New York Journal of Mathematics
New York J. Math. 24 (2018) 389-403.

Power bounded composition operators
on weighted Dirichlet spaces

Hamzeh Keshavarzi and Bahram Khani-Robati

ABSTRACT. In this paper, we study power bounded composition oper-
ators on weighted Dirichlet spaces D,. As applications, we give the
necessary and sufficient conditions for the composition operators to be
Riesz operator on D,, when C, is power bounded on Dg, for some
0 < B8 < a. For a > 1, we completely characterize the Riesz composi-
tion operators on D,. Moreover, we investigate the functions f € D,,
when f o ¢, is convergent or lim, o f o ¢, = 0, in D,. Some of the
techniques developed in the paper are not new but lead to new results.
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1. Introduction

Let D be the unit disk in the complex plane and H (D) be the class of all
analytic functions on D. Let ¢ be a function analytic on the unit disk such
that (D) C D. A composition operator on H (D) is defined by C,f = fop
for every f € H(D).

An operator T, on a Hilbert space H, is called power bounded if {T"}
is a bounded sequence in B(H), the space of all bounded operators on H.
Many authors studied the power bounded composition operators on different
spaces, see [1, 2, 3, 4, 8, 15, 16]. In this paper, we study these operators on
weighted Dirichlet spaces Dy, when —1 < o < 1.
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The operator T : H — H is said to be a Riesz operator if
lim [|77]|/™ = 0.
n—ro0

Where ||.||e denotes the essential norm on H. J. H. Shapiro and P. D. Taylor
in [14] have shown that if C,, is compact on H?, then ¢ cannot have an angu-
lar derivative at any point of the boundary of the unit disk. Using Carleson
measure techniques, MacCluer and Shapiro [11] proved the Shapiro-Taylor
result in the more general setting of the weighted Dirichlet spaces, D, and
showed that, for composition operators C,, acting on AL (a > —1), the
non-existence of the angular derivative for ¢ is also sufficient condition for
compactness of the composition operator Cy,. In this paper, we show that
the Riesz composition operators, also, have a straight relationship with the
angular derivative. Indeed, we prove that if 0 < 8 < a and C, is power
bounded on Dg, then

3=

C, is a Riesz operator on D, <= nhj& (52(19%) (¢, @n)) = 00,

where ¢,, denotes the n-th iterate of ¢ and d((, ¢,) is the angular derivative
of ¢, at (. Moreover, we show that when a > 1, the above statement holds
without assuming the power boundedness of Cy,. In [5] and [13], some results
about Riesz composition operators have been given.

Our manuscript is organized as follows: In section 3, we give the nec-
essary and sufficient conditions for the power boundedness of composition
operators on D,. In Theorem 3.2, the characterization is done by using
Carleson measure. In Theorem 3.4 we give another characterization for the
power boundedness of composition operators on D, when 0 < a < 1. In
section 4, we investigate the Riesz composition operators on D,. As an
another application, for a power bounded composition operator Cy, on D,
we characterize the following sets

Ocalp) ={f € Do : Cy, [ is convergent}
and
Boale) = {f € D lm [[Cy, f = 0},

Finally in section 5, we present several examples related to our results.

Throughout this paper, A(z) < B(z) on a set S means that there exists
some positive constant C' such that for each z € S, we have A(z) < CB(z).
Also we use the notation A(z) < B(z) on S, to say that there are some
positive constants C' and D such that CB(z) < A(z) < DB(z) for each
z€eS.

2. Preliminaries

Let o > —1, the weighted Bergman space A, is the space of all f € H(D)
for which

£l = /D [F(2)P(1 = [2*)*dA(2) < oo,
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where A is the normalized area measure on ID. Also, the space of all analytic
functions on the unit disk D, whose derivatives are in A, with the norm given
by

115 = LFOP + 111,
is called the weighted Dirichlet space and is denoted by D,. These spaces
with the above norms are Hilbert spaces. The space D, is a reproducing
kernel Hilbert space with kernel functions

Ko@) =3 T2 anad K=Y
w (11 1\l-a wllae — (11 1\l-«a
= (k1) = (k+1)

Which means that the functions K, are in D, for all w € D and (f, K,) =
f(w). Also evaluation of the derivative of functions in D, at w is a bounded
linear functional and (f, K,) = f'(w), where by [6, Theorem 2.16]

ek - 2’w‘2k 1)
K 4=
D= >k o KL =t

For oo > 0 we can see that

1 1
Kol? = ——— —_—
ol = 7wy (= [wP)
The pseudohyperbolic distance between the points z and a in D is defined
a—=z

as p(z,a) = |pa(z)], where pq(2) = ==. The pseudohyperbolic disk with
center a and radius r € (0,1) is

Afa,r) ={z: p(z,a) <r}=¢a(A(0,1)) = pa({z: [2] <T}).
For ¢ an analytic self-map of the unit disk and w # ¢(0), a point of the

plane, let zj(w) be the points of the disk for which ¢(z;(w)) = w, with their
multiplicities. Let o > —1, the generalized Nevanlinna counting function is

Npa(w) = Z(l - ’Zj(w)|2)a7

J

and || K,[I5 =

where we understand N, o(w) = 0 for w which is not in ¢(ID). For conve-
nience, we introduce two notations:

* p— 7 that is, the sequence {f,,} converges to f uniformly on com-
pact subsets of D.
° fn%) 7> that is, the sequence {f,} converges to f in the norm of D,,.

The following theorems are key theorems of this paper, for the proofs see
[6, Theorem 2.35, Theorem 2.44 and Theorem 2.51].

Theorem 2.1. (Julia-Carathéodory Theorem) For ¢ : D — D analytic and
¢ in 0D, the following are equivalent:
(1) d(¢, ) = liminf, ¢ (1 = |@(2)])/(1 = |z]) < o0,
(2) ¢ has finite angular derivative ¢'(¢) at .
(3) Both ¢ and ¢’ have finite nontangential limits at ¢, with |n| =1 for
n = lim; 1 SO(TC)'



392 HAMZEH KESHAVARZI AND BAHRAM KHANI-ROBATI

Moreover, when these conditions hold, we have lim,_1 ¢'(r{) = ¢'(¢) =

d(¢, p)¢n and d((, ) is the nontangential limit lim,_,¢(1 — |p(2)|)/(1 —|2]).

Theorem 2.2 (Denjoy-Wolff Theorem). If ¢, not the identity and not an
elliptic automorphism of D, is an analytic map of unit disk into itself, then

there is a point w in D so that (pn“_'i —.

The point in the above theorem is called the Denjoy-Wolff point of ¢.
Indeed, the Denjoy-Wolff point of ¢ can be described as the unique fixed
point of ¢ in D with |¢'(a)| < 1, see [6, page 59] .

Theorem 2.3 (Change of Variable Theorem). If g and W are non-negative
measurable functions on D and ¢ is a holomorphic self-map of D, then

/g(sO(Z))90/(2)|2W(Z)dz4(2)=/ g(w)Ny,w (w)dA(w).
D

(D)

3. Conditions for Power Boundedness

In this section, we characterize the power bounded composition operators
on weighted Dirichlet spaces D,, when —1 < o < 1. When « > 1, the result
is obvious. Indeed, if &« > 1, then D, = A,_2 and their norms are equivalent
and

1 a 1+ [@a(0)]*\
(3.1) (W) < Coull, s < (W> '

Therefore, if ¢ has a Denjoy-Wolff point, then C, is power bounded on D,
for a > 1, if and only if the Denjoy-Wolff point of ¢ is in D. It is clear that
if ¢ is the identity or an elliptic automorphism of D and o > —1, then C,, is
power bounded. Indeed there are some A € 9D and some disk automorphism
©q such that ¥ = @, 090 pa(2) = Az. So ¥y, = @4 0 @p 0 Pa(z) = A"z.
Throughout this paper, ¢ is an analytic self-map of DD which is not the
identity and not an elliptic automorphism, so ¢ has a Denjoy-Wolff point.
Now we are going to prove our main results. First, we need the following
lemma.

Lemma 3.1. (¢) [7, Lemma 4, page 42| In each pseudohyperbolic disk
Al(a,r), the function kq(2) = (1 —@z)~?2 satisfies the sharp inequali-
ties

1 —rlal\2 1+ 7lal\2 .
< < .
(1 — |a\2) < |ka(2)] < (1 — \a|2> , for all z in A(a,r)

(23) [17, Proposition 4.5] If r € (0,1) is fired and z € A(a,r), then
A(A(z,1) = (1= [2*)? = (1= [af*)? =< A(A(a, 7).

(13i) [7, Lemma 12, page 62] For each pseudohyperbolic radius r € (0,1),
there exists a sequence {ar} of points in D and an integer N such
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that
U Alag,r) =D
k=1

and no point z € D belong to more than N of the dilated disk
A(ay, R), where R = 1(1+7).

(tv) [7, Lemma 13, page 63] If 0 < r < 1, and f is analytic in D, then
for arbitrary a € D and for all z € A(a,r),

4(1-R)™

z 2 e E———
6P < i By

/ |£(O)2dA(C), where R = 3(1 +7).
A(a,R) 2

(v) [9, Theorem 1.7] Independently of a in D,

(1—|2*)dA(z) _ 1 ,
/D T azrerd ~ (1= [aR) if d>0, ¢c>—1.

Theorem 3.2. Let ¢ be an analytic self-map of the unit disk which is not
the identity or an elliptic automorphism. Then

1) if 0 < a < 1, then C, is power bounded on Dy, if and only if ¢ has
©
its Denjoy- Wolff point in D and for every 0 < r < 1,

f Ng,.a(2)dA(2)

A(a,r)
3.2 sup
(32) wiben (L [af2)ar

< 0Q;

(1) if =1 < a < 0, then C, is power bounded on D if and only if for
all 0 < r <1, Equation 3.2 holds.

Proof. (i): Let C, be power bounded on D,. Hence, there is some positive
constant C' such that for any f in the unit ball of D, and n € N, |f(¢,(0))] <
C. Thus, if n € N, then || K, () [[< C. But we know that lim |, [|[ K. | =
00, hence there exists some 0 < r < 1 such that ¢,(0) € D, n € N. If
w € D is the Denjoy-Wolff point of ¢, then lim, .o ¢, (0) = w. Therefore,
w must be in D. Now we show that Equation 3.2 holds. Let

fa(z) = (1 —la’)'*3 / @_iié)zm'

0
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/ (1 - ‘a|2)1+% ]
So fa(z) = m. By using power boundedness of C, and Lemma
3.1, part (v),
(f )Nwma(g)dA(Z) (1—| |2) +2
A(a,r _1al2)e
(1 — |a‘2)a+2 5 / WNS%,&(Z)GZA(Z)

A(a,r)

(1= Jo)+> :
< | e Nena(2)AE) < oo oully

(1~ Jaf2)+2 .
S Wl = [ o (= ) A ~
D

Conversely, let w in D be the Denjoy-Wolff point of ¢ and Equation (3.1)
holds. So, lim, 00 ¢ (0) = w. Thus, there is some 0 < r < 1 such that
{©n(0)}neny € rD. Therefore, for f in the unit ball of D,

[ (en(O)” < [ Kp,lla < 1513

Let {ar} be the sequence in Lemma 3.1, part (7). By using Lemma 3.1,
Fubini’s theorem and Equation 3.2,

/ PN 0 (A < S | 17PN, a()aa)

b= IA(%,
3 2
- ;; 1—\ak\ / / )P Nga(2)dAQ)dA(2)
f )an,a( )dA(Z)
ak,r B e
; ;A/ (1= Jag[2)+2 ) (1= ¢P)dAQ)
S Y [ IFQPa-Ier A < ¥
F=1A(ay,R)

Therefore, there is some C' > 0 such that

1 o @nll2 = 1f (en(O) + / F/(2) 2N, (2)dA(2) <] K, |2 +CN.

(74): Let f be in the unit ball of D,. Then

oo

Pn
50 bnOF < 1K 0 —Z(LH W

Jj=
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Since ae < 0

> 1

27<oo.
. 1_

Ui

Therefore, C,, is power bounded if and only if

sup / ()N, a(2)dA(2) < oc.
neN,feBallDy 2

Similar to the proof of part (i) we can show that the above inequality is
equivalent to Inequality 3.2. O

By using the following proposition, we give a better characterization,
Theorem 3.4, for the power boundedness of composition operators on D,,
when 0 < a < 1.

Proposition 3.3. [12, Proposition 2.1] Let 0 < o < 1 and 0 < p < 0.
Suppose that ¢ be an analytic self-map of the unit disk. Then there is a
positive constant C' = Cp, < oo such that

Nyl < |,f| /B N o (w)PdA(w),

where ¢ € D\ {¢(0)} and B is any Euclidean disk centered at { contained
in D\ {¢(0)}. Moreover, one can take C =1 if p > 1.

Theorem 3.4. Let 0 < a < 1 and ¢ be an analytic self-map of the unit
disk which is not the identity or an elliptic automorphism with w as its
Dengoy- Wolff point. Then C, is power bounded on Dy, if and only if

e w s in D,
e {vn} is a bounded sequence in D,
o there exists some C > 0 such that if n € N and |a|] > M, then

N, n’@(a‘)
Tt < C-

Proof. Let C, be power bounded. By using the preceding theorem, w must
be in D. Since ¢, = C,, 2, the second condition also holds. For the third
condition, suppose that |a| > M and D(a) = {z: |¢—a| < 3(1—|a])}.
Easily we can see that every point in D(a) has modulus greater than |, (0)].
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Therefore, by Proposition 3.3 and Lemma 3.1,

f an,a(z)dA(Z)
Ngon,a(a) D(‘l)

(1 —lal)> ~ Ial )ot?

|a| a+2
T g Nena(2)4A(2)
(a)

A

)

1 |a| a+2
< 1 _ az\4+2a N‘Pnaa(z)dA(Z)
D

1 — |al?)t? o
s [oEE - yaac) <
D

Conversely, let the above conditions hold. Let f be in the unit ball of D,.
Then

/ (2PN a(2)dA(z) = / ()N, o(2)dA()

|2 > 1 O
b I OPNaAR)
|2|< HHen (Ol
<o [ IrEPa- A
e

2
bR olB [ Vo)A
| |<1‘H<Pn(0)‘
< CH+[K, Ltlen(©) 2 llenlla-
Where the first two conditions of the theorem show that the last quantity
is bounded above. ([

Remark 3.5. In Example 5.3, we present an analytic self-map of the unit
disk which has its Denjoy- Wolff point in D, but is not power bounded on D,,
when 0 < a < 1. Also, we give another analytic self-map of the unit disk in
Example 5.5 whose Denjoy- Wolff point is in the unit circle, however, it is
power bounded on Dg, for —1 < a < 0.

Remark 3.6. By Lemmas [10, Lemma 2.2 and Lemma 2.3, if « > 0 and

©(0) =0, then
< 3] ], Noalwiaatw),

where ¢ € D\ {0} and B is any Fuclidean disk centered at ¢ contained in
D\ {0}. Now if p(0) # 0, then by [10, Lemma 2.1], there exists some positive
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constant C(«) depending only on « such that

C(a)
Neal©) < (g7 = o J, Ve WA

Therefore, by using an argument similar to the proof of Theorem 3.4, we

can show that if Cy is power bounded on Dy, o > 0, then there exists some
C > 0 such that if n € N and |a| > M, then é\{i"la‘TQ(;lg <C.

4. Applications

In this section, we give some applications of our results obtained from the
preceding section.

4.1. Riesz composition operators. We denote by ||.||co the essential
norm of operators on D,,. Pau and Perez in [12, Theorem 3.2], for 0 < o < 1,
independently of ¢, showed that

. Ne,a(?)
1CL|1? ,, = lim sup —2222
e TS (L= 2)e

By using [6, page 136] and Remark 3.6 and with an argument similar to the
proof of [12, Theorem 3.2] we can show that the above inequality is also true
for a > 1. Thus, if o > 0, then C, is a Riesz operator on D, if and only if

Ny, .o 3
(4.1) lim (hmsupM)? —0.

n—oo \ 151 (1—[2])>

Theorem 4.1. Let 0 < 8 < a and C, be power bounded on Dg. Then C,
is a Riesz operator on D, if and only if

S|=

(4.2) Jim. (Cnel(i)%d(é,wn)) = 0.

Proof. («<): Let r = sup,en M, so 3 < r < 1. By using Remark 3.6,

there is some C > 0 such that if a € D\ 7D, then
No, 5(a)
cpnzﬁ < C
(1—laf?)P =
Also, let z(a) be a point in I with minimum modulus where ¢(z(a)) = a.
Hence
N, 1-— 2ya=8 N,
hm Sup Wn,a(ai < hm Sup (( ‘Z(ag‘ )a ‘Pnaﬁ(s’)ﬁ
jaj»1 (1 —lal) jaj>1 \ 1 —|al (1= lal?)
1— Zya—p 1-— -8
(LR < Gt (L)
T P AT Tenta)
C

. d O(—,B.
min (¢, on)

’ 2

IN
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Therefore,
N, & e
lim <lim sup M) < lim ( min d((, SOn)) =0.
n=0o \ 51 (1= la])® n=r00 \ (€D

(=): it is trivial by the known estimate

. 11—z %
|Cy, lle,a > limsup <7) .
=0\ = en(2)]?

O

Corollary 4.2. Let o > 1 and ¢ be an analytic self-map of the unit disk
which is not the identity or an elliptic automorphism. Then C, is a Riesz
operator on Dy, if and only if Fquation 4.2 holds.

Proof. We show that both of our conditions imply that ¢ has its Denjoy-
Wolff point in . So C, is power bounded on every Dg, where 8 > 1. Then
by using Theorem 4.1, the proof is complete. Let C, be a Riesz operator
on D, and w, the Denjoy-Wolff point of ¢, be in the unit circle. We can
easily see that w is the Denjoy-Wolff point of any iterate function ¢, and
d(C, pn) < 1. Hence,

122 &
1Colle,a = limsup(¢>2

2o M= |on(2)?
N <<H€1(19%dt€h780n))2 = <d(w>190n>>2 =1

This contradicts the assumption that C, is a Riesz operator. Thus, w is
in D. Now let Equation 4.2 hold. Hence, the angular derivative of ¢, at
any point of unit circle converges to infinity as n — oco. Thus, again the
Denjoy-Wollff point of ¢ cannot be in 0D. (]

4.2. Characterization of sets U, o (¢) and Ugp,o(p). For a positive con-
stant  and an analytic function f on D we define

Q(f) ={z €D |f()*(1 - [2)*+* > 5}

Theorem 4.3. Let a > 0, ¢ be an analytic self-map of D with Denjoy- Wolff
point w and let Cy, be power bounded on Dy. Then f is in U q(p) if and
only if for each 6 > 0,

N, a(2)dA(2) B

(4.3) lim = 0.

e | =P
Q5(f")

Moreover, f is in Uga(p) if and only if f(w) =0 and equation 4.3 holds.
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Proof. Let f be in D,. Since w is the Denjoy-Wolff point of ¢, we have
fo%uf'cf(w)- Thus, f is in U q(p) if and only if

lim /f’(z)\ZNwma(z)dA(z) =0.

If for some 6 > 0, Equation 4.3 does not hold, then there is a sequence {ny}
in N and some positive constant € such that for any k£ € N we have

> €.

/ No,, a(2)dA(z)
(1 _ |Z’2)Oé+2
Qs(f)

Thus

[17@P N a@dAG) = [ 17PN, a()dA)
D Qs (1)
N

> 0 / %d%l(z)>5a

Qs(f)

Conversely, let f be in D, such that Equation 4.3 holds. Let € > 0 be
arbitrary. We choose 0 < § < ¢ sufficiently small such that

[ irera - e <
Qs(f1)°

Now for this d, there is some N € N such that for each n > N

Nipa(2)
Qs(1")

Thus,

| 1@, @A) S 1P | sz)«wu?

Qs(f") Qs(f')
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Also,

()N, a(2)dA(z) = / (22N, a(2)dA(2)
Qs(f)e Qs (f)enrD
+ / (22N a(2)dA(2)
Qs(f")e\rD

< | MdA<z>

1— [z[2)o+2
Qs(f7)enrD

e / P - [2P)dA(2)
Qs(f')e\rD

_llgul?

< 7(1 —2ya? + Ce.

Therefore,

/ (2PN, a(2)dA(z) = / 1/ (2) 2N a(2)dA(2)
D Qs(f")
" / 1/ (2) 2N a(2)dA(2)
Qs(f")e

2 ||90n
(115 + (T —r2)a2

I

IN

+ CO)e.

5. Examples

A well-known fact is that if C, is compact on D, then ¢ has its Denjoy-
Wolff point w in D. So for a > 1, if C, is compact on D, then it is power
bounded.

Example 5.1. Let —1 < a < 0 and ¢ be an analytic self-map of the unit
disk. If Cy, is compact on Dg, then it is power bounded.

Proof. Since C, is compact, we have ¢(D) C D. Thus, there is some
positive constant C' such that

HK/H(Z)Hi <C, VzeD, Vn eN.
Also, %u_‘i —, SO %";c) 5- Hence, there exists a D > 0 such that

WL (p(2))? <D, VzeD, VneN.
Finally, if f is in the unit ball of D, then

/D!f’(son+1(2))I2\s0§1+1(2)|2(1 — |21*)*dA(z)
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/II () alen (@D Pl ()21 = [2*)*dA(2)

< CDllel3.
O

Example 5.2. Let o > —1, ¢ be an analytic self-map of the unit disk, and
w be its Denjoy- Wolff point. If C, is compact and power bounded on D,,
then for any [ in Da, we have fo%Df“ﬂw). Moreover, Uco(p) = Do and
Uoalp) ={f €Dy : flw)= O} Indeed, if f is in Dy, then the sequence
{fopn} is bounded and W. Therefore, by the compactness of C,,

Do
foon—r f(w)”

Example 5.3. Let p(z) = 22, so for anyn in N, ¢,(z) = 22" and

lonl® = (1 +27)"

So C, is not power bounded on Dy, for =1 < a < 1, however, since zero is
the Denjoy- Wolff point of ¢, C, is power bounded on each D, for o > 1.
Also, by using Schwartz Lemma

_ 1 — |on(2)]?
27|22 < e
L =) < T
Thus, if ¢ is in unit circle, then d(C,¢n,) > 2". Therefore, Corollary 4.2

implies that Cy, is a Riesz operator on every D, when o > 1.

Example 5.4. Let ¢ be a univalent self-map of D with Denjoy- Wolff point
in D. Then for any a > 0, C, is power bounded on D,. We can easily see
that there is a positive constant C, independently of ¢, such that if z € D,
then

C
1= |2 € o (1 = |o(2)[%).
1— |(0)]?
Thus, there is a D > 0 such that for any z € D and any n € N
1—[2[* < D(1 — |pn(2)[*)-
Thus,

[ A=lent(2)P)2dA(z) D [ (1—]z*)*dA(2)

A(a,r) < A(a,r)
(1 _ ‘a|2)2+06 - (1 _ |a‘2)2+04

< D°C,.

Example 5.5. Consider ¢(z) = $(1+2z). Then for any —1 < a <0, C,, is
power bounded on D,. However, the Denjoy- Wolff point of ¢ is 1 € OD.

Proof. We can see that

n

1 1
Son(z) = 21 + 27 *
=1
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Hence, ¢,,(0) = 1 — 5 and ¢},(z) = 5. Let f be in the ball of Dy so f’ is

2n

in the ball of A,. Therefore,

/le’(wn(Z))PI%(Z)z(l = |2)*dA(z)

2\ «a
- 5 /D [F(on(2)) (1 = |2])*dA(2) < 2;(%) ;

2a+2 1 2 a2 1 2
= 2 2 =2 12
220 A = |en(0)] 2n — 2n[1 — |

1

:2a+2(1 - )2§2o¢+2_

2n
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