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Counting of holomorphic orbi-spheres in
P1
2,2,2,2 and determinant equations

Hansol Hong and Hyung-Seok Shin

Abstract. We count the number of holomorphic orbi-spheres in the
Z2-quotient of an elliptic curve. We first prove that there is an explicit
correspondence between the holomorphic orbi-spheres and the sublat-
tices of Z⊕ Z

√
−1(⊂ C). The problem of counting sublattices of index

d then reduces to find the number of integer solutions of the equation
αδ − βγ = d up to an equivalence.
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1. Introduction

The generating functions of Gromov–Witten invariants (GW potentials
in short) on 1-dimensional Calabi–Yau orbifolds were shown to be quasi-
modular forms (or their generalizations for some higher dimensional Calabi–
Yau). For example Milanov–Ruan [MR] proved the quasi-modularity for
elliptic orbifold projective lines P1

3,3,3, P1
2,4,4 and P1

2,3,6, and later Shen and

Zhou [SZ] proved it for all one-dimensional compact Calabi–Yau orbifold
that includes P1

2,2,2,2. (See also [LZ] and [BRZ] for the modularity of open

GW potentials of these orbifolds.)
It draws our attention that one can observe a number theoretic phenom-

enon in the curve counting problem for elliptic orbifolds, and this paper as
well as our preceding work [HS] aims to see this more straightforwardly. In
[HS], we studied classification of holomorphic orbi-spheres which contribute
to (small) quantum product of three elliptic orbifold projective lines P1

3,3,3,
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P1
2,4,4 and P1

2,3,6. While the full GW potentials had previously been com-

puted making use of algebraic techniques such as WDVV-equations (see [KS]
for potentials of P1

3,3,3, P1
2,4,4 and P1

2,3,6 for all genera, and [ST] for genus-0

potentials of P1
3,3,3 and P1

2,2,2,2), our method in [HS] was based on elementary
counting so that it reveals more directly a combinatorial feature of the GW
invariants for those elliptic orbifolds.

Interestingly, there is a correspondence between those invariants (3-point
correlators in Gromov–Witten invariants) and the number of integer solu-
tions of certain quadratic Diophantine equations. Consequently, we were
able to show that the structure constants for quantum products for P1

3,3,3,

P1
2,4,4 and P1

2,3,6 are theta functions in Kähler parameter q, which directly
implies their modularities.

In this short article, we classify holomorphic orbi-spheres in P1
2,2,2,2 apply-

ing the similar technique as in [HS]. We emphasize that our goal is not to
compute the GW potential itself, but rather, to examine an elementary, yet
more geometric technique to count holomorphic spheres that contribute to
the GW potential. We will see that the counting problem reduces to a sim-
ple combinatorial question, that is finding the number of integer solutions
for certain equations.

The main difference from the previous work [HS] is as follows. As we
were only interested in 3-point correlators (for quantum products) in [HS],
we fixed the complex structure of the domain orbifold Riemann surface using
equivalence of stable maps (by fixing the position of three orbifold singular
points of the domain). On the other hand, the domain orbifolds in the
case of P1

2,2,2,2 are orbi-spheres with four cone-type singularities of order 2
equipped with a complex structure, and there is a family of such domains
which are not bi-holomorphic to each other. In fact, the moduli space of the
domain orbifolds is isomorphic to the moduli of elliptic curves, which can
be described in terms of Z-lattices in C.

Combining this description of the moduli of domains and the lifting theory
of orbi-maps to universal covering space of P1

2,2,2,2 (which is simply C), we
shall prove that the curve-counting problem is again equivalent to finding the
number of integer solutions (up to gauge) of a certain quadratic equation.
Here is our main theorem in this paper.

Theorem 1.1. The 4-point nonzero degree d orbifold Gromov–Witten in-
variant of P1

2,2,2,2 is the count of integer solutions (α, β, γ, δ) of

(1.1) αγ − βδ = d

up to the linear action of SL(2,Z).

The lifting of a holomorphic sphere in P1
2,2,2,2 contributing to GW poten-

tial can be shown to be a linear map on C that maps Z⊕ Z
√
−1 into itself.

Then the equation (1.1) describes the degree of this linear map, which will
turn out to agree with the degree of the corresponding holomophic map.
Hence (1.1) roughly counts the degree d holomorphic spheres in P1

2,2,2,2.

In fact, the number of solutions of (1.1) only gives the sum of all con-
tributions to the Gromov–Witten invariants with degree d, but the precise
Gromov–Witten invariant can be easily deduced from this after elementary
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combinatorics to be made in Section 4. More precise statement of the the-
orem will be shown in Section 3 (see Theorem 3.17).

The organization of the paper is as follows. Section 2 gives a brief re-
view on the orbifold Gromov–Witten theory and the computational result
on P1

2,2,2,2 in [ST]. The main part of the paper is Section 3 where we classify

the holomorphic orbi-spheres in P1
2,2,2,2 and study their equivalence relations.

In Section 4, we compute 4-points Gromov–Witten invariants of P1
2,2,2,2 pre-

cisely, using the classification result in Section 3. In Appendix A, we prove
regularity of the moduli space of nontrivial holomorphic orbi-spheres con-
tributing to the 4-point Gromov–Witten invariants of P1

2,2,2,2, and Appen-
dix B gives a brief review on orbifold covering theory.

Notation. Throughout the article, we will mainly deal with the holomor-
phic maps u : P1

2,2,2,2(Λ) → P1
2,2,2,2(Λ0) between two P1

2,2,2,2’s but with dif-
ferent complex structures.

xj : orbi-points in the target P1
2,2,2,2(Λ0)

yj : orbi-points in the domain P1
2,2,2,2(Λ)

zj : orbi-marked points in the domain P1
2,2,2,2(Λ).

({y1, y2, y3, y4} = {z1, z2, z3, z4} but yi 6= zi in general.)

Acknowledgement. We express our gratitude to Cheol-Hyun Cho who
brought our attention to the subject. The first author thanks Naichung
Conan Leung and Yalong Cao for comments and references. The second
author thanks Myungho Kim, Hyenho Lho, and Jeongseok Oh for valuable
discussions.

2. Preliminaries

In this section, we give a precise definition of the orbifold P1
2,2,2,2 which will

be studied throughout the article, and briefly review the orbifold Gromov–
Witten theory developed by Chen and Ruan.

2.1. The orbifold representation of P1
2,2,2,2. Topologically P1

2,2,2,2 is a

sphere with four cone points each of which has Z2-singularity. (It is some-
times called “pillowcase” by its shape. See (b) of Figure 1.) In this section,
we give a concrete description of its orbifold structure for later use, and fix
it to be the orbifold representation of P1

2,2,2,2 throughout the article.
Let E0 be an elliptic curve which is associated with the integer lattice

Λ0 := Z·1+Z·
√
−1 in R2. Observe that Λ0 is invariant under a holomorphic

involution σ : z 7→ −z on C. Therefore E0 admits an action of Z2 generated
by σ. We finally define P1

2,2,2,2 to be the quotient orbifold [E0/Z2] which
inherits a complex structure from E0. We denote this complex structure by
Jstd, and fix it once for all.

Remark 2.1. Any elliptic curve C/Λ admits the same type of (holomorphic)
Z2-action. Its quotient is still diffeomorphic to P1

2,2,2,2, but not biholomor-

phic to (P1
2,2,2,2, Jstd) in general. The induced complex structure on P1

2,2,2,2

from the elliptic curve therefore depends on the choice of the lattice Λ. We
will revisit this issue in Section 3.1.
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Figure 1. (a) Fundamental domain of E0 and P1
2,2,2,2 in C

and (b) P1
2,2,2,2

Consider the universal covering map C→ E0(= C/Λ0). The composition
with the quotient map E0 → [E0/Z2] gives an orbifold (universal) covering

p : C→ E0 → [E0/Z2].

(See, e.g., [Thu] for detailed explanation on orbifold covering theory.) Fun-
damental domain of E0 and P1

2,2,2,2 in the universal cover C is depicted in

(a) of Figure 1.
We denote four orbifold points in P1

2,2,2,2 by x1, x2, x3, x4, which are ar-
ranged as follows:

(2.1)
p−1(x1) = Λ0, p−1(x2) = 1

2 + Λ0,

p−1(x3) = 1+
√
−1

2 + Λ0, p−1(x4) =
√
−1
2 + Λ0.

One can easily see that they correspond to four fixed points for the Z2-action
on E0.

The orbifold cohomology ring H∗orb(P1
2,2,2,2,Q) is generated by cycles in

twisted sectors as well as those in |P1
2,2,2,2| ∼= S2, which we denote by

(2.2) {1,∆1,∆2,∆3,∆4, [pt]} .

Here, 1 (deg = 0) and [pt] (deg = 2) are the Poincaré dual of the funda-
mental class and the point class in the smooth sector respectively, and the
others come from twisted sectors at four Z2-singular points.
H∗orb(P1

2,2,2,2,Q) admits a ring structure via Chen–Ruan cup product “∪”

which preserves degrees. We refer readers to [CR1] for a general theory of
orbifold cohomology. The cohomology class ∆j is a unique deg = 1 element
of H1

orb(P1
2,2,2,2,Q) which is supported at the orbifold point xj and satisfies

∆j ∪∆j =
1

2
[pt].

In addition, 1 ∈ H∗orb(P1
2,2,2,2,Q) serves as the unit for the cup product, and

∆i ∪∆j = ∆i ∪ [pt] = 0 for i 6= j, which completes the multiplication table
among generators.
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2.2. Orbifold Gromov–Witten invariants. We briefly recall orbifold
Gromov–Witten theory from [CR2], mainly focusing on our example P1

2,2,2,2.

We will also review the result of Satake–Takahashi [ST] on the Gromov–
Witten invariant of P1

2,2,2,2 at the end of the section.

Let (X,ω) be a compact effective symplectic orbifold with a compatible
almost complex structure J . The orbifold Gromov–Witten invariants count
the number of “marked orbifold stable maps”, which are holomorphic maps
from an orbifold Riemann surface (Σ, j) (with a complex structure j) into
(X, J) satisfying certain intersection condition at each marking. For such
a map f : Σ → X, we require that the orbifold singularities at x ∈ Σ and
at f(x) ∈ X are compatible in the following sense: consider the local lifting

f̃x : (Vx, Gx)→ (Vf(x), Gf(x)) of f . Then the homomorphism

(2.3) πorb
1 ([Vx/Gx]) = Gx ↪→ πorb

1 ([Vf(x)/Gf(x)]) = Gf(x)

is injective. (See [CR2, Definition 2.3.3] for more details.)
Two orbifold stable maps are equivalent to each other if one is the repa-

rameterization of the other by a biholomorphism between domains which
respects all relevant data such as marked points. For a given a homology
class β ∈ H2(|X|;Z), we denote by Mg,k,β(X, J) the (compactified) mod-
uli space of equivalence classes of orbifold stable maps of genus g, with k
marked points, and of homology class β.

We fix a Q-basis {γi}i=1,...,N of H∗orb(X,Q). Then the k-fold Gromov–
Witten invariant is defined by the following equation:

〈γi1 , . . . , γik〉
X
g,k,β :=

∫
[M0,k,β(X)]vir

ev∗1γi1 ∧ · · · ∧ ev∗kγik .

where evi is the evaluation of the stable map at i-th marked point. We also
define 〈γi1 , . . . , γik〉Xg,k to be the weighted sum

∑
β〈γi1 , . . . , γik〉Xg,k,βqω(β).

Remark 2.2. M0,k,β(X) admits a virtual fundamental class [M0,k,β(X)]vir

by various constructions, which will not be needed in our case of P1
2,2,2,2

since the moduli space is already smooth. See Appendix A.

If we set t :=
∑
tiγi, then the generating function for the Gromov–Witten

invariants is defined as

FX0 (t) :=
∑
k,β

1

k!
〈t, . . . , t〉X0,k,βqω(β),

which we will call the genus-0 Gromov–Witten potential for X.
Now let us examine the case of P1

2,2,2,2 more concretely. In this case,
we have four variables ti associated with cycles in twisted sectors ∆i for
i = 1, 2, 3, 4 (see (2.2)) together with t0 corresponding to the unit class 1.
Instead of using variable t5 for the point class, we use q for q = exp(t5). This
is due to divisor axiom for the Gromov–Witten invariant. Thus the genus
zero Gromov–Witten potential F of P1

2,2,2,2 is a power series in ti (0 ≤ i ≤ 4)

whose coefficients are also power series in q, the (exponentiated) symplectic
area of P1

2,2,2,2. Satake–Takahashi [ST] computed F (q, ti) completely by
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WDVV method, which is given as follows:

F =
1

2
t20 log q +

1

4
t0(t21 + t22 + t23 + t24)(2.4)

+ (t1t2t3t4) · f0(q) +
1

4
(t41 + t42 + t43 + t44) · f1(q)

+
1

6
(t21t

2
2 + t21t

2
3 + t21t

2
4 + t22t

2
3 + t22t

2
4 + t23t

2
4) · f2(q)

where

f0(q) :=
1

2
(f(q)− f(−q))

f1(q) := f(q4)

f2(q) := f(q)− f0(q)− f1(q)

f(q) := − 1

24
+
∞∑
n=1

n
qn

1− qn
.

This article aims to reinterpret the coefficients fi(q) (and f(q)) in terms of
holomorphic sphere countings in P1

2,2,2,2. Note that nonconstant terms in

f(q) can be written as

(2.5)
∞∑
n=1

n
qn

1− qn
=
∞∑
n=1

n qn

( ∞∑
k=0

qkn

)
=

∞∑
n,k≥1

nqnk =
∞∑
d=1

D(d)qd

for D(d) a divisor sum function, which will turn out to be closely related to
the combinatorial nature of our sphere countings later. (In the literature,
σ1(d) is a more common notation for the divisor sum function.) The first
few terms of f are given as

f(q) = − 1

24
+ q + 3q2 + 4q3 + 7q4 + 6q5 + 12q6 + 8q7 + 15q8 + 13q9+ 18q10

+ 12q11 + 28q12 + 14q13 + 24q14 + 24q15 + 31q16 + 18q17 + · · · .

3. Holomorphic orbi-spheres countings in P1
2,2,2,2

In this section, we prove that the counting problem of degree d holomor-
phic orbi-spheres in P1

2,2,2,2 (with four orbi-marked points) is equivalent to

finding integer solutions (α, β, γ, δ) of the equation

(3.1) αδ − βγ = d

up to SL(2,Z)-action on{(
α γ
β δ

)
: α, β, γ, δ ∈ Z

}
,

which we will call the determinant equation. For this, we will turn the
counting problem into the classification of sublattices of Λ0 (the standard
Z2-lattice in C). In the terminology of Gromov–Witten theory, the number
of solutions of (3.1) modulo equivalence provides the computation of the
following type invariants:

(3.2) 〈∆i,∆j ,∆k,∆l〉0,4,d 1 ≤ i, j, k, l ≤ 4, d ≥ 1.
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Here d indicates the degree of contributing holomorphic orbi-spheres (re-
garded as a continuous map from a sphere to itself). It will turn out in
the counting procedure below that only nontrivial are 〈∆1,∆2,∆3,∆4〉0,4,d,
〈∆j ,∆j ,∆j ,∆j〉0,4,d, 〈∆j ,∆j ,∆k,∆k〉0,4,d for 1 ≤ j < k ≤ 4 up to reorder-
ing of ∆•’s. The complete computation of the genus-0 Gromov–Witten
potential will be given in the Section 4.

We first clarify one delicate issue of the counting problem we will consider,
that is, complex structures of the domain orbi-curve can vary.

3.1. Complex structures on the domain orbi-curve. As we are con-
sidering holomorphic orbi-spheres for (3.2), the domain of such maps u are
topologically P1

2,2,2,2 itself. Hence, the map u we are interested in is a holo-

morphic map from P1
2,2,2,2 to itself, sending orbi-points to orbi-points. Lo-

cally around an orbi-point, u is given by the following form

(3.3) C/Z2
[id]−→ C/Z2

where [id] is induced by C id→ C.
Important point is that complex structure of the domain can be arbitrary

while the complex structure of the target of u is fixed by Jstd. Therefore,
we should look into the holomorphic maps u

u : (P1
2,2,2,2, j)→ (P1

2,2,2,2, Jstd)

for all possible complex structures j on P1
2,2,2,2.

Remark 3.1. In general, there could be degenerate maps (nodal curves) in

M̃0,4,d(∆i,∆j ,∆k,∆l) but we shall rule out such possibility in Lemma 4.1
by a simple topological argument.

We now investigate possible complex structures that the domain P1
2,2,2,2

can admit. Recall that P1
2,2,2,2 is a Z2-quotient of the 2-dimensional torus T 2

where we identify T 2 with C/Λ and the Z2-action is generated by z 7→ −z
(see Remark 2.1). Any complex structure j on P1

2,2,2,2 induces a Z2-invariant

complex structure on a torus T 2 which is a pull-back of j by the quotient
map T 2 → P1

2,2,2,2. Conversely, any complex structure on T 2 is Z2-invariant
in the following sense:

(i) The quotient space T 2 = C/Λ can be naturally equipped with the
complex structure inherited from C (we denote the resulting elliptic
curve by EΛ).

(ii) Two such elliptic curves EΛ = C/Λ and EΛ′ = C/Λ′ are biholomor-
phic if and only if Λ = αΛ′ for some α ∈ C×.

(iii) Since any Z-lattice Λ is invariant under the action z 7→ −z on C, so
is the complex structure on C/Λ.

Consequently, we can identify the set of complex structures on P1
2,2,2,2

with the set of those on T 2. From now on, we denote by jΛ the complex
structure on P1

2,2,2,2 inherited from C/Λ. Taking complex structure into

account, we have (P1
2,2,2,2, jΛ) = [EΛ/Z2] as complex orbifolds.

Definition 3.2. We denote by P1
2,2,2,2(Λ) the complex orbifold [EΛ/Z2]

equipped with the complex structure jΛ. In particular, the target P1
2,2,2,2 (of
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holomorphic orbi-spheres) with Jstd is P1
2,2,2,2(Λ0) for the standard lattice

Λ0 := Z2 ⊂ C.

Note that P1
2,2,2,2(Λ) and P1

2,2,2,2(αΛ) (α ∈ C×) are biholomorphic from
the above discussion.

For u : P1
2,2,2,2(Λ) → P1

2,2,2,2(Λ0), there are four orbi-marked points z1,

z2, z3, z4 in the domain P1
2,2,2,2(Λ) which are the image of 1

2Λ. For a basis

{w1, w2} of Λ, {0, v1/2, v2/2, v1 + v2/2} ⊂ C project down to four orbi-
marked points of P1

2,2,2,2(Λ) (see Figure 2). We denote these four orbifold
points as

(3.4) y1 = 0, y2 =
v1

2
, y3 =

v1 + v2

2
, y4 =

v2

2
mod Λ.

(Then the orbi-marked points zi in the domain is one of yj ’s.) Later, we will
choose a specific basis to fix yj ’s. Note that y1 = 0 does not depend on the
choice of basis.

Recall from (2.1) that the orbi-points xi in the target P1
2,2,2,2(Λ0) admits

a similar description. We make the following assumption for simplicity.

Figure 2. Fundamental domain of P1
2,2,2,2(Λ) in C for Λ = 〈(2, 1), (0, 1)〉

Assumption 3.3. Without loss of generality, we may assume the first
marked point z1 to be y1 which is the image of 0 ∈ C under the map
C → P1

2,2,2,2(Λ) = [EΛ/Z2]. (The same is true for x1 by our arrangement

before. See (2.1).)

As mentioned in the beginning of the section, we will count the holo-
morphic orbi-spheres of the type 〈∆i,∆j ,∆k,∆l〉0,4,d. We now provide a
concrete description of the corresponding moduli spaces.

Definition 3.4. We define

M̃0,4,d(∆i,∆j ,∆k,∆l) :=
(
P1

2,2,2,2(Λ)
u→ P1

2,2,2,2(Λ0), zi

) ∣∣∣∣∣∣∣∣
• u is (jΛ, Jstd)-holomorphic, deg u = d
• {z1, z2, z3, z4} =

[
1
2Λ
]
, z1 = [0]

• u : (z1, z2, z3, z4) 7→ (xi, xj , xk, xl)
• local lifting of u at zi is given as in (3.3)

 .



HOLOMORPHIC ORBI-SPHERES IN P1
2,2,2,2 611

Two maps (
P1

2,2,2,2(Λ)
u→ P1

2,2,2,2(Λ0), zi

)
,(

P1
2,2,2,2(Λ′)

u′→ P1
2,2,2,2(Λ0), z′i

)
,

in M̃0,4,d(∆i,∆j ,∆k,∆l) are said to be equivalent if there exits a biholo-
morphism φ : P1

2,2,2,2(Λ) → P1
2,2,2,2(Λ′) such that u = u′ ◦ φ and φ(zi) = z′i.

Denote the resulting equivalence relation by ∼.
Finally, the moduli spaceM0,4,d(∆i,∆j ,∆k,∆l) is defined by the quotient

of M̃0,4,d(∆i,∆j ,∆k,∆l) by the equivalence relation ∼.

The following proposition asserts that M0,4,d(∆i,∆j ,∆k,∆l) is the cor-
rect moduli space for the Gromov–Witten invariant we are interested in.

Proposition 3.5. M0,4,d(∆i,∆j ,∆k,∆l) is smooth, compact and of dimen-
sion 0. Furthermore

〈∆i,∆j ,∆k,∆l〉0,4,d = |M0,4,d(∆i,∆j ,∆k,∆l)|,

where | · | means the cardinality of the set.

Proof. The proof follows from classification result in Section 4.1 and the
regularity in Appendix A. �

3.2. Linear liftings of holomorphic orbi-spheres in P1
2,2,2,2 and sub-

lattices of Λ0 in C. We next relate holomorphic orbi-spheres

u : P1
2,2,2,2(Λ)→ P1

2,2,2,2(Λ0)

in M̃0,4,d(∆i,∆j ,∆k,∆l) with sublattices of Λ0 in C.
To make the exposition simpler, we fix the intersection condition at the

first marked point z1(= y1; Assumption 3.3) of u to be ∆1 (supported at
x1), which does not violate generality. So, z1 should be mapped to x1.

Definition 3.6. We write

M̃0,4,d(1) :=
⋃
j,k,l

M̃0,4,d(∆1,∆j ,∆k,∆l),(3.5)

M0,4,d(1) :=
⋃
j,k,l

M0,4,d(∆1,∆j ,∆k,∆l),

where (1) in the left hand side stands for the first insertion being ∆1.

We will soon see that some components in the right hand side of (3.5) are
actually zero.

In what follows, we will study the covering theory associated with a map

u in M̃0,4,d(1). z1(= y1) and x1 will denote the base points in the domain
and the target of u, respectively.

Remark 3.7. We do not fix the locations of other markings z2, z3, z4 so
that the same map u can be interpreted as several different elements in (3.5)
depending on the position of z2, z3, z4, i.e., (z2, z3, z4) = (yτ(2), yτ(3), yτ(4))
for some permutation τ on {2, 3, 4} (see (3.4)).
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Orbifold covering theory will be briefly reviewed in Appendix B. For
readers who do not want to go into details, we remark that we will only
need the lifting theorem in orbifold covering theory which works similarly
as in ordinary case, and the uniqueness of the universal covering space.

Figure 3. Universal covers of P1
2,2,2,2(Λ) and P1

2,2,2,2(Λ0)

Given an element u : (P1
2,2,2,2(Λ), z1)→ (P1

2,2,2,2(Λ0), x1) of M̃0,4,d(1), we
first take universal covering spaces of the domain and the target of u:

(3.6) π : (C, 0)→ (P1
2,2,2,2(Λ), z1), p : (C, 0)→ (P1

2,2,2,2(Λ0), x1)

where 0 is the base point of both universal covers (see Figure 3). Here, we
fix the covering map to be the composition of the quotient maps

π : C −→ EΛ(= C/Λ) −→ P1
2,2,2,2(Λ)(= [EΛ/Z2]),

as in the construction of P1
2,2,2,2(Λ), and similar for p. Note that two uni-

versal covering spaces in (3.6) carry natural lattice structures, which are Λ
and Λ0 respectively.

We claim that the lifting of u on the level of universal cover gives a (C-
)linear map sending Λ to a sublattice of Λ0. We will need the following
lemma which is crucial to apply the uniqueness of the universal cover below.

Lemma 3.8. u : (P1
2,2,2,2(Λ), z1) → (P1

2,2,2,2(Λ0), x1) in M̃0,4,d(1) is an
orbifold covering map.

The proof of the lemma will be given in Appendix B.

Proposition 3.9. Any element u : (P1
2,2,2,2(Λ), z1) → (P1

2,2,2,2(Λ0), x1) in

M̃0,4,d(1) can be lifted to a linear map ũ : C → C sending Λ into Λ0. In
particular, u uniquely determines a sublattice Λu := ũ(Λ) of Λ0.

Proof. Applying the lifting theorem to the orbifold covering map u◦π, there
is a unique holomorphic map ũ such that the following diagram commutes:

(C, 0)
ũ //

π

��

(C, 0)

p

��

(P1
2,2,2,2(Λ), z1)

u // (P1
2,2,2,2(Λ0), x1).
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Since u is a covering map by Lemma 3.8 and the composition of two covering
maps is again a covering map, u ◦ π gives the (orbifold) universal cover of
P1

2,2,2,2(Λ0). By the uniqueness of the universal cover, two universal covers
u◦π and p should be isomorphic, which implies that ũ is an biholomorphism.
By elementary complex analysis, such a biholomorphism reduces to a degree
1 polynomial, but the constant term of ũ must vanish in order to preserve
the base point 0 of C. Therefore, ũ(z) = ξz for some ξ ∈ C×. Observe
that π−1(z1) = Λ and p−1(x1) = Λ0, Since ũ is a lifting of u, we see that
Λu := ξ · Λ is a sublattice of Λ0. �

Definition 3.10.

(1) For u in M̃0,4,d(1), we call the linear map ũ on C in Proposition 3.9
the linear lifting of u.

(2) For a 2-dimensional sublattice Λ of Λ0, Λ0/Λ is a finite abelian group.
We define ind(Λ) (the index of Λ) by the number of elements in Λ0/Λ.

(3) We denote the set of 2-dimensional sublattices of Λ0 with index d
by Ld(Λ0).

The index of a sublattice Λ of Λ0 can be alternatively described as follows.
Let {(α, β), (γ, δ)} be a Z-basis of Λ such that (α, β) = α + β

√
−1 and

(γ, δ) = γ + δ
√
−1 are positively oriented. Then it is an easy exercise to

check that

(3.7) ind(Λ) =

(
α γ
β δ

)
= αδ − βγ.

If a sublattice is obtained from the linear lifting of an element u of

M̃0,4,d(1), its index has to agree with the degree of u.

Lemma 3.11. The sublattice Λu for a degree d holomorphic orbi-sphere
u : P1

2,2,2,2(Λ)→ P1
2,2,2,2(Λ0) has index d.

Proof. The linear lifting ũ induces a map ū : EΛ → EΛ0 whose kernel is
ũ−1(Λ0)/Λ. Therefore

deg u = deg ū = |ũ−1(Λ0)/Λ| = |Λ0/ũ(Λ)| = ind(Λu). �

We remark that sublattices Λu and Λu′ for two different elements u and
u′ in M can coincide. Our next task is to resolve this ambiguity.

3.3. The moduli of holomorphic orbi-spheres and the set of sub-
lattices. Consider two nonconstant holomorphic orbi-spheres

u : P1
2,2,2,2(Λ)→ P1

2,2,2,2(Λ0) and u′ : P1
2,2,2,2(Λ′)→ P1

2,2,2,2(Λ0)

in M̃, and write zi, z
′
i for (orbi-)marked point in P1

2,2,2,2(Λ), P1
2,2,2,2(Λ′)

respectively. By the definition of M̃0,4,d(1) (3.5), we have

u(z1) = u′(z′1) = x1.

u and u′ induce the linear liftings ũ(z) = ξz and ũ′(z) = ξ′z together with
sublattices Λu = ξ ·Λ and Λu′ = ξ ·Λ′ by Proposition 3.9. Then we have the
following lemma.
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Lemma 3.12. Λu and Λu′ are the same sublattice in Λ0 if and only if
there is a biholomorphism of orbifolds, ψ : P1

2,2,2,2(Λ)→ P1
2,2,2,2(Λ′), between

domains of u and u′ such that ψ(z1) = z′1 and u = u′ ◦ ψ.

Readers are warned that ψ does not give an equivalence between u and u′

in the sense of Definition 3.4 in general, since ψ may not preserve the other
three orbi-marked points. Since ψ is an orbifold isomorphism, at least we
have ψ(zj) = z′τ(j) for a permutation τ on {1, 2, 3, 4} with τ(1) = 1.

Proof. First suppose that Λu = ξΛ and Λu′ = ξΛ′ are the same sublattice

in Λ0. We set ψ̃ to be the linear map z 7→ (ξ′)−1ξz on C, which obviously

induces a map ψ : P1
2,2,2,2(Λ) → P1

2,2,2,2(Λ′). Since ũ′ ◦ ψ̃ = ũ, we see that

the induced map u = u′ ◦ ψ. ψ(z1) = z′1 is automatic, since every maps we
consider here preserve the base points.

Conversely, assume that there is a biholomorphism of orbifolds ψ with
ψ(z1) = z′1 and u = u′ ◦ ψ. We take the lift ψ to the level of universal

covering to get ψ̃ : C→ C, which is a linear map by the same argument as

in the proof of Proposition 3.9. Moreover, it is easy to see that ψ̃(Λ) = Λ′.

(3.8) (C, 0)

p

��

(C, 0)
ψ̃

//

ũ

22

π

��

(C, 0)
ũ′

55

π′

��

(P1
2,2,2,2(Λ0), x1)

(P1
2,2,2,2(Λ), z1)

ψ
//

u

22

(P1
2,2,2,2(Λ′), z′1)

u′

66

Consider two maps ũ and ũ′ ◦ ψ̃. Both of maps are the lifting of the same
map u ◦π(= u′ ◦ψ ◦π) and preserve the base point 0. Thus they must differ

by the deck transformation for C(
p−→ P1

2,2,2,2(Λ0)) which fixes the origin.

Therefore, we have ũ = ±ũ′ ◦ ψ̃ (i.e., the upper triangle in the diagram (3.8)
commutes up to sign). Finally,

Λu = ũ(Λ) = ±ũ′(ψ̃(Λ)) = ±ũ′(Λ′) = Λu′ ,

which finishes the proof. �

In particular, if u′ ∼ u (see Definition 3.4), then Λu′ = Λu. Recall

that M0,4,d(∆1,∆j ,∆k,∆l) is the quotient of M̃0,4,d(∆1,∆j ,∆k,∆l) by ∼
and M0,4,d(1) =

⋃
j,k,lM0,4(∆1,∆j ,∆k,∆l). Hence, Proposition 3.9 and

Lemma 3.11 give us the correspondence

Θd :M0,4,d(1)→ Ld(Λ0) = {Λ ⊂ Λ0 : Λ ∼= Z2, ind(Λ) = d},(3.9)

[u] 7→ Λu

which assigns a lattice to each (class of) holomorphic orbi-sphere that con-
tributes to 〈∆1,∆j ,∆k,∆l〉0,4,d. However, Θ can not be 1-to-1 since the same
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underlying map u gives rise to several distinct holomorphic orbi-spheres de-
pending on the positions of their domain marked points z2, z3, z4 (cf. Lem-
ma 3.12). Indeed, we have the following.

Proposition 3.13. The correspondence Θd (3.9) is a surjective 6-to-1 map,
and each pair of classes [u] and [u′] in Θ−1

d (Λ) is related by a domain repa-
rameterization ψ that fixes the first marking z1, but permutes other three;
z2, z3, z4.

(Thus the appearance of 6 in the statement is due to |S3| = 3! = 6.)

We first prove the following simple lemma.

Lemma 3.14. For a given sublattice Λ of Λ0, there is a holomorphic orbi-
sphere u whose domain is P1

2,2,2,2(Λ) such that Λu = Λ, i.e., the linear lifting

of u is the identity. (In particular, Θ is surjective.)

Proof. Let us consider the identity map on C, id : C → C. Since id sends
Λ into Λ0, and is Z2-equivariant, it induces a holomorphic map

u : P1
2,2,2,2(Λ) = [EΛ/Z2]→ P1

2,2,2,2(Λ0) = [EΛ0/Z2].

Since the image of four orbifold points in P1
2,2,2,2(Λ) lies in the set of orbifold

points in P1
2,2,2,2(Λ0) and the local behavior of u around each orbifold point is

simply id on the cover, it is clear that u is an element ofM0,4,d(1). Moreover,
since the linear lifting of u is the identity map on C, Λu = id(Λ) = Λ, which
proves the lemma. �

Now we are ready to prove the proposition.

Proof of Proposition 3.13. For any sublattice Λ, we already have

u : P1
2,2,2,2(Λ)→ P1

2,2,2,2(Λ0)

whose linear lifting is the identity map so that Λu = Λ by Lemma 3.14. In
particular, Θd is a surjective map. However, such u produces more than
one elements in M0,4,d(1) since we have several choices for the locations of
z2, z3, z4 in the domain P1

2,2,2,2(Λ) (see Remark 3.7 for related discussion).

Clearly, there are 3! = 6 such choices (parametrized by S3; two examples of
such configurations are drawn in Figure 4).

It is elementary to check that these six configurations define mutually
different elements in Θ−1

d (Λ). In fact, if there is an equivalence between two
of them, Λ should admit a symmetry represented by z 7→ ζz (for ζ 6= ±1).
Among sublattices of Λ0, only Λ0 and its scaling can have such symmetry
with ζ =

√
−1, which obviously can not preserve the positions of markings

z2, z3, z4.
It remains to show that any element in Θ−1

d (Λ) is equivalent to one of
these six holomorphic orbi-spheres represented by u whose linear lifting is
the identity. For u′ : P1

2,2,2,2(Λ′)→ P1
2,2,2,2(Λ0) with Λu′ = Λ, take the linear

lifting z 7→ ξ′z of u′ on C.

C
z 7→ξ′−1z

//

π
��

C
z 7→ξ′z

//

π′

��

C

p
��

P1
2,2,2,2(Λ)

φ
// P1

2,2,2,2(Λ′)
u′ // P1

2,2,2,2(Λ0)
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Define φ : P1
2,2,2,2(Λ) → P1

2,2,2,2(Λ′) to be the biholomorphism induced by

the linear map z 7→ ξ′−1 as in the above diagram. Here, the domain of φ
should be P1

2,2,2,2(Λ) since Λ = Λu′(= ξ′Λ′) implies ξ′−1Λ = Λ′. If we set the

marked points in the domain of u′ ◦ φ to be φ−1 of those in the domain of
u′, we see that u′ ◦ φ ∼ u′ (i.e., [u′ ◦ φ] = [u′] in M0,4,d(1)) and the linear
lifting of u′ ◦ φ is identity by the construction. �

Figure 4. (u, τ) for τ = id and τ = (2, 4, 3)

The above proof provides a concrete description of the fiber of Θd. From
the proof of the theorem, we see that an element in Θ−1

d (Λ) can be repre-
sented by the projection of the identity as in the diagram below:

C id //

π
��

C

p
��

P1
2,2,2,2(Λ)

u // P1
2,2,2,2(Λ0)

Recall from (3.4) that y1 = 0, y2 = v1
2 , y3 = v1+v2

2 , y4 = v2
2 (modulo

Λ) for a chosen Z-basis {v1, v2} of Λ. (The choice of a basis will be fixed
in Section 3.4.) As we pointed out in the proof of Proposition 3.13, u
can represent six different classes in M0,4,d(1) according to the position of
marked points, and we have the following choices of {zi}:

(z1, z2, z3, z4) = (yτ(1), yτ(2), yτ(3), yτ(4))

for a permutation τ with τ(1) = 1 (see Figure 4). Here z1 = y1 due to
Assumption 3.3. Thus τ can be thought of as an element of S3.

From now on, we will always choose a representative u of a class in
M0,4,d(1) such that the linear lifting of u is identity.

3.4. Classification of sublattices. Proposition 3.13 reduces our count-
ing problem essentially to a classification of 2-dimensional sublattices of Λ0.
In this section we investigate the counting problem of sublattices Λ with
ind(Λ) = d, that is, finding the number of elements in Ld(Λ0) ((3) of Def-
inition 3.10). For this, we first choose a special Z-basis for a sublattice
Λ.

Lemma 3.15. For any sublattice Λ ⊂ Λ0, there is a Z-basis {w1, w2} of Λ
such that w1 = (h, 0) for a positive divisor h of ind(Λ).
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Proof. Choose any Z-basis {v1, v2} of Λ which is positively oriented as basis
of R2 ∼= C. We may write v1 = (α, β) and v2 = (γ, δ) for some α, β, γ, δ ∈ Z
with respect to the standard Z-basis {1,

√
−1} of Λ0 ⊂ C. Then we have

d := αδ−βγ > 0. Recall from (3.7) that the index of Λ is given by d in this
case.

Let g := gcd(β, δ) ∈ N, and put β = gβ′, δ = gδ′ with gcd(β′, δ′) = 1.
Hence, one can find integers x and y satisfying

β′x+ δ′y = 1.

Now, we set the new basis to be

w1 = δ′v1 − β′v2, w2 = xv1 + yv2.

It is clearly a basis of Λ since(
δ′ x
−β′ y

)
∈ SL2(Z),

In terms of coordinates, {w1, w2} can be written as

w1 = (h, 0), w2 = (αx+ γy, g)

where h satisfies hg = d since det(w1w2) = det(v1 v2). Therefore h is a
positive divisor of d (since g > 0). �

Now we are ready to compute the number of elements in Ld(Λ0), which
will give rise to the number of certain holomorphic orbi-spheres in P1

2,2,2,2

due to Proposition 3.13.

Lemma 3.16. The set Ld(Λ0) of index d sublattices of Λ0 consists of D(d)
elements, where D is the divisor sum function, (i.e., D(n) :=

∑
k|n k for

n ∈ Z>0).

Proof. Observe that w1 is a primitive vector in Λ in order to form a Z-basis
of Λ. Hence, it is uniquely determined by the property that it lies along the
positive real axis. Thus one can fix the first basis element by w1 = (h, 0)
without ambiguity for a given Λ ∈ Ld(Λ0).

Since the index of Λ is d, it gives some restriction on the second basis
element, namely, w2 = (m, d/h) for some m ∈ Z (recall h|d from the previous
lemma). It is easy to see that the following h-tuples (obtained from 0 ≤ m ≤
h− 1) generate mutually different sublattices of Λ0

{(h, 0), (0, d/h)}, {(h, 0), (1, d/h)}, . . . , {(h, 0), (h− 1, d/h)}.
(See Figure 5 for examples.) However, {(h, 0), (0, d/h)} and {(h, 0), (h, d/h)}
generate the same sublattice since they are related by

T =

(
1 1
0 1

)
∈ SL2(Z).

In conclusion, there are exactly h sublattices in Ld(Λ0) with w1 = (h, 0).
As h can vary over the set of positive divisors of d, we see that |Ld(Λ0)| =
D(d). �

In terms of basis of the sublattice, |Ld(Λ0)| is the number of solutions

of the determinant equation det

(
α γ
β δ

)
= d (3.1) where

(
α γ
β δ

)
is
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taken from M2×2(Z)/SL(2,Z). We have just seen that the number of such
solutions is exactly D(d).

As a direct corollary from Proposition 3.13, we obtain the following for-
mula which recovers nonconstant terms of f(q) in (2.5).

Theorem 3.17. The power series
∑

d≥1 |M0,4,d(1)|qd equals to

(3.10) 6
∑
d=1

|Ld(Λ0)| qd = 6
∑
d=1

D(d)qd = 6f(q).

We will now refine this “combined counting” (3.10) further in accordance
with the images of three orbifold points y2, y3, y4 in the domain of holomor-
phic orbi-sphere (recall u(y1) = x1 for [u] ∈M0,4,d(1)).

Figure 5. Λm4,2 for m = 0, 1, 2, 3 (d = 4 · 2 = 8).

For hg = d, we define Λmh,g by the index d sublattice generated by

{(h, 0), (m, g)}

for 0 ≤ m ≤ h− 1 so that

Ld(Λ0) = {Λmh,g |hg = d, 0 ≤ m ≤ h− 1}.

(From the proof of Lemma 3.15, we know that Λmh,g = Λm+h
h,g .) Recall that

we have defined the 6-to-1 correspondence

Θd :M0,4,d(1) =
⋃
i,j,k

M0,4,d(∆1,∆j ,∆k,∆l)→ Ld(Λ0).

We now look into the inverse image Θ−1
d (Λmh,g). From the discussion at

the end of Section 3.3, the class in Θ−1
d (Λmh,g) admits a representative

u : P1
2,2,2,2(Λmh,g)→ P1

2,2,2,2(Λ0)

whose linear lifting is identity. As in (3.4), y1, y2, y3, y4 ∈ P1
2,2,2,2(Λ) will

denote four orbifold points in the domain of u:

y1 = 0, y2 =
w1

2
, y3 =

w1 + w2

2
, y4 =

w2

2
mod Λmh,g,

but now, with respect to the fixed basis w1 = (h, 0) and w2 = (m, g) of Λmh,g.
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Proposition 3.18. For each sublattice Λmh,g, choose a representative u of

[u] ∈ Θ−1
d (Λmh,g) whose linear lifting is identity. Then one can determine the

orbi-insertions of [u] ∈ Θ−1
d (Λmh,g) at (y2, y3, y4) as follows (u(y1) is always

x1):
If d is even,

(i) (g, h,m) ≡ (0, 0, 0) mod 2⇒ u(y2, y3, y4) = (x1, x1, x1);
(ii) (g, h,m) ≡ (0, 0, 1) mod 2⇒ u(y2, y3, y4) = (x1, x2, x2);
(iii) (g, h,m) ≡ (0, 1, 0) mod 2⇒ u(y2, y3, y4) = (x2, x2, x1);
(iv) (g, h,m) ≡ (0, 1, 1) mod 2⇒ u(y2, y3, y4) = (x2, x1, x2);
(v) (g, h,m) ≡ (1, 0, 0) mod 2⇒ u(y2, y3, y4) = (x1, x4, x4);
(vi) (g, h,m) ≡ (1, 0, 1) mod 2⇒ u(y2, y3, y4) = (x1, x3, x3).

If d is odd,

(vii) (g, h,m) ≡ (1, 1, 0) mod 2⇒ u(y2, y3, y4) = (x2, x3, x4);
(viii) (g, h,m) ≡ (1, 1, 1) mod 2⇒ u(y2, y3, y4) = (x2, x4, x3).

Proof. The proof follows directly from the picture. For example, if g, h,m
are all even, all coordinates of y2, y3, y4 become integers since

(3.11) y2 =

(
h

2
, 0

)
, y3 =

(
h+m

2
,
g

2

)
, y4 =

(m
2
,
g

2

)
mod Λmg,h.

This implies that u(yi) = 0 mod Λ0 and the case (i) follows as x1 = 0
mod Λ0 (2.1). (Here, we used the fact that the linear lifting of u is the
identity map.)

The rest of cases can be deduced similarly, comparing (3.11) and (2.1). �

To compute corresponding Gromov–Witten invariants precisely, we need
to additionally take into account the fact that six elements in Θ−1

d (Λmh,g)

are assigned to six different configuration of three marked points (z2, z3, z4).
Namely, (y2, y3, y4) = (zτ(2), zτ(3), zτ(4)) for a permutation τ on {2, 3, 4}.
This will be dealt with in the next section.

4. Computation of genus 0 Gromov–Witten invariant of
P1
2,2,2,2

In this section, we precisely compute the genus 0 GW potential of P1
2,2,2,2

using the counting result obtained in Section 3. At the end, we will see that
our computation matches the formula of the GW potential given in [ST]. As
in the previous section, we fix the complex structure of the target orbifold
of the holomorphic orbi-spheres, and write it as P1

2,2,2,2(Λ0).

Since all cone points in P1
2,2,2,2(Λ0) have Z2-singularities, the domain orb-

ifold with only Z2-singularities can contribute to the Gromov–Witten invari-
ant. Since the divisor axiom will determine the invariants with [pt]-insertions
from those without [pt]-insertions (except 〈1,1, [pt]〉; see the discussion be-
low), it is enough to consider the correlators containing 1 and ∆i’s only.
Among these correlators, only the following type can possibly survive (by
the dimension formula (see Appendix B)):

(4.1) 〈∆i,∆j ,∆k,∆l〉0,4,d, 〈1,∆i,∆j〉0,3,d.
All possible domains for the nonconstant stable maps contributing to (4.1)

are listed as follows:
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(a) P1
2,2 contributing to 〈1,∆•,∆◦〉,

(b) P1
2,2,2,2 contributing to 〈∆•,∆◦,∆�,∆†〉,

(c) (nodal domains) suitable connected sums of P1, P1
2, P1

2,2, P1
2,2,2.

By the same argument as in the proof of Lemma 4.1, one can show that
〈1,1, [pt], . . . , [pt]〉 and 〈1,∆•,∆◦〉 are contributed by only constant maps.

By the divisor axiom, 〈1,1,
n︷ ︸︸ ︷

[pt], . . . , [pt]〉 is zero unless n = 1. When
n = 1, 〈1,1, [pt]〉 is nothing but the structure constant for the Chen–Ruan
cup product since it only admits constant map contribution. As 1 and [pt]
are from the trivial twisted sector, the corresponding product is simply the
cup product for S2, which is 1 ∪ 1 = PD([pt]) = 1. Hence the structure
constant is 1, or equivalently, 〈1,1, [pt]〉 = 1.

Likewise, 〈1,∆•,∆◦〉 in (a) is the coefficient of [pt] for the Chen–Ruan
cup product ∆• ∪ ∆◦, which we will examine in Section 4.3. Nonconstant
contributions for (b) in the above list will be computed in Section 4.2.

We first exclude the possibility of contribution from (c). (Recall from
(3.5) that the counting in the previous section does not include such maps.)

4.1. Nodal curve contributions. To show that (c) in the above list never
happens in our case, we prove that there are no holomorphic maps from each
of P1, P1

2, P1
2,2, P1

2,2,2 to P1
2,2,2,2.

Lemma 4.1. There are no nodal curves contributing to the genus-0 Gro-
mov–Witten invariants except degree zero maps.

Proof. We divide possible irreducible components of nodal maps into two
cases as follows.

(i) First, P1, P1
2,2,2 and P1

2,2 are given as the quotients of P1 by finite

groups. Since P1 is simply connected, any nonconstant holomor-
phic map from these domains to P1

2,2,2,2 can be lifted to a non-

constant holomorphic map from P1 to the elliptic curve E0 (recall
P1

2,2,2,2(Λ0) = [E0/Z2]. Since homotopy types of such maps should

be trivial in π2(E0), they should be constant maps.
(ii) For P1

2, we use the fact that the homomorphism

πorb
1 ([V/G])→ πorb

1 (X )

induced from any local chart [V/G] of X is injective for a good
orbifold X . We apply this to X = P1

2,2,2,2(Λ0). If there is any non-

constant morphism f from P1
2 to P1

2,2,2,2(Λ0), it should look locally

around a singular point of P1
2 as follows:

P1
2

f
// P1

2,2,2,2(Λ0)

[U/Z2]
f |U

//

OO

[V/Z2]

OO



HOLOMORPHIC ORBI-SPHERES IN P1
2,2,2,2 621

for some discs U, V ⊂ C. This induces homomorphisms between
corresponding orbifold fundamental groups

πorb
1 (P1

2) // πorb
1 (P1

2,2,2,2(Λ0))

πorb
1 ([U/Z2])(∼= Z2)

inj
//

0

OO

πorb
1 ([V/Z2])(∼= Z2)

inj

OO
.

where the vertical map on the right is injective by the property of
a good orbifold above, and the bottom map is injective by (2.3).
However, the left vertical map is a zero map because πorb

1 (P1
2) = 0,

so the above diagram can not be commutative. �

4.2. Identification of orbi-insertions. We now give a precise computa-
tion of the Gromov–Witten invariants for P1

2,2,2,2 of the type 〈∆•,∆◦,∆�,∆†〉
with nonconstant contributions. So, the degree d will be a positive integer
throughout the section.

By Proposition 3.13, we associate six nonequivariant orbifold stable maps
for each sublattice Λ. More concretely, for Λmg,h ⊂ Λ0 we have six maps (u, τ)
for τ ∈ S3 where

u : P1
2,2,2,2(Λmg,h)→ P1

2,2,2,2(Λ0)

with the identity as the linear lifting and the configuration of the marked
points is given as

(4.2) (z2, z3, z4) = (yτ(2), yτ(3), yτ(4)).

Below, we will use following formal power series to express coefficients of
the Gromov–Witten potential of P1

2,2,2,2:

D(q) :=
∑
d∈N

D(d)qd(i)

Dodd(q) :=
∑

d∈N\2N

D(d)qd(ii)

Deven(q) :=
∑
d∈2N

D(d)qd.(iii)

Proposition 4.2. Counting nonconstant holomorphic orbi-spheres in P1
2,2,2,2

gives the following genus 0 Gromov–Witten invariants.∑
d≥1

〈∆1,∆2,∆3,∆4〉0,4,d qd = Dodd(q)

∑
d≥1

〈∆i,∆i,∆i,∆i〉0,4,d qd = 6D(q4)

∑
d≥1

〈∆i,∆i,∆j ,∆j〉0,4,d qd =
2

3

(
Deven(q)−D(q4)

)
(for i 6= j in the last equation).

Proof. (i) 〈∆1,∆2,∆3,∆4〉0,4,d: Since the image of {y1, y2, y3, y4} under u
should be {x1, x2, x3, x4}, we need to consider the maps u with Θd([u]) =
Λmg,h for
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• (g, h,m) ≡ (1, 1, 0) mod 2 (
Prop.3.18

=⇒ u(y2, y3, y4) = (x2, x3, x4)), or

• (g, h,m) ≡ (1, 1, 1) mod 2 (
Prop.3.18

=⇒ u(y2, y3, y4) = (x2, x4, x3)).

In particular, d = gh is odd in this case.
For 〈∆1,∆2,∆3,∆4〉0,4,d, we have to count the maps whose marked points

z2, z3, z4 map precisely to x2, x3, x4 respectively. Hence, for (g, h,m) ≡
(1, 1, 0), we should choose τ in (4.2) to be identity so that (y2, y3, y4) =
(z2, z3, z4). Similarly, τ should be the transition (3, 4) for (g, h,m) ≡ (1, 1, 1).

Consequently, for any odd d together with the factorization d = gh,
we have h (equivalence class of) holomorphic orbi-spheres contributing to
〈∆1,∆2,∆3,∆4〉0,4,d (as m ranges over 0, 1, . . . , h− 1), i.e.,

〈∆1,∆2,∆3,∆4〉0,4,d =

{∑
h|d h = D(d) d ≡ 1 mod 2

0 d ≡ 0 mod 2

and hence
∑

d≥1〈∆1,∆2,∆3,∆4〉0,4,d qd = Dodd(q).

(ii) 〈∆1,∆1,∆1,∆1〉0,4,d: In this case, u sends all orbi-points y1, y2, y3, y4

to x1, and hence Θd([u]) = Λmg,h with

• (g, h,m) ≡ (0, 0, 0) mod 2 (
Prop.3.18

=⇒ u(y2, y3, y4) = (x1, x1, x1)).

Moreover, τ in (4.2) can be arbitrary. Observe that d = gh is a multiple of
4. We set d = 4d′, h = 2h′, g = 2g′.

For any factorization 4d′ = 2g′ · 2h′, we have 3! × h′ (equivalence classes
of) holomorphic orbi-spheres contributing to 〈∆1,∆1,∆1,∆1〉0,4,d as τ can
be arbitrary elements in S3 and m ranges over 0, 2, 4, . . . , 2h′ − 2 (so there
are h′ possiblities), i.e.,

〈∆1,∆1,∆1,∆1〉0,4,d =

{∑
h′|d′ 6h

′ = 6D(d′) d ≡ 0 mod 4

0 otherwise

and hence ∑
d≥1

〈∆1,∆1,∆1,∆1〉0,4,d qd =
∑
d′

6D(d′)q4d′ = 6D(q4).

The obvious symmetry on P1
2,2,2,2 tells us that

∑
d≥1〈∆i,∆i,∆i,∆i〉0,4,d qd

for i = 2, 3, 4 admit the same expression as above.
(iii) 〈∆1,∆1,∆j ,∆j〉0,4,d for j = 2, 3, 4: Let us first consider the case of

〈∆1,∆1,∆4,∆4〉. In this case, Λmg,h associated with u should be of the type

• (g, h,m) ≡ (1, 0, 0) mod 2 (
Prop.3.18

=⇒ u(y2, y3, y4) = (x1, x4, x4))

In addition, we have to count the maps whose marked points z2, z3, z4 map
to (x1, x4, x4) for 〈∆1,∆1,∆1,∆1〉0,4,d. Hence, τ in (4.2) should be either
the identity or the transition (3, 4).

Note that d = gh is even in this case. If we set d = 2Nd′ with d′ odd,
then h should be a multiple of 2N so that g becomes odd. Thus h can be
2Nd′′ for any d′′|d′, and after fixing h = 2Nd′′, the number of choices for m
is 2Nd′′/2 = 2N−1d′′ (since m should be even). Therefore

(4.3) 〈∆1,∆1,∆4,∆4〉0,4,d = 2
∑
d′′|d′

2N−1d′′ = 2ND(d′)

where 2 in the front is due to two possible choices for τ .
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We next express (4.3) only in terms of the degree d. Observe that

(4.4) D(d) = (1 + 2 + 22 + · · ·+ 2N )D(d′) = (2N+1 − 1)D(d′)

Hence, if d ≡ 2 mod 4, then N should be 1 and D(d) = 3D(d′) so that

〈∆1,∆1,∆4,∆4〉0,4,d = 2D(d′) =
2

3
D(d).

If d ≡ 0 mod 4 (i.e., N > 1), we use the identity D(d/4) = (2N−1−1)D(d′).
Combining with (4.4), we get

D(d)−D(d/4) = 2N−13D(d′).

Finally, if d is a multiple of 4, we have

〈∆1,∆1,∆4,∆4〉0,4,d = 2ND(d′) =
2

3
(D(d)−D(d/4)).

In summary,

〈∆1,∆1,∆4,∆4〉0,4,d =


2
3(D(d)−D(d/4)) d ≡ 0 mod 4
2
3D(d) d ≡ 2 mod 4

0 d ≡ 1, 3 mod 4

which implies∑
d≥1

〈∆1,∆1,∆4,∆4〉0,4,dqd =
2

3

(
Deven(q)−D(q4)

)
.

One can deduce∑
d≥1

〈∆i,∆i,∆j ,∆j〉0,4,dqd =
2

3

(
Deven(q)−D(q4)

)
similarly for i = 1 and j = 2, 3, and the identity holds for more general pair
(i, j) (with i 6= j) by the symmetry of P1

2,2,2,2. �

4.3. Comparison with the formula in [ST]. Proposition 4.2 completely
determines the Gromov–Witten invariant of P1

2,2,2,2 with nonconstant holo-
morphic orbi-sphere contributions. Before we deduce the GW potential from
our counting, we briefly discuss the (d = 0)-component of the Gromov–
Witten invariant.

By degree reason (see (4.1)), we only have the following two possibilities

〈1,∆j ,∆j〉0,3,0, 〈∆j ,∆j ,∆j ,∆j〉0,4,0.
The first term is nothing but structure constant of Chen–Ruan cup product,
and is given by

〈1,∆j ,∆j〉0,3,0 = ∆j ∪∆j =

∫ orb

[{wj}/Z2]
∆j ∪ ι∗∆j =

1

2

where ι is the involution map on inertia orbifold IP1
2,2,2,2, which is the iden-

tity map in our case.
There are also nontrivial contributions from constant maps to

〈∆j ,∆j ,∆j ,∆j〉0,4,0
for 1 ≤ j ≤ 4. Indeed, these constant maps are obstructed, and hence, we
need to analyze the obstruction bundles on the corresponding moduli spaces,
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which we will not go into details about (as it is a little far from the main
theme of the paper). See Remark A.1 for related discussion.

Combining our counting made in Proposition 3.18 with these constant
contributions, we obtain the genus 0 Gromov–Witten potential as follows:

F =
3

3!
t20 log q +

1

3!

3

2
t0(t21 + t22 + t23 + t24)

+
1

4!
4!(t1t2t3t4) ·Dodd(q) +

1

4!
(t41 + t42 + t43 + t44) ·

(
6D(q4)− 1

4

)
+

1

4!

4!

2!2!
(t21t

2
2 + t21t

2
3 + t21t

2
4 + t22t

2
3 + t22t

2
4 + t23t

2
4) · 2

3

(
Deven(q)−D(q4)

)
=

1

2
t20 log q +

1

4
t0(t21 + t22 + t23 + t24)

+ (t1t2t3t4) ·Dodd(q) +
1

4
(t41 + t42 + t43 + t44) ·

(
D(q4)− 1

24

)
+

1

6
(t21t

2
2 + t21t

2
3 + t21t

2
4 + t22t

2
3 + t22t

2
4 + t23t

2
4) ·
(
Deven(q)−D(q4)

)
.

Using the identity (2.5), one can easily see that this agrees with the earlier
computation of Satake–Takahashi (2.4).

Appendix A. Regularity

Here, we prove that all holomorphic orbi-spheres in M̃0,4,d(∆i,∆j ,∆k,∆l)
(Definition 3.4) have no obstructions, or equivalently,

Ext2(u∗Ω1
X → Ω1

C(
∑
zi),OC)

vanish for all u ∈ M̃0,4,d(∆i,∆j ,∆k,∆l). This will justify that our direct
counting of orbifold stable maps in Sections 3 and 4 genuinely computes
Gromov–Witten invariants. In other words, this together with Lemma (4.1)
will prove Proposition 3.5.

For a Kähler orbifold X , consider the following diagram:

U
f

//

π
��

X

M0,4,d(X , ~x)

where U is the universal family over M0,4,d(X , ~x) for a nontrivial element
d ∈ H2(X ,Q) and a quadruple ~x of twisted sectors [{wj}/Z2].

From the tangent-obstruction exact sequence of sheaves onM0,4,d(X , ~x),
we have the following exact sequence of vector spaces :
(A.1)

0 → Hom(f∗Ω1
X → Ω1

C(
∑
zi),OC)→ Hom

(
Ω1
C(
∑
zi),OC

)
→ H0(C, f∗TX ) → Ext1(f∗Ω1

X → Ω1
C(
∑
zi),OC)→ Ext1

(
Ω1
C(
∑
zi),OC

)
→ H1(C, f∗TX ) → Ext2(f∗Ω1

X → Ω1
C(
∑
zi),OC)→ 0.

Here, the last part of the long exact sequence is zero because

Ext2
(
Ω1
C(
∑
zi),OC

)
= 0
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for C a curve. The first column of (A.1) is the space of infinitesimal defor-
mation and obstruction to deforming of f , and the third column is the space
of infinitesimal automorphism and deformation of the domain (C, ~z).

In our case, X is P1
2,2,2,2 and C is [Eτ/Z2] for some τ ∈ H. Note that

f∗TX ∼= TC since f : C → X is an orbifold covering map. From the formula
for the first Chern number of desingularized bundles [CR1, Prop. 4.2.1],
c1(|f∗TX|) = c1(f∗TX )− 4 · 1

2 = −2. The desingularized bundle |f∗TX| is

a complex vector bundle over |P1
2,2,2,2| ∼= P1, hence |f∗TX| ∼= OP1(−2). Since

f∗TX and |f∗TX| have the same local holomorphic sections, H0(C, f∗TX ) =
0 and H1(C, f∗TX ) ∼= C.

Secondly, note that Hom(f∗Ω1
X → Ω1

C(
∑
zi),OC) is the infinitesimal au-

tomorphism group of the orbifold stable maps, which is zero by the defini-
tion of stability. Also, Ext1(f∗Ω1

X → Ω1
C ,OC) is the Zariski tangent space

of the moduli space M0,4,d(X , ~x). Since this moduli space is zero dimen-
sional for positive d (by our direct counting in Section 3), its tangent space
Ext1(f∗Ω1

X → Ω1
C(
∑
zi),OC) is zero.

The above long exact sequence can be rewritten as

0 // 0 // Hom
(
Ω1
C(
∑
zi),OC

)
// 0 // 0 // Ext1

(
Ω1
C(
∑
zi),OC

) δ // C

// Ext2(f∗Ω1
X → Ω1

C(
∑
zi),OC) // 0

To prove the regularity of our maps, we claim that

Ext2(f∗Ω1
X → Ω1

C(
∑
zi),OC) = 0.

From the Riemann–Roch formula,

dim Ext1
(
Ω1
C(
∑
zi),OC

)
− dim Hom

(
Ω1
C(
∑
zi),OC

)
= 3g − 3 + 4 = 1.

Hence, the injective map δ : Ext1
(
Ω1
C(
∑
zi),OC

)
= C → C should be

surjective too, and this proves the claim.

Remark A.1 (Constant map). The above argument can not apply to a
constant map contributing to 〈∆i,∆i,∆i,∆i〉0,4,d=0. The problem is that

dimM0,4,d=0(X , ~x) is no longer zero dimensional. (There is at least one di-
mensional parameter on this moduli from the domain complex structures.)
Hence, the moduli has a bigger dimension than the expected one, or equiv-
alently, these constant maps have nontrivial obstructions, and this explains
why they give rise to a negative rational number in the Gromov–Witten
potential.

Appendix B. Orbifold covering theory

An orbifold X is a Hausdorff space |X | which locally looks as follows:

Definition B.1. A local uniformizing chart (Ṽ , G, φ) over an open set V ⊂
|X | is a triple of following data :

(1) A finite group G acts homeomorphic on an open set Ṽ ⊂ Rn.

(2) φ : Ṽ → V is a continuous map which factors through its orbit space

Ṽ /G and induces a homeomorphism φ : Ṽ /G→ V .
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Similarly to the definition of manifold, these local charts are glued to-
gether in a compatible way to form an orbifold. A morphism between two

orbifolds X and Y is locally a (G,G′)-equivariant map (Ṽ , G) → (Ṽ ′, G′),

where (Ṽ , G) and (Ṽ ′, G′) are uniformizing charts for X and Y respectively.
(Here, a group homomorphism G → G′ is contained in the data of the
morphism.) We refer readers to [ALR] for more details on orbifolds.

We briefly recall the notion of orbifold covering maps following [T].

Definition B.2. For two orbifolds X and Y, an orbifold morphism

p : X → Y

is an orbifold covering map if it satisfies the following conditions:

(1) The continuous map |p| : |X | → |Y| induced from p is a surjective
map.

(2) For each y ∈ |Y|, there is a local uniformizing chart (Ṽy, Gy, φy) of
y such that each point x ∈ |p|−1(y) has a local uniformizing chart

(Ṽx, Gy,x, ψx) for some Gy,x ≤ Gy such that the following diagram
commutes

Ṽy/Gy,x
ψx:∼=

//

q

��

Uy,x

|p|
��

Ṽy //

<<

Ṽy/Gy
φy :∼=

// Vy

where q is a natural quotient map.

We have a lifting theorem for orbifold covering map which is similar to
the ordinary one.

Proposition B.3. [T, Proposition 2.7] Let f : (X , x) → (Y, y) be an orbi-
map and p : (Y ′, y′) → (Y, y) be an orbifold covering map. Then f can be

lifted to an orbi-map f̃ : X → Y ′ if and only if f∗π
orb
1 (X , x) ⊂ p∗πorb

1 (Y ′, y′).

There is one subtle point when applying this lifting theorem to holo-
morphic orbi-spheres in our example. While the map between orbifolds in
the proposition are “orbi-maps” [T, Section 2], orbifold Gromov–Witten
theory usually deals with “good maps”. However, for morphisms between
2-dimensional orbifolds, we have shown in [HS, Lemma 2.10] that these two
notions coincide.

Let u : C → X be an orbifold stable map where C is an orbifold Rie-
mann surface. For each marked point zi in C, choose a local uniformizing

chart (Ṽ , Gu(zi), φ) of X near u(zi). Then we take a local uniformizing chart

(Ũzi ,Zmi , brmi) near zi such that u maps Uzi into V . Here, Ũzi is a holo-

morphic disc in a complex plane, Zmi ∼=
〈
ζmi := exp

(
2π
√
−1

mi

)〉
acts on Ũzi

via left multiplication, and brmi : z 7→ zmi is a branched map of order mi.
By the definition of orbifold morphism, there is a group homomorphism
u# : Zmi → Gu(zi) and an (u#-)equivariant lifting ũ of u near zi such that
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the following diagram commutes:

Ũzi
ũ //

brmi
��

Ṽ

φ

��

Uzi u
// V .

We denote u#(ζmi) ∈ Gu(zi) by gi. Note that the local isotropy group Gu(zi)

is well-defined up to conjugacy. For each conjugacy class (gi), we associate a
ration number ι(gi) which is defined as follows. Consider a linearized action of

gi on the tangent space Tu(zi)Ṽ . Choosing a metric which is invariant under
the action of local isotropy group, the linearized action can be written as a
diagonal matrix of the form

diag

(
exp

(
2π
√
−1mi,1

mi

)
, . . . , exp

(
2π
√
−1mi,n

mi

))
for some mi,j ∈ {0, 1, . . . ,mi − 1}. We define the degree shifting number (or
age) associated with the conjugacy class (gi) as

ι(gi) :=

n∑
j=1

mi,j

mi
.

Because the above diagonal matrix is invariant under the conjugate action
of local isotropy groups, the degree shifting number is well-defined.

Consider the moduli spaceMg,n,β(X ) of orbifold stable maps from genus-
0 orbifold Riemann surface (with nodal singularities) with n-marked points
to X whose images represent a homology class β ∈ H2(X ,Q). It can be
decomposed into several componentsMg,n,β(X ,g) parametrized by n-tuple
g = (g1, . . . gn) of conjugacy classes (gi). Using Kuranishi perturbation
technique, Chen and Ruan [CR2] showed that these moduli spaces admit
virtual fundamental classes

[Mg,n,β(X ,g)]vir ∈ H∗(Mg,n,β(X ,g),Q)

where ∗ = 2c1(TX ) ∩ β + 2(dimCX − 3)(1− g) + 2n− 2
∑n

i=1 ι(gi).

Let us consider the case of X = P1
2,2,2,2. We prove that any nonconstant

holomorphic orbi-sphere contributing to the 4-point Gromov–Witten invari-
ants is an orbifold covering map. Note that for any map u contributing

to M̃0,4,d(∆1,∆j ,∆k,∆l), the degree shifting number ι(gi) at each marked

point is 1
2 . Hence

4∑
i=1

ι(gi) = 2.

Now we give a proof of Lemma 3.8, which is a simple modification of the
proof of Lemma 4.2 in [HS]. For simplicity, we will use C and X to denote
the domain and the target space of the map u : P1

2,2,2,2(Λ) → P1
2,2,2,2(Λ0)

(so, u : C → X ).

Proof of Lemma 3.8. As before, let {z1, . . . , z4} and {w1, . . . , w4} be the
orbifold marked points in C and the orbifold singular points in X , respec-
tively. Since u maps zi in the domain to an orbifold singular point in X ,
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there is a function I : {1, . . . , 4} → {1, . . . , 4} such that u(zi) = wI(i) ∈ X(gi).

We denote the number of points in u−1(wi)− {z1, . . . , zk} by m(wi).
Let Ui be an open neighborhood of zi in C with a uniformizing chart

(Ũi,Z2, bri) where bri : z 7→ z2, and let V be an open neighborhood of wI(i)
uniformized by (Ṽ ,Z2, bri) for bri : z 7→ z2. There is a local holomorphic
lifting ũ of u such that

Ũi
ũ //

bri
��

Ṽ

br
��

Ui u
// V

commutes. Then, from the equivariance with respect to u# : Z2
id→ Z2,

ũ(z) = z2ai+1 for some ai ∈ N≥0.
Since any orbifold Riemann surface is analytically isomorphic to the un-

derlying Riemann surface, the orbifold map u can be regarded as a branched
covering map from P1 to itself. For example, one can use a coordinate z = z2

locally around a marked point zi (where z is a coordinate on Ũi). Then we
have u(z) = z2ai+1 downstairs. We will apply the Riemann–Hurwitz formula
to u viewed as a map between P1.

The ramification index at zi is 2ai + 1 for i = 1, . . . , 4. Except these
orbifold singular points, other points in the inverse image u−1(wi) for i =
1, . . . , 4 have ramification indices which are even positive integers 2eij for

some eij ∈ N (j = 1, . . . ,m(w4)). The Riemann–Hurwitz formula for u tells
us that

2 ≤ 2d−


4∑
i=1

2ai +
4∑
i=1

m(wi)∑
j=1

(2eij − 1)

(B.1)

where d is the degree of u. (Here, 2 in the left hand side is the topological
Euler characteristic of CP1.) If u does not have any branching outside
∪4
i=1u

−1(wi), then the equality holds in (B.1). Since d is the weighted count
of the number of points in the fiber u−1(wi) of u, we have

(B.2) d =
∑

j∈I−1(i)

(2aj + 1) + 2

m(wi)∑
j=1

eij

for each i = 1, . . . , 4. Plugging (B.2) into (B.1), we have inequality

(B.3) 2d ≤ 2 +

4∑
i=1

m(wi).

Equation (B.2) together with eij ≥ 1 implies that

d ≥
∑

j∈I−1(i)

(2aj + 1) + 2m(wi),(B.4)

for each i = 1, . . . , 4. Combining (B.3) and (B.4),∑4
i=1 ai ≤ 0.

Therefore all ai’s are zero from the nonnegativity of ai’s.
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If we do not use the inequality (B.4) and proceed, we have the following
more precise estimate

4∑
i=1

m(i)∑
j=1

eij ≤
4∑
i=1

m(i)

which implies eij = 1 for all i, j. We conclude that u is an orbifold covering
map. �
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