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The Bergman space as a Banach algebra

Hocine Guediri, Mubariz T. Garayev
and Houcine Sadraoui

Abstract. In this paper we use the Duhamel product to provide a Ba-
nach algebra structure to each of a scale of Bergman spaces over the unit
disk, and then carry out many interesting consequences. In particular
we characterize cyclic vectors of the Volterra integration operator, and
determine its extended eigenvalues and corresponding extended eigenop-
erators. We also identify its commutants and point out some intertwin-
ing relations between the Volterra integration operator and composition
operators.
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1. Introduction

Let D be the unit disk in the complex plane C, and let dA(z) be the
normalized Lebesgue measure on D. The Lebesgue space of p-summable
complex-valued functions is denoted by Lp(D, dA). The Bergman space
Lpa(D) = Lpa is the Banach subspace of Lp(D, dA) consisting of analytic
functions with norm given by:

||f ||p =

∫
D

|f(z)|pdA(z)

 1
p

,

while H∞(D) denotes the Banach algebra, (with respect to the pointwise
product), of bounded analytic functions with supremum norm.
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The Duhamel product of two analytic functions in D is given by [W74]:

(f ~ g)(z) :=
d

dz

∫ z

0
f(z − t)g(t)dt.

This contour integral from 0 to z is path independent as f and g are analytic
in the simply connected domain D, so we have chosen the line segment [0, z]
as a contour of integration. Wigley [W75, W74] elaborated at length on
this product and used it to provide an algebra structure to the Frechet
space H(D) of all holomorphic functions, as well as to the Hardy spaces
Hp(D), p ≥ 1, and he described their maximal ideal spaces. Merryfield and
Watson [MW91] extended the matter to the context of vector-valued Hardy
spaces of the polydisk. In the last decade, the Duhamel product has been

extensively explored on various spaces, including L2[0, 1], C∞[0, 1], W
(n)
p [0, 1]

and C(n)(D), by M.T. Karaev and his collaborators; and many applications
of it have been well investigated, see for instance [G09, K05, K06, K95,
KS05, KT04] and the references therein.

Within these applications, the Volterra integration operator has played a
central role; it is well-adapted to the Duhamel convolution calculus. On the
one hand, the Volterra integration operator helps establish a key invertibility
criterion in the convolution algebra with the Duhamel considered here, and
the other hand, this Banach algebra structure, in turn, provides informa-
tion about cyclic vectors of the Volterra integration operator, its extended
eigenvalues and corresponding extended eigenvectors in the sense of Biswas
et al. [BLP02]; and, hopefully, about invariant subspaces [K95]. Note that
invariant subspaces of the Volterra operator on Hp(D) spaces have been
investigated by Aleman and Korenblum [AK08] using different methods.

Certainly the Bergman space is one of the most important spaces of holo-
morphic functions, and therefore endowing it with a Banach algebra struc-
ture should be of great importance for operator theory on this space, and
for function theory as well; this task motivates our present work. Accord-
ingly, using the Duhamel product, we provide a Banach algebra structure
to the Bergman spaces Lpa(D), for p > 1, that we named Bergman–Duhamel
algebra. We show, in particular, that it is a commutative unital ∗-algebra,
but not a C*-algebra. We determine its maximal ideal space, and establish
an invertibility criterion in this algebra. Many facts about certain classes
of operators, such as the Volterra integration operator, can be obtained in
a uniform fashion in the framework of this Duhamel product. For instance,
cyclic vectors, (and strong cyclic vectors), of that operator are shown to be
those Bergman functions f ∈ Lpa with f(0) 6= 0. Moreover, the set C \ {0}
is shown to be precisely the set of its extended eigenvalues; and a combina-
tion of Duhamel convolution integral operators and composition operators
constitute the corresponding extended eigenoperators. Note that this fact
has its roots in the work of Biswas et al. [BLP02]. Moreover, the set of all
Duhamel integral operators is shown to constitute the commutants of the
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Volterra operator. As a byproduct, we discuss some intertwining relations
between the Volterra integration operator and composition operators, which
makes contact with work of Tong and Zhou [TZ13].

Throughout the paper, C denotes a positive constant that may vary from
one line to another.

2. The Bergman–Duhamel algebra

For any f ∈ Lpa, we have (see [Z07] p. 74):

(2.1) |f (n)(z)| ≤
||f ||p

(1− |z|2)
2
p

, ∀z ∈ D.

In particular, on compacta we have (see [Z07] p. 99):

(2.2) |f(z)| ≤ Cp||f ||p and |f ′(z)| ≤ Cp||f ||p, ∀z ∈ K b D.

Elementary calculation shows that the above Duhamel product can also be
given by:

(f ~ g)(z) :=
d

dz

∫ z

0
f(z − t)g(t)dt(2.3)

=

∫ z

0
f ′(z − t)g(t)dt+ f(0)g(z)

=

∫ z

0
f(z − t)g′(t)dt+ f(z)g(0).

Moreover, it is obviously a commutative product.
If the integral line segment [0, z] is halved, integration by parts leads to

(f ~ g)(z) =

∫ z
2

0

(
f(z − t)g′(t) + g(z − t)f ′(t)

)
dt(2.4)

+ f(z)g(0) + g(z)f(0)− f
(z

2

)
g
(z

2

)
.

Taking moduli in the latter and using Estimates (2.2), we get

|(f ~ g)(z)| ≤ C

{
||g||p

∫ z
2

0
|f(z − t)||dt|+ ||f ||p

∫ z
2

0
|g(z − t)||dt|

}
(2.5)

+ C{||g||p|f(z)|+ ||f ||p|g(z)|+ ||f ||p||g||p}.

Next, using polar coordinates, we majorize the two integrals in the R.H.S.,
(i.e., right hand side), of the latter by the Bergman norm:

Lemma 2.1. For any Bergman function f ∈ Lpa, we have

(2.6)

∫
D

∣∣∣∣∣
∫ z

2

0
|f(z − t)||dt|

∣∣∣∣∣
p

dA(z) ≤ C||f ||pp, 1 < p <∞, z ∈ D.
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Proof. In the integrand of the inside integral of (2.6), put z = reiθ, 0 ≤
r < 1, t = ρeiθ, 0 ≤ ρ ≤ r

2 . Then, we obtain∫ z
2

0
|f(z − t)||dt| =

∫ r

r
2

∣∣∣f (ρeiθ)∣∣∣ dρ.
Using Estimate (2.1), we obtain∣∣∣f (ρeiθ)∣∣∣ ≤ ||f ||p

(1− ρ2)
2
p

,

whence ∫ z
2

0
|f(z − t)||dt| ≤ ||f ||p

∫ r

r
2

dρ

(1− ρ)
2
p

.

Evaluating the definite integral of the R.H.S. of the latter, we obtain∫ z
2

0
|f(z − t)||dt| ≤

||f ||p
(

(1− r
2

)
1− 2

p−(1−r)1−
2
p

1− 2
p

)
, p 6= 2

||f ||2
(
ln |1− r

2 | − ln |1− r|
)
, p = 2.

Integrating the pth power of both sides of the latter over D and using
Minkowski inequality for the R.H.S. we see that all integrals converge for

p 6= 1, namely

∫ 1

0
(1− r)−2+prdr <∞ for p 6= 1 and

∫ 1

0
ln2 |1− r|rdr <∞.

The remaining terms behave well, and the θ-integrals do not effect the mat-
ter. So we get the desired estimate. �

Remark 2.2. One can use Marryfield & Watson’s approach [MW91], which
hinges on nontangential maximal functions. More precisely, for z∗ ∈ ∂D,
denote by Γ(z∗) a nontangential approach region with vertex at z∗, and
consider the nontangential maximal function

Nf(z∗) = sup
z∈Γ(z∗)

|f(z)|.

When z = reiθ, t = ρeiθ, 0 ≤ ρ ≤ r
2 , then z− t ∈ Γ

(
eiθ
)
; whence |f(z− t)| ≤

Nf
(
eiθ
)
, and thus ∫

D

∣∣∣Nf (eiθ)∣∣∣p dA ≤ C||f ||p.
The point here is to observe that Nf is only of weak 1-1 type on L1

a, and
this agrees with our results for p = 1.

Now, integrating the pth-power of (2.5), using Minkowski’s inequality as
well as (2.6), we arrive at

(2.7) ||f ~ g||p ≤ Cp||f ||p||g||p.
This can be rephrased as follows, where we have incorporated the extreme
case p =∞, due to Wigley [W75], which requires slight different techniques.
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Theorem 2.3. The Bergman space Lpa(D), 1 < p ≤ ∞, is a unital, (the unit
here is the constant function 1, defined by 1(z) = 1, ∀z ∈ D), commutative
Banach algebra with respect to the Duhamel convolution product ~, which
will be called the Bergman–Duhamel algebra.

Actually, it turns out that (Lpa(D), ~) is a commutative unital ∗-algebra:

Proposition 2.4. The map f −→ f∗, where f∗(z) = f(z) is an isometric
involution on (Lpa(D), ~).

Proof. First, observe that f ∈ Lpa if and only if f∗ ∈ Lpa with ||f ||p =
||f∗||p. Moreover, all requirements of involution are obviously satisfied but
the product one. For, we have

(f ~ g)∗(z) =

∫ z

0
f ′(z − t)g(t)dt+ f(0)g(z)

=

∫ w

0
f ′(w − t) g(t)dt+ f(0) g(z)

=

∫ z

0
f∗′(z − s)g∗(s)ds+ f∗(0)g∗(z)

= (f∗ ~ g∗)(z) = (g∗ ~ f∗)(z). �

Remark 2.5. However (Lpa(D), ~) , 1 < p ≤ ∞ is not a C*-algebra. For,
just observe that the C*-algebra identity is not satisfied for the function
f(z) = z. Indeed, for 1 < p <∞, we have

||f ~ f∗||p =
1

2(p+ 1)
1
p

6= 2
2
p

(p+ 2)
2
p

= ||f ||2p.

Similarly, for p =∞, we have

||f ~ f∗||∞ = ess sup
D

∣∣∣∣z2

2

∣∣∣∣ 6= (ess sup
D
|z|
)2

= ||f ||2∞.

Next, we establish a pioneering ~-invertibility criterion in the Bergman–
Duhamel algebra. The proof involves the classical Volterra integration op-
erator, namely

(V g)(z) =

∫ z

0
g(t)dt,

which is known to be compact on Lpa(D), see [AS97]. Another easy but useful
property of it is the following intimate relationship with convolutions:

(2.8) (V ng)(z) =

∫ z

0

(z − t)n−1

(n− 1)!
g(t)dt =

(
wn−1

(n− 1)!
∗ g
)

(z),

where the symbol ∗ stands for the usual “Mikusinski” convolution given by

(f ∗ g)(z) :=

∫ z

0
f(z − t)g(t)dt.
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Proposition 2.6. Let 1 < p ≤ ∞. Then, f ∈ Lpa(D) is ~-invertible if and
only if f(0) 6= 0.

Proof. The extreme case p = ∞ is included in Wigley’s theorem [W75].
So, we prove only the case 1 < p <∞.

Sufficiency: If f ∈ Lpa(D) is invertible, there is a g ∈ Lpa(D), with

(f ~ g)(z) = 1.

Thus, (f ~ g)(0) = f(0)g(0) = 1; whence f(0) 6= 0.
Necessity: If f(0) 6= 0, then put F (z) = f(z) − f(0), and consider the

operator

DF : Lpa(D)→ Lpa(D)

defined by

DF g = (F ~ g)(z) =

∫ z

0
F ′(z − t)g(t)dt =

∫ z

0
f ′(z − t)g(t)dt, g ∈ Lpa(D).

We claim that such DF is compact. For, consider the partial Taylor series:

FN =

N∑
n=0

F̂ (n)zn =

N∑
n=1

f̂(n)zn.

Then, we have

DFN g(z) =

∫ z

0
F ′N (z − t)g(t)dt =

∫ z

0
F ′N (t)g(z − t)dt

=

N∑
n=1

n!f̂(n)

∫ z

0

(z − t)n−1

(n− 1)!
g(t)dt.

Therefore, by (2.8), we get

DFN =

N∑
n=1

n!f̂(n)V n.

Hence DFN is compact on Lpa(D), ∀N > 0, 1 < p <∞.
Now, by (2.7), we have

||DF −DFN || = ||DF−FN || ≤ C||F − FN ||p.

Passing to the limit in the latter as N → ∞ and invoking Corollary 4 of
[Z91], we see that DF is compact.

Next, consider Df , (with symbol f), and assume that g ∈ kerDF , i.e.,

Dfg(z) =

∫ z

0
f ′(z − t)g(t)dt+ f(0)g(z) = 0, ∀z ∈ D.

Evaluation at zero gives g(0) = 0. Similarly, we could get

0 =
d

dz
(Dfg)(z) =

∫ z

0
f ′′(z − t)g(t)dt+ f ′(0)g(z) + f(0)g′(z), ∀z ∈ D;



THE BERGMAN SPACE AS A BANACH ALGEBRA 345

and evaluation at zero gives g′(0) = 0. Repeating this process for iterative

derivatives, we obtain g(n)(0) = 0, n ≥ 1, whence we see that g ≡ 0. Hence,
we infer that kerDf = {0}.

Further, observe that we can write

Df = Df(0)+F = f(0)I + DF .

Now, DF is compact, Df is injective and f(0) 6= 0. The Fredholm alternative
implies that Df is invertible in Lpa(D). �

Remark 2.7. The latter proof gives rise to an interesting convolution in-
tegral operator, namely the following Duhamel convolution operator with
analytic symbol ϕ:

Dϕf(z) := (ϕ~ f)(z) =

∫ z

0
ϕ′(z − t)f(t)dt+ ϕ(0)f(z), f ∈ Lpa(D).

At least for analogy sake, (with integration, multiplication and composition
operators), this operator should be interesting in its own right. Investigating
various properties of it might be worth considering; see for instance Theorem
2.9 below.

The previous invertibility criterion has many interesting consequences:

Corollary 2.8. The structure space of the algebra (Lpa(D), ~) , 1 < p ≤ ∞,
consists of one character, namely µ0 : f ∈ Lpa(D) → µ0(f) = f(0). Thus
the Gelfand transform is trivial.

Proof. It is clear from the definition of ~ that the set of functions van-
ishing at zero form an ideal, (in fact, these are the only noninvertible ele-
ments). Since a proper ideal cannot contain an invertible element, we infer
that this algebra admits only that maximal ideal, which should be the ker-
nel of the evaluation at zero functional. Thus, the maximal ideal space
M ((Lpa(D), ~)) is a singleton, whose unique element is µ0. �

We are able to establish a certain Young type property for the ~-product:

Theorem 2.9. Let f ∈ Lqa(D). Then, we have:

(i) If 1 < q < 2, then Df ∈ B(Lpa) for any p satisfying 1 < p < q
2−q .

(ii) If q ≥ 2, then Df ∈ B(Lpa) for all p > 1.

Proof. Let f ∈ Lqa(D), q > 1, and g ∈ Lpa, p > 1. Since (2.1) and (2.2) are
valid for any p with 1 ≤ p ≤ ∞, repeating the calculation steps preceding
Lemma 2.1, we arrive at a twin estimate of (2.5):

|(f ~ g)(z)| ≤ C

{
||g||p

∫ z
2

0
|f(z − t)||dt|+ ||f ||q

∫ z
2

0
|g(z − t)||dt|

}
+ C{||g||p|f(z)|+ ||f ||q|g(z)|+ ||f ||q||g||p}.
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Now the proof of Lemma 2.1 yields

∫ z
2

0
|f(z − t)||dt| ≤

||f ||q
(

(1− r
2

)
1− 2

q−(1−r)1−
2
q

1− 2
q

)
, q 6= 2

||f ||2
(
ln |1− r

2 | − ln |1− r|
)
, q = 2.

Integrating the pth power of both sides of the latter over D and using
Minkowski’s inequality for the R.H.S. we get the desired estimate involv-

ing improper integrals of the form

∫ 1

0
(1− r)p−

2p
q rdr and

∫ 1

0
lnp |1− r|rdr,

which converge for the claimed ranges of p and q. �

Remark 2.10. Our techniques exclude the case p = 1. It is however in-
teresting to see whether the ~-product on the Bergman space satisfies the
following Young property: if f ∈ L1

a(D) and g ∈ Lpa(D), 1 < p ≤ ∞, then
f ~ g ∈ Lpa(D).

3. Applications to the Volterra integration operator

One more consequence is the characterization of cyclic vectors of the
Volterra operator we have already met. Before stating it, let us recall that
if X is a seprable Banach space and A ∈ B(X), then x ∈ X is said to be
cyclic for A if

Span {Anx : n ≥ 0} = X,
and x is said to be strong cyclic for A if

{A}′x = {Tx : T ∈ B(X), TA = AT} = X.

Theorem 3.1. For 1 < p <∞, one has Cycl(V ) = {f ∈ Lpa(D) : f(0) 6= 0} .

Proof. By (2.8) we know that V nf = Df

(
zn

n!

)
, n ≥ 0. Hence, we see

that

Span {V nf : n ≥ 0} = Span

{
Df

(
zn

n!

)
: n ≥ 0

}

= Df Span

{(
zn

n!

)
: n ≥ 0

}
= Df L

p
a(D).

If f(0) 6= 0, then Df is seen above to be invertible. In particular it is
with dense range; whence f ∈ Cycl(V ). Conversely, if f ∈ Cycl(V ), then
f(0) = 0 cannot be. �

The following result says that the set of strong cyclic vectors of the
Volterra operator V coincides with the set of its cyclic vectors.

Theorem 3.2. A Bergman function g ∈ Lpa(D) is a strong cyclic vector for
the Volterra operator V if and only if g(0) 6= 0.
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Proof. Suppose that g is a strong cyclic vector for V , then by Proposi-
tion 2.6 and Corollary 3.1 there is some f ∈ Lpa(D) such that Dfg = 1. This
means that f ~ g = g ~ f = 1; whence g is invertible. By Proposition 2.6,
g(0) 6= 0.

Conversely, if g(0) 6= 0, then by Proposition 2.6 again, there is some
h ∈ Lpa(D) such that h ~ g = 1. Inserting an arbitrary f ∈ Lpa(D) to the
latter, we get

(f ~ g)~ h = f ~ 1 = f, ∀f ∈ Lpa(D).

This implies that f ∈ Lpa(D) can be written as f = Df~hg, while Df~h ∈
{V }′ by Corollary 3.1. Thus {V }′g = Lpa(D). �

The next assertion characterizes extended eigenvectors (in the sense of
Biswas–Lambert–Petrovic [BLP02]) of the Volterra integration operator V
on the Bergman space Lpa. For such purpose, we make appeal to composition
operators Cϕ, (with disk self-map symbols ϕ), on the Bergman space Lpa. The
composition operator with symbol ϕλ(z) = λz is denoted Cλ.

Note that the spectrum of the above quasinilpotent Volterra operator V
is σ(V ) = {0}, but this unique spectral value λ = 0 is not an eigenvalue.
It turns out that it is not an extended eigenvalue either, since its kernel is
trivial. We will show that the set of extended eigenvalues of V on L2

a is
precisely C \ {0}.

Theorem 3.3. Suppose that λ ∈ C \ {0} and let A ∈ B(Lpa(D)), and recall
the above notation 1 for the function with constant value 1. Then, we have:

(i) If |λ| ≤ 1, then: AV = λV A if and only if A = DA1Cλ.
(ii) If |λ| > 1, then: AV = λV A if and only if AC 1

λ
= DA1.

Proof. Let us prove (i). Starting from the operator equation AV = λV A
and using induction, we obtain AV n = λnV nA. In particular, we have
AV n

1 = λnV nA1, which by (2.8) yields

A
zn

n!
= λn

zn−1

(n− 1)!
∗A1.

Hence, we get

1 ∗Az
n

n!
=

(λz)n

n!
∗A1.

So, for any polynomial P , we get

1 ∗AP (z) = P (λz) ∗A1.

Owing to density of polynomials in the Bergman space Lpa, we obtain

1 ∗Af(z) = f(λz) ∗A1, ∀f ∈ Lpa.

Hence, we infer that

(3.1) V Af(z) =

∫ z

0
A1(z − t)Cλf(t)dt, ∀f ∈ Lpa.
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Differentiating Equation (3.1), we obtain

Af(z) =
d

dz

∫ z

0
A1(z − t)f(λt)dt = DA1Cλf(z);

whence A = DA1Cλ.
Conversely, suppose that A = DA1Cλ. Thus, we see that

AV f = DA1CλV f = A1~ (V f)(λz)

= λz ~A1~ (V f)(λz) = λ (z ~DA1Cλf(z)) = λV Af(z).

Thus, we infer that AV = λV A.
Let us prove (ii). If |λ| > 1, then the equation Av = λV A implies that

V n+1A = V
(

1
λnAV

n
)
. Applying the latter to the function 1 and making

use of Formula (2.8), we see that
zn

n!
~ 1 = 1~A

((
z
λ

)n
n!

)
. Thus the above

density argument yields 1~Af
( z
λ

)
= f(z)~A1; which can be rewritten

as V AC 1
λ
f = A1~ f. Hence, by differentiation, we get AC 1

λ
= DA1.

Conversely, if AC 1
λ

= DA1, then

λV Az = λV AC 1
λ
Cλz = λVDA1Cλz.

So for polynomials, we get

λV AP (z) = λVDA1P (λz) = λDA1V P (λz)

= λAC 1
λ
V P (λz) = AC 1

λ
(λz ~ P (λz)) = A(z ~ P ) = AV P (z).

By density, we get λV A = AV . �

This yields in particular a characterization of the commutant of the
Volterra operator on the Bergman space, which says in particular that the
operators Df , f ∈ Lpa, are in fact nontrivial (6= I) eigenoperators corre-
sponding to the “trivial” extended eigenvalue λ = 1 of V .

Corollary 3.4. The commutants of the Volterra integration operator on the
Bergman space Lpa, 1 < p ≤ ∞ is characterized by: {V }′ = {Df , f ∈ Lpa} .

The following result says that a nonzero λ, satisfying |λ| < 1, can be an
extended eigenvalue of the Volterra operator with a composition operator as
its extended eigenoperator only rarely; this agrees “almost” with the more
general conclusion preceding Proposition 3.5 in [TZ13].

Corollary 3.5. Let ϕ be a disk self map and suppose that |λ| ≤ 1, λ 6= 0.
Then, the composition operator and the Volterra integration operator satisfy
the following intertwining relation CϕV = λV Cϕ if and only if ϕ(z) = λz.

Proof. If ϕ(z) = λz, then clearly

(CϕV f) (z) =

∫ λz

0
f(t)dt = (λV Cϕf) (z),∀f ∈ Lpa.
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Conversely, if CϕV = λV Cϕ, then by the first item of Theorem 3.3 we
have Cϕ = DCϕ1Cλ = D1Cλ. Thus, we get

(Cϕf)(z) = (D1Cλf) (z) =
d

dz

∫ z

0
1(z − t)(Cλf)(t)dt

=
d

dz

∫ z

0
f(λt)dt = f(λz) = (Cλf)(z), ∀f ∈ Lpa.

Thus, we infer that Cϕ = Cλ. �
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