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Weak pullbacks of topological groupoids

Aviv Censor and Daniele Grandini

ABSTRACT. We introduce the category HG, whose objects are topologi-
cal groupoids endowed with compatible measure theoretic data: a Haar
system and a measure on the unit space. We then define and study
the notion of weak pullback in the category of topological groupoids,
and subsequently in HG. The category HG is the setting for topological
groupoidification, which we present in separate papers, and in which the
weak pullback is a key ingredient.
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1. Introduction

The leading actors in this paper are groupoids that we call Haar groupoids.
A Haar groupoid is a topological groupoid endowed with certain compatible
measure theoretic ingredients. More precisely, a Haar groupoid is a locally
compact, second countable, Hausdorff groupoid G, which admits a contin-
uous left Haar system A°®, and is equipped with a nonzero Radon measure
£ on its unit space G(©), such that u(®) is quasi-invariant with respect
to A*. Maps between Haar groupoids are continuous groupoid homomor-
phisms, which respect the extra structure in an appropriate sense. One is
naturally led to define a category, which we denote by HG, the category of
Haar groupoids. Section 2 introduces this category.
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A general study of the category HG from a purely categorical perspective
will be presented in a separate paper. In this paper we focus on one specific
categorical notion, namely the weak pullback. We first construct the weak
pullback of topological groupoids. The weak pullback of the following given
cospan diagram of topological groupoids and continuous homomorphisms:

N

G

is a topological groupoid P along with projections ng : P — S and nr :
P — T, which together give rise to the following diagram (which does not

commute):
N
S T
A
G

As a set, P is contained in the cartesian product S x G x T, from which
it inherits its topology. The elements of P are triples of the form (s, g,1),
where p(s) and ¢(t) are not equal to g, but rather in the same orbit of G
via g. More precisely, denoting the range and source maps of G by rg and
dg respectively,

P:={(s,g9,t) | s€S, g€@G, teT, rq(g)=ra(p(s)) and dg(g)=rc(q(t))}.

The groupoid structure of P is described in Section 3, followed by a discus-
sion of its properties. In the discrete groupoid setting, our notion of weak
pullback reduces to the one introduced by Baez et al. in [2], which in turn
generalizes the more familiar notion of a pullback in the category of sets.

Upgrading the weak pullback from topological groupoids to the category
‘HG requires nontrivial measure theory and analysis. In Section 4 we con-
struct a Haar system for P. Section 5 is then devoted to creating a quasi
invariant measure on P, Finally, in Section 6, we prove that with these
additional ingredients, subject to a certain additional assumption, we indeed
obtain a weak pullback in HG.

This paper is part of a project we are currently working on, in which
we are extending groupoidification from the discrete setting to the realm of
topology and measure theory. Groupoidification is a form of categorifica-
tion, introduced by John Baez, James Dolan and Todd Trimble. It has been
successfully applied to several structures, which include Feynman Diagrams,
Hecke Algebras and Hall Algebras. An excellent account of groupoidification
and its triumphs to date can be found in [2]. So far, the scope of groupoid-
ification and its inverse process of degroupoidification has been limited to
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purely algebraic structures and discrete groupoids. The category HG pro-
vides the setting for our attempt at topological groupoidification, in which
the notion of the weak pullback plays a vital role. This line of research is
pursued in separate papers.

This paper relies heavily on general topological and measure theoretic
techniques related to Borel and continuous systems of measures and their
mapping properties. A detailed study of this necessary background theory
appears in our paper [4], from which we quote many definitions and results
and to which we make frequent references throughout this text.

1.1. A note about terminology. Seeking for a distinctive name for the
groupoids we consider in these notes and in our subsequent work on topo-
logical groupoidification, we opted to call them “Haar groupoids”. These
groupoids bear close resemblance to measure groupoids with Haar measures,
as studied by Peter Hahn in [5], following Mackey [6] and Ramsay [10], lead-
ing to the theory of groupoid von Neumann algebras. Like the groupoids
we consider, measure groupoids carry a measure (or measure class), which
admits a disintegration via the range map, namely what is nowadays known
as a Haar system. The main discrepancies are that we require our groupoids
to exhibit a nice topology (locally compact, Hausdorff) and to be endowed
with a continuous Haar system, whereas measure groupoids need only have
a Borel structure in general, and host Borel Haar systems.

Locally compact topological groupoids which may admit continuous Haar
systems are as well studied in the literature as measure groupoids, in par-
ticular as part of groupoid C*-algebra theory as developed by Jean Renault
in [11] (other standard references include [7] and [8]). In many cases locally
compact groupoids indeed exhibit the full structure of our Haar groupoids,
yet the literature does not single them out terminology-wise.

2. Preliminaries and the category HG

We begin by fixing notation. We shall denote the unit space of a groupoid
G by G and the set of composable pairs by G?). The range (or target) and
domain (or source) maps of G are denoted respectively by r and d, or by rg
and dg when disambiguation is necessary. We set G* = {z € G | r(x) = u},
Gy ={z € G |d(z) =2} and G¥ = G*NG,, for all u,v € G, Thus G is
the isotropy group at wu.

Welet G = GO/G = {[u] | u € GO} denote the orbit space of a groupoid
G. The orbit space G inherits a topology from G via G defined by
declaring W C G to be open whenever ¢~ '(W) is open in GO where
q: GO — G is the quotient map u — [u].

Throughout this paper, we will assume our topological groupoids to be
second countable, locally compact and Hausdorff. Any such groupoid G is
metrizable and normal, and satisfies that every locally finite measure is
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o-finite. Moreover, GG is a Polish space and hence strongly Radon, i.e., ev-
ery locally finite Borel measure is a Radon measure. For more on Polish
groupoids, we refer the reader to a paper by Ramsay [9]. In general, how-
ever, G does not necessarily inherit these properties, a fact that will require
occasional extra caution.

Haar systems for groupoids play a key role in this paper. In the groupoid
literature, modulo minor discrepancies between various sources (see for ex-
ample standard references such as [7], [8], [11] and [1]), a continuous left
Haar system is usually defined to be a family A = {\* : u € GO} of positive
(Radon) measures on G satisfying the following properties:

(1) supp(\*) = G* for every u € G,
(2) For any f € C.(G), the function u = ffd)\“ on G( ) is in Co(GO)).
(3) For any € G and f € C.(G), [ f(xy)d\¥®)(y) = [ f(y)d\" @) (y).

In this paper we shall use Definition 2.1 below as our definition of a Haar
system. It is taken from [4], where it is shown to be equivalent to the more
common definition above. For the convenience of the reader we include here
a very brief summary of the notions from [4] that lead to Definition 2.1,
all of which we will use extensively throughout this paper. Henceforth, as
in [4], all topological spaces are assumed to be second countable and T4
in general, and also locally compact and Hausdorff whenever dealing with
continuous systems of measures.

Let m : X — Y be a Borel map. A system of measures ([4], Definition
2.2) on 7 is a family of (positive, Borel) measures A* = {\Y},cy such that:

(1) Each A is a Borel measure on X.
(2) For every y, A\ is concentrated on 7~ (y).

We will denote a map 7 : X — Y admitting a system of measures A* by the

diagram X ; Y.

We will say that a system of measures \*® is positive on open sets ([4],
Definition 2.3) if \Y(A) > 0 for every y € Y and for every open set A C
X such that AN 7= 1(y) # 0. A system of measures A\* on a continuous
map 7 : X — Y will be called a continuous system of measures or CSM
([4], Definition 2.5) if for every nonnegative continuous compactly supported
function 0 < f € Co(X), the map y — [y f(x)d\¥(z) is a continuous
function on Y. A system of measures A\* on a Borel map 7 : X — Y is
called a Borel system of measures or BSM ([4], Definition 2.6) if for every
Borel subset E C X, the function A\*(E) : Y — [0, o0] given by y — AY(E) is
a Borel function. A system of measures \°® satisfying that every x € X has
a neighborhood U, such that \Y(U,) < oo for every y € Y, will be called
locally finite ([4], Definition 2.14), and locally bounded if there is a constant
C, > 0 such that \Y(U,) < Cy, for any y € Y ([4], Definition 2.3). A detailed
discussion of the mutual relations between the above concepts appears in [4].
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Let G be a topological groupoid. A system of measures A\®* on the range
map 7 : G — GO is said to be a system of measures on G ([4], Defini-
tion 7.1). It is called left invariant ([4], Definition 7.2) if for every x € G
and for every Borel subset F C G,

2@ (B) = 3@ (x (BN Gd(””))> .

Definition 2.1 ([4], Definition 7.5). A continuous left Haar system for G is
a system of measures \* on G which is continuous, left invariant and positive
on open sets.

Playing side by side to the Haar system A®, another leading actor in our
work is a Radon measure on the unit space G(©) of a groupoid G, which
we denote by ©(®. The measure ,u(o) will be related to A® via the notion
of quasi invariance, which we spell out below. We usually follow [7], where
the reader can find much more about the important role of quasi invariant
measures in groupoid theory.

Definition 2.2. Let G be a groupoid admitting a Haar system A® and a
Radon measure 19 on G(O). The induced measure p on G is defined for any
Borel set £ C G by the formula:

W(E) = [ N(E)O ).
G(0)
Lemma 2.3. The induced measure p is a Radon measure on G.

Proof. Since G is strongly Radon, it suffices to prove that p is locally finite.
The induced measure p is obtained as a composition of the system A® with
the measure 19, The Haar system A® is a CSM, hence a locally bounded
BSM, by Lemma 2.11 and Proposition 2.23 of [4]. In addition, the measure
1 is locally finite. Therefore, the conditions of Corollary 3.7 in [4] are
met, and we conclude that p is locally finite. ([

The following simple observation will be useful in the sequel.

Lemma 2.4. For any Borel function f on G:

[ s@aute) = [ ([ o) i)

Proof. For every Borel subset £ C GG, by Definition 2.2,

/mmmemzj‘meW>
G G(0)

:L@(Lm@mvw>w@w»

Generalizing from x,, to any Borel function f is routine. (]
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The image of p under inversion is defined by

W) = p(B™Y) = p({z ™! | = € BY)
for any Borel set £ C G.

Remark 2.5. It is a standard exercise to show that for any Borel function

7.
/ F@)du () = / F(@)dp(z).
G G

Definition 2.6. Let G be a groupoid admitting a Haar system A® and a
Radon measure u(9 on G, The measure (9 is called quasi invariant if

the induced measure yu satisfies o ~ p=t.

Here ~ denotes equivalence of measures in the sense of being mutually
absolutely continuous.

Remark 2.7. Let 49 be quasi invariant. The Radon—Nikodym derivative
A = dp/dp~! is called the modular function of z. Although A is determined
only a.e., it can be chosen ([7], Theorem 3.15) to be a homomorphism from
G to R}, so we will assume this to be the case. Recall that for any Borel
function f,

(1) /G f (@) dp(x) = /G @) A@)du (x).

Furthermore, A~! = du~!/du satisfies the useful formula
) | @87 @intw) = [ £ duto)

since [ f(@)A~Y@)du(x) = [ f(@)dp~ (2)= [ F(@)du(a—1) = [ fz~V)du(x)
by Remark 2.5.

Definition 2.8. Let GG be a topological groupoid, which satisfies the follow-
ing assumptions:
(1) The topology of G is locally compact, second countable and Haus-
dorft.
(2) G admits a continuous left Haar system \°.
(3) G is equipped with a nonzero Radon measure (%) which is quasi-
invariant with respect to A°.

Such a groupoid will be called a Haar groupoid.

We will denote a Haar groupoid by (G, A*, u(9), or just by G when \®
and (9 are evident from the context.

Definition 2.9. Let (G, \*, u(9) and (H,7n*, () be Haar groupoids. Let
p: G — H be a continuous groupoid homomorphism which is also measure
class preserving with respect to the induced measures, i.e., p.(u) ~ v. We
say that p is a homomorphism of Haar groupoids.



WEAK PULLBACKS OF TOPOLOGICAL GROUPOIDS 803

In the above definition p, is the push-forward, defined for any Borel set
E C H by p.u(E) = u(p~*(E)). A homomorphism of Haar groupoids is
also measure class preserving on the unit spaces, as we shall shortly see. We
first need the following fact.

Lemma 2.10. Let (G, \®, M(O)) be a Haar groupoid. The range mapr : G —
GO satisfies r.(p) ~ p®).

Proof. Let E C G(©) be a Borel subset. We need to show that pu(r—'(E)) =
0 if and only if u(9(E) = 0. By the definition of the induced measure,
1 E)) = [ N (BN (w) = [ X (WA(G)dp®) (1), because
X(r~Y(E))=0 if u ¢ E whereas )\“( YE)) = \(Q) if u € E. Since \* is
a Haar system, supp(A\*) = G" # (), and in particular \*(G) > 0 for every
u. Tt follows that p(r~'(E)) = 0 if and only if x,(u) = 0 u(®-a.e., which is
if and only if 4O (E) = 0. O

While the proof we included above is elementary, we point out that
Lemma 2.10 also follows from the fact that by the definition of the induced
measure pu, the Haar system A°® is a disintegration of u with respect to ,u(o),
which implies that  : G — G(© is measure class preserving. See Lemma
6.4 of [4].

Slightly abusing notation, we also denote the restriction of p to G(©) by
.
Proposition 2.11. Let (G, \*, u(9) and (H,n*, %) be Haar groupoids, and
let p: G — H be a homomorphism of Haar groupoids. Then p*(,u(o)) ~ (0

Proof. Consider the following commuting diagram:

G G0
p p
H —— - (O}

Let E C HO be a Borel subset. We need to show that x()(p~'(E)) = 0
if and only if (O (E) = 0. Indeed by Lemma 2.10 applied to H, v(O)(E) =

0e v(irg (B) =0< up(ry ( ))) = 0. At the same time, by Lemma
2.10 applied to G, we have that pO(pY(E) =0 < n(rg' (p~H(E))) = 0.
Since the diagram commutes, p~!(r; (E)) = ral(p_l(E)), and it follows
that vO(E) =0 < uO(p 1(E))—0. O

Having defined Haar groupoids and their appropriate maps, we are ready
to define the setting for this paper and its sequels.

Definition 2.12. We introduce the category HG, which has Haar groupoids
as objects and homomorphisms of Haar groupoids as morphisms.
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3. The topological weak pullback

The purpose of this paper is to construct and study the weak pullback of
Haar groupoids. We start by constructing the weak pullback of topological
groupoids. We shall leave it to the reader to verify that in the case of discrete
groupoids, our notion of weak pullback reduces to the one in [2], which in
turn generalizes the more familiar notion of pullback in the category of sets.
Examples 3.4 and 3.5 below illustrate that the weak pullback is a natural
notion.

Definition 3.1. Given the following diagram of topological groupoids and
continuous homomorphisms

S T

A

G

we define the weak pullback to be the topological groupoid
P={(s,9,1) | s€S, g€G, LT, ra(g)=ra(p(s)) and da(9)=ra(q(t))}

together with the obvious projections 7g : P — S and 7 : P — T. We
describe the groupoid structure of P and its topology below.

The weak pullback groupoid P gives rise to the following diagram:

N\
N A

G.

Observe that even at the level of sets, this diagram does not commute.
However, it is not hard to see that the weak pullback does make the following

diamond commute:
P
N
S T
G

where 7 : G — G is the map g — [r(g)] = [d(g)]-
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Intuitively, we think of an element (s, g,t) in P as giving rise to the
following picture in G:

Formally, the composable pairs of P are

P® = {(s,9,), (0,h,7) | rs(0)=ds(s),rr(r)=dr(t) and h=p(s)""gqg(t)}.
The product is given by

(5797 t)(O', h, T) = (807 g, tT),

and the inverse is given by

(s,9.6)" = (s~ p(s) 1gq(t),t ).
Thus the range and source maps of P are

TP(S7 9, t) = (TS(S)a g, TT(t))
and
dp(s,g,t) = (ds(s),p(s) " gq(t), dr(t)).

The unit space of P is

pO — {(s,g,t) ’ s € S(O),t e T and g e GZE;)}.
The topology of P is induced from the Cartesian product S x G x T', namely
X C P is open if and only if there exists an open set Z C S x G x T such
that X =2 N P. The product and inverse of P are continuous with respect
to this topology.

Remark 3.2. Let {A,}02,, {Bn}yo_; and {C};}72 | be countable bases for

n=1

the topologies of .S, G and T respectively. Then
B={(A, x By, x Cp)NP}>°

n,m,k=1
gives a countable basis B for the topology of P, consisting of open sets of the
form F = (A x B x C') N P, which we call elementary open sets. Moreover,
all finite intersections of sets in B are also of the this form.

Lemma 3.3. The groupoid P is locally compact, Hausdorff and second
countable.
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Proof. The groupoid P is second countable by Remark 3.2, and it is Haus-
dorff as a subspace of S x G x T. Let

b:SxGxT — G xG®xcO® x a0
be the continuous map given by

(0,2,7) — (ra(p(0)), ra(x), da(x), ra(q(7))).

Observe that P = b~'(A x A), where A is the diagonal of G0 x G,
Therefore, P is closed in S x G x T, and therefore it is locally compact. [

The following examples show that the weak pullback of groupoids is a
natural notion. A more detailed study of these examples and many others
will appear in a separate paper, where we discuss the weak pullback in the
context of topological and measure theoretic degroupoidification.

Example 3.4 (Weak pullback of open cover groupoids). Let X, Y and Z
be locally compact topological spaces, and let p: Y — X and q: Z —» X
be continuous, open and surjective maps. Assume that U = {U,}aca and
W = {Wq}aea are locally finite open covers of Y and Z, respectively (with
the same indexing set A), and assume that p(Uy) = ¢(W,,) for every a € A,
defining an open cover V = {V,}qca of X, where V,, = p(U,). Consider
the regular pullback diagram in the category Top of topological spaces and
continuous functions:

YxZ
o
Y A
N4

X

where Y+Z = {(y,2) € Y xZ | p(y) = q(2)}. All sets of the form (U, x
Wpg) NY xZ constitute an open cover of the pullback space Y *Z, which we
will denote by UxW.

Associated to an open cover U of a space Y is a groupoid

Gu =1{(,y,B8) :y € Uy NUg}

(called an open cover groupoid, or Cech groupoid). A pair (a,y, ), (7,9, 0)
is composable if and only if 8 = v and y = 9/, in which case their product is
(a,y,6), and the inverse is given by (a,y, 3)~! = (8,y,a). Let Gy, Gy and
Gy be the open cover groupoids associated to the covers of Y, Z and X above,
and let p: Gy — Gy and ¢ : Gyy — Gy be the induced homomorphisms, given
by pla,y, 8) = (a, p(y), B) and q(a, 2, B) = (o, q(z), B). This gives rise to a
cospan diagram of groupoids, which can be completed to a weak pullback
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diagram:

We omit the technical but straightforward calculations which yield the up-
shot: the weak pullback groupoid P is isomorphic to the open cover groupoid
Gusw corresponding to the cover U)W of the reqular pullback space Y xZ.

Example 3.5 (Weak pullback of transformation groupoids). Let X, Y and
Z be locally compact topological spaces, and let p: Y — X and ¢: Z — X
be continuous maps. Let Y*Z be the regular pullback in the category Top,
as in the previous example. Let I' and A be locally compact groups acting
on Y and Z respectively, and let Y xI' and Z x A be the corresponding
transformation groupoids. Recall that in a transformation groupoid, say
Y xTI', the elements (y,7) and (y,7) are composable if and only if § = yv, in
which case (y,7v)(yv,75) = (y,77). The inverse, range and domain are given
by (y,7) ' =y, 7y, 7)=(y,e) and d(y,7) = (yv,e).

We view X as a transformation groupoid by endowing it with an action
of the trivial group, which amounts to regarding X as a cotrivial groupoid.
Assume that the maps p and ¢ are equivariant with respect to the group
actions, i.e., p(y -v) = p(y) and q(z - A) = ¢q(z). In this case p and ¢ induce
groupoid homomorphisms p : Y xI' — X and ¢ : Zx A — X given by
p(y,v) = p(y) and §(z, A) = ¢q(z). This yields a cospan diagram of topologi-
cal groupoids which gives rise to the following weak pullback diagram:

NS

Y xT Zx A
N
X.

It is now not hard to verify that the weak pullback groupoid P can be iden-
tified with the transformation groupoid (Y*Z)x(I'xA) corresponding to the
action of the group (I'xA) on the regular pullback space (Y xZ), given by

(Y, 2) - (1, A) = (y7, 27).

Remark 3.6. In general, the weak pullback coincides with a regular pull-
back whenever the groupoid G in Definition 3.1 is a cotrivial groupoid. This
is the case in Example 3.5 above.

The following observation will be essential in the sequel.
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Lemma 3.7. For anyu = (s,g,t) € PO the fiber P" is a cartesian product
of the form P* = P91 = 85 x {g} x T*.
Proof. We follow the definitions:
P9 = {(g,h,7) € P | 1,(0,h,T) = (5,9, 1)}
(0,h,7) € P | (rs(0),h,rr(7)) = (5,9,1)}
(
(

o,h,7) € P|ry (o) =s,h=g,r. (1) =1t}
o,h,T)EP| o€ S h=g,T1eT}.

{
{
{

Note that since (s, g,t) is an element of P(O), any ¢ € S* satisfies ro(p(o)) =
p(ry(o)) = p(s) = p(ry(s)) = r,(p(s)) = r,(g9) and likewise any 7 € T*
satisfies r(q(7)) = d(g). Therefore S* x {g} x T* C P and thus

P9 = {(g,h,7)€P|oe S h=g1eT} = 8 x{g}xT'. O
Proposition 3.8. The projections 7g : P — S and wp : P — T are contin-
uous groupotd homomorphisms.

Proof. The proof is straightforward. For continuity, let A C .S be an open
subset. Then 7T§1<A) is open in P since

75! (A) = {(s,9,t) € P | ms(s,g,t) € A} = {(s,9,t) € P | s € A}
=(AxGxT)NP.
Now take ((s,g,t), (o, h,7)) € P, Then
ws((s,9,t)(o,h, 7)) = 7g(so,g,tT) = so = ws(s,g,t)ws(o, h, 7).

AlSO, WS((S’gat)_l) = WS(S_lap(S)_lgq(t)’t_l) = S_l = (ﬂ-S(Sag,t))_l‘
Thus g is a groupoid homomorphism. The proof for 77 is similar. O

4. A Haar system for the weak pullback

We now assume that S, G and T are Haar groupoids and that the maps
p and ¢ are homomorphisms of Haar groupoids. In order to define the
weak pullback of the following diagram in the category HG, we let P be
the weak pullback of the underlying diagram of topological groupoids, as
defined above.

P

2y ng) S T g, pf

P q
G g,
Our goal is to construct a Haar groupoid structure on P. We start by
defining the Haar system A%. From Lemma 3.7 we know that the r-fibers

of P are cartesian products of the form P* = P9t = §% x {g} x T*. In
light of this it is reasonable to propose the following definition.
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Definition 4.1. Let u = (s, g,t) € P, Define
Ap = A0 = A% x5, x Al
We denote A\ = {Ab},cpo)-
Theorem 4.2. The system \p is a continuous left Haar system for P.

Proof. The proof will rely on the technology developed in [4]. We consider
the following three pullback diagrams in the category Top of topological
spaces and continuous functions (i.e., we temporarily forget the algebraic
structures of the groupoids involved, and view them only as topological
spaces. Likewise all groupoid homomorphisms are regarded only as contin-
uous functions):

Diagram A elYelV) G(0)
v [v]
G0) G
Diagram B §(0) 4 7(0) 7(0)
t—[q ()]
S(0)
s—[p(s)] -
Diagram C SxT T
T [q(r(7))]
o= [p(r(o))]

Note that in order to lighten notation, we denote the pullback object, for
example in Diagram C, by S * T in place of S g T'. By definition

ST =SxgT={(o,7) € SxT|[p(r(o))] = [q(r(7))] in G}

and the maps to S and T are the obvious projections. The topology of ST
is the restriction of the product topology on S x T'.

Using GO « GO, 50 4 7() and S % T, we can now construct two more
pullback diagrams (still in Top). Our identifications of the pullback objects
in Diagrams D and E with P(9) and P, respectively, are justified below. A
moment’s reflection reveals that the maps in these diagrams are well defined.



810 AVIV CENSOR AND DANIELE GRANDINI

Diagram D p©) S§(0) 4 7(0)
(s,t)—(p(s),q(t))
G G 4 GO
z—(r(z),d(z))
Diagram E P ST
(0,7)=(p(r(e)),a(r(7)))
GO 4 (0

z (r(z),d(x))

In Diagram D we identified the pullback object G *;0),.co (S(O) *G T(O))
with P(©. Indeed,

G #G0) 1 GO) (SO se TO) ={(g,(5,1)) | (r4(9),d(9)) = (p(s), a(t)}
9, (s,1)) | r¢(9) = p(s) and d(g) = q(t)}

:{(g, (s,t) | g € ngf))}

(
(

which can obviously be identified, as sets, with our definition of P(9). More-
over, the topology on the pullback is precisely that of pO) namely the
induced topology from S xGxT©) . Similarly, in Diagram E we identified
the pullback object G ), q (S *¢ T) with P. Indeed,

G *g01ga0 (S *a T) ={(9,(s,1)) | (r6(9),ds(9))=(p(rs(s)), a(r7(1)))}
=1{(9,(5:0)) | o (9)=p(r5(5)) » de(9)=a(r: (1))}

which can be identified with our definition of P, as sets as well as in Top.

Henceforth, we shall follow Section 5 of [4], where we studied fibred prod-
ucts of systems of measures. Observe that the results we invoke at this point
from [4] only require spaces to be Ty and second countable. The spaces we
consider all satisfy these hypotheses. Using Diagram C as the front face
and Diagram B as the back face, we construct the following fibred product
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diagram:
S(0) 4 7(0) 7(0)
TS*TT, rT )\%
ST T [q]
0! L.
rs /Ny laerr]
S [pors] G

The connecting maps are the range maps rp and rg, and they are endowed
respectively with the Haar systems A and Ag, which are continuous systems
of measures and therefore locally finite (see Corollary 2.15 of [4]). It is im-
mediate to see that the compatibility conditions on the maps of the bottom
and the right faces are satisfied. The map rg 7y : S+ T — SO 7O ig
defined by (rg*r7)(s,t) = (rs(s), rr(t)). By Definition 5.1 and Proposition
5.2 of [4], we obtain a locally finite system of measures (Ag* A7)® on rg*rr,
where
(Ag * Ap) Y = A% x AL

Moreover, by Proposition 5.5 of [4] it is positive on open sets.

With this at hand, we construct another fibred product diagram. We take
Diagram E as the front face and Diagram D as the back face, and use rg*rr
and id : G — G as the connecting maps. The map rg * r7 is equipped with
the above locally finite system of measures (Ag * A7)®, whereas the identity
map on G naturally admits the system 0® of Dirac masses, which is trivially
locally finite:

PO S(0) 4 7(0)
% rs*rr S (Ag*Ar)®
P SxT P*q
(por)*(gor)
G — GO x GO

(r,d)

id 7o

——— G+ GO
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It is again easy to see that the compatibility conditions on the maps of the
bottom and the right faces are satisfied. Note that in this last diagram we
have identified the map from P to P(O) with rp, the range map of P.
Resorting once again to Definition 5.1 and Proposition 5.2 of [4], we obtain
a locally finite system of measures (6 % (Ag * A7))® on rp : P — P where

(6% (Ag * A7) 958 =5, x (Ag * Ar)® = 6, x A§ x AL

We denote this system of measures on rp by A%. Yielding to the original
convention of writing elements of P as (s, g,t) rather than (g, s,t), we write
)\Ef’g’t) = A§ X 64 X M. Our construction of A} as a fibred product of the
systems ¢°® and (Ag * Ap)®, which are locally finite and positive on open
sets, guarantees (by Propositions 5.2 and 5.5 of [4]) that A% inherits these
properties.

Recall that as we have pointed out in the preliminaries, G need not be a
Hausdorff space in general. Moreover, S*T', for example, need not be locally
compact, as it is not necessarily closed in S x T. The assumption that all
spaces are locally compact and Hausdorff is essential in the CSM setting in
[4]. For this reason we cannot simply use Proposition 5.4 of [4] to deduce
that as fibred products, (Ag * Ar)® and subsequently A} are CSMs. Thus,
we present a separate direct proof that A% is a CSM in Proposition 4.3
below. Furthermore, at this point we return to viewing P, G, S and T
as groupoids, and in Proposition 4.4 we state and prove that A% is left
invariant. We conclude that A} is a continuous left Haar system for the
groupoid P. O

Proposition 4.3. The system A% is a continuous system of measures.

Proof. From the definition of a CSM, in order to prove that A} is a CSM
on rp : P — PO we need to show that for any 0 < f € C.(P), the map
(s,9:t) = [p f(a,x,T)d)\ggs’g’t)(a,a:, 7) is a continuous function on P(©),

Let 0 < f € C.(P). Recall from the proof of Lemma 3.3 that P is
closed in SxXGxT. By Tietze’s Extension Theorem, there exists a function
F € C(SxGxT) such that F|, = f. Since we can multiply F' by a function
v € Co(SxGxT) which satisfies ¢ = 1 on K = supp(f), we can assume,
without loss of generality, that F' € C.(SxGxT).

We now resort to (symmetric versions of) Lemma 4.5 in [4]. First we
take Y =SxG, Y=T, Z=TO and v* = AT, to deduce that the function
Fy defined by (0,2,t) — [ F(o,z,7)d\(7) is in Co(S x GxT®). Next,
taking X =SxT©), Y=G, Z=G and v* =6, we get that the function F»
defined by (0,9,t) — [ Fi(0,2,t)ddg(z) is in Co(SxGXT®). Finally, with
X=GxTO y=8, Z=50 and v*=\%, Lemma 4.5 of [4] implies that the
function Fs defined by (s, g,t) — [ Fa(0,g,t)dA%(0) is in C(SOxGxT),
Merging these results, we can rewrite the function Fj by

(s,g,t)'—>/s/G/TF(a,x,7-) dNp(T)dé 4 (x) Mg (o).
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Note that in the above integral rg(o) = s and r7(7) = t, since supp(Ag) =
rgl(s) and supp(\y) = 7' (t). Therefore, if we take (s,g,t) € P, in
which case p(s) = rg(g) and ¢(t) = dg(g), we get that p(rs(o)) = ra(g)
and q(r7(7)) = dg(g). In other words, when restricting F3 to P(9), we are
actually integrating over P. Recalling the definition of A}, and that F'|, =

[, we retrieve precisely the function (s, g,t) — [p f(a,x,T)d)\gf’g’t) (o,2,7),
which is continuous on P©) as a restriction of a continuous function on

SO % GxTO), O
Proposition 4.4. The system A} is left invariant.

Proof. From the definition of left invariance, we need to show that

(3) )\?DP(I)(E) — )\;P(I) ($ . (E N Pdp(:v))) 7

for every « € P and for every Borel subset £ C P.

Assume first that E is a set of the form E=(Ax BxC)NP, where ACS,
BCG and CCT. Let x = (0,y,7) € P, so rp(z) = (rs(o),y,rr(7)) and
dp(x) = (ds(o),p(c)~tyq(7),dr(r)). We will denote z = p(a) tyq(r). We
calculate the left- and right-hand sides of (3) separately. On the one hand
we get:

A @)(p) = \ir@ <(A x B x C)N Pdﬂx))

(=)

since A7) is concentrated on P4*(®). By Lemma 3.7
= \Ir@ ((A x B x C)N (8% % {2} x TdT(ﬂ))
=27 (AN s%©) x (B {z}) x (€N T0))
= AéS(")(A N Sds(a)) 6, (BN{z})- /\%T(T)(C A TdT(T))
=\ (4)-5.(B) AT (0.
On the other hand,
)\;p(x) (l, (EN Pdp(:p)))
= )‘;DP(I) <(O-7y;7') . ((A x B xC)N PdP(w)))
=A@ <(07y77) , <(Aﬁ §4s(@)) % (B {2}) x (CdeT(T))» '

By the definition of P®), (7, y, 7)- ((An §s(0)) x (BN {z}) x (CNTr())
can be nonempty only when z = p(c) " 'yq(r) € B, in which case the middle
component of the product is {y}. Hence

AP (o (AN 8@ X {y} x - (CNTITM)) 2 e B
N (0) 2¢ B



814 AVIV CENSOR AND DANIELE GRANDINI
2F (o (AN SE@)) 5, ({y}) AT (7 (0T ™)) e B
0 z ¢ B.

By the left invariance of A\ and A%

0 2 ¢ B
=5 ) 0.(B) - Xy 7(©).

Thus (3) holds for any set E of the form E'= (A x B x C)N P.
Fix x € P, and for any Borel subset E of P define

w(E) = )\?DP(x)(E) and v(E) = /\7]“313(:1:) <x (EN Pdp(x))) .

_ {AC?SS“’) (4)- My zeB

We claim that p and v are both locally finite measures on P. Since A% is

a CSM, it is a locally finite BSM by Proposition 2.23 of [4]. Hence A} is
a locally finite measure for any v € P, and in particular p = )\de @) s a
locally finite measure.

We turn to v. It is trivial that v(0) = 0. Let {E;}$2, be a countable

collection of disjoint Borel subsets of P.

(G (O] o)
=1 1=1
=A@ (ac <[j <E deP@))))
i=1
=g ( x- (E deP@)))

_ i)\gﬂ(fﬂ) (m (Ez N de(I))) = iy(Ez)

=1 i=1

1Ce

Therefore v is countably additive, and hence a measure. In order to prove
that v is locally finite we need to show that every y € P admits an open
neighborhood U, such that v(U,) < co. In the case where y ¢ P@)

the open set U, = P\ P @) satisfies v(U,) = A;JP(I) (z- (UyN Pdp(m))) =
)\;P(x) (0) = 0 < co. Now assume that y € P?r(*) In this case the product

(z)

z = zxy is well defined, and since )\;P is a locally finite measure, there

exists an open neighborhood U, of z such that )\;Dp (x)(UZ) < 0o. The map
PP(#) 5 P defined by w — x - w is continuous, hence there exists an
open neighborhood Uy of y such that x - (Uy N PdP(m)) C U,. Consequently,
v(U,) = )\;P(z) (z- (U, N pdp(ac))) < )\T’PP(w) (U.) < oo.

Finally, let B be a countable basis for the topology of P consisting of
elementary open sets, as in Remark 3.2. As we have just shown, elementary
open sets satisfy (3), hence p and v agree on all finite intersections of sets in
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B. We can now invoke Lemma 2.24 of [4], which states that if x and v are
two locally finite measures on a space X, and there exists a countable basis
B for the topology of X such that u(UyNU2N---NU,) = v(UiNUxN---NU,,)
for any {U;,Us,..., Uy} C B, n > 1, then u(E) = v(E) for any Borel subset
E C X. Applying Lemma 2.24 of [4] to pu, v and B above completes the
proof. O

5. A measure on the unit space of the weak pullback

We return to the weak pullback diagram. Our next task is to construct a

measure MEB) on P and for starters we will need to have certain systems
of measures 7y and ;7 on the maps p and ¢, respectively. These systems of
measures arise via a disintegration theorem, as we explain below.

P

0
S T AT, ,u(T>
PA A&

. 0

Ay, ng

Let (X, u) and (Y, v) be measure spaces, and let f : X — Y be a Borel
map. A system of measures v* on f will be called a disintegration ([4],

Definition 6.2) of p with respect to v if u(E) = / VY (E)dv(y) for every

Borel set £ C X. A disintegration theorem gives suﬂ}i/cient conditions which
guarantee the existence of such a disintegration, and the version we will
use appears as Corollary 6.6 of [4]. It requires p to be locally finite (and
o-finite), v to be o-finite, and f : X — Y to be measure class preserving.
Under these conditions there exists a locally finite BSM ~® on f which is a
disintegration of u with respect to v.

Each of the Haar groupoids S, G and T is equipped with a Radon (hence
locally finite and o-finite) measure on its unit spaces, which is quasi-invariant
with respect to its Haar system. The maps p and ¢ are homomorphisms
of Haar groupoids, therefore p : SO — GO and ¢ : TO — GO are
measure class preserving. These ingredients allow us to invoke Corollary 6.6
of [4], and to obtain locally finite BSMs ~ on p : SO — GO which is a

disintegration of M(SO) with respect to ,ug)), and 7y on q: T 0 — GO which

is a disintegration of M(TO ) with respect to ,u,(GO).

The following requirement will be essential for our proof of Proposition 5.6
below, which states that the measure MS,?) which we are constructing is locally

finite.

Assumption 5.1. We will henceforth assume that the disintegration sys-
tems 7y and g can be taken to be locally bounded.
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Remark 5.2. By Lemma 2.11 of [4], a CSM is always locally bounded.
Therefore, an appropriate disintegration theorem that produces a system
which is either a CSM or at least locally bounded would have allowed us to
remove Assumption 5.1.

Continuous (hence locally bounded) disintegrations are abundant: Ex-
amples include disintegrations of Lebesgue measures along maps from R"
to R™, as well as fiber bundles that admit a continuous disintegration of
a measure on the total space with respect to a measure on the base space.
Seda shows that more general constructions of fiber spaces also host contin-
uous disintegrations, see Theorem 3.2 of [12]. In our context, a Haar system
is of course a continuous disintegration of the induced measure with respect
to the measure on the unit space. A very general result (see Theorem 5.43
of [7], which is a corollary of Theorem 3.3 of [3]) states that any continu-
ous and open map f : X — Y between second countable locally compact
Hausdorff spaces, admits a continuous system of measures +®. In particular
this implies that if v is a measure on Y and we define the measure p on X

via v* by u(E) = /Y’yy(E)du(y), then ~* is a continuous disintegration of

w with respect to v.
The next step is to construct a BSM on the projection ng : PO 5 G,
using 7y, and 7.

Proposition 5.3. The projection ng : PO — G admits a locally finite
BSM n®, given by
" =™ x 6y x 3@,

Proof. We form the following fibred product diagram in the category Top,
with Diagram B as the front face and Diagram A as the back face. The
connecting maps are p : SO — GO and ¢ : 7O — GO, equipped with
the locally finite BSMs v and 7y constructed above. The compatibility
conditions on the maps of the bottom and the right faces are easily seen to
be satisfied.

G0 4 ) elV]
pxq q9
S(0) 4 7(0) 7(0)
GO G
p A8 [d]
50 G
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We point out that the results we use from [4] throughout this proof do not
require spaces to be locally compact and Hausdorff. By Proposition 5.2 in
[4], we obtain from the above diagram the locally finite BSM (7, * 74)® on
pxq: SO xTO0 5 GO GO where

(Y * 7)) = 4% x 2.

Next, we consider the following pullback diagram in Top (this was Dia-
gram D in the proof of Theorem 4.2). We equip the map px* ¢ with the BSM

("Yp * 7(1).:

PO) 5(0) 4 7(0)
e P*q | (7p*7q)*®
e "D GO 4 GO

We follow Section 4 of [4], where we studied lifting of systems of measures.
By Definition 4.1, Remark 4.2 and Proposition 4.4 of [4], we can lift the
locally finite BSM (7, %7,)® and obtain a locally finite BSM ((r, d)*(yp*74))®
on the projection g : P9 — G. We denote n® = ((r, d)* (y,%7,))*, and from
the definition of lifting it follows that for x € G, n* = §, x (,yp*,yq)(r(a:),d(a:)) =
0z X fy;,“(T’) X fyg (w), which we rewrite as n* = 'y;(gc) X 0 X 'yg @) This completes
the proof. O

Lemma 5.4. Let E C P be a set of the form E = (A x B x C) N PO,
where A C S(O), BCG and C CTO . For any x € G,

0" (E) = 7 (A)d:(B)7g ) (C).

Proof. From the definition of n°* in Proposition 5.3 above, we have that
7 (E) = (1™ x 6, x %) (A x B x C) N PO) . Clearly if # ¢ B then
n*(E) = 0. If = € B then, since d, is concentrated on {z}, we can write
7 (E) = (5™ x 6, x 4™ (A x {z} x €) N PO) . A point (s, z,t) € PO
whose G component is x, satisfies s € p~1(r(x)) and t € ¢~ 1(d(z)), hence for
z € B we have " (B) =7 (ANp~(r(x))) 82 ({z}) g™ (C N g~ (d(2))) .
Since Supp(’y;(x)) =p~!(r(z)) and supp('yg(x)) = ¢ '(d(z)), it follows that
for x € B, n*(E) = vg(x)(A)éx ({z}) ’y;l(w)(C’). We conclude that for any
© € G, " (B) = 1 (A)8:(B)yg ) (C). 0

We can now cook up a measure MES) on P The ingredients will be the
induced measure ug from Definition 2.2, as well as n* which we have just
constructed.
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Definition 5.5. Let B C PO be a Borel subset. Define:
W)= [ (B)dnola).

In fact, the measure ugg) can be written as

u) = e o [(r,d)* (3 % 7l
as it was obtained by lifting the fibred product of the disintegrations v, and
vq to Tq - P© — G and then composing with the induced measure of G.
In order for P to be a Haar groupoid, ug) must be a Radon measure,
and in particular locally finite. This is guaranteed modulo our standing

Assumption 5.1.

Proposition 5.6. MES) is a Radon measure on PO,
Proof. It suffices to show that ug) is locally finite. Let A C S(O), BCd@

and C C T be open subsets with compact closures and consider the set
E = (Ax BxC)NP© which is an open subset of P(?). Using the definition

of ,u,gg) above along with Lemma 5.4, we get

0 (B) = /G 7 (B)duc(z) = /G 2@ (A)5,(B1r) (C)dpc ()

= [ A0 ) o).

It thus follows from Assumption 5.1 that

n9(B) < (sgmf;(@) : <sgp7§(0)> - pG(B) < oo.

Since the open sets of the same form as E constitute a basis for the topology

of PO, we conclude that MﬁS) is locally finite. O
Note that an alternative proof of Proposition 5.6 is obtained by arguing

that the system 7n*® is locally bounded (modulo Assumption 5.1), and then

applying Corollary 3.7 of [4].

Proposition 5.7. The measure ,ugg) is independent of the choice of the

disintegrations v, and 7.

Proof. Let 7,°* and 7;° be two other disintegrations on p and ¢ respectively,

and let ﬁﬁQ) be the corresponding measure on P(®). By Corollary 6.6 in [4],

Yp" =7y and 7" = v for ug)—almost every u in G,
Let AC S© B C Gand C CTO be open and let E = (AXBXC)OP(O)
be the corresponding open subset of P(9). By the calculation in the proof of

Proposition 5.6 above, MEE) (E) =[5 'y;(x)(A)’yg(m(C)dug(x), and likewise
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ﬁj(po)(E) = /5 %T(z)(A)%d(x)(C)d,ug(x). Using Lemma 2.4 and the fact that
supp(A%) = r~1(u) we get

) = [ FOW (et
- [ (Lo emse ) ad w
= [ @ ([ e ) ad w
= [ ([ e )l w
= [ ([ 52@nt e ) il w,

Justification for the next step is based on Formula (2) of Remark 2.7. The
remaining calculation retraces the previous arguments.

_ /G N ( /B v;lm(A)%m)(c)AGl(x)dxé(x)) a6 ()
_ /Gm) 740 ( /B ’Yg(x)(A)Aal(a:)d)\g(x)> 0 ()

_ /G 0, 4©) ( /B vﬁ(w(A)Ag;l(x)dAg(x)) a1 (u)

— /G@) ( /B @A)y @ (C)AG! (:E)d)%(@) e ()

_ /G . ( /B v;<x>(A)vg<w>(c)dAg(x)> 2 ) = 1 O()

Thus, ﬁﬁf)(E) = ,ugg)(E) for any open set of the form E = (Ax B xC)NPO),
These sets constitute a countable basis B for the topology of P in

analogy to Remark 3.2. Therefore, since ugg) is locally finite, it follows

that ﬁgg) is locally finite as well. Moreover, ugg) and ﬁgg) agree on finite
intersections of sets in B(©) as these sets are also in B(O), SO We can now use

Lemma 2.24 of [4], as in the proof of Proposition 4.4, and conclude that
~(0) _ (0) 0
Up” = Hp -

The following is a simple observation, whose proof is analogous to the
proof of Lemma 2.4, and thus omitted.

Lemma 5.8. For any Borel function f on P,

/P(O) Sy () = /G < PO f(u)dny(u)> dpc(y)-
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In §3 of [4] we defined the composition (5o «a)® of BSMs

p Yy q
a® B*

X VA

which is characterized by

() [ rwi@eare - [ ( /. f(x)day(:v)> 45 (y).

This will be essential for proving the following lemma.

Lemma 5.9. For any Borel function f(y,o) on G % S,
Lo 1w0ad= @ gaxs(o)ay
sOJs Ja

- /GAO)/Sf(y,a)dqu(a)dfy;G(y)(S)dxé(y)

Proof. Consider the composition (7, o Ag)® of the BSMs

S P

We use this as the right edge in the pull-back diagram below. Following §4 of
[4], we lift the BSM AZ to obtain a BSM ((porg)*Ag)® onmg : GxS — S, and
we lift the BSM (y,0Ag)® to obtain a BSM (rf(yp0As))® on g : G*S — G.

GxS— "2 S

((pors)*Ag)®

e | (rg(pors))®  pors | (pods)®

G < GO

AL

By the definition of lifting,
(pors)rg)” =X x5,  oes
and
(ra™ (o Ag))? =y x (1o )\S)re(y)a yeaG.
The above diagram gives rise to two compositions:

GxS TS S porg G(O)
((pors)*Ac)*® (ypors)®

and

GxS—"¢ G 1O
(r&;(1pors))*® AL,

However, Proposition 4.8 of [4] states that the above diagram is a commu-
tative diagram of BSMs, and explicitly,

(oo As) o ((Pors) Ac)]* = [Aa o (ra™ (v 0 As)]®,
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as BSMs on G * S — G). The above equality implies that for any Borel
function f(y,0) on G x S,

fly,0)d((vpoAs) o ((pors)Aa))"(y,0)

Gx*S

= fly,0)d(AG o (ra™(vp 0 As))“(y, ).
G*S

We expand the left- and the right-hand sides of the above equality separately,
using repeatedly the characterization (4) of composition of BSMs above:

LHS = | fu.0)d((,00s) o (por5)'A6)"(0.0)

_/ ( o fy,o)d((pors)” /\G)E(-%U)) d(yp 0 As)"(5)

[ L] sworiwersrer o) ds@no
= [ L] 100l om0 dxgi@rngcs
= [ L]t iss(o) ) axs @)

= /S o /S /G £y, )N (g)dNg (o) dy (s).

RHS = g Sf(y,a)d()\c o (ra*(vpoAs))(y,0)
-/ ( F(y,0)d(re" (0 A5) (4, >) IN(D)
G GxS
-/ ( f<y,a>d<6gx<vpoAs>’”G®><y,a>) IN()
G GxS

-/ ( F(5,0)db5(5)d(y o Asw@(a)) ()
G GxS

= [ ([ s e rsr<0(o)) anito
- /G /S N /S Fy, 0)dNg(0)drse ™) (s)dN (y).

Since the above expressions are equal, this yields the desired formula. [

Lemma 5.10. Let f(o,x,7) be a Borel function on P. Then

oo = [ [ oo f o o7

AN (7)dy2W) ()N (0)dy s @) (5) AN (1) (w).
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Proof. Using Lemma 2.4 followed by Lemma 5.8,
/ flo,z,7)dup(o,z,7)
P

_ / / F(o,2, 7)Ao, 2, 7)dpD (5, 9, )
pO) Jp

_ / / / F(o,2, VNS (0, 2, 7)dn (5, 9, ) duc ().
GJPO) Jp

Rewriting ¥ by Proposition 5.3, and then rewriting )\( 9:) by Definition 4.1,
we get

/R R

d)\ 59 t)(a x T)d’yp( )(s )déy(g)dv;i(y)(t)duc(y)

oMl Mo

A (0)dog(2)ANG (7)dy ") (5)ddy (9)dg® (1) dpici(y)
_/ // / flo,y, T)dNE(o)dN (T )dfyr(y)( )dfyq(y)(t)duG(y)_
a JJso 1o J)sxr

Using Lemma 2.4 again, followed by Fubini’s theorem, we have

N /G(O) / //S(O)XT(O) /SXT f(a’yﬂ—)

N5 () AN (7)dr W) (5)dy @9 (£)dNE () dpns) (w)

d
/G@)//S@ /T(o>//fg’y’

AN (7)dNG () dy 3@ () dyn @) (5) AN () (w).

We now invoke Proposition 5.6 from [4], which asserts that for locally fi-
nite BSMs, fibred products commute with compositions. We apply this
theorem to the following diagram (it is straightforward to verify that the
conditions for the proposition indeed hold. In particular, A% and A} are
locally bounded). We obtain that (y4%7p) o (A7 *Ag) = (740 A7) * (yp 0 Ag).
See Figure 1.

Therefore, returning to our main calculation, we get

N /G(O) /G /s<0> /s /T<o> /T flonw)

AN (1) dy W) (£)dNG (o) dys® (s)dAE () dpy) ().
This completes the proof. [l
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Tx8§— T 7(0) 4 50) P GO 4 (0
(/\T*)\i)'/ (Vq*Vp)./
S S 5(0) P el
A% g
T T 7(0) d G0)
ey Vq
G id id
FIGURE 1.

(0)

Proposition 5.11. The measure pp’ is quasi-invariant with respect to \p.

Proof. By Definition 2.6, we need to show that up and u;l are mutually
absolutely continuous. We recall from Definition 2.2 that pp is the induced
measure, defined for any Borel set E C P by pup(E) = [po )\UP(E)dugg) (v),
and pp' is its image under inversion, i.e., pup (E) = pp(E~1). We will
prove:

Claim. There exists a function A : P — R satisfying A(a) > 0 pp-a.e.,
such that for any Borel set E C P,

i (B) = [ xp(@)A@dur(a).

It will then follow that pup ~ pp', since pp(E) = [px,(@)dup(a). In
fact, A = A~! will be the modular function of pp.

We first prove the claim for elementary open subsets of the form E =
(Ax BxC)nP, where A C S, B C G and C C T. Note that the
characteristic function x, is the restriction of the product x, - x5 - X to P.

We denote o = (0, z,7) € P and v = (s,g,t) € P). By Lemma 5.10,

i B) = np B = [ x, (o dup (o)

o koo Jo oo S

d)\t ( )d,yd(y)( )d)\ss(o')dry;(y) (S)dAé(y)dug)) (u)

:/G(0>/G/S<0> /s/ﬂo /XE(017P(U)1?/‘1(7)771)

AN (7)) (£ (o) ) ()N () (u)
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/(o>//<o>//<o)/ (p(o) " ya(T))xe (771

dAtT<r>dvq<y>< )ANS(0)drs @) () AN (y) Ay ().

Using Lemma 5.9, we obtain

/o> /S(O)///Tw /XA s (P(0) " ya(m)xe (771)

AN (7)dy 2D (0N () ANG (o) dry(5) dpaly) ()

- /G(O) /sw) /s (™ /G /T<o> /T X (P(0) v (™)

r\o S u 0
AN (r)d§ ) (NG () dN () (8)dpag (w).
Let f1 be a function on G, defined by the formula

/ o [ s () o),

From Lemma 7.3 of [4] we know that a system of measures A\* on a groupoid
G is left invariant if and only if for any x € G and every nonnegative Borel
function f on G,

(5) / f(zy)d\*@) (y / F(y)dN@ (y

This implies, using = = p(c)~! and the above fi, that

/G f1(p(o) L) ane @) / F1 () AR,

Therefore, returning to our main calculation and noting that d(p(o)~'y) =
d(y), we have

oLt ], i
G Js0©) Jg T(0)

AN (r)dry W) (£)ANAT ) () ANy () (5)dpgy (u).

(0)

Using the fact that v, is a disintegration of pg’ with respect to ,ug)), followed

by Lemma 2.4, we get

—/S(O)/Sx //Tm/xByq )Xe (171

AN (7)) () NG () dn () dps ) (s)

=[x [ ] ] e

AN (7)dry 89 () ANA) () d s (o)
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// /<o>/ (07X (Wa(M)xe (7))

d
dNp(7)dy§ ) (NG () dpas (o).
The measure ME@O) is quasi-invariant. Therefore, Formula (2) of Remark 2.7
permits us to replace o' by ¢ at the price of inserting Agl(a):

= Xa(0)x5 (ya(1)xe (T7H A (0)
Lo ).

AN (7)dy 2@ (AT () dps (o).

Re-expanding dug and then using Lemma 5.9 again, followed by Lemma 2.4,
we have

:/G(O) /S(O)// /T(O)/xA(U)XB(yq(r))xc(f—l)Asl(g)

NG (7)dy 2D (1) AN (y)dNG (o) dy(5) dpaly) ()

/G(0>//S(0)//0)/XA o)X (ya(r))xe (T Ag (o)

AN (7)dy 2@ ()N (0)dys @) (5) AN ()l (u)

:/G/S(O)/S/T(O)/TXA(J)XB(yQ(T))Xc(T‘l)Asl(g)

ANG(7)dry 2@ (4)dNg (0)dys @ (s)dpc (y).

We now use the quasi-invariance of ug) and Formula (2) of Remark 2.7 to

write
/ /s<0>/ /m/ s a(M)xe (T A (@)AG ()

ANG(7)dyp W) (£)dNS (0)dyi W (s)dpc (y).-

Next, we apply the characterization (4) preceding Lemma 5.9 above to the
compositions

g " g P el
A% g/
and
T T 7(0) 4 G
AT 7
We obtain

- /G /S /T X4 (X5 ()Xo (T )AG () A ()
(v 0 M) @ (1) d(vp 0 As) ™™ (0)dpc (y).-



826 AVIV CENSOR AND DANIELE GRANDINI

We can now use Fubini’s theorem, after which we reexpand the compositions
as well as ug:

- / / / Xa (@)X ()Xo (T AT () A ()
d(vp 0 As) W (0)d (g 0 Ar)" W (1) dpc (y)

/G<o //T(O //s<o / o)xs (W a(M))xe (A (0)AG (1)

NS (0)dy 2@ (5)dNG (7)dy W) (8) AN () (w).

By Lemma 5.9 with T',¢,7 and ¢ in place of S, s, and p, we get

/G(O /T(O)///sm / sy a(7)xe (T A (@) AG (v)
dAS(

5(0)dp P ()N ()N () (g (w)

:/c«» /T(O)/T/G/S(O)/SXA(U)XB_I(q(T)‘ly)xc(T_I)Asl(o)Ael(y)

dN(0)dyd @ (5)aNE" ) () NG (7)) Al (w).
Let fo be a function on G, defined by the formula

=[x AT A a)AG v)
ANy (o)dy¥) (s).
Using 2 = ¢(7)~! and f> in Equation (5) above, we obtain that

/ Fo(g(7) L y)ar ™) / Fo(y)dAEAT)

Recall that we take Ag to be a groupoid homomorphism (see Remark 2.7).
Therefore,

A a(M)AG (a(m)™hy) = AGN(a(M)AG (a()THAG () = A (v).
Hence, noting also that d(q(7)~'y) = d(y), the left-hand side of the above

equality gives precisely the last line of our main calculation. From the right-
hand side we then get

/G<0> /T(@///s(m/x“‘ Xp1 0)Xe (T DA (@)

AGH(a(T)AG (1) ANy (0)dry ) ()AL ()N (7Y (D)l (w).

(0)

From the fact that 77 is a disintegration of u;” with respect to ,u(GO ), followed

by Lemma 2.4, we get

/Tw)/ / /5@ / Wxe(T7HAG (@)AG (a(T)AG ()

dvs(a)dvp( ><s>dxé~<d“”<y>dx%<r>du§9> ()
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/ / / (0)/ W)xe (T A5 (0)AG (a(m)AG ()

dA;@W ) (8)dAEY ) (y)dpur (7).
(0)

Using the quasi-invariance of p;.” and Formula (2) of Remark 2.7 gives

/ / /S<0> / W)xe (M)A (0)AG (1) AG () A (1)
d”s@’)d%( (X ()dpr (7).

Re-expanding dur we get:

/G(O) /T<0) / / /5(0)/ (W)X (A () A (g(r) )

AG ()AL ()N (o )dvd(y)( >qu<’”“”<y>dAfT<T>dvg<t>du‘£><u>.

We invoke Lemma 5.9 once again, with 7',¢,7 and ¢ in place of S, s,o and
p. We obtain

-/, @/ Lo L Lo [, o magioagam)

G AT (1) (o )dvd(y)( VAN (1) s @) (£) AN () dpy) ().

By Lemma 2.4 this equals

//T(O)//S(O)/XA Xp1 (W)X (1A () AG (a(r) ™)

)AL (T)dNG (0)dry ) (s) AN (T)dyy @ (8 dpc (y)-
(0)

We once again now use the quasi-invariance of j,° and Formula (2) of
Remark 2.7 to write

//T(O)//S(O)/XA X5 W)X (T)AG (o)A (g(r) ™A (v )
WAL M)A (@)d ) (5)dNr (7)™ (D dpa(y).

Returning to x, and using Lemma 2.4, we get

/G(m/ /T<o>//5<o>/XE 0,y,7)AG (0)AG (g(r)TH AL (7)
dNg(o

)drs @) (5)dNG (1) dy @) ()N (y)duy) (u).

As we argued earlier in this calculation, we can change the order of integra-
tion:

) /G<°> /G /s<0> /s /T<o> /TXE (0,5, 1) A5 (0)AG (a(r) AT (7)

AN (7)dy 2@ ()N (0)dys @) (5)dN () dply (w).
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Finally, we define A(o,y,7) = Ag'(o )A_l(q(T)_l)AT (7). We get:

/G(O)/ /5(0) / /T(O)/ (0,9, 7)A(0,y, )

AN (7) dy ) (¢ >dqu<a>dvp< ()N (1) Al (u).

By Lemma 5.10 this equals / Xg(o, 2, 7)A(o,x, 7)dpup (o, z, T), proving the

claim for any elementary open set. In order to complete the proof, we need
to show that the claim holds for any Borel set £ C P. For this, we will
invoke Lemma 2.24 of [4], as in the proof of Proposition 4.4. For any Borel
subset F, we define

WB) =y (E)  and  u(B) = [ xp(@M@dup().
As in Lemma 2.3, since ugg) is locally finite and A% is a continuous Haar
system, the induced measure pp is locally finite, hence so is the measure
p. Thus v is locally finite as well, since pu(EF) = v(F) for any elementary
open set F, and these sets constitute a basis B for the topology of P by
Remark 3.2. Finally, p and v agree on finite intersections of sets in B as
these are themselves elementary open sets, so Lemma 2.24 of [4] implies that
w(E) = v(E) for all Borel sets. The proof is complete. O

Remark 5.12. In particular, it follows from the above calculation that the
modular function of up is given by Ap(o,z,7) = Ag(o)Ar(T)/Ac(q(T)).

6. The weak pullback of Haar groupoids

We return to the weak pullback diagram, which we have now completed:

. 0
P >\P ()
™S T
Ay ng) S T g, nf
A
° 0

In order for (P, A%, ug)) to indeed be the weak pullback in the category
‘HG, it must be a Haar groupoid in the sense of Definition 2.8, and the maps
wg: P — S and np : P — T need to be homomorphisms of Haar groupoids
in the sense of Definition 2.9. The first fact is an immediate corollary of
Theorem 4.2 and Proposition 5.11. The second fact is proved below.

Corollary 6.1. The groupoid (P, \p, Mﬁé’)) is a Haar groupoid.

Proposition 6.2. The maps 7g : P — S and 77 : P — T are homomor-
phisms of Haar groupoids.
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Proof. By lemma 3.8, the maps mg and 7 are continuous groupoid homo-
morphisms. It remains to show that they are measure class preserving with
respect to the induced measures. We prove first that (7g).(up) ~ us.

Let 3 C S be a Borel subset. Using the definition of up, we have

(ms).(ue)(%) = np(ns'(£) = | A0 5 () dp) (5,9.1),

Observe that 75" (2) = {(0,2,7) € P| 0 € 8} = (£ x G x T) N P. Substi-

tuting )\( 9t = A{ X 84 x A according to Definition 4.1, noting that systems
of measures are concentrated on fibers, and using Lemma 3.7, we get:

A (w5t (2) = A (2 G x Ty pleon)
=(AG X 6y x M) (Ex GxT)N(S* x {g} xT"))
— N3(D) - 5,({g}) - N(T)
= A§(D)NL(T).

Therefore, using Lemma 5.10 and then rewriting n¥ by Proposition 5.3, we
have

()2 (1) (2)
- / MY E)NAT)dn® (s, 9. £)dpuce(y)
p(0)

/ /// A5 (DNH(T)dyy W (5)dd, (9)drg ) (8)dpc (v)
SO0 xGxT(0)

:/ // NS IV (T)dp ) ()drg @ (B)dpac ().
G S(0) x7(0)

We use Fubini’s theorem, as well as Lemma 2.4, to obtain

:/ // / )‘SS(EMtT(T)d’Yg(y)(t)d’Y;(y)(s)d)&é(y)du(GO)(u)'
GO Jag Js©o JT©0

Furthermore, the fact that A¢, is supported on G" dictates that r(y) = u,
hence we get

= Lo L f0 280 [ A @i e)ane )an )

= Joo 28 [ [ M0 0 51 )

We now define a function k1 on G(© by

- / / Np(T)dyd @ (£)dN (y).
G JT00)
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Since A.(T) > 0 for any ¢, the function hq(u) is strictly positive on GO,
Returning to our main calculation, we have:

(ms /<o>/ A5()ha (w)dyg (s)dngs (u)
/(0)/(0> p(s))dy (s )d/‘g)(u)

since v, is concentrated on p~(u). Finally, 7Y, is a disintegration of pg

with respect to ,u(G), hence

(0)

m)sur)(2) = [ N p()dnd ).

On the other hand, pg(X) = / A5(2)dpl (s). Tt follows that 1g(S) = 0
(0)

S
if and only if (mg).(up)(X) = 0.
We turn to mp. Proving that (77)«(up) ~ pr will require a detour via

the quasi-invariance of /”L(GO)‘ Let 2 C T be a Borel subset. Tracing the line
of arguments above, we have

(rr)ulr)) = ol (@) = [ X @) (5. 9.1),
where
D () = AR (8 x 6 x Q) n Pl

= (MG X 8y x M) (S x G x Q)N (S° x {g} xT"))
— AL(S)AL ().

Therefore,

(r1). () )
= [ [ AN 5.0, D)
L RSN )b () (o)
(0 xGxT()
= $ ¢ (Y) (g)d~4W) _
= [ L L M@ @ )

(0)

Using the quasi-invariance of j;” and Formula (2) of Remark 2.7, we get

/ / / A (SN AZ ()2 (5)d77 D (1) dpc ().
7(0) J5(0)
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Replacing g @)

we get,
= Lo L @ [ MOAG O ) a1
/(o> /<0) AL() / /(0) AL(S )d’yp( )( )d/\%(y)d’ﬁ(t)du(c?)(u),

The function hy on G(© defined by

(u) = / [ A8 W (s)xg ()
S(0)

is positive since A (S) > 0 for any s and the modular function A is positive.
Returning to our main calculation, we have:

(0)
(rr /G<0> /T<0> (u)dyg () dpg’ (u)
:/ / A%(Q)hg(q(t))dvq( )du(o)( )
G J1(0)

since 7, is concentrated on ¢ '(u). Finally, Vg is a disintegration of pp

with respect to ,u(G), hence

(r)ulir) ) = [ No(@halat)an? ()

by 4 as before, and using Lemma 2.4 and Fubini’s theorem,

(0)

On the other hand, up(Q2 / M (Q d,u ( ). It follows that pup(Q2) =0
if and only if (77).(up)(2) = 0. Th1s completes the proof. O

Recall our standing Assumption 5.1, by which the maps p and ¢ (restricted
to the unit spaces) admit disintegrations which are locally bounded. As we
show in the following proposition, the map mg will automatically inherit
this property. However, in order to guarantee that the map np admits a
disintegration which is locally bounded, we will need another assumption.

Assumption 6.3. We will assume that the modular function Ag is locally
bounded on G, in the sense that for every point x € G there exist a neigh-
borhood U, and positive constants ¢, and C, such that ¢, < Ag(y) < Cy
for every y € U,.

Note that Aal is locally bounded whenever A¢ is locally bounded.

Remark 6.4. If we assume that Ag and Ap are also locally bounded in the
above sense, then Remark 5.12 implies that Ap is locally bounded as well.

Proposition 6.5. The maps 7g : PO — SO and 7p : PO — 7O admit
disintegrations which are locally bounded.
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Proof. We start with the map mg. We shall use Proposition 6.8 from
[4], which provides a necessary and sufficient condition for admitting a

disintegration which is locally bounded: for any compact set K C PO

there must exist a constant C, such that for all Borel sets ¥ C SO
W (KNl (2) < O n ().

Let K C PO be compact. Consider three increasing sequences {A,},
{B,} and {C),} of open subsets with compact closures in S, G and T re-
spectively, such that S = J;2 | An, G =,~; Bn, and T = ;2 ; Cy, (such
sequences exist in any locally compact second countable space). The ele-
mentary open sets E,, = (A, x B, x Cp,)N P determine an increasing open
cover of P(®) and in particular of K. Since K is compact, K C E; for some i.
Denoting K1 = A;, Ky = B; and K3 = C;, we have K C (K x Ky x K3)NP©)
where K1 C S, Ko C G and K3 C T are each compact.

For any Borel set ¥ C S(©),

(K nrgl(n))
< Ngg)((fﬁ x Ko x K3) N 7751(2))
= /‘g))(((Kl NY) x Ky x K3) N PO)

- /K @ (K N )2 (Ks)dpe ()
2

where the last equality follows from a calculation as in the proof of Propo-
sition 5.6. Expanding ug we get

= [ ] 0 S ) @) )
GO JKy

r(w) d(:v) u (0)
/(0)/& (5) N (2)dp (u).

Next, we note that r7(z) = u since A\ is supported on r~!(u), and then
rewrite v, (%):

G(0) K2
u (0)
/G(O) /[(2 /S(o) Kg)d’yp( )d)\G(.T)Cl/J,G (U)

We use Fubini’s Theorem and note that p(s) = u since v, is supported on
p~Y(u), after which we can collapse the outer two integrals, since vp is a
disintegration:

/G(O) /s<0> /K K3)dNA™) () dy (s)dpl) (u)
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T S 0 0

/ / ) (Kg)ax) (@) du P (s) < - uP(®),

SO JKy

where C = (sup 7};( Kg)) . <sup XC’;(KQ)) Both suprema exist since 'y; and
u v

Mg are locally bounded, hence bounded on compact sets.

We turn to the map mp. The proof will be analogous, but will require the
use of the function Aél, which is locally bounded by Assumption 6.3. Let
QcTO.

uE) (K g ()
< ) (K1 x Ky x K3) N g (2)
M (K x Ky % (K31 Q) N PO)

- /K 21 (K )y (K 1 Q) dpace ()
2

= /Kl 3@ (K )yp @) (K3 N Q)AG (2) dpc(z).

2

Skipping intermediate calculations which mimic the g case, we get

/T<o>/  xe® P (E)AG (@) (@)du ()

<D-: NT (Q)

where D = <sup 75(K1)> | sup AGlz) |- <sup )\%(KQ_I)). All suprema
w z€K, ! v

exist since 7y and Ag, are bounded on compact sets, and A(_;I is locally

bounded. O
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