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Presentations and Tietze transformations
of C*-algebras

Will Grilliette

Abstract. In this work, I develop a new view of presentation theory
for C*-algebras, both unital and nonunital, heavily grounded in classical
notions from algebra. In particular, I introduce Tietze transformations
for these presentations, which lead to a transformation theorem analo-
gous to Tietze’s 1908 result in group theory.
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1. Introduction

Constructing universal C*-algebras by generators and relations is not a
new idea, done previously in [3, 5, 9] among others. This has classically
been done by building a complex ∗-algebra, subject to certain ∗-algebraic
relations, and then norming this structure according to a family of represen-
tations, subject to norm or positivity constraints. However, this is counter
to the usual algebraic means of building an object, which is to construct a
free object and quotient it.

The primary philosophy of this paper is to reverse the order of the norm-
ing and quotienting processes, constructing a scaled-free C*-algebra as in [7,

Received December 3, 2010.
2010 Mathematics Subject Classification. 46L05, 46L85, 20E06, 20F05.
Key words and phrases. C*-algebra, unitization, adjoint functor, presentations, Tietze

transformation.

ISSN 1076-9803/2012

121

http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2012/Vol18.htm


122 WILL GRILLIETTE

§3.2] and quotienting by an ideal. By proceeding in this way, more combina-
torial and algebraic methods are unlocked, including the analogous calculus
and transformation theorem to the classical work of [13].

The Tietze transformation theorem of [13] is a classical result from com-
binatorial group theory. In that work, any group can be represented by
a presentation by generators and relations. The transformational calculus
allows the addition or removal of redundant generators and relations. More-
over, two group presentations are isomorphic if and only if one presentation
can be transformed into the other via this calculus. Theorem 3.3 and Corol-
lary 3.4 are the analogs for unital C*-algebras, and very similar proofs yield
the same results for general C*-algebras.

This idea of C*-algebraic Tietze transformations was previously visited in
[5], but only using ∗-algebraic conditions. While the author of the current
work does not know if a Tietze transformation theorem can be achieved with
only ∗-algebraic conditions, he finds it unlikely. In [12], it is known that the
Cuntz algebra order 2, O2, satisfies O2 ⊗ O2

∼= O2 as unital C*-algebras.
In [1], the Leavitt path algebra order 2, L2, is shown to be distinct from
L2 ⊗ L2 as unital k-algebras. Since the Cuntz algebra and Leavitt path
algebra have identical ∗-algebraic presentations, this indicates that pure ∗-
algebraic manipulation may be insufficient for C*-algebras.

Section 2 shows the construction of a C*-algebra presentation in this more
algebraic sense for both the general and unital categories, summarizing ma-
jor properties and features. This relies on the category of normed sets with
contractive functions from [7, §2.2]. Section 3 develops the transformational
calculus and theorem in analogy to [13]. Section 4 makes use of the trans-
formations to compute examples, as well as the theorem to show failure of
transformations to exist.

The author would like to thank the referees of this paper for their com-
ments and patience in its revision. He would also like to thank Prof. David
Pitts for his advice and help in developing these ideas. Thanks also go to
Prof. Gene Abrams for the reference about the Leavitt path algebra.

2. Building C*-algebras by generators and relations

Here, a universal C*-algebra will be built by first constructing a scaled-
free C*-algebra, analogous to the scaled-free Banach algebras of [7, §3.2].
Then, much like the classical algebraic model, a “C*-relation” will be an
element of this structure, and the universal C*-algebra will be a quotient by
an appropriate ideal.

2.1. Scaled-free C*-algebras. Recall the category of normed sets with
contractive maps from [7], denoted CSet1. Likewise, let C∗ represent the
category of C*-algebras with ∗-homomorphisms. There is a natural forgetful
functor FCSet1

C∗ : C∗ → CSet1 by dropping all of the algebraic properties,
leaving only the norm functions and the contractivity of the maps.



PRESENTATIONS AND TIETZE TRANSFORMATIONS OF C*-ALGEBRAS 123

For a normed set (S, f), construction of a reflection along FCSet1
C∗ would

proceed along natural lines. One builds a free involutive C-algebra on
S\f−1(0) and completes in an appropriate universal norm. This is done pre-
viously in [5, Satz 1.1.11], [6, Proposition 2.2], and [10, Lemma 3.7], so this
work will only summarize the universal property of this object as in [7]. Let

the C*-algebra built from (S, f) in this manner be denoted by C*Alg(S, f)

and θS,f : S → C*Alg(S, f) be the mapping of generators.

Theorem 2.1 (Reflection Characterization, C∗). Given a C*-algebra B and

a contractive map φ : (S, f)→ FCSet1
C∗ B, there is a unique ∗-homomorphism

φ̂ : C*Alg(S, f)→ B such that FCSet1
C∗ φ̂ ◦ θS,f = φ.

Further, since (S, f) was arbitrary, the following functorial result is ob-
tained.

Corollary 2.2 (Left Adjoint Functor, C∗). There is a unique functor

C*Alg : CSet1 → C∗

defined on objects as above, which is left adjoint to FCSet1
C∗ .

Similarly, one can build a scaled-free unital C*-algebra from (S, f), though
this can be done by appealing to the unitization. To summarize, let 1C∗ be
the category of unital C*-algebras and unital ∗-homomorphisms and FC∗

1C∗ :
1C∗ → C∗ the natural forgetful functor. Given an arbitrary C*-algebra A,
the construction of the unitization is well-known in standard references such
as [4, Proposition I.1.3], where

Unit(A) := A⊕ C
equipped with the appropriate multiplication, adjoint, and norm. Letting
ιA : A → Unit(A) be the inclusion map into the first summand in Unit(A),
the following is the universal property the unitization possesses in the nota-
tion of the current paper.

Theorem 2.3 (Reflection Characterization, Unitization). Given a unital
C*-algebra B and a ∗-homomorphism φ : A → FC∗

1C∗B, there is a unique

unital ∗-homomorphism φ̂ : Unit(A)→ B such that FC∗

1C∗ φ̂ ◦ ιA = φ.

That is, Unit(A) is the smallest unitization of A, provided A was not
already unital. Further, since A was arbitrary, the following functorial result
is obtained.

Corollary 2.4 (Left Adjoint Functor, Unitization). There is a unique func-
tor Unit : C∗ → 1C∗ defined on objects as above, which is left adjoint to
FC∗

1C∗.

If FCSet1
1C∗ : 1C∗ → CSet1 is the forgetful functor, a quick check shows

that FCSet1
1C∗ = FCSet1

C∗ ◦FC∗

1C∗ , so one can invoke the closure of right adjoints

on composition. Hence, its left adjoint is given by 1C*Alg := Unit ◦C*Alg.
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Letting ηS,f := ιC*Alg(S,f) ◦ θS,f be the embedding of the generation set, the
universal property can be stated as follows.

Theorem 2.5 (Reflection Characterization, 1C∗). Given a unital C*-alge-

bra B and a contractive map φ : (S, f)→ FCSet1
1C∗ B, there is a unique unital

∗-homomorphism φ̂ : 1C*Alg(S, f)→ B such that FCSet1
1C∗ φ̂ ◦ ηS,f = φ.

Notice that C*Alg(S, f) is naturally identified as the codimension-1 ideal

of 1C*Alg(S, f) generated by ηS,f (S).

2.2. Presentations of C*-algebras. Given any unital C*-algebra A, no-
tice that letting (S, f) := FCSet1

1C∗ A and φ = idA in Theorem 2.5 determines

A as a quotient C*-algebra of 1C*Alg(S, f). Thus, the following definitions
can be made, analogous to those found in pure algebra.

Definition. For a normed set (S, f), a C*-relation on (S, f) is an ele-

ment r ∈ 1C*Alg(S, f). A C*-relation r on (S, f) is nonunital if r ∈
ran
(
ιC*Alg(S,f)

)
. Otherwise, r is unital. An element of ηS,f (S) itself is a

generator.

Definition. For a normed set (S, f) and C*-relations R ⊆ 1C*Alg(S, f)
on (S, f), let JR be the two-sided, norm-closed ideal generated by R in

1C*Alg(S, f). Then, the unital C*-algebra presented on (S, f) subject to R
is

〈S, f | R〉1C∗ := 1C*Alg(S, f)/JR,

the quotient C*-algebra of 1C*Alg(S, f) by JR.

The usual conventions for algebraic presentation theories are taken. This
includes blurring the distinction between s ∈ S and [ηS,f (s)] ∈ 〈S, f | R〉1C∗ ,
writing relations equationally, or replacing relations with equivalent condi-
tions. For a finite set S := {s1, . . . , sn}, then the normed set (S, f) can be
written as

(S, f) = {(s1, λ1) , . . . , (sn, λn)} ,
where λj := f (sj). As such, the presentation of a unital C*-algebra can be
written as

〈S, f | R〉1C∗ =: 〈(s1, λ1) , . . . , (sn, λn) | R〉1C∗ ,

directly associating a generator with its norm value from f .
This presentation notation is not far removed from the traditional nota-

tion of [3, 10], except that the norm function f from the original normed
set is explicitly stated and kept. This seems superficial, but it garners some
pleasant consequences.

First, as f imposes norm bounds on each of the generators, any formal
presentation is guaranteed to yield a unital C*-algebra. Likewise, any unital
C*-algebra has a presentation of this form. Philosophically, this emphasizes
that the norm of a generator is part of the generator, rather than a condition
to be imposed.
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Second, a C*-relation as defined above includes unital ∗-polynomials in
the elements of S as described in [3, 5], but also elements created via the
functional calculi. This encodes many well-known functional analytic con-
ditions as elements of a scaled-free unital C*-algebra, which can then be
forced by quotienting.

Example 2.6. Fix a unital C*-algebra A and a ∈ A.

(1) (Positivity and order) Let p : R→ R by

p(t) :=

{
t, t ≥ 0,

0, t < 0.

Recall that a ≥ 0 if and only if a = p (<(a)), which is an application
of the continuous functional calculus.

(2) (Norm bounds on relations) For λ ≥ 0, ‖a‖ ≤ λ if and only if

(a∗a)2 ≤ λ2a∗a, which appeals to the above result.
(3) (Invertibility) For λ ≥ 0, there is b ∈ A satisfying ‖b‖ ≤ λ and

ba = 1 if and only if 1 ≤ λ2a∗a. Moreover, b ∈ C∗(1, a), appealing
again to order.

(4) (Analytic relations) The elements exp(a), sin(a), and cos(a) exist in
any C*-algebra by the analytic functional calculus.

This fact has been explored previously in [8, §6] and [10] with different
perspectives. In [8], a C*-algebraic relation corresponds to the zero-set of
a noncommutative continuous function, while [10] considers a C*-algebraic
relation as a full subcategory of a comma category between Set and C∗.

Lastly, while the notions of [8] and [10] are equivalent to the present
work, the algebraic perspective taken here has the advantage of manipulating
elements. This will yield a Tietze calculus much like the classical result for
group theory from [13].

As the presentation above is built from universal constructions, it satisfies
a particular universal property, which follows directly from the construc-
tions’ universal properties.

Theorem 2.7 (Universal Property of a 1C∗-Presentation). Let R be C*-

relations on (S, f) and B a unital C*-algebra. Let φ : (S, f) → FCSet1
1C∗ B

be a contraction and φ̂ : 〈S, f | ∅〉1C∗ → B the unital ∗-homomorphism

guaranteed by Theorem 2.5. If R ⊆ ker(φ̂), then there is a unique unital

∗-homomorphism φ̃ : 〈S, f | R〉1C∗ → B such that φ̃(s) = φ(s).

That is, if the C*-relations R are satisfied by the image of S under the
contractive map φ, there is a unique unital ∗-homomorphism from the pre-
sented unital C*-algebra to B extending φ.

For general C*-algebras, an analogous presentation can be defined with
similar conventions and properties. C*Alg(S, f) embeds into 1C*Alg(S, f),
so the term “nonunital C*-relation” will be used interchangeably for an
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element of C*Alg(S, f) or its image in 1C*Alg(S, f). The unitization also
gives a nice formal connection between the two types of presentations.

To state this clearly, fix nonunital C*-relations R on a normed set (S, f).
Let F := 〈S, f | ∅〉C∗ and ιF : 〈S, f | ∅〉C∗ → 〈S, f | ∅〉1C∗ the unitization
embedding.

Theorem 2.8 (Unitization of a C∗-Presentation). Given a normed set
(S, f) and nonunital C*-relations R on (S, f),

Unit(〈S, f | R〉C∗) ∼=1C∗ 〈S, f | ιF (R)〉1C∗ .

Furthermore, 〈S, f | R〉C∗ is C∗-isomorphic to the ideal generated by S in
〈S, f | ιF (R)〉1C∗.

The proof follows by mapping generators and using the universal proper-
ties of Unit and the two presentations.

Lastly, if one restricts to ∗-algebraic relations, these C∗- and 1C∗-presen-
tations agree to those considered in [3, 5, 9] and others, where a ∗-algebra is
created and then normed by a class of representations. The proof is much
like that of Theorem 2.8, associating generators and using the universal
properties.

3. Formal manipulation of presentations

This section is dedicated to creating a formal calculus for presentations
of C*-algebras and transformation theorem, analogous to the well-known
group theoretic results of [13].

Tietze transformations for C*-algebras were considered previously in [5,
§2.4.1], using only ∗-algebraic relations. In the current work, Tietze trans-
formations will be performed with C*-relations as defined in the previous
section, which will not only yield a formal calculus, but also a transformation
theorem.

The proofs of this section will be done for unital C*-algebra presentations,
but the same results for general C*-algebra presentations hold by directly
analogy.

3.1. Tietze transformations for C*-algebras. For this discussion, fix
C*-relations R on a normed set (S, f), and define F := 〈S, f | ∅〉1C∗ .

The first Tietze transformation is the addition or removal of redundant
C*-relations. A set of C*-relations Q ⊆ F are redundant for R if Q ⊆ JR,
where JR is ideal generated by R in F . That is, the conditions within Q are
implied by those within R. Hence,

〈S, f | R〉1C∗ := F/JR = F/JR∪Q =: 〈S, f | R ∪Q〉1C∗ ,

where JR∪Q is the ideal generated by R ∪Q.
The second Tietze transformation is the addition or removal of redundant

generators, i.e., one that can be written in terms of the others. To clearly
state this, let G ⊆ F and associate a new symbol sg and a nonnegative value
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λg ∈ [‖g‖F ,∞) to each g ∈ G. Define SG := {sg : g ∈ G} and fG : SG →
[0,∞) by fG (sg) := λg, creating a new normed set (SG, fG). Let

(S1, f1) := (S, f)
∐CSet1

(SG, fG) ,

the disjoint union normed set and ρ : (S, f) → (S1, f1) the canonical inclu-

sion. Applying 1C*Alg, define F1 := 〈S1, f1 | ∅〉1C∗ and ρ̂ := 1C*Alg(ρ),
which embeds F into F1 by association of generators. Letting

R1 := ρ̂(R) ∪ {sg − ρ̂(g) : g ∈ G} ,
the mapping of generators from ρ̂ can be lifted using Theorem 2.7 to give

〈S, f | R〉1C∗ ∼=1C∗ 〈S1, f1 | R1〉1C∗ .

According to the philosophy of this paper, each new generator is added
with a new corresponding norm bound. This is necessary to avoid the be-
havior of the following example.

Example 3.1. Notice that〈
(x, 1),

(
y,

1

4

) ∣∣∣ x = x2, y = x∗x

〉
1C∗

∼=1C∗ C

and 〈
(x, 1) | x = x2

〉
1C∗
∼=1C∗ C2.

Thus, the norms of generators must be taken into consideration before
removal. Admittedly, the norms of the generators in this example are easily
computed, but this may not so evident in general, particularly when applying
the functional calculi.

3.2. The free product. The unital free product C*-algebra will be used
briefly in the proof of the main theorem, and it will be useful in exam-
ples. The following identification was previously considered for nonunital
∗-polynomial relations in [5, Satz 3.3.2], and the current work extends the
characterization to general C*-relations.

Within [15, §1.4], the unital free product is shown to be the coproduct
in 1C∗, satisfying the appropriate mapping property. As such, the notation

“
∐1C∗

” will be used to denote the unital free product for an arbitrary index
set. When the index set is finite, the more common “∗C” will be used.

To state this characterization clearly, fix an index set Γ. For each γ ∈ Γ,
fix C*-relations Rγ on a normed set (Sγ , fγ) and define Fγ := 〈Sγ , fγ | ∅〉1C∗ .
Let

(S, f) :=
∐
γ∈Γ

CSet1
(Sγ , fγ) ,

the disjoint union normed set and ργ : (Sγ , fγ)→ (S, f) the canonical inclu-

sion. Applying 1C*Alg, define F := 〈S, f | ∅〉1C∗ and ρ̂γ := 1C*Alg (ργ) for
each γ ∈ Γ, which embeds Fγ into F by association of generators. Letting

R :=
⋃
ρ̂γ (Rγ) ,
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the embeddings ρ̂γ can be lifted using Theorem 2.7 into the connecting maps
for the isomorphism

〈S, f | R〉1C∗ ∼=1C∗
∐
γ∈Γ

1C∗

〈Sγ , fγ | Rγ〉1C∗ .

The proof of the isomorphism follows from gratuitous use of Theorem 2.7
and the coproduct realization of the unital free product. For Γ = {1, 2},
this states that

〈S, f | R〉1C∗ ∼=1C∗ 〈S1, f1 | R1〉1C∗ ∗C 〈S2, f2 | R2〉1C∗ .

3.3. A Tietze transformation theorem for C*-algebras. With an un-
derstanding of the different Tietze transformations, the main theorem can
now be proven. This proof is based on the treatment given in [2, Section
III.5] for group presentations.

For this discussion, only a pair of unital C*-algebras will be considered.
For j = 1, 2, fix a set of C*-relations Rj on a normed set (Sj , fj). Define
Fj := 〈Sj , fj | ∅〉1C∗ , Aj := 〈Sj , fj | Rj〉1C∗ , and qj : Fj → Aj the quotient
map.

To prove the theorem, one considers A1 and A2 as quotients of a single,
unified algebra. To build this structure, define

(T, g) := (S1, f2)
∐CSet1

(S2, f2)

to be the disjoint union normed set, ρj : (Sj , fj) → (T, g) the canonical

inclusions for j = 1, 2, and G := 〈T, g | ∅〉1C∗ . Since 1C*Alg is a left adjoint
functor, it is cocontinuous, stating that

G ∼=1C∗ F1 ∗C F2

with connecting maps ρ̂j := 1C*Alg (ρj) for j = 1, 2.

G

F1

q1
����

>>

ρ̂1
>>

F2

q2
����

``

ρ̂2
``

A1 A2

The following lemma is the key step in the main result, allowing A1 and
A2 to be realized as quotients of G. Further, the explicit C*-relations on
(T, g) are determined.

Lemma 3.2. Given the notation above, assume Θj : G → Fj is a unital
∗-homomorphism satisfying that Θj ◦ ρ̂j = idFj . Then, ker (qj ◦Θj) is the
norm-closed, two-sided ideal Jj generated by

ρ̂j (Rj) ∪ {s− (ρ̂j ◦Θj) (s) : s ∈ S3−j}
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in G.

Proof. For r ∈ Rj and s ∈ S3−j ,

(qj ◦Θj) (ρ̂j(r)) = qj
(
idFj (r)

)
= qj(r) = 0

and

(qj ◦Θj) (s− (ρ̂j ◦Θj) (s)) = (qj ◦Θj) (s)− (qj ◦Θj ◦ ρ̂j ◦Θj) (s)

= (qj ◦Θj) (s)−
(
qj ◦ idFj ◦Θj

)
(s)

= (qj ◦Θj) (s)− (qj ◦Θj) (s)

= 0.

Hence,

ρ̂j (Rj) ∪ {s− (ρ̂j ◦Θj) (s) : s ∈ S3−j} ⊆ ker (qj ◦Θj)

so Jj ⊆ ker (qj ◦Θj).
Let γ : G → G/Jj be the quotient map. For all s ∈ Sj and t ∈ S3−j ,

(γ ◦ ρ̂j ◦Θj) (s) = (γ ◦ ρ̂j ◦Θj ◦ ρ̂j) (s)

=
(
γ ◦ ρ̂j ◦ idFj

)
(s)

= (γ ◦ ρ̂j) (s)

= γ(s)

and

(γ ◦ ρ̂j ◦Θj) (t) = (γ ◦ ρ̂j ◦Θj) (t) + γ (t− (ρ̂j ◦Θj) (t))

= (γ ◦ ρ̂j ◦Θj) (t) + γ(t)− (γ ◦ ρ̂j ◦Θj) (t)

= γ(t).

By Theorem 2.5, γ = γ ◦ ρ̂j ◦Θj .
For b ∈ ker (qj ◦Θj), then Θj(b) ∈ ker (qj) = JRj , the norm-closed, two-

sided ideal generated by Rj in Fj . Thus, (ρ̂j ◦Θj) (b) ∈ Jj . Also,

γ (b− (ρ̂j ◦Θj) (b)) = γ(b)− (γ ◦ ρ̂j ◦Θj) (b) = γ(b)− γ(b) = 0

so b− (ρ̂j ◦Θj) (b) ∈ ker(γ) = Jj . Therefore, b ∈ Jj . �

Now, the main result can be proven.

Theorem 3.3 (Tietze Theorem for 1C∗). A1
∼=1C∗ A2 if and only if there

is a sequence of four Tietze transformations changing the presentation of A1

into the presentation for A2.

Proof. (⇐) Since each Tietze transformation is an isomorphism, a sequence
of four Tietze transformations determines an isomorphism between A1 and
A2.

(⇒) Assuming that A1
∼=1C∗ A2, let φ : A1 → A2 be a unital ∗-

isomorphism. First, maps Θj satisfying the conditions of Lemma 3.2 are
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created. The purpose of these maps is to relate generators in S1 in terms of
generators in S2, and vice versa.

G

F1

q1
����

>>

ρ̂1
>>

F2

q2
����

``

ρ̂2
``

A1
φ

∼=1C∗ // A2

From [9, Lemma 8.1.4], the unital C*-algebras F1 and F2 are projective with
respect to all surjections in 1C∗. Thus, there is a unital ∗-homomorphism
ψ2 : F2 → F1 such that φ◦q1◦ψ2 = q2. Using the coproduct characterization
of G, there is a unique unital ∗-homomorphism Θ1 : G → F1 such that
Θ1 ◦ ρ̂1 = idF1 and Θ1 ◦ ρ̂2 = ψ2.

Similarly, there is a unital ∗-homomorphism ψ1 : F1 → F2 such that
φ−1 ◦ q2 ◦ ψ1 = q1. Likewise, there is a unique unital ∗-homomorphism
Θ2 : G → F2 such that Θ2 ◦ ρ̂1 = ψ1 and Θ2 ◦ ρ̂2 = idF2 .

Further, observe that

φ ◦ q1 ◦Θ1 ◦ ρ̂1 = φ ◦ q1 ◦ idF1 = φ ◦ q1 = q2 ◦ ψ1 = q2 ◦Θ2 ◦ ρ̂1

and

φ ◦ q1 ◦Θ1 ◦ ρ̂2 = φ ◦ q1 ◦ ψ2 = q2 = q2 ◦ idF2 = q2 ◦Θ2 ◦ ρ̂2

so by universal property of the coproduct, φ ◦ q1 ◦Θ1 = q2 ◦Θ2.
Next, φ is to be decomposed into a composition of Tietze isomorphisms.

To this end, let Mj := {s− (ρ̂j ◦Θj) (s) : s ∈ S3−j} ⊂ G for j = 1, 2. By
Lemma 3.2, ker (q ◦Θj) is the norm-closed, two-sided ideal generated by
ρ̂j (Rj) ∪Mj . Observe that as φ is an isomorphism,

ker (q2 ◦Θ2) = ker (φ ◦ q1 ◦Θ1) = ker(q1 ◦Θ1).

Thus, the ideal generated by ρ̂1 (R1)∪M1 is the same as the ideal generated
by ρ̂2 (R2) ∪M2.

Therefore, there are C*-relation-adding and generator-adding Tietze iso-
morphisms α, β, σ, τ below.

A1
φ

∼=1C∗
//

α ∼=1C∗
��

A2

β∼=1C∗
��

〈T, g | ρ̂1 (R1) ∪M1〉1C∗

σ∼=1C∗

��

〈T, g | ρ̂2 (R2) ∪M2〉1C∗

τ
∼=1C∗

ss
〈T, g | ρ̂1 (R1) ∪M1 ∪ ρ̂2 (R2) ∪M2〉1C∗
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Fix s ∈ S1. In 〈T, g | ρ̂1 (R1) ∪M1 ∪ ρ̂2 (R2) ∪M2〉1C∗ , (σ ◦ α ◦ q1) (s) is
the generator [s], and (τ ◦ β ◦ φ ◦ q1) (s) = (τ ◦ β ◦ q2) (ψ1(s)) is [ρ̂2 (ψ1(s))].
Also,

[s] = [s− (ρ̂2 ◦Θ2) (s)] + [(ρ̂2 ◦Θ2) (s)] = [(ρ̂2 ◦Θ2) (s)] = [ρ̂2 (ψ1(s))]

in 〈T, g | ρ̂1 (R1) ∪M1 ∪ ρ̂2 (R2) ∪M2〉1C∗ . Thus,

(τ ◦ β ◦ φ ◦ q1) (s) = (σ ◦ α ◦ q1) (s).

As s ∈ S1 was arbitrary, Theorem 2.5 states that τ ◦ β ◦ φ ◦ q1 = σ ◦ α ◦ q1.
By the universal property of the quotient, τ ◦ β ◦ φ = σ ◦ α. As τ and β are
invertible, φ = β−1 ◦ τ−1 ◦ σ ◦ α. Hence, φ is a sequence of isomorphisms
given by Tietze transformations. �

Now, a Tietze transformation is elementary if only one generator or C*-
relation is changed. As such, any Tietze transformation where finitely many
changes are made can be realized by a finite sequence of elementary Tietze
transformations. The terms finitely generated, finitely related, and finitely
presented already exist in the literature and coincide readily with a finite
generation set, finite relation set, and finite generation and relation sets in
this context. Appealing to [8, Proposition 41], every finitely generated unital
C*-algebra is finitely presented. Thus, the following corollary is the direct
analog of the result from [13].

Corollary 3.4. Given unital C*-algebras A1 and A2 are finitely generated
in 1C∗, A1

∼=1C∗ A2 if and only if there is a finite sequence of elementary
Tietze transformations changing the presentation of A1 into the presentation
for A2.

4. Examples

With the main results proven, this section holds some examples of apply-
ing Tietze transformations to presentations of C*-algebras. Several examples
are worked in [5, §2.4.2,3.5-6] for ∗-algebraic relations. The examples in the
current work will be distinct and make more use of C*-relations from the
functional calculus.

The first two examples are elementary, but pedagogically useful in demon-
strating the implications of Theorem 3.3. They also demonstrate a restric-
tion imposed when considering the general category C∗, rather than the
unital category 1C∗.

Example 4.1 (Positivity and Self-Adjointness, 1C∗). Recall that

〈(x, 1) | x = x∗〉1C∗ ∼=1C∗ C[0, 1]

and

〈(y, 1) | y ≥ 0〉1C∗ ∼=1C∗ C[0, 1],
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so Corollary 3.4 states there is a sequence of elementary Tietze transforma-
tions changing the first presentation into the second. Letting y = 1

2x+ 1
21,

one such sequence would be the following.

〈(x, 1) | x = x∗〉1C∗ ∼=1C∗

〈
(x, 1), (y, 1)

∣∣∣∣ x = x∗,
y = 1

2x+ 1
21

〉
1C∗

∼=1C∗

〈
(x, 1), (y, 1)

∣∣∣∣ x = x∗,
y = 1

2x+ 1
21, y ≥ 0

〉
1C∗

∼=1C∗

〈
(x, 1), (y, 1)

∣∣∣∣∣∣
x = x∗,

y = 1
2x+ 1

21, y ≥ 0
x = 2y − 1

〉
1C∗

∼=1C∗

〈
(x, 1), (y, 1)

∣∣∣∣∣∣
x = x∗,
y ≥ 0

x = 2y − 1

〉
1C∗

∼=1C∗

〈
(x, 1), (y, 1)

∣∣∣∣ y ≥ 0
x = 2y − 1

〉
1C∗

∼=1C∗ 〈(y, 1) | y ≥ 0〉1C∗ .

Example 4.2 (Positivity and Self-Adjointness, C∗). Recall that

〈(x, 1) | x = x∗〉C∗ ∼=C∗ C0 ([−1, 0) ∪ (0, 1])

and
〈(y, 1) | y ≥ 0〉C∗ ∼=C∗ C0(0, 1].

The analogous theorem to Theorem 3.3 for C∗ does hold by a nearly identical
proof. Thus, no sequence of Tietze transformations can exist to change
the first presentation into the second. This shows that any sequence of
transformations for Example 4.1 must involve the unit.

Example 4.3 (Left-Invertibility). For λ, µ ≥ 0, consider the unital C*-
algebra of a left-invertible element,

L :=
〈
(x, λ) | µ2x∗x ≥ 1

〉
1C∗ .

If λµ < 1, ‖1‖L < 1, meaning 1 = 0 in L. Hence, L ∼=1C∗ O, the zero
algebra.

For λµ ≥ 1, the generator x can be split via the continuous functional
calculus and the polar decomposition into

q := (x∗x)
1
2

and

u := µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

where p : R→ R is defined as in Example 2.6. Then, Tietze transformations
and use of the free product characterize the algebra. Verification of each
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C*-relation’s validity is an exercise in the continuous functional calculus.
Here, T is the Toeplitz algebra.

L ∼=1C∗

〈
(x, λ), (q, λ)

∣∣∣µ2x∗x ≥ 1, q = (x∗x)
1
2

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣∣ µ2x∗x ≥ 1, q = (x∗x)
1
2 ,

u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣∣∣
µ2x∗x ≥ 1, q = (x∗x)

1
2 ,

u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

1 ≤ µq

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣∣∣
µ2x∗x ≥ 1, q = (x∗x)

1
2 ,

u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

1 ≤ µq, u∗u = 1

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣∣∣
µ2x∗x ≥ 1, q = (x∗x)

1
2 ,

u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

1 ≤ µq, u∗u = 1, x = uq

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣∣∣
q = (x∗x)

1
2 ,

u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

1 ≤ µq, u∗u = 1, x = uq

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣∣ u = µx
(
p
(
µ (x∗x)

1
2 − 1

)
+ 1
)−1

,

1 ≤ µq, u∗u = 1, x = uq

〉
1C∗

∼=1C∗

〈
(x, λ), (q, λ),

(u, λµ)

∣∣∣∣1 ≤ µq, u∗u = 1, x = uq

〉
1C∗

∼=1C∗ 〈(q, λ), (u, λµ) | 1 ≤ µq, u∗u = 1〉1C∗

∼=1C∗ 〈(q, λ)|1 ≤ µq〉1C∗ ∗C 〈(u, λµ) | u∗u = 1〉1C∗

∼=1C∗ C

[
1

µ
, λ

]
∗C T .

In summary,

〈
(x, λ) | µ2x∗x ≥ 1

〉
1C∗
∼=1C∗


O, λµ < 1,

T , λµ = 1,

C[0, 1] ∗C T , λµ > 1.
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Similar transformations can be used to prove the following isomorphisms for
the unital C*-algebras of a single right-invertible or a single true invertible.

〈
(x, λ) | µ2xx∗ ≥ 1

〉
1C∗
∼=1C∗


O, λµ < 1,

T , λµ = 1,

C[0, 1] ∗C T , λµ > 1.

〈
(x, λ) | µ2x∗x ≥ 1, µ2xx∗ ≥ 1

〉
1C∗
∼=1C∗


O, λµ < 1,

C(T), λµ = 1,

C[0, 1] ∗C C(T), λµ > 1.

Example 4.4 (Idempotency). For λ ≥ 0, consider the unital C*-algebra of
a single idempotent element,

A :=
〈
(x, λ) | x = x2

〉
1C∗ .

If λ < 1, then x = 0. Hence, A ∼=1C∗ C.
For λ ≥ 1, the formula for the range projection of an idempotent from [4,

Proposition IV.1.1] will be used on x and x∗, giving two new generators:

r := xx∗ (1 + (x− x∗)∗ (x− x∗))−1

and

k := (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1
.

To use [14, Theorem 1], define fλ : [0, 1]→ C by

fλ(ν) :=

{
ν, 0 ≤ ν ≤

√
1− λ−2,√

1−λ−2√
1−λ−2−1

(ν − 1),
√

1− λ−2 < ν ≤ 1.

This function ensures that the inverse in the formula for x in terms of r and
k exists in 〈(x, λ), (r, 1), (k, 1) | ∅〉1C∗ before quotienting:

x = (1− fλ (rk∗kr∗))−1 (r − rk).

Thus, Tietze transformations give an alternative realization of this algebra.
Verification of each C*-relation’s validity is an exercise in the continuous
functional calculus.

A

∼=1C∗

〈
(x, λ), (r, 1)

∣∣∣∣ x = x2,

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2,

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2, r2 = r

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗
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∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2, r2 = r∗ = r

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2, r2 = r∗ = r, k2 = k

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2, r2 = r∗ = r, k2 = k∗ = k

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣ x = x2, r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤
√

1− λ−2

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣∣
x = x2, r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤

√
1− λ−2

r = xx∗ (1 + (x− x∗)∗ (x− x∗))−1
,

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1
,

x = (1− fλ (rk∗kr∗))−1 (r − rk)

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣∣
x = x2, r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤

√
1− λ−2

k = (1− x)(1− x)∗ (1 + (x∗ − x)∗ (x∗ − x))
−1
,

x = (1− fλ (rk∗kr∗))−1 (r − rk)

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣x = x2, r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤
√

1− λ−2

x = (1− fλ (rk∗kr∗))−1 (r − rk)

〉
1C∗

∼=1C∗

〈
(x, λ),

(r, 1), (k, 1)

∣∣∣∣r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤
√

1− λ−2

x = (1− fλ (rk∗kr∗))−1 (r − rk)

〉
1C∗

∼=1C∗

〈
(r, 1), (k, 1)

∣∣∣ r2 = r∗ = r, k2 = k∗ = k, ‖rk‖ ≤
√

1− λ−2
〉
1C∗

.

Now that A has been written as a C*-algebra of two projections, the result
of [11, Theorem 3.2] gives

A ∼=1C∗

[
C(X) C0 (X \ {0, 1})

C0 (X \ {0, 1}) C(X)

]
,

where X := σA(rkr). Use of the universal property shows that

X =
[
0, 1− λ−2

]
.
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In summary,

A ∼=1C∗



C, λ < 1,

C2, λ = 1,[
C[0, 1] C0(0, 1]

C0(0, 1] C[0, 1]

]
, λ > 1.

For the nonunital case, Theorem 2.8 gives the following characterization by
recognizing the ideal generated by x in A.

〈
(x, λ) | x = x2

〉
C∗

∼=C∗



O, λ < 1,

C, λ = 1,[
C[0, 1] C0(0, 1]

C0(0, 1] C0(0, 1]

]
, λ > 1.
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