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Off-diagonal sharp two-weight estimates
for sparse operators

Stephan Fackler and Tuomas P. Hytonen

ABSTRACT. For a class of sparse operators including majorants of sin-
gular integral, square function, and fractional integral operators in a
uniform manner, we prove off-diagonal two-weight estimates of mixed
type in the two-weight and A.-characteristics. These bounds are known
to be sharp in many cases; as a new result, we prove their sharpness for
fractional square functions.
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1. Introduction

We prove two-weight L) — L, estimates for sparse operators
r 1/r

(L1) ae (=3 (e /Q 7 10)

QeS
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where S is any sparse collection of dyadic cubes as defined below. By now
it is known that such Aga dominate many classical operators 7" in the sense
of pointwise estimates of the type

N
(1.2) Tf()| S AST IS (@),
j=1

where the collections §; depend on the function f, but the implied constants
do not, and so the norm estimates for Ag’a, uniform over the sparse collection
S, imply similar estimates for the corresponding 7.

Our main result reads as follows:

Theorem 1.1. Let 1 < p < g<o00, 0 <r<oo, and 0 < a < 1. Let
w,0 € A be two weights. Then AZ™(-o) maps Ly — L if and only if the
two-weight Ay, -characteristic

[w, 0] 45 (s) = sup |Q " w(Q) 1o (Q)¥
QES

is finite, and in this case

145° (ol g g

(13) 1<
[w, o4, (s)
1 (1_1y,
< [a]%m + [;u]AT%O P ) unlesslp = q2> r 1(md2a <1,
S, bene Taeaeny -, o)
win, 7 lola, 7 wln, 7 Clelal

where x4 = max(x,0) in the exponent.

The necessity of the Aj, -condition, and the lower bound in (1.3), follows
simply by substituting f = 1 for any () € S and estimating

AL (fo) > 475, (fo) = QI 0(Q)1a.

so the main point of the theorem is the other estimate.
Theorem 1.1 includes several known cases: (The “Sobolev” case

I/p—1/g=1-a

of these results, together with multilinear extensions, can also be recovered
from the recent general framework of [ZK16].)

e For r = o = 1, (1.2) holds for all Calderén-Zygmund operators.
The most general version is due to [Lacl7], with a simplified proof
in [Lerl6], but its variants go back to [Ler13]. The bound (1.3) in
this case was obtained in [HP13] for p = ¢ = 2 and in [HLal2] for
general p = ¢ € (1,00). These improved the Ay theorem of [H12]
by replacing a part of the Ay or A, constant by the smaller A
constant.
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e Forr = 2and a = 1, (1.2) holds for several square function operators

of Littlewood—Paley type [Lerll]. For p = ¢, the mixed bound (1.3),
even for general r > 0, is from [LacL16]; this improves the pure A,
bound of [Ler11].

For r = 1 and 0 < a < 1, (1.2) holds for the fractional integral

operator
L@ = [ IO,

a |z —y["7

when o« = 1 — v/n [LacMPT10]. When also p < ¢, (1.3) is due to
[CrUM13a]. The “Sobolev” case with 1/p —1/¢g =vy/n=1—«a €
(0,1) was obtained by the same authors in [CrUM13b], elaborating
on the pure Ay, bound of [LacMPT10]. Additional complications
with p = ¢, which lead to the weaker version of our bound (1.3),
have been observed and addressed in different ways in [CrUM13a,
CrUM13Db]; see also the discussion in [CrU17, Section 7].

For 0 < r < 1 and o = 1, the operators (1.1) can be related to
certain “rough” singular integral operators. Namely, several recent
works starting with [BFP16] have established sparse domination for
ever bigger classes of operators 1" in the form

T (C / W)l/s Ch / rgr'f)l/tm;r,

Qes

for some s,t > 1; this is weaker than (1.2), but still very powerful
for many purposes. For s > 1 = t, the above domination can be
written as

s B 1/s
sl s (a8 11)" o).

reducing LP bounds for T to LP/* bounds for Agl, where r = 1/s €
(0,1). In particular, [CoACDPO17] have proved the bound (1.4)
when T = T is a homogeneous singular integral with symbol 2 €

L&(S™1); in this case one can take any s > 1 with implied constant
s'=s/(s—1)in (1.4). Thus

/ 1/s,1 1/s
||TQ||L5_>L5 <s SngAS (’O‘p/s)HLg;jS*)Lg/s?

pls = wl=®/9)" is the LP/* dual weight of w. From the sharp
reverse Holder inequality for A,, weights [HP13] one checks, for

where o

s = 1+6d/[U]AOO,
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S lw,opliy = Wl

With a similar estimate for the adjoint T¢; : Lglp — Lg/p, this repro-
duces the bound

ITalluz -z S WP (WY + o)

oo

that [Jp/s]Aoo ,S [Jp]Aoo and [W)O'p/s]A;/S /s

) min([w]a, [op]a.) S W%,
from [LiPRR17], an elaboration of earlier results for the same oper-
ators by [CoACDPO17, HRT17]. (Since we only reconsider known
results here, we leave the details for the reader.)

Certainly, there are also important developments not covered by Theo-
rem 1.1. We have used the A,, assumption on the weights to bootstrap the
generally insufficient two-weight condition [w, o] Az (8) < 00 Other promi-
nent assumptions found in the literature include:

e Orlicz norm bumps, studied in [CrUMP12, Lerl3, CrUM13a],
[CrUM13b, CrU17] and others, with early history in [Neu83, Pér94a,
Pér94b;

e testing conditions, pioneered in [Saw82, Saw88], with a recent cul-
mination in [LacSaSUT14, Lacl4]; and

e entropy bumps, introduced in [TV16] and studied in[LacSp15, RS16].

However, an in-depth discussion of any of these topics would take us too far
afield. (We will use certain testing conditions as a tool, though.)

While some parameter combinations seem to be new in Theorem 1.1,
we do not insist too much on this. Our main contribution is the unified
approach that covers all these cases at once, without being much longer than
the proofs of the existing special cases. On the level of technical details, we
build on the previous approach of [HLi15] to the case p = g and a = 1. In
the particular case of fractional square functions (corresponding to r = 2
and a € (0,1)) we also prove, in Section 5, the sharpness of our estimate for
1/p—1/q = 1—a. The sharpness seems to be new for this class of operators,
although the bound itself was already obtained in [ZK16].

In the next section we introduce the necessary background material. Af-
terwards we prove step by step sharp weighted estimates for sparse operators
and conclude with the sharpness in the fractional square function case in the
final section.

Acknowledgement. We would like to thank Pavel Zorin-Kranich and an
anonymous referee for their friendly suggestions that eliminated several se-
rious omissions in our original overview of related works.

2. Preliminaries

The definition in (1.1) is given for sparse families S of dyadic cubes. Let
us be precise about these notions. The standard dyadic grid in R™ is the
collection D of cubes {277([0,1)" +m) : j € Z,m € Z"}. For us, a dyadic
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grid is any family of cubes with similar nestedness and covering properties.
Such systems of cubes may be parametrised by (wi)rez € ({0,1}")% as

DY =L Q+ Z 27jwj:Q€D ,

J273<0(Q)
but we will not need to make use of this explicit representation.

Definition 2.1. A collection § of dyadic cubes in R™ is called sparse if for
some 7 > 0 there exist pairwise disjoint (Eg)ges such that for every Q € S
the set Eg is a measurable subset of @ with |Eg| > 1Q)|.

A weight w on R" is a locally integrable function w: R™ — R>g. The class
of all Ay-weights consists of all weights w for which their A, -characteristic

(W] Ao mr) = sgpw(lQ)/QM(lle)

is finite, where (M f)(z) = supgs, |Q|™ Jo|f| is the Hardy-Littlewood
maximal function and where both suprema run over cubes of positive and
finite diameter whose sides are parallel to the coordinate axes.

We introduce some convenient notation. For a positive Borel measure
o: B(R") — R>o with ¢(O) > 0 for all nonempty open subsets O C R" and
a locally integrable function f: R™ — R we use the abbreviation

N =o(Q)! /Q fdo

for the mean of f over ) with respect to o.
We conclude this section with some remarks about our notion of Ag‘q:

Remark 2.2. The usual two-weight Aj-characteristic is defined as
[w,ola, = Sup Q7 w(@)o ()P

Hence, the relationship to the characteristic used in Theorem 1.1 is

[w, O-]Azl,p = [w7o-],14/pp'

Only a limited range of parameters contains nontrivial pairs of weights:

Remark 2.3. The class of weights w, o : R" — R+ satisfying [w, o] Ag, < 00
is only nonempty if —a + % + z% > 0. In the diagonal case p = ¢, which
maximizes the left hand side because of our standing assumption p < ¢, this
holds if and only if o < 1. Hence, we only get examples for « € (0, 1] and,
if @ > 1%’ for ¢ € [p, p(a_’ﬁ]. In particular, for & = 1 we necessarily are in
the diagonal case p = ¢. All this follows from the Lebesgue differentiation
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theorem by considering cubes centered at and shrinking to a fixed point in
R"™ and the following identity:

g 1/p/ o 1 1/q 1 1/p
—a . Oé+q+p/ _ —_ .
o ([<) (Lo) - (@) (@)

Note that [1,1]4e < oo if and only if —a + % +

a=1+ % — %. Further, in the case —a + % + L > 0 one can verify that

p/
there exist (8,7) € (0,n) x (0,n) such that w(t) = |t| ™ and o(t) = |t|7
satisfy [w,0]ag < o0.

1% = 0, or equivalently,
>

3. Testing constant type estimates for the operator norm

As a first central step we prove the following estimate for the operator
norm of A¢” between two weighted LP-spaces in terms of two testing con-
stants.

Proposition 3.1. Let 1 <p < g < oo, r € (0,00), a € (0,1], S a sparse
collection of dyadic cubes and let w,o: R™ — R>q be weights. Define the
testing constants

T = sup U(R)_’"/p
ReS

9

Ly

Y. QI e(@ w(@)1g

QES:QCR

Yo 1R a(@1q

QeS:QCR

T* = sup w(R)fl/(Q/r)l
ReS

L((TP/TV

Then
I T+T ifr<p,
L AR (AN

As preparatory steps for the proof of the above result we show some
intermediate results. In a first step we reduce the norm estimate for A" to
an estimate for a linear operator. This reduction does not make use of the
concrete form of Ag’o‘. We therefore formulate it in a more general setting.

Lemma 3.2. Let 1 <r < p < q < 00, C a collection of dyadic cubes and
w,o0: R" — R>q be weights. Then for nonnegative real numbers (cq)gec,
the expressions

.
1= sup ZCQ (/ fa) 1g ,
f207||fHLg§1 QeC Q LZ)/T
I .= sup Z CQO’(Q)T_I Q| (90)olg
9207\\9||Lp/r§1 QecC Lg/’"

are comparable with constants independent of the choice of (cq), w and o.



TWO-WEIGHT ESTIMATES FOR SPARSE OPERATORS 27

Proof. This follows from the estimates

( /Q fa)r <@ / o

= o(@ )”IQ\ (ol
@l

<o(Q)" (mf M, rf) My, f = (Mo ‘f‘r)l/r7

TEQ
T
S </ (MU,'I“f>U) 9
Q
1
obscrving that |71}, = 1|l z5 = | Mo fll 5 when p > r. O

For the complement parameter range for r, a second argument for the
domination of the operator norm by the testing constants is needed. This
can again be proven in a more general context.

Lemma 3.3. Let1 <p<qg<oo,r € [p,),S asparse collection of dyadic
cubes and let w,o: R" — R>q be weights. For nonnegative real numbers
(cQ)ges and measurable f: R™ — R>q we have

Sl

QceS Ly
Ssupo(R)7P| DT cpo(@ gl -l
Res QeS:QCR Ly

Proof. It suffices to show the estimate for sparse collections S of cubes
whose side lengths are bounded from above by a fixed constant. In the
following we use the principal cubes associated to f and o: consider F =
U2 o Fi for Fo = {maximal cubes in S} and Fjyq = Upcr, chr(F), where
chr(F) == {8 3 Q € F maximal with (f)? > 2(f)%}. Further, for Q € S
we write 7(Q) for the minimal cube in F contalmng Q. Using the principal
cubes, we obtain

(el ) ],

1/r
(Z CQ(<f>UQ)rU(Q)T]lQ)

QeS

L

1/r
(Z (TS U(Q)TCQHQ)

L,
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Here we use that for F' = 7(Q) one has (f)3 < 2(f)%. In fact, if (f)¢, >
2(f)% would hold, then F' 2 F' D @ for some F' € chr(F) by the maxi-
mality property of chxz(F'). But then F’ € F satisfies F’ O @ and is strictly
smaller than F', which contradicts the minimality of F' = 7(Q). Because of
p < r the norm on the right hand side is dominated by

p/r\ 1/p
H(Z«ﬁ%)p( > a(@)%eﬂl@) )
FeF

Qm(Q)=F

p/T
Z(<f>%)p< > U(Q)TCQ1Q>

FeF Q:m(Q)=F

1/r
S(Z((f)%)p( > U(Q)TCQ1Q>

FeF Q:m(Q)=F

L
1/p

Lg_,/p

p o\ l/p
L‘i)

Note that in the last step we can use the triangle inequality because of
the assumption p < ¢. Furthermore, the last expression to the power r is
dominated by

sup O'(R)_T/p
ReS

Z cgo(Q) g

QES:QCR

r/p
: (Z(<f>”p)p0(F)> :
LY" \FeF

We estimate the last factor. Let x € R™ be fixed. If z lies in some cube in
Fo, we let Qg be the unique cube in Fy that contains x. Further, if x lies
in some cube in chr(Qp), we let Q1 be the unique cube in chr(Qp) with
z € 1. Continuing inductively, we obtain a possibly finite or even empty
chain of cubes Qq, @1, ..., each of them containing x. Let N € N with
x € Qn. Then

N N
D UNGY <D 27N UNG P S (Mo f)P ().
k=0 k=0

Since z € R™ and N is arbitrary, we get the estimate

D UNFFIE S (Mo )P,
FeF
In particular, we have

S UNEPeF) = [ ST UNFIrde S [ (Mo do Sl O

FeF FeFr

As a central blackbox result we need the following norm characterization
proved by Lacey, Sawyer and Uriarte-Tuero [LacSaU09, Theorem 1.11].
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Lemma 3.4. Let1 <p < q < oo and let w,0: R" — R>¢ be weights. For
a collection of dyadic cubes D and nonnegative real (1Q)gep consider

T(f) =Y mfele-

QeD
Then

IT (o)l g pg = sup w(R)~4
ReD

> mewiele

/

QeD:QCR e
+supo(R)TVP DT 1lo)elq
ReD QeD:QCR L

Our preparations for the proof of Proposition 3.1 are now completed.

Proof of Proposition 3.1. Let us first consider the case r < p < g < oo.
We apply Lemma 3.2 for the choice c¢g = |Q]™*" which reduces the estimate

to an estimate for T'(-0): Lg/r — Lg/r, where

T: f > QI a(Q) ol

QeS

Now, with the choice g = |Q|' ™" ¢(Q)"" we are in the setting of Lem-
ma 3.4. Putting everything together, we get

145"

(o) HL{';—>L3J

~ sup w(R) @/
ReS

oM@ QI w(@)1g

QRES:QCR

eI (@ QI e(@)1g

QES:QCR

L((-}—p/T)/

+ sup o(R)™"/P
ReS

Ly

Secondly, the case r > p follows from Lemma 3.3 with c¢g = |Q|™*". O

4. Sharp estimates for the testing constants

In the last section we saw that it suffices to control the size of the asso-
ciated testing constants 7 and 7* instead of the operator norm of A%, In
this section we establish sharp estimates for these constants. We again need
some preparatory steps before coming to the main result. We borrow the
following lemma from [CaOV04, Proposition 2.2].

Lemma 4.1. Let p € (1,00) and o: B(R") — Rx>q be a positive Borel
measure with o(O) > 0 for all nonempty open O C R™. For a collection of
dyadic cubes D and nonnegative (ag)gep set

p= Z aglg, wQ = Z agrlg.
QeD QReED:Q'CQ
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Then )
1/p
ol p =~ (Z aQ(<s0Q>‘Zg)p_10(Q)> :
QeD

The first part of the following lemma can be deduced from the special
case shown in [H14, Lemma 5.2]. However, we prefer to give a direct proof.

Lemma 4.2. Let w,0: R" = R>( be weights and «, 3,7 > 0 be numbers
with a4+~ > 1. For a sparse family S of cubes and a cube R the following
holds.

(1) For o> 0 one has the universal estimate
Y Q0@ w(@) SIRI" o(R) w(R).
QES:QCR
(2) For a =0 one still has the weaker inequality
Y 0@ Slold Wl o (R w(R).
QES:QCR

Proof. For both parts it suffices to treat the case a4+ 8+~ = 1. In fact, if
a+B+vy>1let 6§ = (a+ B +v)"! <1. Then, for example for part (1),
one has

1/5
> IQIO‘U(Q)%(Q)”<< > !QI‘S%(Q)‘%(Q)‘”)

QES:QCR QeS:QCR
< (IR|* o(R)Pw(R))
=|R|* o(R)’w(R)".

Now let a4+ 3+ = 1. Let us start with the proof of part (1). We have the
estimate

Z |Q|O‘J(Q)BW(Q)7= Z |Q|a+5+'y <1/ 0>5<1/w)7
QeS:OCR QeSOCR Q] Jg Q[ Jo

< Y |Qlinf M(o1g)” inf M(wlg)".
QES:QCR @ Q

1/6

Since 8 + v < 1, there exists some p € (1,00) with p8 < 1 and p'y < 1.
Using Holder’s inequality, the above term is dominated by

1/p 1/p
( > 1Qlinf M(o1 RW) ( > |Qlinf M(wl R)p’V) :
Q @ Q Q

€S:QCR €S:QCR

We now estimate the first term in brackets. Using the sparseness of S and
1
[ £l p1.0e = SUP|BIe(0,00) | B =58 (f5 | f[PP)Y/#B)  this term is dominated up to
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a universal constant by

1/p 1p
( > ’E(Q)“ng(U]lR)pﬁ) g(/RM(anR)W)

QES:QCR
< IM(o1R)}1 |RIYPP
< lloLrlf, [RIVPP
=o(R)? |R|""P.

Putting all the estimates together, we obtain the asserted inequality. For
part (2) observe that by Holder’s inequality

B ¥
> a(@)ﬁw@)”s( > o(@))( > w(@))

QRES:QCR QRES:QCR QRES:QCR
< [o]f W _o(R)Pw(R)".

The inequalities used in the last estimate can be seen as follows (for w):

> [es 3 el Mg

QES:QCR QES:QCR

< /RM(]le) < [w]aw(R). O

The next proposition is the heart of the article. Here we prove the re-
quired estimates on the testing constants 7 and T *. Note the emergence of
additional factors in the diagonal case for fractional sparse operators.

Theorem 4.3. Let w,0: R" — R>g be Ax-weights, S a sparse family of
dyadic cubes, r € (0,00) and o € (0,1]. For

1 1
l<p<g<oo with —a+-+—-52>0
q D

one has
o Nl ol T ifp =g anda <1 andp >,
~ w, 0']7;4%(1 [O‘]TA/i else.

Further, if p > r, the second testing constant satisfies

7 < ) ol W PSP ifp =g anda <1,
™) w0l W] else.

Proof. Throughout the proof, we write [w, o] := [w, 0] g for brevity.
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Part I. We begin with the estimate for the testing constant 7. Here we
start with the special case ¢ > r. By Lemma 4.1 and % > 1 we rewrite the
norm as

> QI o(@) g

QES:QCR Ly
z( Y QI e(@)w(@)
QeS:QCR

q/r—1\ r/q
: [w(Q)_l oo U(Q')TW(Q')] > :
QRIES:Q'CQ
As a first step we estimate the inner sum (from now on omitting Q' € S)
S QT 0@ w(@).
Q'cQ
For this let > 0 be arbitrary. For each summand we have the estimate
41) Q" e(@)w(@)
= (|Q [ (@) P w(@) /) |Q T o (@) (@)
< [, Q77 (@) (@) 0

We want to use Lemma 4.2. Its assumptions imply restrictions on the pos-
sible range of §. In fact, the following four conditions must be satisfied:

(4.2) a(d—r)>20s0>r

a(d—r

0
r——/20<:>5§rp'
p

)
1-->0&40<g
q

/

a(é—r)—i—r—{%—l—&zl@é(a—1—1>+r(1—a)20.
p q q

The first three conditions imply that § € [r, min(rp’, ¢)] which has nonempty
interior by our assumption ¢ > 7. The restriction imposed by the last
inequality depends on the parameters. First, if o — z% — % = 0, the last
condition holds because of @ < 1. Secondly, if a < % + % (this implies
a < 1), we have

1—-«

0 <r—m—m—m 8.
1%—#%—04

Note that because of ]% + % < 1 the fraction on the right hand side is bigger
or equal to 1. Hence, if ¢ > p, we can find a § with 6 > r satisfying all
conditions in (4.2). However, in the case p = ¢ the only possible choice is
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0 = r. This is the only case where the strict inequality § > r cannot be
achieved. Summarizing our findings, Lemma 4.2 gives the estimate

S Q| 0@ w(@)
Q'CQ

r/p gl=r/p _
5 [w’o.](s |Q’a(5—7“) O.(Q)r—é/p’w(Q)l—é/q {[U]Aw [W]Aoo , p=qand a <1,

1, else.

We now show estimates for arbitrary § > 0 satisfying the inequalities in (4.2).
In the following we will ignore the additional factors in the case p = ¢ and
a < 1. Using the estimate for the inner sum we have

> QI o(@) g

QES:QCR

S{w,aﬁ“—"“)( QI e (Q)w(Q)

QES:QCR

Ly

r/q
(W@ (@ Q) w<c2>1—a/q)q/rl)
T/q

= [w70]5(1—r/q) Z |Q| —q+9q/r—9) (Q)1+§/q—6/7"0_(Q)q—é/p’(q/r—l)

QES:
QCR

We pull another power of the two-weight constant out of the sum using
exactly the power for which the sum becomes independent of the weight w.
Explicitly, this gives

|Q|—qu+5aq/r—6a W(Q)1+5/q—§/r0_(Q)q—é/p’(q/r—l)

— (’Q‘—aW(Q)1/qJ(Q)1/P’)q'(1+5(1/f1*1/7")) ‘Q‘Oc(—q+5q/7’—5)+a(q+6(1—q/7“))
. U(Q)fq/p’-(1+6(1/q71/7“))+q75/p’(q/Tfl)

< [w, 090+ a=1/m) 5 (Q)a/P,

For the last estimate we need §(+ —1) > —1. For ¢ > r this is equivalent to
i q q

The second factor on the right is bigger than 1 and therefore we find a
suitable  satisfying our new restriction together with (4.2). Putting all
together and using 6(1 — g) + 7"(1 + 5(% - %)) = r for the power of |w, o],
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r/q
q/p>
QeS QCR

r/q
( w3 o)
QES:QCR

r/q
o( q/pl o)A J(R)>

we obtain by Lemma 4.2

> QI e(@) g

QeS:QCR

LE/ "

’V‘[O,

)T/p

oo

This finishes the estimate for 7 in the case ¢ > r. We let 7, denote the
value of T for a particular choice of r. For the case ¢ > p or a = 1 now
suppose that ¢ < r. We choose some 0 < s < ¢ < r. We then have

1/r
(4.3) ﬁl/rzsupa(R)l/p< > |Q\MU(Q)T]IQ>

Res QEeS:QCR

1/s
SSUPU(R)_I/”< > |Q\QSU(Q)S]1Q>

ReS QeS:QCR
< TH* < [w,ollo]}{".

Taking both sides of the inequality to the power r gives the desired estimate.
Let us come to the very last case, namely ¢ < r, p = ¢ and o < 1. Here we
start with the special choice r = ¢ = p. Then by (4.1) for § = r

S (@)1

QES:QCR

= Y QM@ w(Q)

LY"  QeS:QCR

<wol” Y. 0(Q) S [w ol [olao(R).

QeS:QCR

Hence, 7; S [w,0]"[0]a,, . Now, if ¢ < r, then we choose s = p = ¢, and the
same reasoning as in (4.3) gives

7;1/1" < 7;1/(1 < [W,U]Agp[g]l/p.

oo

Part II. We now come to the estimate for the testing constant 7*. Recall
that here we are only interested in the case p > r. We write s = (p/r)’. We
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use Lemma 4.1 again to rewrite the involved norm as

> QI o) w(@)1g

QEeS:QCR L@/
:( Y. @IQI (@) w(@)
QES:QCR

s—1\ 1/s
[ YR e@) <Q>o<@'>] )

Q'cQ

s—1\ 1/s
=< > \Qlara(Q)Tw(Q)la(Q)lz }Q’\‘”‘%(Q’)%(Q’)] > :

QES:QCR Q'CQ

Observe that the inner sum "o, |Q'| """ 0(Q')"w(Q’) is exactly the same
sum as in the first part of the proof. Hence, exactly the same considerations

and estimates apply here. Again ignoring the additional constants appearing
in the case a < 1 and p = q, we get

> QI o (@) w(@Q)1g

QES:QCR

5[w,o]5/8’< >R o(Q)w(@)

QeS:QCR

Lgp/"‘),

(@) (@) QP w(@) qf_l) |

:[%G]y( Yo QEPTHCTIET o)t ma e
QES:QCR

s

. u,(Q)H(l—é/q)(s—l))

W |

& —rs+(s— rs— " (s— s— 5—
= [w,0] " Z‘Q’ +38(s—1)) 7(Q) (146/p")( Dw(Q) 8/q(s—1)

QES:
QCR
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In the following paragraph we will verify the following estimate step by step:

(4.4) |Q|a(—rs+5(s—1)) O.(Q)TS—(1+5/p')(S—I)W(Q)s—d/q(s—l)
= (JQI o (@) w(@/ ) )
. |Q’a(_rs+5(8—1))+ap'(rs—(1+6/p’)(8—1))
- w(Q)* 0/ als=1) = [a(rs=(1+8/p)(s=1)

< |w, g]P 5= (/0 (s=0) (@) s/ala—r)

which holds provided we can find § > 0 for which the power of [w,o] is
nonnegative. For this consider the following:

) 0
7’8—(1—1—/)(8—1)20 & r—<1+,>r20
p p/p

o
= 1+7§p
p

& 0<p(p-1) =np.

Note that we can find § > 0 that additionally satisfies the condition § < p
because of the assumption p > r. Let us verify the identities for the powers
of |@Q| and w(Q) used in (4.4). For the power of |Q| we have

—rs+5(s—1)+p’(rs— (1+§,)(s—1))

=-—rs+prs—p(s—1)
=s(p'(r—1)—r)+p
_plpr=1) —r(p—1)) +plp—r)
B (p—1p—r)

:()7

whereas for the power of w(Q) the following calculation shows the claimed
identity
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Hence, we have as desired

Y. QMo (@)1

QRES:QCR LE,P/T)/
1/s
S [w70_]6r/p+p//8'(7‘37(1+5/p’)(871)) ( Z W(Q)s/(q/r)/>
QES:QCR

1/s
= [w,a]" (W(R)S/(Q/T)/—l Z w(Q))
QeES:QCR
1/s
< [w,o]" (w(R)S/(q/r)’l[w]Aoow(R)> = [w, U]T[M]Z/QW(R)I/((]/T)/.

~

Let us again verify the power of [w, o] explicitly by a small calculation:
/ 0 1 1
5o —I-p(rs—(l—l-,)(s— 1)) . —5(1 - > +p/<r— <1 — >>
p s P P s S
=9 (r - T) =r. [l
p

5. The fractional square function

We now specialize our findings to the case of classical fractional square
functions, i.e. a € (0,1) and r = 2 for the condition o = z% + %. In the

one-weighted theory one here considers estimates for L, — LZ,. For a
weight w: R" — R>q, p,q € (1,00) and « € (0,1] one is interested in sharp
estimates in the one-weight characteristic

o = 1 Wi 1 p’>q/p/
lag, S‘ép(\m/Q ><1Q|/Q“’ ‘

Its relation to the two-weight characteristic is [w?, w™?'] Apg = [wﬁ/ . Hence,
prq

Theorem 1.1 for o = w™ /=1 gives the following mixed Apy — A estimate.

Corollary 5.1. Let aw € (0,1) and 1 < p < ¢ < 00 with § + 3 = . Then

1 1 1 1
2, - 13 (3—5)+
145 2, 5z, S ol (T + 7).

_ —p _ [P/ :
One hz‘is [‘*’.q}AHq/p/ = Wla,, and (w4, = [w]APf]. ‘ In par‘tlcula?,
w € Ap, implies the finiteness of the above A..-characteristics. Using this
relation to the A,,-characteristic we a fortiori obtain the following pure

Apg-estimate.
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Corollary 5.2. Let a € (0,1) and 1 < p < g < oo with % + z% = . Then

1 2 1_1 ? 1
2, z 2 57+ max(£-a,a—3)
1A% e e S ]} ([w] Tl ) Sy TR,
This estimate is optimal in the following sense.

Proposition 5.3. Let a € (0,1) and 1 < p < ¢ < oo with é—i— ]% =a. If
®: [1,00) = Ry is a monotone function such that for all w € Ap,,

27
1AS*

‘ sz —>qu 5 q) ( [W] qu )

! 1
with an implicit S-dependent constant, then ®(t) 2 gmax(igaa—sy),

Proof. For k € Ny choose I, = [0,27%]. Then the family S = (Ix) ke,

is %—sparse. We consider its associated operator A = Az’a. Following

[LacMPT10, Section 7], for € € (0,1) we let
wela) = |27 and - f(a) = ol 1.

Then [we]a,, =~ e™/7" and [|wef| , = e/ Now, let o € [271), 274 for
k € Ng. Then

Z—k
Af(2) = |~ /1 " dyt g () = 29 / " dy = Jo e Jaff
k

Consequently,
—k

[ Ty
R k=0 2= (k+1) 0

1
= 5_‘1/ 2| e~ e 10,
0
This shows that [[Af[|l« 2 e~171/4 and hence

(e~ > eI Vatl/p — o~ (/P'H1/0) — gme

This finishes the first part of the estimate.

The second upper bound follows from a duality argument: If A = A?g’o‘
with S as above is reinterpreted as a vector-valued operator in a natural way,
i.e., we have a bounded linear operator A: LY, (R) — LI,(R;¢?), then its

adjoint with respect to the unweighted duality maps LZ} (R; £?) boundedly

q/
into Lfﬁp, (R). Applying this adjoint to (a;w?)ses, for a sequence (ay)res
of measurable functions, one has the estimate

1/2
Z’ﬂa/la[wq]l[ SJ(I)([UJ]AM) (Z‘QIF)

IeS IeT

/

q
L. q

o

w—
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Since the right hand side is independent of the sign of aj, averaging and the
Khintchine inequality give

(5.1) (Z(m—a/jawq)%) -

IeS

/
P
L,

w

1/2
S O([wla,,) (Z |a1!2>

IeS

/

Liq
Now, for & € (0,1) choose w.(z) = |z|~1/9. Then
[W]apy = [W14qp =
Further, imitating the argument in [LacSc12, Section 3], we choose
ap(z) = V2| I ¢ |2 |° 17, (2).

With this, for z € (2=, 27! and [ € Ny

l

Yo ai(x) =elal Y 1k TF L pn(a) = 2| ) (2%)F

k=0 k=0 k=0
22(14+1)e _q
2 2e 521
= clap L T S g

This directly gives for the right hand side of (5.1)

o 1/2 1 1/q ,
(Z |ak|2> ([ lltan) =
k=0 LZ,/q 0

Let us now come to the left hand side of (5.1). First,
—k

2
‘Ik‘a/ o = 81/221@(5%5)/ 2l = %8_1/2216((1—5)‘
I 0

Consequently, for z € 2=+ 270 1 € Ny and € € (0, ag] with ap < «

00 9 . ;
Z (‘Ik‘_a/ akwq> ]llk (gj) = 18_1 Z 22]{:(04—5)
k=0 I, prt

> 5—1(2l)2(a—a) ~ el |$|—2(o¢—a) )
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Thus,
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2\ 1/2
(]I]_O‘/a]wq ]1]
Ies I
p/
([ ipreme) e g}
R e |77 ] * dx
0
1 &
e2 (1—p'<a—€+(5—1)>>p
q
P’ Vo1
= -~ e 2 v,
q

s
-

1
’ =7

Hence, one has for sufficiently small € the estimate

S S O R
Pe ) e 2 VT =g

J

which gives the desired bound by the monotonicity of ®. O
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