1<k<l —1<k
Then
2k7+1 2l+1 2k:+1 2l+1

(21) CLRle = Z an -l E 5 6 En 1> )’

—1<n<m

2k+2 2k+1 2l+1

(2.2)  aRpp= ZRkJrz ki ) Z Rpyiggs 1 5 a)

0<1 0<i<y

and K is a bimodule, too. All of U, V and K are free A-modules from both
left and right with basis the Uy, Vi, resp. Ry and Ry . The same is true
for the sub-bimodules

=> VA, U= Uyd K =) RyA+) RiA

0<k —1<k0<1 0<k<l 0<k

where the generators V_i, U, _1 and R_1 . have been left out.
Proof. This is also straightforward. ([l

We will need the following computation in A.
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Lemma 2.3. Leta€ A and k> 0,1>1. Then

(23) G’Qk‘ = Z Qk+i 7 ( i2k+17a> )
>0
(2.4) aP} = Z‘Dll+z i ( Elﬂva) + 1(a)Quy1
>0
+ > QiQ; T ({fliﬁfij,a) :
1<i<j

Proof. Recall that A, is canonically an A-bimodule with
Alp) =Y SqR)p@ " =" " @ pSq(R).
R R

One has (aSq(R),p) = (a,Sq(R)p) and (Sq(R)a,p) = (a,pSq(R)). Upon
dualization (2.3) therefore becomes the identity

k+1
Qrp = _(pQrsi) - &
i>0
Here both sides are derivations in p, so it only remains to check equality on
the &, which is easily done.

The second claim can be proved similarly, but with messier details. We
leave this to the skeptical reader. O

The following lemma is the key to the definition of D;. Recall that A+ppA
carries the bimodule structure apg = poa + k(a).

Lemma 2.4. There is a bilinear map X : K' — A + ugA with
Ry = Sq(Ags1 + A1),
Rp ke = SA(2Ak41) + 10Sq(Agy2).

Proof. We need to show that A respects the relations (2.1) and (2.2).
By (2.3) one has

aQr@Qr = Z Qr+iQi+5 ( FA JZMaa)-
3,520
Using Qr@Q; = Q;Qr and Qi = 0 this immediately implies compatibility
with (2.1).
For (2.2) note aA(Ry) = aPl,; + k(a)Qps1 + 10aQp+1. The claim is
therefore equivalent to

k+2 k+1 +1
aPle + K(a)Qrt1 = ZPleH_I( 12 ,a) + Z Qr+iQuj I 12 32 ,a),
0<i 0<i<j
2k+2
Qi1 =Y Qrrinn WG 0a).
0<i

These are again just variants of (2.3) and (2.4). O
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Now let Dy = (A+ ppA+ U')/L where L = { (\(z),z) |z € K'} is the
graph of \. This is easily seen to agree with the definition in the introduction.

Lemma 2.5. Let OUy,; = Yy, and Opo = 2. This defines an exact sequence
o

A D Dy —» A.

Proof. By Lemma 2.4 L is a sub-bimodule of (A + ppA) x K’, so Dy is
indeed a bimodule. That 0 is well-defined and bilinear follows from the
relations (1.3). Finally, D; can be written as the direct sum

Dy = A+ upA+ Z UkJA.
—1<k<l
From this the exactness of the sequence is obvious. O
2.2. Represented functors. Some of the previous constructions can be
given meaningful descriptions when we look at their associated functors.
Unfortunately, we have not been able to find a good explication for the map

A, so we eventually have to resort to pure algebra in our construction of D,.
Let Algy, /4 be the category of commutative algebras over Z/4.

Lemma 2.6. There is a natural isomorphism Hompgg | (Dox, —) = G(—-)
where G(R) C R[[z]] is the group

{f(ac) = Zth2k + Z tk’lx2k+2l

k>0 0<k<l

to=1, J* =0 for J = (2,t3;) CR}.

Proof. A ¢ : Dy, — R maps to the f with t;, = ¢(&) and t; = ¢(26;,;). O
The bimodules U and V' can be understood by looking at the functors

VI(R) = G(R) x {v(m) = kaka v(x)? = 2v(x) =0 },

U(R) = G(R) x {fg(x,y) = Z uklxzkle

>0

folz,y)® =2fo(z,y) =0 }

The group operation is given by (f1,v) o (g1,w) = (fi191,v91 + w) resp.

(f1: f2) © (91,92) = (f191. f2(g1 X g1) + g2).
Vi and U, are represented by algebras Dy, [vg]/J? and Dy, [ug ]/ J? where

J is the ideal (2,vy) resp. (2,ug;). V and U can then be recovered as the
duals of the degree 1 part of these algebras.
We can use this to at least partially explain the map from U to Dy.

Lemma 2.7. The map ¢ : U — Do with Uy = Yy and Uy = 2Qp41 18
associated to the natural transformation

U(R) > f = (f1,f2) = " € G(R)
with () = fi(x) + fo(z, ).
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Proof. We have an isomorphism Do, [uk]/J?* = Do,[2wg,] and will use
the wy; in our computation for the sake of clarity. Recall that (Qra,p) =
(a, (0p)/(0&k+1)) for a € A, p € A,. Therefore the dual ¢, : Do, — U, is
given by

P2 (0p)/(0k ) wik + Y 2(0p)/(9k) (wiy + wik) .-

k>0 0<k<l

The map &: : Do, — Do, [2wy,] with p — p + ¢.(p) is multiplicative since
¢4 is a derivation. It therefore does correspond to a natural transformation
Ui(R) — G(R). To see that this transformation is f +— f° one just has to

check that ¢* (En—l—l) = §n+1 + an,n and ¢*(2§k,l) = 2§k,l + 2’11)]671 + 2wl,k. O

The bilinearity of ¢ expresses the fact, that f — ff is multiplicative.
This is also easy to see computationally.

Lemma 2.8. One has (fg)*f = ff o g°ff.
Proof. We have
(f9)"(x) = fi(o1(2)) + f2(91(2), 91 (2)) + ga(, @),
g™ (@) = filgr(@) + ga(w, 7)) + fog1(2) + ga(2, @), g1 (2) + ga(, 7).
Since g’f =0 for k£ > 2 we have

fi(g1(z) + g2(w, 7)) = fi(g1(x)) + ga(=, z),
fa(g1(z) + g2(z, 2), g1(x) + g2(z, 7)) = fa(g1(x), g1(x))
which implies (fg)*f(x) = ff(¢°% (2)). O

3. The construction of FE,

We now prepare ourselves for the comparison between our Do and the B,
of Baues. It turns out that an intermediate F, is required. The reason is that
D,, although sufficient for the computational applications of the theory, does
not capture all of the structure of B,. The latter carries a comultiplication
which turns it into a secondary Hopf algebra and the associated invariants
L and S are crucial for the comparison. We will therefore now pass to a
slightly larger E, where this extra structure can be expressed.

3.1. Definition. Let X = Z_KW X1 A be a copy of U with Uy, ; renamed
X, and let X’ C X be the subspace without X_; _;1A. Let Ep = Dy +
X'+ poX' for k = 0,1. We will write e = ep + ex for the decomposition of
e € E\k into the Dy and X 4+ poX components. Let p : Eq — Do denote the
projection e — ep. We extend 0 to E\. via de = Oep + ex. This defines an
exact sequence

— o —

(3.1) A E Ey—"5A.
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Here the grading is given by |puoXk;| = | Xk — 1 and | Xg ;| = |Yiy| in ]/':75,
= |Yps| — 1 in Ey.

We need to define a multiplication on J/E’B. Note that there is an iso-
morphism U = V ®4 V where Uy <+ Vi, ® V. We can therefore write
X1 = XX where the X}, are generators of a copy Vx of V. Let ¢ : A — V5
be given by ¥(a) = >0 Xk 1(&k+1,a). ¥ is a derivation because one has
Y(a) = X_1a —aX_;. Recall that s : A — A is also a derivation.

Lemma 3.1. Let x: Dy ® Dy — Do+ X + pupX be given by
(32) axb=ab+(a)P(b)uo + X 1¢(a)r(b)

and extend this to all of By via dxm = 7w(d)m, mxd = mx(d) and mm’ =0
for d € Dy and m,m’ € X + puoX. Then x is associative.

Proof. The only questionable case is when all three factors are in Dy. But
this is a straightforward computation:

(axb)*xc=
= abe+ Y (ab)y(c)po + X 19 (ab)k(c) + P(a)y(b)poc + X_11p(a)r(b)c
= abe + (a)byo(c)po + arp(b)(c)po + X-19(a)br(c) + X_1arp(b)k(c)
P(a)p(b)epo + ¢ (a)ip(b)r(c) + X 19(a)r(b)c,

* (b *c) =
= abe + (a)ip(be)po + X1 (a)r(be) + arp (D) (c)po + aX 11(b)k(c)
= abe+ P (a)by(c)uo + ¢ (a)(b)cpo + X 19 (a)r(b)e + X_1¢(a)br(c)

+ap(b)y(c)po + X1ap(b)r(c) + 1b(a)(b)r(c). O

Figure 1 illustrates the multiplication in Ey with the computation of the
first few Adem relations.

We will define Ey C Ey by a condition on the coefficients of Y_1 ., X_1
and X, _;. To formulate that condition we need to define two more maps.

Lemma 3.2. Let 0p : Dg — V' be the map that extracts the Y_y ;. In other
words, let

Op(Sa(R)) =0, Op(Y_1na)=Vaa, Op(Yiia)=0 fork# —1.
Then Op : Dy — V + oV with ég(d) =0p(d) + Y(d)uo is a derivation.

Proof. We sketch a quick computational proof here. A better argument
will be given later from the functorial point of view.

We already know that v is a derivation, so we just need to show 6p(de) =
dfp(e) + Op(d)e + (d)k(e). Since Op sees only the &, we can compute
0p(de) from the coproduct formula

Afo,n - fO,n ®1+ ngk—k ® gO,k + gn—l & 51
k>0
and these summands translate to p(d)e, dfp(e) and 1 (d)x(e). O
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Similarly, let 0 : E\o — V extract the X_q :
Op(X_1ka) =Via, 0Op(X;_1a) =0,
05 <D0 + X+ XMA> —0.

Lemma 3.3. One has 0g(dxe) = 0g(d)e+ dfg(e) + ¢ (dp)k(ep) ford,e €
Ey.

k>0

Proof. This is a straightforward computation. See also the discussion in
Remark 3.9 below. O

Lemma 3.4. Define

E\a =Dy + Z XkJA + Z [L()XkJA + ZX—LkA C Ey
k,1>0 k,1>0 k>0

and let Ey C Evo be the subset where Op o p and O coincide. Then Ey is
closed under the multiplication .

Proof. It’s clear that /E\B is multiplicatively closed since * cannot generate
any X _p if this is not already part of one factor.

That Ej is also multiplicatively closed follows from the identical formulas
for Op(de) and Og(de). O

Corollary 3.5. Let By = 0~ '(Fp) C E\l Then

0

(3.3) A By Ey —"» A.

is a crossed algebra FEo with a canonical projection p: Ee — Ds.

Proof. Clear. O

3.2. Represented functors.

Lemma 3.6. For f(xz) € G(R) let 7¢(x) and 0¢(x) be defined by the decom-
position

(3.4) f(@) =z + 7p(2?) + 20, (2?)
and write f(z) = f(x) —x. Then

(3.5) Fo(z) = Flg(x)) +9(x),

(3.6) Org(w) = 07(g(x)) + O4(2) + £]G(w),

where f{ = 7;(0) is the coefficient of x? in f(x).

Proof. This is a straightforward computation. ([
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[n, m] | Definition | Dg X + poX

[1,1] |1-1 28q(2) + Y19 X 1,0 + poXoo

[1,2] [1-24+3 | Y_10Sq(1) X_1,05q(1) + poXo,0Sq(1)
+ Xopo

2,2] | 2-243-1|28q(1,1) + 2Sq(4) + | X_105a(2) + XooSq(1) +

Y_1,0Sq(2) 10X0,094(2) + £0Xo.1

[1,3] |1-3 Y- 1,05q(2) X_1,054(2) + poXo,05a(2)
+ Xo,05q(1)

3,2] |3-2 2S5q(2,1) + 2Sq(5) + | X_1,0(Sq(0,1) + Sq(3))

Y_1,0(8q(0,1)+Sq(3)) | + Xo,05q(2) + Xo1 +
110X0,0(Sq(0,1) + Sq(3)) +
10Xo0,159q(1)

[2,3] 2:3+4-1+5 QSq(2, 1) X071 + ,U«[)X()JSq(l)

[1,4] 1-4+5 28(31(5) + Y_L()Sq(?)) X_L()Sq(?)) + X[)’()Sq(2) +
140X0,05q(3)

[3,3] |3-3+5-1]2Sq(6) + X_10(Sq(1,1) + Sq(4)) +

Y_1,0(Sq(1,1)+Sq(4)) | X0,0(Sq(0,1) + Sq(3)) +
110Xo0,0(Sa(1,1) 4+ Sq(4))

[2,4] | 2445146 | 2Sq(3,1) + 2Sq(6) + | X_1,05q(4) + Xo0,05q(3) +

Y_10Sq(4) X0,15q(1) + poXo,05q(4) +
10X0,15q(2)

[1,5] | 1-5 25q(6) + Y_105q(4) | X-1,0Sq(4) + Xo,05q(3) +
110X0,09q(4)

[4,3] |4-345-2]2Sq(1,2) + 2Sq(4,1) | X_10(Sa(2,1) + Sq(5)) +

+ Y_10(Sq(2,1) 4 | X0,0(Sq(1,1) + Sq(4)) +
Sq(5)) poXo, O(SQ( 1) + Sq(5)) +
110X0,15q(0, 1)

[3, 4] 3-4+7 Y_17osq(2, 1) X_L()Sq(Q 1) + X(),lsq(Q)
+ 110X0,09q(2,1) +
10X0,15q(3) + Xo,05q(1,1)

2,5] |2:5+6-1]28Sq(4,1) X0,15q(2) + p0Xo,15q(3)

[1,6] | 1-647 Y_1,05q(5) X _1,05q(5) + p0Xo0,05q(5)

+ Xo,05q(4)

FIGURE 1. List of Adem relations in Ej.
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Recall that V represents the functor

VI(R) 2 G(R) { kax

This extends to M =V + uoV as

v(z)? =0, 2v(z) = 0}.

M(R) 2 G(R) x {v(x) = vo(x) + povi(x)

Vg, v1 as in V;(R)}

where
(f.v0 + pov1) © (g, wo + prowr) = (fg,v09 + wo + &l w1 + po(v1g +w1)).
We can use this to give an explanation of ¢ and 6p.

Lemma 3.7. Let 9/5 be the derivation Dy — V + uoV = M from Lem-
ma 3.2 and let HD SymDO (M) — Dy, be the multiplicative extension with

QD\M* = GD* Then HD represents the transformation G(R) — M(R) with
f=(f,08(z) + pof(z)).

Proof. For an f(z) of the form >, 22" + > 0<k<l 2£k71x2k+2l one has

_ kaja}%*l 4 Z 2£k,l$2k71+2171,

k>1 1<k<l

Or(x) = Z 2§O,km2k

k>0
The map f — (f,0¢(x) + pof(z)) therefore corresponds to the M, — Do,
with vy, = 2§01 and pjvg — &. But this is just 0p,. O

The multiplicative properties of ¢ and 0p that we established in Lem-
ma 3.2 are therefore just a reformulation of (3.5) and (3.6).
We can now translate the definition of Fj into the functorial context.

Lemma 3.8. The ring Ey represents paz'rs (fi(z), fa(z,y)) with fi(z) €
G(R) and fo(z,y) = f3"(x,y) + pofs’ (z,y) with (f1,fs") € Ui(R). The

multiplication * corresponds to the composition
(fog)y(@y) = falgr(®), 1(v) + & - 95 (@, 9) + ga(2,9)
+ 1u5g(@) - Fla(y) + = - 3(y).
The subset of those (f1, f2) with
fala,y) = - 05, (y%) + 13" (2% 9%) + pofs” (2%, 47)
is closed under x and represented by Ej.

Proof. Again this is straightforward. O
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Remark 3.9. Rephrasing the previous discussion one could say that in Ey
we are studying certain pairs f = (fi, fo) under the transformation rule

(fo)hr = fig, (f9)2(z,y) = (fg)SaSic(a:, y) + correction terms

where

(f9)5*5(z,y) = fa (g1(x), 91(y)) + & - 65" (w,y) + ga(z,y).

Here the correction terms are specifically crafted to preserve the conditions

fo(z,y) =0 mod y?,
fo(z,y) = by, (y2) mod 2

that define Ey. To us this suggests that the basic object of study should
basic

be the composition (fg)3 and the subspace Ey, both of which have a
reasonably elementary definition. The precise structure of the correction

terms might then count as an artifact of the retraction from ]/EB to Ejp.

4. The Hopf structure on E,

The secondary Steenrod algebra comes equipped with a diagonal B, —
Be & Be that extends the usual coproducts on A and Bj. This extra struc-
ture is essential for the characterization of B, in the Uniqueness Theorem
[Bau06, 15.3.13]. In this section we are going to exhibit a similar structure
on FE,, which is a key step in our proof that Be ~ FE,.

4.1. Ey as Hopf algebra.

Lemma 4.1. There is a unique multiplicative Ag : Ey — Ey ® Ey with

Ao (Sq(R)) = > Sa(E)®Sq(F)
E+F=R

and A()(Z) =7ZQ1+1® 7 for Z € {Yk,th,l?/’['OXk,l}'

Proof. The uniqueness is clear. To show existence, we begin with the dual
of the multiplication map Dy, ® Do, — Dg,. This defines a Ag : Dy —
Dy ® Dy with Ao(YkJ) = Yk,l RI1I+1I® Yk,l- We extend this to all of Ey via
Ao(Z . Sq(R)) = (Z R1I+1® Z) . A(Sq(R)) for Z € {Xk,l7 ,UOXk,l}- We have
to show that this map is multiplicative.
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This is a straightforward computation, and we will work out only one
representative case. Let a € A and Aa =Y a’ ® a”. Then

Do (@) = B0, Xivians () )

= Z (Xktigr @1+ 1@ Xpqii45) Do (-I ( i2k+1 sz,a))
1,720

k+1  olt1
= Z Z {(XkJrz I+j ( 12 ]2 ,a’)) ®CLH

a’,a' 4,720
k41 I+1
+d ® (Xk+i,l+j 7 (5,2 &g, a")) }

= Z (' Xpy®ad" +d ®@ad"Xy)

a/ 7CL//

where we have used A7(p,a) = > (p,d') ® a” = > d’ ® T(p,ad”). This
shows Ag(aXy;) = Ao(a)Ao(Xk;). We leave the remaining cases to the
reader. O

There is also a canonical augmentation € : Ey — Z/4 which is dual to the
inclusion Z/4 C Dy, C Ep,. The following corollary is then obvious.

Corollary 4.2. FEy is a Hopf algebra over Z/4 with augmentation € and
coproduct Ag. The projection Eg — A is a map of Hopf algebras.

4.2. The folding product. We next want to define a secondary diago-
nal Ay : By — (E®E);. This requires a short discussion of the folding
product (E ® E), that figures on the right hand side. The necessary alge-
braic background is developped in [Bau06, Ch. 12] and [Bau06, Introduction
(B5-B6)].

Let p for the moment be an arbitrary prime and G = Z/p?. We consider
exact sequences of G-modules of the form

M, = (A®m>L>M1i,MO$>A®m>.

Under certain assumptions (e.g., if both factors are [p]-algebras in the sense
of [Bau06, 12.1.2]) one can define the folding product

N——

~ 8 TR
(M&N)e = <A®<m+n> (M & N)j—(M & N)g—25s AR (m-+n) )
=Mo®No

of two such sequences. Here (M & N); is a quotient of M7 ® No@ No® My, so
we can represent its elements as tensors m @ n where either m € M;, n € Ny
or m € My, n € Ny. Let Ry = ker (My — A) and Ry = ker (Ng — A) be
the relation modules. Then (M ® N); fits into the short exact sequence

A®(m+n)>i> (M®N)1 L%RM ®Ng —|—M0 ®RN = RM®N
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with d(m &n) = (dm) @ n + (—=1)™m @ (on).

Unfortunately, Do and E, are not [p]-algebras in the sense of [Bau06,
12.1.2], because Dy and Ej fail to be G-free. It is easy to see, however, that
in both cases 0 restricts to an isomorphism oMy — pMy, so the reduction
M, with M; = M /oMy and My = My /pMy is again an exact sequence. A
careful reading of Baues’s theory shows that this suffices for the construction
of the folding product.

Assume now that we have a right-linear splitting u : Ry; — My of 9. For
B, such a splitting has been established in [Bau06, 16.1.3-16.1.5]. For D,
we take the map Rp — Dq

2Sq(R) — poSq(R), Ygja— Ugga (for k <1, a € A)

from (1.7) in the introduction. We extend this to Rp = Rp @ W — Ey =
Dy @ W via up = up ®idy where W = X + pgX. We then get an induced
splitting uy for (M & M)e with us(r ® m) = u(r)®m and w(m @ r) =
m®@u(r) for r € Ry, m € Mo.

The splitting v allows us to decompose M; as the direct sum M; =
t(A)®u(Rpr). However, this decomposition is only valid for the right action
of My on M,. We also have an action from the left and this is described by
the associated multiplication map' op : My ® Ry — A®™ with

m-u(r) =u(m-r)+ (op(m,r)).

In our examples, op actually factors through My ® Ryr — A ® Ryy. For B,
this is proved in [Bau06, 16.3.3]. For D, and F, it is obvious as both D;
and Fq are A-bimodules to begin with.

We will now compute op and opy explicitly for Dy and E,.

Lemma 4.3. Ford € Dy and —1 < k <l one has op(a, 2d) = x(a)r(d) and

k+1 +1
op(a, Vi) = Y. Sa(Bppiyr+ D) W& ).
1,520,
k=14

Furthermore, op(a,x) =0 for all x € X + ppX.

Proof. Since u(2d) = pom(d) one finds au(2d) = k(a)n(d) + u(a - 2d) which
proves op(a, 2d) = k(a)w(d).

We have a - u(Yi1) = >2; i50 Uk+ii+j _I(fizkﬂﬁjzlﬂ,a). Using the relations
(1.6) we can write

u(Yiqiivs) (k+i<l+7),
Uktiiti = u(28q(Agriv2)) +SA(2A%yiv1) (k+i=1+7),
U(Yigjhri) + SA(ADkpiv1 + Apyjy1) (B+i>1+ 7).

IThis map is denoted A in Baues’s theory.
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Therefore
2k+1 2l+1
a - U(Yk‘,l) = U(aYkJ) + Z Sq(Ak+i+1 + Al+j+1) 1( i 7 7a)
1,520,
k+i>l+j

as claimed.

Finally, op(a,—) vanishes on M = X + uoX because u|y = id is left-
linear. 0

For opy there is a similar result.
Lemma 4.4. Write By ;;; = Sq(Aktit1 + Aiyjt1). Then
opy(a, A(2d)) = Aop(a,2d), (for d € Do),
opy(a, A(Yi) = Y. (Biuij ®1+1® Bruay) W €2 a)
WS
One has opy(a, A(z)) =0 forz € X + poX.
Proof. The first claim follows from
opy(a, A(2d)) = k(a)A(2d) = A (k(a) - 2d) = Aop(a, 2d).

For the second we use opy(a, A(Yg,)) = opy(a, Ve, ® 1+ 1® Yy;). From
Lemma 4.3 we find

opy(a, Yy ®1) = > op(d, Vi) ® d’

= B (- a)@a”
= Bty ® )7 ,a)

where we have temporarily suppressed some details. There is a similar

formula for opy(a,1 ® Y,) and together they make up the second claim.
That opy(—, A(X + poX)) vanishes is clear from the vanishing of op on

A® (X + poX). O

4.3. The secondary coproduct. We can now define the secondary diag-

onal A, : Eg — (E ® E)o. We still need a few preparations.

Lemma 4.5. Let U” C U be the sub-bimodule on the Uy; with k,1 > 0.
There is a bilinear V : U”" — A ® A with Uy — Q; @ Q.

Proof. One has
a(Qe®1) = (dQr®d) = Qu I, d) @ a

>0

k+1
_ZQIC+Z®1 2 ) )

>0
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Therefore
2k+1 2l+1
a(QreQ)=a(@®1)(10Q) =Y (Qri®Qu;) & & a)
i,j>0
which is the same commutation relation as for the Uy ;. O

Lemma 4.6. There is a right-linear V: Rp > A® A & npA ® A with

VXki=Q1®Qk, VwuoXky = poQr @ Q (0 < E,1)
VY = Q@ Qk 0<k<l)
and Vap, = V|z, =0 where Zj, = X_ 1+ Y_ 1. Let ®(a,r) = V(ar) —

a(Vr) be the left linearity defect of V. Then
(4.1) ®(a,r) = Aop(a,r) + opy(a, Ar)
fora€e A andr € Rg.

Proof. Rp is free as a right A-module with basis 2, Z;, (for 0 < k), Y} (for
0 <k <) and Xy, poXp,; (for 0 < k,1). Therefore V is well-defined and
right-linear.

We have ®(a, Xj;) = 0 and ®(a, poXx,;) = 0 by Lemma 4.5, ®(a,2) =0
and Aop(a,2) + opy(a, A2) = 0 by Lemma 4.4, so it just remains to prove
the formula for » = Y} ; and r = Z,.

Combining Lemmas 4.3 and 4.4 we find

Aop(a, Y1) + opg(a, AYg)

- Z <ABk7l727] - Bk,lﬂ':j ® 1 + 1 ® Bk,l,i,j) —I( 7;2k+1 j2l+1’a)
1,520, —
ktizlt+j =:C 14,5
where
Crrii = Qrrit1 ® Quijr1 + Quiji1 @ Qryivr (k+i+1#1+j+1),
] T

Qrtit1 © Quyjt1 (k+ti+1l=1+37+1).

To see that this is ®(a,Yy;) note first that V(aUy;) — aV(Uk;) = 0 by
Lemma 4.5. We can compute ®(a,Y};) = V(aYy,;) — aV(Y},;) from this by
changing every VU, ,, to VY, . Since VU, ; = VY, for k <1 and

VWi + Cruy (k+i>14+7)
VUgyijrj =

VYiiiitj (k+i<l+37)

this introduces exactly the error terms from the Cy; ;.
The case of Z;, is similar and left to the reader. O
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Now define X, L : Rp — A® A by V(r) = X(r) + uoL(r). Recall that
E1 = 1(A) @ u(Rg) and let Ay : By — (E® E); be given by

(4.2) Ay (a)) =1z (A(a)),  Ar(u(r)) =ug (Ao(r)) + ¢ (X(r)) -
Lemma 4.7. With this coproduct Ee becomes a secondary Hopf algebra.

Proof. First note that A; is right-linear and fits into a commutative dia-
gram

A = E; Ep A

JA [ JAO JA

AR AL S (EQE) —2 5 Ey® By —» A® A

A, : Ey = (E® E), is therefore a map of [p]-algebras in the sense of [Bau06,

12.1.2 (4)]. There is also a natural augmentation e, : Fo — Go where

Ge = (F — F + poF — G — F) is the unit object for the folding product.
It remains to verify the usual identities

(€e @id)Ay = id = (Id @ €a) A, (Ae®id)Aq = (id & A,)A,.
This can be cione on Athe A generators o, Uy 1, Xp 1, 10X € E1. We have
Aq(po) = po®1 =1& po and
Ay (Upy) = Upg © 14+ 160 Upy + Q& Qx, (for k < 1)
Ay (Xpp) = Xy @1+ 10 Xpy 4+ Q1 & Q,
At (poXk) = poXp1 ®14+ 18 po X,
Then, for example,
(id & A1)AL (Uky) = (id® A1) (Uky @14+ 1@ Upy 4+ Qi & Q)
=Up, 01901+ 10U, @1+ 181Q Uy,
F1RQOQ+QIOIRQL+QOQr®1
= (A1 ®id)Ay (Uky) .
We leave the remaining cases to the reader. O
Our A fails to be left-linear or symmetric; as in [Bau06, 14.1] that failure

is captured by the left action operator L and the symmetry operator S as
defined in the following lemma.

Lemma 4.8. Fore € E; and a € A one has
Ai(ae) = aAq(e) + v (k(a)L(0e)), TAi(e) = Ai(e) + 14 (S(0e))
with S(r) = (1+T)X(r) where T : A® A — A® A is the twist map.



ON THE SECONDARY STEENROD ALGEBRA 697

Proof. That S(r) = (1 + T)X(r) is obvious from the definition. For the
left-linearity defect one computes

Ay (a-u(r)) = Ay (u(ar) + ¢ (op(a,7)))
= ug (Ao(ar)) + 15 (X(ar) + Aop(a, 1)),
a- A1 (u(r)) = a- (ug (Bo(r)) + ¢ (X(r)))
( (7)) =+t (opg (a, Ao(r)) +a- X(r)) .
Therefore Ay (au(r)) — alq (u(r)) is
L (%(ar) —aX(r)+ Aop(a,r) — opy (a, Ag(r )))

=uy (a-Ap

which by Lemma 4.6 is
v (X(ar) —aX(r) + V(ar) —aV(r)) = vy (k(a)L(r)) . O

Note that in Baues’s book L was originally defined as a certain map
L:A®R — A® A. However, it was shown in [BJ04a, 12.7] that L(a®7r) =
#(a)L(Sq' ®r), so our L(r) corresponds to L(Sq' ® a) in [Bau06].

4.4. Proof of By ~ Eo. We are now very close to establishing the weak
equivalence between F, and the secondary Steenrod algebra B,. Recall
that By is the free associative algebra over Z/4 on the Sq* with k > 0. Let
¢ : Bg — Ey be the multiplicative map with By > Sq" — Sq"™ € Dy. It’s
easily checked that ¢g is also comultiplicative.

Let ¢jE1 be defined as the pullback of 4 — Ey along ¢g. We then have
a commutative diagram

A Eq Ey A
[
A CéEl BO A

that defines a new sequence ¢*FE, together with a weak equivalence to F,.
We will prove that ¢*E, & B,.

Lemma 4.9. ¢*E inherits a secondary Hopf algebra structure from Fo such
that the map ¢ Eo — Eo is a map of secondary Hopf algebras.
Proof. Indeed, using the splitting (¢*E ® ¢*E); = 1 (A® A) ® uy (RpeB)
we can transport the definition (4.2) to
Ar (V(a)) =t (Ala)),  Ar (u'(r)) = uf (Ao(r)) + ¢ (X(co(r))) -
We leave the details to the reader. U
Note that the left action and symmetry operators of ¢*F, are given by

L' = Loc¢yand S' = Socy. The following lemma therefore shows that these
agree with the operators from the secondary Steenrod algebra.



698 CHRISTIAN NASSAU

Lemma 4.10. Decompose Veo|p, : Rp —+ AR A @ upA® A as
V (co(r)) = X(r) + poL(r) with X, L:Rp - A® A.

Then r — L(r) resp. r +— (1 +T)X(r) coincide with the left-action resp.
symmetry operator of Ba,.

Proof. For 0 < n < 2m let [n,m] € Rp denote the Adem relation

k-1 —1
Sqn®sqm+ Z (m k >Sqm+n—k®sqk+ <mn >Sqm+n‘

1<k<n n—2k
SR>3

=(n,m) =An,m
Together with 2 € Rp the [n,m] generate Rp as a Bp-bimodule. We let
F'=7/2{Sq"|n > 1}, so (n,m) € F* @ F! and A, € F'.

According to [BJ04a, 12.7] or [Bau06, 14.4.3] the left action map is the
unique bilinear L : Rg — A ® A with L([n,m]) = Lg ((n,m)) where Lp :
Fl® F! - A® A is given by

Lr(Sq"@Sq™) = > Sq™Sq™ @ Sq™Sq™.
ni+no=n
mi1+mo=m

m1,ng odd

Lemma 4.6 proves that the L that we extracted from V is also bilinear, so
we only have to verify that it gives the right value on the Adem relations.
We now compute

(4.3)  Sq"xS5q™ = 5q"Sq™ +1(Sq")P(Sq™ ) o + X-19(Sq")x(Sq™)
= Sq"Sq™ + X0Sq" " X0Sq™ o + X_1,08q" 'S
For the pg-component we then find
V(X0Sq" ' XoSq™ )
= ((1®Q0)ASq™ ) - ((Qo ® 1)ASq™ 1)

= Z Sq™ ® Sq"? | - Z Sq"™ @ Sq'"*?
ni+ne=n, mi1+ma=m,
no odd m1 odd

as claimed.
The identification of S = (1 +7)X with the symmetry operator proceeds
similarly. We first evaluate S([n,m]). Moving pg to the right gives

V(co(r)) = poL(r) + X(r) = L(r)po + £(L(r)) + X(r) .
M
=:X(r)

We claim that Sq"Sq"™ € Dy does not have any Y, ;-component with 0 < k, [.
Indeed, from the coproduct formula in Dy we find

Agn,m = gnfm (29 51 mod ka ® 1, 1® 57?717 1® é.j Wlthj > 2.
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From (4.3) we then find
X(Sq"Sq™) = VSq"Sq™ 4+ VX _1 0S¢ 1Sq™ ! = 0.

It follows that S([n,m]) = (1 +T)k (L([n,m])) = (L +T)L (k([n,m])). We
still need to show that this is the expected outcome. Let (n,m) =3 . Sq™ ®
Sq™. Expanding slightly on the computation above, we see that

L(fn,m]) = >V (Xo,0Sq™ 'Sq™ ! + Xo18q™ 38q™ 1) .

Therefore
(1 + T)L(/f([n’ m])) = Z(l + T)VXO,I (Sqni—4sqmi—1 4 Sqni—SSqmi—Z)

where we have ignored the X (- --) because (1 +7)VXyo = 0. Since Ay,
= 3",5q"Sq™ € F! we have

0= -I(€27 Z Sq"ISqu) = Z Sqm—QSqmi—l7

0=, T(E, Y Sa™Sq™)) = D (Sa™'Sq™ 7 + 8q™ 5™ ).

i
We finally arrive at

(1+T)L(k([n,m])) = Z(l +T)VXo1 (SqW—QSqmi—?» + Sqni—3sqmi—2) .

7

In the notation of the remark following [Bau06, 16.2.3] this is just (1 +
T) K [n, m] where it is also affirmed that this is the correct value for S ([n, m]).

The proof of the lemma will be complete, once we have verified that S
has the right linearity properties. From Lemma 4.6 we see that the linearity
defect of V is symmetrical; therefore (1+7)V = S+ uo(1+ 7))L is actually
bilinear. For S this translates into

S(ra) = S(r)a, S(ar)=aS(r)+ (1+T)r(a)L(r).
This agrees with the characterization in [Bau06, 14.5.2]. O
Corollary 4.11. There is an isomorphism ¢ Eq = B,.

Proof. Apply the Uniqueness Theorem [Bau06, 15.3.13]. O

This also proves Theorem 1.1 since we have by construction a chain of
weak equivalences ¢*E, — Eo — D,.
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Remark 4.12. The map S : Rg — A ® A does not factor through the
projection Ry — Rp. This can be seen from the computation

[3,2] = 25q(2,1) +2Sq(5) + (X-1,0 + Y-1,0)(Sq(0,1) + Sq(3))
+ X0,05a(2) + Xo1 + #0X0,0(54(0, 1) +Sq(3)) + 10Xo0,15q(1),
[2,2]q" = 25q(2,1) +25q(5) + (X_1,0 + Y-1,0)(Sq(0,1) + Sq(3))
+ 110 X0,0(5(0, 1) +Sq(3)) + poXo,15q(1).

One finds that S([3,2]) = Q1 ® Qo + Qo ® Q1 and S([2,2]Sq!) = 0 even
though [3,2] and [2,2]Sq! have the same image in Dy. This shows that the
secondary diagonal A; : By — (B ® B); has no analogue over D,.

Remark 4.13. One can use D, as a replacement for B, in the computation
of the do-differential in the Adams spectral sequence. To see this we first
need to recall the description of this computation from [BJ04b].

Let d: C, — C,_1 be an A-free resolution of Fy and let G, C C, be an
A-basis. Write d(g) = >, agn - h for g,h € G, ag, € A and choose liftings
agn € By of the agp. Then rg; = > Gg pap, lies in Rp since d®> =0. We
then get an A-linear map p : Ci — Rp ®4 Cy—2 with p(ag) = >, arg; @ 1.

Now recall from [BJO04b, 8.6] that the d»-differential on Exti{t(]Fg,IFg) is
computed from a nonlinear chain map § : Cy — Ci_5 with 60 = 90 and

(4.4) 6(ax) = ad(x) + opp(a, p(x))-

Here opg : A ® Rp — A is the multiplication map for B,. But since
opg(a,r) = opp(a,co(r)) we can express the condition (4.4) also through
the co-images of the r,;. It follows that we could just as well have started
with the Dy-liftings co(dgyh) in place of the a4 5, which would have avoided
all references to Be,.

Appendix A. EBP and a model at odd primes

Let p be a prime and let BP denote the Brown-Peterson spectrum at p.
In this appendix we show how a model of the secondary Steenrod algebra
can be extracted from BP if p > 2.

Recall that the homology H.BP is the polynomial algebra over Z,) on
generators (my)g=12.. and that BP, C H,BP is the subalgebra generated
by the Araki generators (vi)g=12,... Let EBP, = E(u; |k > 0) ® BP, with
exterior algebra generators py of degree |u;| = |vi|+1. EBP, is a free BP,-
module and defines a Landweber exact homology theory EBP. Obviously,
the representing spectrum is just a wedge of copies of BP. As usual, we let
I = (v;) C BP, be the maximal invariant ideal.

The cooperation Hopf algebroid EBP,EBP is very easy to compute:
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Lemma A.1. One has EBP.EBP = E(uy,) ®z,,, BP.BP @z, E(7x) with

n
k
(A1) Mr(pn) = > pth i + 7
k=0
and
n k b
a a a-+
ATy =1@7+ Y 7 ®t  + Y g (—Atﬁ_aJr S et ) :
k=0 0<a<n bte=n—a

The other structure maps are inherited from BP,BP.

Proof. We use (A.1) to define the 7, € EBP,EBP = E(u;) ® BP,.BP ®
E(ug). A7y, can then be computed from (ng ® id)ng(un) = Anr(p,). O

We can put a differential on EBP by setting dur = vi and this turns
EBP.EBP into a differential Hopf algebroid.

Corollary A.2. For p > 2 the homology Hopf algebroid of EBP.EBP with
respect to O is the dual Steenrod algebra A..

Proof. We have 07, = nr(vn) — > 5o vktff_k = 0 mod I?, so there are
7,, = T, mod I with 07, = 0. Therefore H* (EBP,;0) =F, and

H* (EBP,EBP; 0) = Fy[ty|k > 1] ® E(r,|n > 0) = A..

Lemma A.1 then shows that the induced coproduct on A, coincides with
the usual one. 0

We prefer to work with operations rather than cooperations. Write £ =
EBP,, I'. = EBP.EBP and let I' = Hompg (I's, E') be the operation algebra
EBP*EBP of EBP. Then I is a differential algebra and for odd p its homol-
ogy H(I';0) can be identified with the Steenrod algebra A. We therefore
get an exact sequence P,

(A.2) Ar—— coker @ —2— ker A.

by splicing H(I';0) < I'/im0 — imd and im0 — kerd — H(I';0). We
claim that for odd p this sequence is a model for the secondary Steenrod
algebra.

Theorem A.3. Let p > 2 and let B¢ — Go be the secondary Steenrod
algebra with its canonical augmentation to

Ge = (Fp — Fp{l,,ug} — Z(p) —» Fp).
Then there is a diagram of crossed algebras
(A.3) Py — (P/J?), T, B,

S

GP. .y GP/JQ. GT.
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where all horizontal maps are weak equivalences.

Note that P, itself cannot be the target of a comparison map from B, as
p? is zero in By but not in Py. In the statement we have also singled out an
intermediate sequence T,. This sequence is of independent interest because
it is quite small and given by explicit formulas.

To construct (A.3) we first establish the diagram of augmentations. Let
J=I1I-ECE.

Lemma A.4. Let ZE = ker E i E and wy, = vgpo —pur = —0(uopr) € J.
Then there is a commutative diagram

Gr. Fp——— E/OE ZE Fp
GPI?, Fpr—— B/ J —2 s ker(BE/ 225 E/J3) —» F,
G, Fpr—— Fp{ 1L, i, optse} —2— Ly o, wy]/J? ——» F,
G, Fp—— B {1, po} —— 22— 7)(p?) —— 5T,

with exact rows.

Proof. This is straightforward, except for the exactness of G/ *. First
note that

7]

F, J/J? DEYR CICENY CYy C AN

is exact because it can be identified with the super deRham complex Q" =
Fp{pdpi, - - - dp;, } with df = > %dﬂk via vy = dug. Let Ej denote the
complex

0 0

E)J—25E/2 25 B/ E/JA

Its associated graded with respect to the J-adic filtration is the sum of
shifted copies Q¥** for k > 0, so one has Hy(E;) = F, for all k. The
exactness of F, < E/J — (ker 0: E/J? — E/J?) — F, is an easy conse-
quence. O

Now let P(R)Q(¢) € T' = Hompg(T'y, E) denote the dual of tfir¢ with
respect to the monomial basis of I'x. (One easily verifies that this is indeed
the product of P(R) := P(R)Q(0) and Q(e) := P(0)Q(e) as suggested by
the notation.) We can think of " as the set E{{P(R)Q(€)}} of infinite sums
> arP(R)Q(€) with coefficients ar . € E.
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It is important to realize that the P(R) are not 0-cycles: for p = 2, for
example, one finds that 07, = v%fltl mod I? which shows that P! =
4Q(0,1) +v2Q(0,0,1) + - -~ mod I3.

Lemma A.5. Let p > 2. Then 01, =0 mod I3.

k
Proof. The claim is equivalent to n(v,) = > gcpep Ukth_,. mod I3, We
leave this as an exercise. O

The following lemma defines (P/.J?), and its weak equivalence with P,.

Lemma A.6. Let ZT' =ker0: ' — I'. There is a commutative diagram

0

P, A I'/or 2T A
p/J2, A T/JT —2 ker(T/J2T-25T ) J3T) —» A

with exact rows.

Proof. Choose 7 € I'y, with 7y = 7, mod I and 07 = 0. Let X(R;¢) € T
be dual to ti7¢. Then I' = [[ . F - X(R;€) and X (R;e) = 0. It follows
that the exactness can be checked on the coefficients alone where it was
established in Lemma A 4. O

The construction of T, requires a more explicit understanding of ', /T 2,

Lemma A.7. For a family (xy) let ®pn(xy) € Fplzi] be defined by ) xﬁn —
(Y zp)? = p®pn (z1). Then modulo 1% one has

Aty= Y ta@t] + Y 0Py (ta®t’ga‘a+b:n—k).
n=a-+b 0<k<n

Let wy = —0(popr) = vpo — pitk. Then
A, =11, + Z Ta®t’Za+ Z Wi P (ta®t§a ’a—i—b:n—k).
n=a-+b 0<k<n
Furthermore,

k
nr(vn) = Y wkth_,,

0<k<n

k k
— p p
nr(wn) = —pTp + E wit, .+ § Uk, 1705
1<k<n 0<k<n

Proof. The vy are defined by pm, = >, _,., mavfa and it follows easily

that v, = pm, modulo I? - H,(EBP). Recall that nr(mn) = >, _.., matga
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and that At,, can be computed from (ng ® id)nr(m,) = Ang(m,). Induc-
tively, this gives

a k k+a
Aty= Y toot" + Y mk<—Atﬁ_k+ D t§k®t§+)

n=a+b 0<k<n n—k=a+b
=Y ol + Y udu (e |atb=n—k)
n=a+b 0<k<n

as claimed. The formula for A7, now follows with Lemma A.1. We leave
the computation of ng(v,) and nr(w,) to the reader. O

Let S, = GT, and recall that
So = Z)p* + Fp{vp,wp | k > 1} C E/J?,
St = Fp{1, ke, popr} C E/J.

We now define
To = Sof{ P(R)Q(e)}} C T/ J°T,
T, = 51{{P(R)Q(€)}} (- F/JP.

Lemma A.8. This defines a crossed algebra Ty, C (P/J?)e as claimed in
Theorem A.3.

Proof. Lemma A.7 shows that (So, So[tk, 7%]) is a sub Hopf algebroid of
(BE/J% T/J?) with T,/J? = E/J? ®g, Soltk, Tx]. Therefore

To = Homg, (So[tk, k], So) — Homp, 2 (T /J? E/J?) =T/ J*
is the inclusion of a subalgebra. By Lemma A.5, Tj is actually contained

in (P/J?)g = kerd : I'/J? — I'/J3. The remaining details are left to the
reader. g

To prove the theorem it only remains to establish the weak equivalence
B, — T,. Recall that By is the free Z/p*-algebra on generators Qo and P*,
k > 1. We can therefore define a multiplicative pg : By — T via Qo — Q(1)
and P* s P(k).

Lemma A.9. There is a weak equivalence p : By — T4 that extends pg.

Proof. The multiplication on T, dualizes to a coproduct A : ' - T ®pT
were ®p denotes a suitably completed tensor product. This turns I' into a
topological Hopf algebra over . We define the completed folding product
(P ®p P), as the pullback

A® A (T&pT) /im by — 2 s kerdy —» A® A

| ]

A®A>—>(P®EP)1—>P0®EPO*»A®A
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where 0g = 0 ®id +id ® d is the differential on T @ . Ar then restricts to
a coproduct Ag : Py — (P RF P),. Note that A is bilinear and symmetric,
since this is true for Ap. By restriction we get a A, : Ty — (T ®gT)s where
the right hand side is given by

(T®sT)o = Sof{ P(R1)Q(e1) ® P(R2)Q(e2)}} C (P®g P)1/.J?,
(T®sT) = S1{{P(R1)Q(e1) ® P(R2)Q(e2)}} € (P &g P)1/J.

Let p*T, be the pullback of T, along By — Tp. It inherits a secondary Hopf
algebra structure from 7,. This structure has L = S = 0 since the same is
true for P,. Baues’s Uniqueness Theorem thus implies By & p*T,. O

Remark A.10. It seems to be an interesting challenge to relate our 2-
primary models to BP and the theory of formal group laws. For p = 2 the
constructions of the Appendix can only produce a model for an associated
graded algebra of the Steenrod algebra. We hope to come back to these
questions in the future.

References

[Bau06] BAUEs, HaNs-JoACHIM. The algebra of secondary cohomology operations.
Progress in Mathematics, 247. Birkhduser Verlag, Basel, 2006. xxxii+483
pp. ISBN: 3-7643-7448-9; 978-3-7643-7448-8. MR2220189 (2008a:55015), Zbl
1091.55001.

[BJO4a] BAUES, HANS-JOACHIM; JIBLADZE, MAMUKA. The algebra of secondary coho-
mology operations and its dual. MPIM2004-111, 2004. To appear in the Journal
of K-theory.

[BJO4b] BAUES, HANS-JOACHIM; JIBLADZE, MAMUKA. Computation of the Fs-term of
the Adams spectral sequence. Preprint 2004, arXiv:math/0407045.

[BJO6] BAUEs, HANs-JOACHIM; JIBLADZE, MAMUKA. Secondary derived functors
and the Adams spectral sequence. Topology 45 (2006), 295-324. MR2193337
(2006k:55031), Zbl 1095.18003, doi: 10.1016/j.top.2005.08.001.

RHEINSTRASSE 36, D-61440, OBERURSEL, GERMANY
nassau@nullhomotopie.de
http://nullhomotopie.de

This paper is available via http://nyjm.albany.edu/j/2012/18-37 .html.


http://www.ams.org/mathscinet-getitem?mr=2220189
http://www.emis.de/cgi-bin/MATH-item?1091.55001
http://www.emis.de/cgi-bin/MATH-item?1091.55001
http://arxiv.org/abs/math/0407045
http://www.ams.org/mathscinet-getitem?mr=2193337
http://www.emis.de/cgi-bin/MATH-item?1095.18003
http://dx.doi.org/10.1016/j.top.2005.08.001
mailto:nassau@nullhomotopie.de
http://nullhomotopie.de
http://nyjm.albany.edu/j/2012/18-37.html

	1. Introduction
	2. The construction of D
	2.1. Definition
	2.2. Represented functors

	3. The construction of E
	3.1. Definition
	3.2. Represented functors

	4. The Hopf structure on E
	4.1. E0 as Hopf algebra
	4.2. The folding product
	4.3. The secondary coproduct
	4.4. Proof of the equivalence

	Appendix A. EBP and a model at odd primes
	References

