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Ay colored polynomials of
rigid vertex graphs

Wataru Yuasa

ABSTRACT. The Kauffman—Vogel polynomials are three variable poly-
nomial invariants of 4-valent rigid vertex graphs. A one-variable spe-
cialization of the Kauffman—Vogel polynomials for unoriented 4-valent
rigid vertex graphs was given by using the Kauffman bracket and the
Jones-Wenzl idempotent with the color 2. Bataineh, Elhamdadi and
Hajij generalized it to any color with even positive integers. We give
another generalization of the one-variable Kauffman—Vogel polynomial
for oriented and unoriented 4-valent rigid vertex graphs by using the As
bracket and the A2 clasps. These polynomial invariants are considered
as the sl3 colored Jones polynomials for singular knots and links.

CONTENTS
Introduction
Rigid vertex graphs
The A5 bracket and some formulas

LN =

The As colored Kauffman—Vogel polynomial

4.1. Invariants of oriented 4-valent rigid vertex graphs
4.2. Invariant of unoriented 4-valent rigid vertex graphs
5. Computing the Ay colored Kauffman—Vogel polynomials
A computation of [ST(k, l)mn)

A computation of [ST(1,21)]

References

(n,n)

1. Introduction

355
356
358
363
363
367
369
370
371

373

Kauffman considered an isotopy for embeddings of graphs in the 3-space
in [Kau89]. It is called the vertex isotopy and he proved that the vertex
isotopy for a 4-valent graph is generated by a generalization of the Rei-
demeister moves. Kauffman and Vogel defined polynomial invariants for
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regular vertex isotopy classes of 4-valent graphs in [KauV92]. These poly-
nomial invariants are three-variable generalizations of polynomial invariants
of knots: the Homfly polynomials for oriented knots and the Kauffman
polynomials [Kau90] for unoriented knots. A one-variable specialization of
the Kauffman—Vogel polynomial of a regular vertex isotopy class of an un-
oriented 4-valent graph was given by using the Kauffman bracket and the
Jones-Wenzl idempotents (see, for example, Sect. 4.4 in [KauL94]). For an
unoriented 4-valent graph G, this polynomial is defined by the value of the
Kauffman bracket of a skein element obtained by coloring each edge of G
with 2 and replacing 4-valent vertices by a certain type of skein element.
In [BEH16], Bataineh, Elhamdadi and Hajij generalized the one-variable
Kauffman—Vogel polynomials by changing the coloring from 2 to any even
positive integer 2n. There are many invariants of vertex isotopy classes
of graphs, for example, Kauffman and Mishra [KauM13], Juyumaya and
Lambropoulou [JL09] as an invariant of singular knots, Yamada [Yam&9]
as an invariant of spatial graphs, and so on. In [Wul2], Wu showed a re-
lationship between the Kauffman—Vogel polynomial and the MOY graph
polynomial [MOY98]. By using linear skein theory, some invariants of topo-
logical graphs were constructed, for example, in Yokota [Yok96] and Kawa-
goe [Kaw16].

In this paper, we will define one-variable polynomial invariants of the
regular vertex isotopy classes of oriented and unoriented 4-valent graphs.
These polynomial invariants are a skein theoretical generalization of the
one-variable Kauffman—Vogel polynomials. We will construct the As col-
ored polynomials using the As bracket and the As clasps instead of the
Kauffman bracket and the Jones-Wenzl idempotents. These invariants are
generalizations of the colored sl3 Jones polynomials. In fact, the rigid ver-
tex isotopy class of an oriented (resp. unoriented) 4-valent graph G with
no 4-valent vertices is an oriented (resp. unoriented) framed link. In this
case, the As colored polynomials of G is the sl3 colored Jones polynomial
of the oriented (resp. unoriented) framed link colored with one-row Young
diagrams of even length (resp. two-row Young diagrams of the same length).

This paper is organized as follows. We introduce the definition of a 4-
valent rigid vertex graph by diagrams on S? and the generalized Reidemeis-
ter moves in Sect. 2. Next, we define the Ay bracket, the Ay clasps and show
some useful formulas in Sect. 3. In Sect. 4, we define the polynomial invari-
ants of oriented and unoriented 4-valent rigid vertex graphs. In Sect. 5, we
compute these invariants for some 4-valent rigid vertex graphs.

2. Rigid vertex graphs

We will treat diagrammatically regular vertex isotopy classes of embed-
dings of oriented and unoriented 4-valent graphs in S3 through an equiva-
lence class of 4-valent graph diagrams on S?. We briefly explain the geomet-
ric definition of the rigid vertex graphs (see Kauffman [Kau89] for details.)
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FiGURE 1. The Reidemeister moves for 4-valent graph diagrams

The rigid vertex means that the half-edges attaching to the vertex have a
cyclic ordering. An embedding of a 4-valent rigid vertex graphs into S2 is
an embedding of the underlying 4-valent graph into S* with the following
condition. Each embedded vertex v can be replaced by a small disk D, in
S3 and the half-edges at v are attached to D, such that the cyclic ordering
coincides with the orientation of 9D,,.

We deal with the regular isotopy classes of the above graphs in S? as dia-
grams on S? with an equivalence relation generated by Reidemeister moves
(RI) — (RV).

Definition 2.1.

e A 4-valent graph diagram on S? is an immersion of 4-valent graph
into S? whose intersection points are only transverse double points
of edges. At each intersection point, two edges are equipped with
crossing data | %‘\') .

e Two 4-valent grai)h diagrams G and G’ are equivalent if G is related
to G’ by a finite sequence of Reidemeister moves (RI) — (RV) as in
Fig. 2. This equivalence relation is called regular verter isotopy in
[Kau89].

e An oriented 4-valent graph diagram (see, for example [KauV92]) is
a 4-valent graph diagram whose edges are oriented as one of the

following;:
(j){} and (j)(i; :

We call equivalence classes of 4-valent graph diagrams 4-valent rigid vertex
graphs.
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3. The A, bracket and some formulas

We will construct invariants of oriented and unoriented 4-valent rigid
vertex graphs using the linear skein theory corresponding to the quantum
As representation. In this section, we introduce the Ay web spaces, the As
bracket, and the Ay clasps defined by Kuperberg [Kup94, Kup96]. Special
skein elements called the Ay clasps play an important role in construction
of the colored As polynomials for 4-valent rigid vertex graphs.

Let e = (e1,€9,...,&m) be an m-tuple of signs + or —. Let D, denote the
unit disk with signed marked points {exp(27y/—1/m)?~! | j =1,2,...,m}
on its boundary. The sign of exp(2my/—1/m)i~! is given by ¢; for j =
1,2,...,m. A bipartite uni-trivalent graph G is a directed graph such that
each vertex is either trivalent or univalent and the vertices are divided into
the sinks and the sources. A sink (resp. source) is a vertex such that all
edges adjoining to the vertex point into (resp. away from) it. A bipartite
trivalent graph G in D, is an embedding of a uni-trivalent graph into D,
such that any vertex v has the following neighborhoods:

A N PN . AV N PN

'\/i\/' or '+ P—, if v is a sink, '\/i\) or '— P—, if v is a source.
An A, basis web is the boundary-fixing isotopy class of a bipartite trivalent
graph G in D., where any internal face of D, \ G has at least six sides. Let

us denote B the set of Ay basis webs in D.. For example, By _ . _ , )
has the following As basis webs:

+ — + — + ~ + — + — + —
SR

+ - + - + - + - + - + -
The Ay web space Wy is the Q(q%)—vector space spanned by B.. A tangled

trivalent graph diagram in D, is an immersed bipartite uni-trivalent graph
in D, whose intersection points are only transverse double points of edges

with crossing data .y‘ or .%} . Tangled trivalent graph diagrams G

/

and G’ are regularly isotopic if G is obtained from G’ by a finite sequence of
boundary-fixing isotopies and Reidemeister moves, see Figure 2, with some
direction of edges.

Tangled trivalent graphs in D, are regular isotopy classes of tangled triva-
lent graph diagrams in D.. We denote T; the set of tangled trivalent graphs
in D..

Definition 3.1 (The As bracket [Kup96]). We define a @(qé)—linear map
(-)3: Q(qé)T — W; by the following.

.« (X < D, —q3<> {> _q_%<‘/§‘i">3’

(500, = {36, - (),
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FiGURE 2. The Reidemeister moves for tangled trivalent
graph diagrams

“ 3 /3
« (GUIO)), = 181G
where [n] = =4~ is a quantum integer.
q2—q 2

We remark that this map is invariant under the Reidemeister moves for
tangled trivalent graphs.

We next consider the Ay web space Wi+ - =W o ). The
n marked points with sign + lie in the right side and the n marked points

with sign — in left side. We define As clasps ﬂ—nk € W+, inductively
by the following.

Definition 3.2. (The A3 clasps)
—D—L = *L [ Wl++17
n —1 [n - 1] no1[}2(n_1
1 = - Ww. _
o () - ) e

A strand decorated by a nonnegative integer n means n parallelization

of the strand. For example, '\/Lj = )}n , / {— (ﬁ{h , and
K@t

Ag clasps have the following properties.

Lemma 3.3 (Properties of As clasps). For any positive integer n,
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(R~
.<@Z‘H >3:0 (k=0,1,....n—2).

We also define the Ay clasp of type (n,m) according to Ohtsuki and
Yamada [OY97].

Definition 3.4 (the As clasp of type (n,m)).

n—k
n n min{m,n} nl rm n n
) - _1kmm< ! >
m—k
where
nl _ [n]! _ {n}!
k k]'[n — k]! {k}{n —EKk}!
for k < n.

Lemma 3.5 (Property of Ay clasps of type (m,n)).

n—1
<ﬁ}n*1 >3 =0
We use the following graphical notations to represent certain Ay webs.

Definition 3.6. For positive integers n and m,

m

n n
7_@—' € Wi+ +mT+n—4+m—

m

. n n . .
is defined as follows: = 7 e Werigp-y1- form =1,

m m—1 m

n n n n n n n
= for m > 1. We also define o—% € Wit fm—4n—+m+

m m—1 m

in the same way.

Definition 3.7. For a positive integer n,

K € Wt fnt gt
n n 1 1
is defined as follows: Y for n = 1, \K = nl%n—l for
n

n—1
n n

n > 1. We also define \Zkf € Wy-1n—1n- in the same way.
n
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We sometimes omit orientations of A; webs when the orientations obvi-

ously turn out from the previous A, webs.
We review some formulas for the Ay bracket.

Lemma 3.8 ([Yual7]).

mi m2 m1+m2
n
(1) n a&—&» n = n a—&» n,
mp m2 mi+msa

The above equations also hold for the opposite orientations.

Lemma 3.9. Fork=0,1,...,n,

0 (A )= (),
ond (FPCe )= )y

n —

@) (), = i ),

3

3

0 o) =), (), =),

3
Proof. It is easy to prove (1)—(3). See, for example, [OY97].
Lemma 3.10.

W (P )= o F (g,
ot (P ), = Cora¥ D),
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n

@) (n JOE), = (omg (o el

n n

and < n ﬂetgi/\@?) - (_1)nq"26ﬂ< n ﬂetg::@?)

The above equations also hold for the opposite orientations.

Proof. (1) is derived by Lemma 3.5 and the colored As skein relation in
[Yual7] (see Theorem 5.1 in Sect. 5). We only prove the first equation of
) by induction. It is proven by straightforward calculation for n = 1. Set

(2
2 4
Cn = (_1)nq— 6

n—1
(D), = (D),
n—1
n—1 n—1
_ Cl< " ﬂi@%% =G g(n_1)< GaIY TG>3
n—1 "
n—1
= Cyq 3™ 1)(—q%)n71< " ﬂ:%%
n—1
n—1
= Cq s 1)(_qé)n_10"’1< " ﬂj@ék
n—1
L O b
n—1

The last equation is easily derived by using the As skein relation n — 1 times
at the crossing. We applied the following calculation to the second line of
the above equation.

(BF), (3, - ELT), (),

(), - (B,
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n2+3n
6

We can confirm that the coefficient turns out to be C,, = (—1)"¢~
n

and the Ay web in the last term is the same to < n ﬂ«—{{:& >3 by definition.

n

O

4. The A, colored Kauffman—Vogel polynomial

In this section, we will give the definitions of invariants of oriented and
unoriented 4-valent rigid vertex graphs using clasped A webs. These in-
variants are a generalization of Kauffman—Vogel polynomials. Kauffman and
Vogel defined three variables polynomial invariants of 4-valent rigid vertex
graphs. A one-variable specialization of the Kauffman—Vogel polynomial
was given by using the Kauffman bracket and the Jones-Wenzl idempotents
(see Chapter 4.3 in [Kaul94]). The one variable Kauffman—Vogel polyno-
mial was generalized by Elhamdadi and Hajij [EH17b]. This polynomial is
colored by positive even integers. Our invariants, the As colored Kauffman—
Vogel polynomials, for oriented and unoriented 4-valent rigid vertex graphs
are an Ao version of the colored one-variable Kauffman—Vogel polynomials.
The colored one-variable Kauffman—Vogel polynomial of a framed link with
an even color 2n coincides with the colored Jones polynomial of it with the
color 2n. The Ay colored Kauffman—Vogel polynomial of an oriented (resp.
unoriented) framed link with color 2n (resp. (n,n)) coincides with the col-
ored sl3 Jones polynomials of it colored with a Young diagram (2n,0) (resp.

(n,n)).

4.1. Invariants of oriented 4-valent rigid vertex graphs. Let G be
an oriented 4-valent rigid vertex graph diagram.

Definition 4.1. We define [G],,, by the following rules:

(1) [—— H]ﬁ .,

() wa DC] ().
LB ) -5,
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Theorem 4.2. [G],, is invariant under the Reidemeister moves (RI) —

n

(RV).
Lemma 4.3.
0o =5 "o
(FO), o (i ) -0G)
e
(00, () -0G)

Proof. By using the Reidemeister moves for tangled trivalent graph dia-
grams and Lemma 3.10 (2),

S = :F

(-G ( )
+ e
o OCK),

n n

712 n
= (—1)"q_33<

The other identities are also proven in the same way. O

Proof of Theorem 4.2. The invariance under (RI) — (RIV) is guaranteed
by the invariance of As webs under the Reidemeister moves (R1) — (R4) for

tangled trivalent graph diagrams. Thus we show the invariance under the
first move of (RV):

D0, - [, D, =[], e DX, - [,

Other cases can be obtained by changing the orientation of the edges or the
over /under information at the crossing points in the above diagrams. These
cases can be proven in the same way as the proof of the above equations.

Therefore, we only show the above three equations. Let us denote the first
n2+3n

equation of (2) in Lemma 3.10 by C,, = (—1)"¢" " s

(-

2n 2n

(=], - el ) (s

n

= &
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= (qn32)2(qn32)2< n n > :< n n >
3 3

We used Lemma 3.9 (1) substituting n for 2n and k for n in the second line
of the above identities.

Proposition 4.4.
e We can also define [G]g;) by replacing Definition 4.1 (3) with
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(k) 2n 2n () 2nn N _2n
(3—1{) [X] = < 2n—k 2n—k > and [X} = < ﬁ > s

n ol k5, /3 2n on—on /3
for k =0,1,...,2n. We note that the definition (3-n) agrees with
Definition 4.1 (3).

o If G is a singular link, that is, all 4-valent vertices of G are (:rx:},

-~

then there is no need to define the bracket for {X;. In this case, we

can define the invariant for any positive integév:m and 0 < k<m
by replacing Definition 4.1 (3) by

e [ (-3 )
m m B, 3

We denote this invariant for a singular link G by also [G]gf). This
invariant is considered the sl3 colored Jones polynomials for singular
links.

Proof. We only have to show

)Y -[=]" Y- ["]"

m
It is proved in a similar way to the proof of Theorem 4.2 as follows.
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=

(m—k)243(m—k) _ (m—k)?+3(m—k) k

> 3

5

k(m—k) _ k(m—k) k k B 7. k

:(q 3 )2(q 3 )2<k k>:< % >:[X}m
3 m m 3
We used Lemma 3.9 (1), (3) and Lemma 4.3 in the second line. O

4.2. Invariant of unoriented 4-valent rigid vertex graphs. For un-
oriented 4-valent rigid vertex graph, we will define the invariant using the
colored trivalent graphs. Firstly, we represent two types of clasped As web
using colored trivalent graphs with white and black vertices. In general, a
diagrammatic expression of a colored trivalent graph for a As web is given
by Kim [KimO06].

n n n n
We denot b z d by —— .
e denote n:H:n y an H:Hin Yy

Definition 4.5. Let n be a nonnegative integer. For 0 < i < n, we define
two types of trivalent vertices as follows.

n n

is defined by n—i , by n—i
n n 4 n n <
7 7

n n

is defined by n—i , by n—i
n n : n n ]
(2 (2

Let G be an unoriented 4-valent rigid vertex graph diagram.

and

Definition 4.6. We define a polynomial [C_}] by the following rules:

) g = (=),

o [Dd..,-(2C),

n n

o DL, (el ) (),

n n

(n,n)

Theorem 4.7. [C_;]
(RV).

) s invariant under the Reidemeister moves (RI) —

(n,n
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Proof. We show the invariance under the Reidemeister move (RV).

The above calculation is similar to the final calculation of the proof of The-
orem 4.2. We used Lemma 3.10 (1) in the second line. In the same way, we
can show

and

Consequently,

O, -CFEE R

is invariant under the Reidemeister move (RV). O
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5. Computing the A, colored Kauffman—Vogel polynomials

We define the oriented 4-valent rigid vertex graph ST(k,[) and the unori-
ented 4-valent rigid vertex graph ST(k,[) as follows:

st~ {5 XOC- )

k vertices l crossings
k vertices [ crossings

Elhamdadi and Hajij computed the one-variable Kauffman—Vogel invari-
ant for the Kauffman bracket of ST(k,[) in [EH17a]. We only compute the
one-variable Kauffman—Vogel invariant for the Ay bracket in easy cases.

We use the following formulas to calculate the invariants for some exam-
ples. Let us denote a ¢-Pochhammer symbol by

k

(@r =1 -d)

=1
and a g-binomial coefficient by

(Z)q N <q>:?q);n_k

for £ < n. We also define a g-multinomial coefficient as

<n1a nzn : anm)q N (Q)m(Q)(nqz)Tl‘ (@D

where ny,n9,...,n, are nonnegative integers such that

n A+ ng gy, =

Theorem 5.1 ([Yual7, Theorem 3.11]). Let n be a positive integer.

n n

nﬂ\\ 4 > n 2n2—6nk+3k2 n < >
(1) < ﬂ/& = (kg ANIGITR
n \&n 3 kgﬂ ! <k)‘1 % N, 3

n

PGB O3 ),

n n

o ks 5006 )
n n n /3 k=0 n kn3
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@ (FI3F), = I+ 0 (),
(5) <@:n >3 _[n+ 1[]2[{1 + 2]9.

Theorem 5.2 ([Yual7, Theorem 3.17]).

(20 \M

l full twists

_ qf%(n +3n) ¢ K, qzizl(k%+2ki)
O<kl< <ki<n
n kl n
(q)n < n >
X n—k‘l n—kl y
(Q)kl ki’k/27)k2)kl q 3
n kl n

where ki, k| are integers such that
k‘():n, £+1:ki_ki+1 fOTiIO,l,...,l—l.
Theorem 5.3. [Yual7, Theorem 4.2]

n—k m  n-l n—kp ton—l
k l = t—k t—l1
< >3 Zt:maX{kJ} [;j [7/:] [”lL] [7ln] K 1 3

m—k m m—l —t

These formulas work for computations of the one-variable Kauffman—
Vogel polynomials for As. As easy examples, we compute [ST(k, l)](m) (see
Proposition 4.4) and [ST(1,21)] ()

A computation of [ST(k, l)]g,T). From Theorem 5.1(4) and Lemma 3.8(6),
: m m mim m 3 m mim m 3
—m+1) | W]
3 m

m m

We obtain [ST(k, 1)]™ = [m + 1]* "1 [ST(1,1)]'™ . By using Lemma 3.10(2)
l(m2+3m)

and Lemma 3.8(6), [ST(1,1)]"™ = (=1)mq~"" % [m+ 1]. Therefore,

l(m2+3m)
6

[ST(k, )] = (=1)'"q~ [m + 1]%.
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A computation of [ST(1,21)]
ored trivalent graphs.

(nyn)* We prepare an easy lemma for col-

Lemma 5.4. For 0 <i <n,

n n n n n n n n

(3 (3,

3

(=),

Proof. Thus Lemma follows from
The first equation is obtained by applying Theorem 5.1 (1) and (2) to the
center tangle. We expand the clasp of type (i,i) in the center tangle by

using Definition 3.4 and use Lemme 3.9 (1) and (3). Thus, we obtain the
second equation. O

As in the same computation to the proof of Theorem 4.7, we can see

<n fn> _2n2+3n< n
n /3 n/3

(o) O
n /3 n /3

n

and

The above equations and Theorem 5.2 derives:

n n a fn
n n e
n oy I\ g 3

2l crossings

20 (o, 2 " Ve "
:q—§(2n +3n) Z;\;@
n n [q

2l crossings

_ q—2l(n2+2n) Z P qzﬁzl(kfwki)

0<k;<--<ki1<n

) M
(q)kl kllak;éa-'wkz’kl q n n /4

k;
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In the same way, we obtain

n n a 7Fm
n n o e
2l crossings
_ q—zl(n2+2n) Z P qZ§:1(k?+2ki)
0<k;<--<ki<n
ky

x(q)”< n ) . Y
(q)kl kllakéa"'ak27kl q n n /g

ky

The closure of As webs appearing on the right-hand side of the above two
equations are the same planar web with the opposite orientation each other
by Lemma 5.4. Therefore, these webs have the same value. We compute the
value of the closure. For 0 < k; < n,

n n min{n—s+k;,n} mi2 n—
— (_1)5 [8]2 { ZJrkl / [t] [l;} [nt—s] [kl2+nz_:zt] < " n >
- 2n+1 n12r n 12

s=0 [ S+ ] t=max{n—s,k; } [kl] [n—s] 3

] i =
- ¥ ovmana@),

n—k;<n—s<n s ki
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We used Definition 3.4 in the third equation, Theorem 5.3 in the fourth
equation, and Lemma 3.5 in the last equation. We remark that

- [+ 1)° [2n + 2]
<@3>3: +1[2]2 +2

(see, for example, Lemma 5.6 in [OY97]). Consequently,

[ST(1,20)] ()
_ gq 2 +2m) R g i (W 42k:) (Dn < n >
OSkZSZ:Slﬁgn @)k, \Fy K, Ky )
[l /5
| T oo (@
2 ()
= 2q*2l(n2+2n) Z (_1)sqn7klqzzzl(kZZJeri)qs(nikl)iquSQ%g,s

0<s<ky <<k <n

n

(Dn n (Z)q(l?lti)q
- o (kllvkév-~-a f7kl>q(27”1)q(")q<@]>3'

s k;

Acknowledgment. The author would like to express his gratitude to his
adviser, Hisaaki Endo, for his encouragement.

References

[BEH16] BATAINEH, KHALED; ELHAMDADI, MOHAMED; HAJ1J, MUSTAFA. The colored
Jones polynomial of singular knots. New York J. Math. 22 (2016), 1439-1456.
MR3603072, Zbl 1357.57029, arXiv:1602.08628.

[EH17a] ELHAMDADI, MOHAMED; HAJ1J, MUSTAFA. Foundations of the colored Jones
polynomial of singular knots. Preprint, 2017. arXiv:1705.02446.

[EH17b] ELHAMDADI, MOHAMED; HAJ1J, MUSTAFA. Pretzel knots and g¢-series. Os-
aka J. Math. 54 (2017), no. 2, 363-381. MR3657236, Zbl 1373.57030,
arXiv:1512.00129.

[JLO9] JUYUMAYA, JESUS; LAMBROPOULOU, SOFIA. An invariant for singular knots.
J. Knot Theory Ramifications 18 (2009), no. 6, 825-840. MR2542698, Zbl
1188.57010, arXiv:0905.3665, doi: 10.1142/S0218216509007324.

[Kau89] KAUFFMAN, Louls H. Invariants of graphs in three-space. Trans. Amer.
Math. Soc. 311 (1989), no. 2, 697-710. MR946218, Zbl 0672.57008,
doi: 10.2307/2001147.

[Kau90] KAUFFMAN, Louis H. An invariant of regular isotopy. Trans. Amer. Math. Soc.
318 (1990), no. 2, 417-471. MR958895, Zbl 0763.57004, doi: 10.2307/2001315.

[Kaul.94] KAUFFMAN, Louis H.; LINS, SOSTENES L. Temperley—Lieb recoupling the-
ory and invariants of 3-manifolds. Annals of Mathematics Studies, 134. Prince-
ton University Press, Princeton, NJ, 1994. x+296 pp. ISBN: 0-691-03640-3.
MR1280463 (95¢:57027), Zbl 0821.57003, doi: 10.1515/9781400882533.

[KauM13] KaurFrMAN Louts H.; MisHrA, RaMA. Nodal parity invariants of
knotted rigid vertex graphs. J. Knot Theory Ramifications 22 (2013),


http://nyjm.albany.edu/j/2016/22-62v.pdf
http://nyjm.albany.edu/j/2016/22-62v.pdf
http://www.ams.org/mathscinet-getitem?mr=3603072
http://www.emis.de/cgi-bin/MATH-item?1357.57029
http://arXiv.org/abs/1602.08628
http://arXiv.org/abs/1705.02446
http://www.ams.org/mathscinet-getitem?mr=3657236
http://www.emis.de/cgi-bin/MATH-item?1373.57030
http://arXiv.org/abs/1512.00129
http://www.ams.org/mathscinet-getitem?mr=2542698
http://www.emis.de/cgi-bin/MATH-item?1188.57010
http://www.emis.de/cgi-bin/MATH-item?1188.57010
http://arXiv.org/abs/0905.3665
http://dx.doi.org/10.1142/S0218216509007324
http://www.ams.org/mathscinet-getitem?mr=946218
http://www.emis.de/cgi-bin/MATH-item?0672.57008
http://dx.doi.org/10.2307/2001147
http://www.ams.org/mathscinet-getitem?mr=958895
http://www.emis.de/cgi-bin/MATH-item?0763.57004
http://dx.doi.org/10.2307/2001315
http://www.ams.org/mathscinet-getitem?mr=1280463
http://www.emis.de/cgi-bin/MATH-item?0821.57003
http://dx.doi.org/10.1515/9781400882533

374

[KauV92]

[Kaw16]

[Kim06]

[Kup94]

[Kup96)

[MOY98]

[0Y97]

[Wul2]

[Yam89]

[Yok96]

[Yual7]

WATARU YUASA

no. 4, 1340002, 21 pp. MR3055553, Zbl 1270.57013, arXiv:1202.2176,
doi: 10.1142/50218216513400026.

KAurrMAN, Louis H.; VOGEL, PIERRE. Link polynomials and a graphical
calculus. J. Knot Theory Ramifications 1 (1992), no. 1, 59-104. MR1155094,
Zbl 0795.57001, doi: 10.1142/S0218216592000069.

KaAawAGOE, KEeNICHI. On the formulae for the colored HOMFLY polyno-
mials. J. Geom. Phys. 106 (2016), 143-154. MR3508910, Zbl 1341.57007,
arXiv:1210.7574, doi: 10.1016/j.geomphys.2016.02.012.

KiM, DONGSEOK. Trihedron coefficients for U,(sl(3,C)). J. Knot Theory
Ramifications 15 (2006), no. 4, 453-469. MR2221529, Zbl 1105.57013,
doi: 10.1142/50218216506004579.

KUPERBERG, GREG. The quantum G2 link invariant. Internat. J. Math.
5 (1994), no. 1, 61-85. MR1265145, Zbl 0797.57008, arXiv:math/9201302,
doi: 10.1142/S0129167X94000048.

KUPERBERG, GREG. Spiders for rank 2 Lie algebras. Comm. Math. Phys.
180 (1996), no. 1, 109-151. MR1403861, Zbl 0870.17005, arXiv:q-alg/9712003,
doi: 10.1007/BF02101184.

MuRrAKAMI, HITOSHI; OHTSUKI, TOMOTADA; YAMADA, SHUJI. Homfly poly-
nomial via an invariant of colored plane graphs. Enseign. Math. (2) 44 (1998),
no. 3-4, 325-360. MR1659228, Zbl 0958.57014.

OHTSUKI, TOMOTADA; YAMADA, SHUJI. Quantum SU(3) invariant of 3-
manifolds via linear skein theory. J. Knot Theory Ramifications 6 (1997), no. 3,
373-404. MR1457194, Zbl 0949.57011, doi: 10.1142/S021821659700025X.

Wvu, Hao. On the Kauffman—Vogel and the Murakami—Ohtsuki—
Yamada graph polynomials. J. Knot Theory Ramifications 21 (2012),
no. 10, 1250098, 40 pp. MR2949230, Zbl 1262.57012, arXiv:1107.5333,
doi: 10.1142/50218216512500988.

YAMADA, SHUJI. An invariant of spatial graphs. J. Graph Theory 13 (1989),
no. 5, 537-551. MR1016274, Zbl 0682.57003, doi: 10.1002/jgt.3190130503.
YOKOTA, YOSHIYUKI. Topological invariants of graphs in 3-space. Topol-
ogy 35 (1996), no. 1, 77-87. MR1367276, Zbl 0858.05037, doi: 10.1016/0040-
9383(95)00002-X.

YuasA, WATARU. The sl3 colored Jones polynomials for 2-bridge links. J.
Knot Theory Ramifications 26 (2017), no. 7, 1750038, 37 pp. MR3660093, Zbl
1376.57016, arXiv:1609.07289, doi: 10.1142/S0218216517500389.

(Wataru Yuasa) DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY,
2-12-1 OOKAYAMA, MEGURO-KU, TOKYO 152-8551, JAPAN
yuasa.w.aa@m.titech.ac. jp

This paper is available via http://nyjm.albany.edu/j/2018/24-19.html.


http://www.ams.org/mathscinet-getitem?mr=3055553
http://www.emis.de/cgi-bin/MATH-item?1270.57013
http://arXiv.org/abs/1202.2176
http://dx.doi.org/10.1142/S0218216513400026
http://www.ams.org/mathscinet-getitem?mr=1155094
http://www.emis.de/cgi-bin/MATH-item?0795.57001
http://dx.doi.org/10.1142/S0218216592000069
http://www.ams.org/mathscinet-getitem?mr=3508910
http://www.emis.de/cgi-bin/MATH-item?1341.57007
http://arXiv.org/abs/1210.7574
http://dx.doi.org/10.1016/j.geomphys.2016.02.012
http://www.ams.org/mathscinet-getitem?mr=2221529
http://www.emis.de/cgi-bin/MATH-item?1105.57013
http://dx.doi.org/10.1142/S0218216506004579
http://www.ams.org/mathscinet-getitem?mr=1265145
http://www.emis.de/cgi-bin/MATH-item?0797.57008
http://arXiv.org/abs/math/9201302
http://dx.doi.org/10.1142/S0129167X94000048
http://www.ams.org/mathscinet-getitem?mr=1403861
http://www.emis.de/cgi-bin/MATH-item?0870.17005
http://arXiv.org/abs/q-alg/9712003
http://dx.doi.org/10.1007/BF02101184
http://www.ams.org/mathscinet-getitem?mr=1659228
http://www.emis.de/cgi-bin/MATH-item?0958.57014
http://www.ams.org/mathscinet-getitem?mr=1457194
http://www.emis.de/cgi-bin/MATH-item?0949.57011
http://dx.doi.org/10.1142/S021821659700025X
http://www.ams.org/mathscinet-getitem?mr=2949230
http://www.emis.de/cgi-bin/MATH-item?1262.57012
http://arXiv.org/abs/1107.5333
http://dx.doi.org/10.1142/S0218216512500988
http://www.ams.org/mathscinet-getitem?mr=1016274
http://www.emis.de/cgi-bin/MATH-item?0682.57003
http://dx.doi.org/10.1002/jgt.3190130503
http://www.ams.org/mathscinet-getitem?mr=1367276
http://www.emis.de/cgi-bin/MATH-item?0858.05037
http://dx.doi.org/10.1016/0040-9383(95)00002-X
http://dx.doi.org/10.1016/0040-9383(95)00002-X
http://www.ams.org/mathscinet-getitem?mr=3660093
http://www.emis.de/cgi-bin/MATH-item?1376.57016
http://www.emis.de/cgi-bin/MATH-item?1376.57016
http://arXiv.org/abs/1609.07289
http://dx.doi.org/10.1142/S0218216517500389
mailto:yuasa.w.aa@m.titech.ac.jp
http://nyjm.albany.edu/j/2018/24-19.html

	1. Introduction
	2. Rigid vertex graphs
	3. The A2 bracket and some formulas
	4. The A2 colored Kauffman–Vogel polynomial
	4.1. Invariants of oriented 4-valent rigid vertex graphs
	4.2. Invariant of unoriented 4-valent rigid vertex graphs

	5. Computing the A2 colored Kauffman–Vogel polynomials
	A computation of [ST(k,l)]m(m)
	A computation of [(1,2l)](n,n)

	References

