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Boundedness of Littlewood-Paley
g-functions on non-homogeneous
metric measure spaces
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ABSTRACT. In this paper, we establish the boundedness of Littlewood-
Paley g-functions on Lebesgue spaces, BMO-type spaces, and Hardy
spaces over non-homogeneous metric measure spaces satisfying the weak
reverse doubling condition.
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1. Introduction

It is well known that the Littlewood-Paley theory plays an important
role in harmonic analysis. It was first introduced by Littlewood and Paley
[LP31, LP37II, LP37III] just for the one-dimensional case. In 1958, using
real variable methods, Stein [S58] extended the theory to high-dimensional
cases. From then on, the Littlewood-Paley theory drew wide concern in the
field of analysis.

Many results, including the Littlewood-Paley theory, on the classical Eu-
clidean space can be extended to the space of homogeneous type, which is
generally regarded as a natural setting for singular integrals and function
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spaces. We call (X, d, 1) a space of homogeneous type in the sense of Coifman
and Weiss [CWT1], if (X, d) is a metric space and x is a non-negative Borel
measure satisfying the measure doubling condition: there exists a positive
constant C(,,y such that, for all z € X and r € (0, o0),

(1.1) w(B(x,2r)) < Cyp(B(z,r)),

where B(z,r) := {y € X : d(x,y) < r}. For spaces of homogenous type with
the additional property that a reverse doubling property holds, Han, Miiller
and Yang [HMYO06] developed a Littlewood-Paley theory for atomic Hardy
spaces, where a continuous version of the Littlewood-Paley g-function was
used.

On the other hand, many results were proved to remain valid in other
settings as well, for instance, (R™, |-|, i), the Euclid space with non-doubling
measure. Recall that a non-negative Radon measure p on R" is called a non-
doubling measure, if 1 satisfies the polynomial growth condition: there exist
some positive constants Cy and x € (0,n] such that, for all x € R™ and
r € (0,00),

(1.2) w(B(z,7)) < Cor",

where B(z,r) := {y € R" : |z — y| < r}. The measure as in (1.2) may
not satisfy the doubling condition (1.1). The analysis on such non-doubling
context plays a striking role in solving several long-standing problems related
to the analytic capacity, like Vitushkin’s conjecture or Painlevé’s problem:;
see [T03]. Moreover, Tolsa [T0lam] developed some Littlewood-Paley theory
in this setting.

Recently, in [Hy10], Hytonen pointed out that the measure p satisfying
the polynomial growth condition is different from, not general than, the dou-
bling measure. In other words, there exists no inevitable inclusion relation
between the spaces of homogeneous type and the metric measure spaces with
non-doubling measure. To unify these two spaces, Hytonen [Hyl0] intro-
duced the so-called non-homogeneous metric measure spaces satisfying both
the upper doubling and the geometrically doubling condition (see, respec-
tively, Definitions 1.1 and 1.2 below). We mention that several equivalent
characterizations for the upper doubling condition were recently established
by Tan and Li [TL15, TL17] and the so-called Bergman-type operator ap-
pearing in [VW12] can be seen as the Calderén-Zygmund operator in this
new setting; see also [HM12] for an explanation. Furthermore, plenty of
theoretical achievements, including some Littlewood-Paley theory, in this
new context sprang up soon after 2010; see [LY11, HYY12, FYY12, BD13,
LY14, FYY14, FLYY15, TL15] for more information. Very recently, Fu and
Zhao [FZ16] obtained some endpoint estimates for the discrete version of
Littlewood-Paley g-function. We refer the reader to the survey [YYF13]
and the monograph [YYH13] for more developments on harmonic analysis
in this setting.
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The main purpose of this article is to establish the boundedness of the
continuous version of Littlewood-Paley g-function on several function spaces
over non-homogeneous metric measure spaces.

Definition 1.1. A metric measure space (X, d, u) is said to be upper dou-
bling, if u is a Borel measure on X and there exist a dominating function
At X x (0,00) = (0,00) and a positive constant Cy), depending on A, such
that, for each x € X', r — A(x,r) is non-decreasing and, for all x € X and
r € (0,00),

(1.3) w(B(x, 7)) < AMz,7) < CopyA(w,7/2).
Remark 1.1.

(i) Evidently, if a measure p satisfies the measure doubling condition
(1.1) or the polynomial growth condition (1.2), then it has the upper
doubling property (1.3). In the former case, we take the dominating
function A(x,r) := p(B(x,r)) for all x € X and r € (0,00); in the
latter one, we take \(z,7) := Cor” for all z € R™ and r € (0, c0).

(ii) For (X,d,pn) and A as in Definition 1.1, it was proved in [Hy10]
that there exists another dominating function A such that A < A,
C(X) < C( and, for all x,y € X with d(x,y) <,

(1.4) X(x, r) < C(X)X(y, T).

The following notion of geometrically doubling can be found in [CWT71,
pp.66-67] and is also known as metrically doubling (see [He0l, p.81]).

Definition 1.2. A metric space (X, d) is said to be geometrically doubling, if
there exists some Ny € NT := {1,2,...} such that, for any ball B(z,r) C X
with z € X and r € (0,00), there exists a finite ball covering {B(z;,7/2)};
of B(z,r) such that the cardinality of this covering is at most Np.

What might also be noted is that spaces of homogeneous type are ge-
ometrically doubling, which was proved by Coifman and Weiss in [CWT71,
pp.66-68].

A metric measure space (X,d,u) is called a non-homogeneous metric
measure space, if it is upper doubling and (X, d) is geometrically doubling.
Based on Remark 1.1(ii), through the whole article, we always assume that
(X,d, ) is a non-homogeneous metric measure space with the dominating
function \ satisfying (1.4).

Now, we introduce the continuous version of Littlewood-Paley g-function
on (X,d, p).

Definition 1.3. Let ¢; € (0,1], e2 € (0,00) and A be a dominating function.
The kernel Dy(z,y) with ¢t € (0,00) is a measurable function from X x X to
C that satisfies the following estimates: there exists a positive constant C
such that, for all ¢ € (0,00) and z,2’,y € X with d(z,2’) < (t + d(z,v))/2,
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1 t -
(A1) |Dy(z,y)| < C)\(x,t) Ay, t) + Mz, d(z,y)) [t + d(x,y)] 7
(42)
/ 1 t ’
|Di(z,y) — Di(a,y)| < C/\(x,t) + My, t) + Mz, d(z,y)) [t + d(ﬂfay)]

X [ d(xw%'/) ]61 .
t+d(z,y)|
(A3) Property (A2) also holds with the roles of x and y interchanged,;
(A9 [ Diaduta) =0 = [ Ditaninty).

The Littlewood-Paley g-function g(f) associated with Dy(z,y) is defined by
setting, for all suitable f and x € X,
1/2
2g¢) "
; .

In the space of homogeneous type, if we take \(z,t) = p(B(zx,t)), then
g(f) as in (1.5) is just the Littlewood-Paley g-function introduced by Han
et al. [HMYO06]. To establish the boundedness of the operator g, throughout
this paper, we always assume that g is bounded on L?(;1) and the dominating
function A as in Definition 1.1 satisfies the following weak reverse doubling
condition introduced by Fu et al. [FYY14]. In what follows, let diam(X) :=

sup, yex (2, y)-

w5 e = { In ] [ P st

Definition 1.4. The dominating function A\ as in Definition 1.1 is said to
satisfy the weak reverse doubling condition if, for all r € (0,2 diam(X")) and
a € (1,2diam(X)/r), there exists a constant C'(a) € [1,00), depending only
on a and X, such that, for all x € X,

(1.6) ANz, ar) > C(a)\(zx,r),
(1.7) > C(Zk) < 0.
k=1

The organization of this paper is as follows. Section 2 is devoted to

recalling the notions of the («, §)-doubling ball and the discrete coefficient

IN(j(Bp)blp . Moreover, we establish some estimates for the Littlewood-Paley g-

function g(f), which will be used in the next sections. In section 3, by
using the Calderén-Zygmund decomposition, we prove the boundedness of
g from L'(u) into L1*°(u) (see Theorem 3.1 below). In section 4, we show

that g is bounded from the space R/B\M/O(u) into the space R/B\If)(,u) (see
Theorem 4.1 below). To this end, we establish a new characterization of the
space RBLO(u) (see Lemma 4.5 below), which is of independent interest.
In section 5, via the boundedness criteria proved in [LL18], we establish the
boundedness of g on the Hardy spaces H? with p € (0, 1] (see Theorems 5.1
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and 5.2 and Corollary 5.2 below). The proof of the case of p = 1 is standard,
and we borrow some ideas from the proof of [FLYY15, Theorem 4.8] to deal
with the case of p € (0,1). As a corollary, we obtain the boundedness of ¢
on L9(p) with g € (1, 00).

For convenience, we make some conventions on notation. Throughout
this paper, C stands for a positive constant independent of the main pa-
rameters, but they may vary with different contexts. Moreover, constants
with subscripts also denote positive constants. Concretely, constant like C )
depends on the parameter «; constant like Cy does not change in different
occurrences. For two real-valued functions f and g, we write f < g, if
[ < Cg; wewrite f ~g,if f g < f. Given any g € (0,00), ¢' :=¢q/(¢—1)
means its conjugate index. For any subset £ C X, xg denotes its character-
istic function. A ball B := B(zp,rp) C X has positive and finite measure,
where zp € X and rp € (0,00) denote its center and radius, respectively.
Furthermore, for any 7 € (0,00), 7B := B(xzp,7rp). Finally, we write
NT :={1,2,3..}, N:= Nt U {0}, v := logy C(,) with C(,) as in Definition
1.1 and ng := logy Ny with Ny as in Definition 1.2.

We would like to express our sincere thanks to Jie Chen, Yu Yan and
Haoyuan Li for several helpful discussions and valuable suggestions. We
also wish to express our thanks to the referee for her/his careful reading and
many valuable comments which improved the presentation of the article.

2. Preliminaries

In this section, we first recall some necessary notions and notation. Al-
though the assumption concerning the measure doubling condition (1.1)
do not strictly suit all balls in the non-homogeneous metric measure space
(X,d, ), there still exist lots of balls having the following («, 3)-doubling
property introduced in [Hy10].

Definition 2.1. Let o, € (1,00). The ball B C X is said to be (a, 3)-
doubling, if u(aB) < Bu(B).

Remark 2.1. The following statements were proved by Hytonen in [Hy10,
Lemma 3.3].

(i) Let (X,d, ) be upper doubling with 8 > a”. Then, for any ball
B C X, there exists some j € N such that o/ B is (o, 3)-doubling.

(ii) Let (X,d) be a geometrically doubling space equipped with a non-
negative Borel measure p which is finite on all bounded sets. Let
B > ™. Then, for p-almost every x € X, there exist arbitrary
small («, 8)-doubling balls centered at x. Furthermore, the radii of
these balls may be chosen to be of the form a~/r for j € N* and any
preassigned number 7 € (0, 00).
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In what follows, for any o € (1,00) and ball B, B denotes the smallest
(a, Bo)-doubling ball of the form o7 B with j € N, where

(2.1) B i= admax{norh) 4 (max{50,30})" + (max{3a, 30})".

In particularly, for any ball B C X, we use B to denote the smallest (6, B6)-
doubling ball of the form 6/ B with j € N.

Now we recall the definition of the discrete coefficient I?g)’)ép introduced
by Bui and Duong in [BD13] when p = 1 and by Fu et. al in [FLYY15]
when p € (0,1]. Before this, we first give an assumption: when we speak
of a ball B in (X,d, u), it is understood that it comes with a fixed center
and radius, although these in general are not uniquely determined by B as
a set; see [HeOl, pp.1-2]. In other words, for any two balls B,S C X, if
B =S, then zp = x5 and rp = rg. Thus, if B C S C X, then rg < 2rg,
which guarantees the definition of K gig’p make sense (see [FLYY15] for more
details).

Definition 2.2. For any p € (1,00) , p € (0,1] and any two balls B C S C
X, let

(0) 1/p
B,S k P
=(p),p 1(p"B)
we-fin 3 [enyl
k=—|log, 2] Mz, p*r5)

here and hereafter, for any a € R, |a| represents the biggest integer which is
(p)
not bigger than a, and Nl(gp?g is the smallest integer satisfying pNBp:SrB >rg.

Remark 2.2.
(i) We simply denote IN(](;)S’I by IN(J(;)S. It is easy to see that

N +log, 2] +1 )
_ : B)
RO _H"B)
B,5 - kz_l Az, pkre)

(ii) The following coefficient Kp g, introduced by Hyt6nen in [Hy10], can
b~e( ()ieerned to be the continuous version of the discrete coefficient
K ; -
dp(x)
K B,S ‘= 1+ /
@es\B AzB, d(z,zp))

Obviously, Kp s S IN(](gp)S. However, it is unclear whether Kp g ~

I?j(gp)s. In particular, for (R",|-|, ) with p as in (1.2), Kp g ~ f(j(gp)s.
Moreover, if the dominating function A satisfies the weak reverse
doubling condition, then Kp g ~ K ¥k;: see [FYY14],

The following properties of f(](;gp were proved in [FLYY15].
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Lemma 2.1. Let (X,d,u) be a non-homogeneous metric measure space,
p € (0,1] and p € (1, 00).
(i) For all balls BC R C S,

[KWRIP < CKWFP, [KpePr <

p,o, V) A BS

and
KESP < KGEP + o KT
where C, is a positive constant depending on p, ¢
are positive constants depending on p, p and v.
(ii) Let o € [1,00). For all balls B C S withrg < arp, [I?ggp]p < Clayp)
where C(, ) 15 a positive constant depending on a and p.

popw) G C(pp )

(iii) There exists a positive constant C(, ), depending on p and v, such
that, for all balls B, I?g’)g; < Cipw)- Moreover, letting o, B € (1, 00),

)

B C S be any two concentric balls such that there exists no («, 3)-
doubling ball in the form of a* B with k € N, satisfying B C o*B C S,
then there exists a positive constant C(, gy, depending on a, B and
v, such that IN(j(B’O)S’p < Cla)-

(iv) For any p1,p2 € (1,00), there exist positive constants c(,, p, ) and
Clp1,pa)» depending on p1, p2 and v, such that, for all balls B C S,

7 (p1), = (p2), ~ (o),
i RS < DY < i R

At the end of this section, we present the following lemma which will be
used frequently in the rest of this paper.

Lemma 2.2. Let (X,d,u) be a non-homogeneous space, and g be as in
Definition 1.3. Assume that f € L. (1) and there exists a ball B C X such
that supp(f) C B. For any x ¢ 2B,

(i) if f has the vanishing moment, that is, [, f(y)du(y) =0, then
(22 o0 5 [ D0 ] )

where €1 € (0,1] is as in Definition 1.3;
(i) if A satisfies the weak reverse doubling condition, then

(2.3) sN@ S [ W‘;fd(éc)’y))du(y)-

Proof. To prove (i), we use the regular conditions of D;(z,y) in Definition

1.3 (A2) and (A3). This, together with the assumption that / fly)du(y) =
X

1/2
2@/
t

0 and the Minkowski inequality, shows that

o)) = { .

/B Dy, y) — Dylas o)) (y)duy)
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< [{[ 10t - Dt<x,x3>|2cf}l/2 7(w)lduty)

<AL i L] [z

x | f(y)ldu(y)
1 [d(mB,y)r

*/B{/M o, d.y) |t
)er d(z,y) 1/2
< [V i [/0 " 1dt] R

. 1/2
—261—1
+ [ s [ / L dt] au(y)

<, A<x|,fd(<aj,| 7 ) " ut)

To prove (ii), we use the size condition of Dy(z,y) in Definition 1.3 (A1l).
From this, the Minkowski inequality, (1.6) and (1.7), we deduce that

50 20\
= { / Dz, y)f(y)dp(y)| }
0 B

<[ { s |Dt<:c,y>r““}1/2 () lduty)
S/B{KW) i [d( ]
+/B{ o " y)lduly
_ / e [ /0 Y 1‘”] f@W)ldu(y)
1/2
+ { xy) 275} y)|du(y

)
< 5o y))d“<y’

> 27t 1d(x,y) dt 1/2
+/B{7;)/2nd(z,y) W} |f(y)ldu(y)

1/2
Qﬂ /
t
1/2
2 at

/
} |f(y)|du(y)

t

1/2
2t

/
} |f(y)|du(y)

t

1 dt

.CL‘
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1f ()] — 1 / 1f ()]
< [ WL g0+ d
|, 3 at gy 2 5@ Jy 3 dw ) P

/W)l
< [ WL 4.0,
<y 3t )
where C(1) = 1. This completes the proof of Lemma 2.2. O

3. Boundedness of g from L'(u) into LY (u)

Theorem 3.1. Let (X,d, ) be a non-homogeneous space and g be as in
Definition 1.3. Assume that the dominating function A satisfies the weak
reverse doubling condition. If g is bounded on L*(u), then g is bounded
from LY(p) into LY ().

In order to prove Theorem 3.1, we first present the Calderén-Zygmund
decomposition from [BD13].

Lemma 3.1. Let f € L'(u) and £ € (0,00) (€ > Lo := yo[u(X)] 7 [ fll 11 ()
if w(X) < oo, where vy is any fized positive constant satisfying that vy >
max{C?)};gﬁ,G?’”}, C( is as in (1.3)). Then
(i) there exists an almost disjoint family {6B;}; of balls such that {Bj};
is pairwise disjoint,

1 /¢ .
/WBJ')/Bj |f (@)|dp(x) > o foralld,

1
1(6%nB;)
and

‘

/ |f(z)]dp(z) < for all j and all n € (2,00),
'I]Bj 'YO

|f(x)| <Ll for p— almost every x € X'\ (U 6B;);
J

(ii) for each j, let S; be a (3% 62, C;C;%Q(SXGQ)H)-doublmg ball of the family

{3 x 6%)kB;}pen+ and wj = XﬁBj/(Zk: X6B,)- Then, there ezists a

family {@;}; of functions such that, for each j, supp(yp;) C Sj, ¢;
has a constant sign on Sj,

/ o3(2)dp(z) = / f(@)w; () dp),
X 6B;

Z lpj(x)| <yl for p— almost every x € X,
J

where 7y is some positive constant, depending only on (X, u), and
there exists a positive constant C, independent of f, £ and j, such
that, it holds true that
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1@l oo (uy1(Sj) < C/X |f (@)w; ()] dp()

Proof of Theorem 3.1. Let f € L'(u) and ¢ € (0,00). To obtain the
desired conclusion, we only need to prove that

1
(3.1) p{z € X g(f)(2) > 200) S 5 11l -
Let o be a positive constant as in Lemma 3.1. Apparently (3.1) holds true
when u(X) < oo and £ € (0,70 | f]1 1y (X)) ']

For other cases, we apply Calder6n-Zygmund decomposition to |f| at the
level ¢ with the same notation as in Lemma 3.1. Let F := X\(UJ6°B;).
J

Decompose f as f = a + b, where

a:= X]:f—l—Z(pj and b::Zb = Z(wjf—goj).
J J

j
Now, we can transform the problem of proving (3.1) into certifying that

(3.2) pllr € X g(a)(w) > 0) £ 4 I
and
(33) pl{z € X g0)(@) > ) S 4 1 fllirg

From Lemma 3.1, it is easy to see that Ha||Loo(#) < /and HaHL1(#) S ”f”Ll(u)-

This, together with the L?(u)-boundedness of g, enables us to derive (3.2).
On the other hand, it follows from Lemma 3.1(i) that

1
p|J6*B; S 7 2 -
J

Thus, to prove (3.3), we are only required to prove that

1
(3-4) p{r e Fig) > ) S 5 1 llpg -
Since g is non-negative and sublinear, we have
pn({z € F:g(b)(z) > £})

< % /f g ij (2)dp(z)
1
<3 j [ /X \(QSj)g(bj)(l’)dN(x)—i- /(2Sj)\(623j)g(bj)(:z:)d,u(a:)
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We first give the conclusion as below, which will be repeatedly used af-
terward. When z ¢ 2B and y € B, d(z,y) ~ d(z,xzp). This, together with
(1.1) and Remark 1.1(ii), implies that, for any x ¢ 2B and y € supp(f) C B,

(3:5) Az, d(z,y)) ~ Ay, d(z, )) ~ ANy, d(z,2p)) ~ Nzp,d(z,28)).

By Lemma 3.1, we see that [, b;j(y)du(y) = 0 and supp(b;) C Sj. From
this, together Wlth (2.2), (3.5), (1. 3) and Lemma 3.1(ii), we deduce that

1 rs; €1 .
s [ 10yl /. o N 0] [ d(x,xsjﬂ du(a)
< [ Ibwlauty)
00 1 TSj €1
’ {2/2“15‘ Ny As;, d(@, 2s;)) [d(QUvaj)] dﬂ(w)}
(2n+15’.)
/ ’b |dﬂ [Z 9oney )\(1',5’ 72an )]

/ w5 () @)l dp(y / ;) ldu(y)

_/ [f(y)lduy )+||‘Pj||L°°(H)N(Sj)§/B [f()ldp(y)-

6B; 6B;
To deal with H; 2, write

H;, < / 9w f) (@) dp() + / o)) (@)du(x)
(25;)\(62By) (25;)\(62B;)
1 2
= H + 1.

Considering that = € (25;)\(62B;) and supp(w;f) C 6B;, then, by (2.3),
(3.5), Remark 2.2(ii) and Lemma 2.1, we gain that

(1) < . 1
WS [ i) [

J

< [ @l g < [ 150,

J J

Due to the assumption that S; is a (3 x 62 020%2(3% )H) doubling ball,

we have u(2S;) < u(3 x 625;) < u(S;), which, together with the Holder
inequality, the L?(u)-boundedness of g and Lemma 3.1(ii), shows that

Hy) < /2 | I @)du(z) < { /2 .

J J

1/2
[9(<Pj)($)]2du(m)} [u(zgj)]l/Q

1/2
s{ / |soj<x>|2du<x>} (2S5 ey [0S 1228712
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Vel (S0 5 | 15@)duta).

Combining the estimates for H;; and H; 2 yields that
1
ul{z € F: gb)(x) > 1)) < EZ/ Dldny) < 317l

which implies that (3.4) holds true. Then we finish the proof of Theorem
3.1. O

4. Boundedness of g from RE\I\TO(M) into R/]_B\L/O(u,)

To state our result in this section, we first recall the definitions of the space
RBMO(p) and the space RBLO(u); see [FYY14] and [YYF13], respectively.

Definition 4.1. Let p € (1,00) and v € [1,00). A function f € L} (u) is

said to be in the space RBMO(p), if there exist a positive constant C' and a
number fp for any ball B such that, for all balls B,

1
5 /B ) — Falduly) < C
and, for all balls B C 5,
5 — fs| < LK),

Moreover, the norm of f in R/]g\M/O( ) is defined to be the minimal constant

C' as above and denoted by HfHRBMO "

Definition 4.2. Let n,p € (1,00), and §, be as in (2.1). A real-valued

function f € Ll _(u) is said to be in the space RBLO(u), if there exists a
non-negative constant C' such that, for all balls B,

1 / [ .
— fy—essmff]d y) < C

n(nB) Jp ) Br wlv)
and, for all (p, 8,)-doubling balls B C S,

essinff — essinff < CKYs.

Moreover, the R/B\/LO( ) norm of f is defined to be the minimal constant C'

as above and denoted by HfHRBLO "

Remark 4.1.

(i) If we replace I?g)’)s by Kpg in Definitions 4.1 and 4.2, we then

give the spaces RBMO(u) and RBLO(), which were introduced by
[Hy10] and [LY11], respectively.

(ii) It is a straightforward consequence of the definitions that RBLO(u) C
RBMO ().
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(iii) It is pointed out in [FY'Y14] that the space R/B\M/O(,u) is independent
of the choices of p € (1,00) and v € [1,00). Moreover, the space

ﬁl%ifO(u) is independent of the choices of 7, p € (1,00); see [YYF13].

Theorem 4.1. Let (X,d, 1) be a non-homogeneous space and g be as in Def-
inition 1.3. Assume that the dominating function X\ satisfies the weak reverse

doubling condition. If g is bounded on L?(u), then for all f € R/B\M/O(u),
g(f) is either infinite everywhere or finite p-almost everywhere. More pre-
cisely, if g(f) is finite at some point xy € X, then g(f) is finite p-almost

everywhere, and ||g(f) < Clfllss where C' is a positive

||RBLO RBMO ( )’

constant independent of f.

To prove Theorem 4.1, we first recall some useful lemmas related to the

space R/BT\/I/O(M) as below. Lemmas 4.1 and 4.2 are showed in [LWY17],
and the former one provides an equivalent characterization of the space

RTB\l\_/I/O(u). Lemma 4.3 was proved in [CL17, Lemma 2.6].

Lemma 4.1. Let n,p € (1,00) and B, be as in (2.1). The following state-
ments are equivalent:

(i) f € RBMO();

(ii) there exists a positive constant C such that, for all balls B,
1
4.1 /fy—m~fdy§C’
(4.1) 1B B\ () —mp, ()] du(y)
and, for all (p, B,)-doubling balls B C S,

ms(f) —ms(f)| < CKY,

where above and in what follows, mp(f) denotes the mean of f over

B, namely,
1
ms(f) = s /B £ (y)duly)

Moreover, the infimum constant C' is equivalent to || f]|

RBMO(p)’

Lemma 4.2. Let (X,d,u) be a non-homogeneous space, f € RBMO(u),
n € (1,00) and p € [1,00). There exists a positive constant C' such that, for
any ball B C X,

1 » 1/p
g L@ = galau)]| < C gz

where fp is as in Definition 4.1.

Corollary 4.1. Let (X,d,pu) be a non-homogeneous space, f € R/BT\/I/O(M),
n € (1,00) and p € [1,00). Then there exists a positive constant C such
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that, for any ball B C X,

1/p
g L@ = me(Pau)]| < C gz

Proof. Let fp be as in Definition 4.1. It then follows from the Minkowski
inequality, the Holder inequality with p € (1,00) and Lemma 4.2 that

[ [ e - mstrane)]

<05 /B () - fBrpdum] ”

i [u(;B)

< 1 » 1/p
$liton * | g [, 1a — math)Pauta)]

<o * 4o [ |z [ 1700 fBldu(y)rdu(w)}l/p

1/p
<Wlion + L [ womy [, 10 - IoPdnaute)

rg HfHR/B\M/O(u) + Hf”RTS\M/O(,u,) SJ H‘]CHR/I3\1\7I/O(,U)7

[ 1£s- mB<f>|Pdu<x>} "

which completes the proof of Corollary 4.1. (|

Lemma 4.3. Let f € R/B\M/O(,u) and p € (1,00). Then, for all two balls
BcScX, we have

Img,(f) —mg, ()] S K stHRBMO(M)

P

Now we show a new equivalent characterization of the space RBLO(u). To
this end, we need the following technical lemma (see also [FYY12, Lemma
3.13]), whose proof is parallel to that of [TOlma, Lemma 9.3] with a slight
modification. We omit the details here.

Lemma 4.4. Let p € (1,00). Assume that there exists a positive constant
Py (big enough), depending on C(yy from (1.3) and 3, as in (2.1), such that,
if xo € X is some fized point and {fp}Bsz, i a collection of numbers, for
all (p, Bp)-doubling balls B C S with xy € B such that K(p) < Py, which
satisfies
\fB — fs| < Cxo)’

then there exists a positive constant C, depending only on Cy), B, and Py
such that, for all doubling balls B C S with xo € B,

\fB— fs| < CIN(,(BP,)SC(M)-
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Lemma 4.5. Let p € (1,00), v € [1,00) and 8, be as in (2.1). The following
statements are equivalent:
(i) f € RBLO(n);
(ii) there exists a non-negative constant Cy satisfying that, for all (p, B,)-
doubling balls B,

1 .
(4.2) ,U(B)/B [f(y) —es%nff] du(y) < C1
and, for all (p, Bp)-doubling balls B C S,
(4.3) ms(f) = ms(f) < CiE .

(iii) there exists a non-negative constant Co satisfying (4.2) such that, for
all (p, B,)-doubling balls B C S,
(4.4) [ms(f) = ms(f)] < ColERS].
Moreover the minimal constants Cy and Cg as above are equivalent
to |l fll 55500,

Proof. The equivalence of (i) and (ii) can be proved by an argument similar
to that used in [LY11, Proposition 2.3]. Thus, we only need to verify the
equivalence of (ii) and (iii).

We first claim that (ii) is equivalent to (iii) with v = 1. In fact, if (iii) holds
true with 4 = 1, then from the fact that mp(f) —mgs(f) < |mp(f)—ms(f)l,
it is easy to see that (ii) holds true. To prove (ii) implies (iii) with v = 1,
notice that

mp(f) > essEi;nff for any B and essgnff > esssinff for any B C S,
which, together with (4.2) and (4.3), show that
(4.5)  [mp(f) —ms(f)]

< |mp(f) — essBinff' +

essintf — es%;nff’ + fessinf f - mg(f)'
_ [mB( /)~ essint f} + [essgnf f = essinf f} n [ms( /)~ essin f]
<20, + {essBinf f = essin f]
<201+ [essutf ~ ma ()] + lmo () - ms(1)
+ |ms(7) — esinty |

<20 + CJ},(B’D,)S +C1 S I?J(gp,)s-

Hence, (iii) with v = 1 holds true, which implies that our claim is valid.



830 HUAYE JIAO AND HAIBO LIN

Now we show that (iii) is independent of v € [1,00). In fact, if (4.4) holds
true for v = 1, then it holds true for v € (1,00). Assume that (4.4) holds
true for v € (1,00). Let z € X, and let B C S be any two (p, 3,)-doubling

balls with = € B such that IN(I(;)S < Py, where Fy is as in Lemma 4.4. Then

Ima(f) = ms(f)] < CIEES < OFf = Cay,
which, together with Lemma 4.4, implies that, for all (p, 5,)-doubling balls
B C S with z € B,
[ma(f) = ms(f)| < CCw K.

This yields that (4.4) holds true for 4y = 1. Combining the above estimates,
we conclude that (iii) is independent of v € [1, 00), which, together with our
claim, completes the proof of Lemma 4.5. (]

Proof of Theorem 4.1. Let f € RBMO(i) and B C S be two (p,8,)-
doubling balls. According to Remark 4.1(iii), without loss of generality, we
chose p = 6. To prove Theorem 4.1, we first claim that there exists a positive
constant C' such that

M(lB)/Bg(f)(x)du(:B) Syig]fgg(f)( )+C”fHRBMO ()

To prove (4.6), we decompose f as
f=1f —msp(flxss + [f — msp(f)lxa\ss) + mss(f)
= fi + fa+msa(f).
The vanishing condition of D; implies that, for any z,y € B,
9(f)(@) < g(f1)(@) + g(f2)(x) + g(msB(f))(x)
= g(f1)(z) + g(f2)(x)
= 9(f)(@) + [9(f2) () — 9(f2) ()] + 9(f2) ().

Notice that B is (6, 3s)-doubling. By the Holder inequality, the L?(ju)-
boundedness of g and Corollary 4.1, we have

1
@ /B o(f1)(@)du(z)

1/2
< L, B eI e |

< W { /5 [h@p du(x)}1/2

1/2
- W;W {[ 1@ = man 0 )} S 1o

(4.6)
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To estimate g(f2)(y), for any y € B, write
B
spw =S [
0

BRI
=:11(y) + La(y).

For I (y), observe that y € B and supp(f2) C X\(5B). From the Minkowski
inequality, (A1) of Dy, (3.5), (4.1) and (1.3), we deduce that
o L9
Az, d(y, 2)) Ld(y, z)

B
Li(y) S / { /
68 | Jo
1

B €2
. /X\(5B) Nzp,d(z,2R)) [d(z,:nB)} | f2(2)|dp(x)

- 1
< zZ)—m du(z
~ TLZZ:l 5n€2)\(xB’ SHTB) /(5n+lB)\(5nB) |f( ) 5B(f)| :U’( )

G 1
= nzz:l 5ne2 \(xp, 5"rp) {/5n+13 ‘f ?) 5"+IB(f) dpu(2)

[ mae) = mst] duca)

+ u(5"“B) ms(f) = mss(f)| |

n w6 x 5" B)
S e oy W lgsvion < 1 lkssog, »
<572 Nap,50rp) | RBNOG) RBMO(1)

2) fa(2)dp(z)

9 1/2
Cf} Fa(2)ldn(2)

where in the second to the last inequality, we use the facts that

(48)  lms(f) — msn(f / (&) — mss(f)|du(z)

<

G / £(2) — ma()dp(a)

< 1 Bt

and

)mf)m(f) - mB(f)‘ N K(G){T)W-‘rlBHfHRBMO HfHRBMO

which can be inferred from Lemmas 4.3 and 2.1.
On the other hand, for Is(y), through the vanishing moment of D; and
the Minkowski inequality, it is easy to see that
1/2
2 dt /
t

w-{[;

/ Di(y, 2)[f(2) — f1(2) — mss(f)]du(z)
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o0 20\
< { / | v st t}
. 9 1/2
+ {/ dt} =:I21(y) + L22(y).

t
Clearly, I>1(y) < g(f)(y). Besides this, an argument analogous to that used
n (2.3), together with (1.4), (1.3) and Corollary 4.1, shows that, for y € B,

o) S [ 3 auey < [ FEZ D) < 1),

Combining the estimates for I;(y) and Iz(y), we conclude that there exists
a positive constant C such that, for any y € B,

(4.9) 9(f2)(y) < g(f)(y) +C1 Hf”RBMO ()

By the Minkowski inequality, some arguments parallel to those used in
(2.2) and the estimate for 1;(y), we have that, for any z,y € B,

(4.10)  g(f2)(z) — g9(f2)(v)
- 20"
:{A t}
- 2 gt)"?
_ {/0 : }
h 2 4t1"?
< {/0 /X[Dt(x, z) — Di(y, 2)] f2(2)du(z) t}

1 rg €1
S /;(\(53) Mzp,d(z,zB)) [d(z7$3)] | f2(2)|du(z)

£ (2) = msp(f)] dp(z)

/ Dy(y. 2) fu(2)dp(z)
X

/ Di(x,2) fo(=)du(2)
X

/ Dy(y =) fa(=)dpa(2)
X

i) |
<
B nz:l 5"61/\(.%3,571""17“3) (57+1B)\ (57 B)

S HfHRTB\M/O(,u,) .

Now, combining the estimates for (4.7), (4.9) and (4.10) yields that there
exists a positive constant Cy such that, for any y € B,

1
55 [ dD@n(@) < o)+ Co W gz
which implies that (4.6) holds true. Based on (4.6), if there exists some

xo € X satisfying g(f)(xo) < oo, then, for any f € RBMO(u) and any
(6, Bg)-doubling ball B C X with zy € B,

55 | 9@ < o))+ C g < o0
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That is to say, g(f) is finite u-almost everywhere, furthermore,

1 .
[ )(a) = essint o di(o) < € 1 F gz -

n(B)
In this case, by Lemma 4.5, to prove Theorem 4.1, we also need to prove
that, for all (6, 8g)-doubling balls B C S,

(4.12) maa(F) ~mso(] < [ES5] 17 limion
Write

(4.11)

f=1[f—msa(f)lxss + [f —ms(f)X@Es)\68)
+ [f = msp(f)lxa\s) + mss(f)
= fi+ f3+ fa+msp(f).
By the vanishing condition of Dy, we know that, for any x € B and y € 5,
9(f)(x) < g(f1)(@) + 9(f3)(x) + 9(f1)(x) + g(msp(f))(z)
= g9(f1)(@) + g(f3)(@) + [9(fa) (@) — g(f1) ()] + 9(f1) (y).
Let N := N5(63),55 + |logg 2] + 1 with N5(63)75S as in Definition 2.2. Notice
that € B and supp(f3) C (565)\(5B). An argument similar to that used

in proof of (2.3), together with (3.5), (4.1), Lemma 4.3, (1.3), Lemma 2.1,
(4.8) and Remark 2.2(i), gives us that

(4.13) g(f3)(x)

| f3(2)] . /() =msp ()],
< /(55)\(53) Az, d(z, ))du /(55)\(53) Mzp,d(z,2B)) ap(2)

<Z/ Z)_mg)B(f)‘d,U,(Z)

snt1B)\(5nB) MTB,d(2,7B))

1
= Z m [/(5n+13)\(5n3) 1£(2) = mmp (D
+|m g, (F) = ma(f)dp(z2)

+ 15" B)ms(f) — mss(f)]

w2 x 5" B)  ~ w(5" 1 B)
< LI S, —
Z [ Nap,5rg) Kpsniip Nas 5nTB):| 1l a0 o)

< [Kg”)s} 1 B0

We now deal with g(f1)(y). For any y € S, write

9(fa)(y) < {/OTS 2?}1/Q+ {/:“.}1/2

/ Di(y =) fa(2)dp(z)
X
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=:J1(y) + J2(y).

Similar to the estimate for Iy (y), we have

1 rg €2
JM”SAWQMMJWJ@Jﬂ%mJ fa(z)ldulz)

£ (2) = msp(f)| du(z)

/(5”+15)\(5”5)

<Y sy Uy [0~ st )

[ ) = m ()] au)
[ m () = me(h)| dute)

+MW“$MM3)—meH}

pu (6 x 5"*15) (6) =~ (6)
~ Z 5”62)\ (zs,5"rg) [1 T RBanipgniig Ky 5"“3} Il gm0

1
<
~ ;::1 5"62)\(CES, 5”1”5)

(6)
SB )5S ||f”RBMO (w) Z 5nes N ”fHRBMO(}L)

For Ja(y), notice that fy = f — f1 — f3 — msp(f). Thus, through the
vanishing moment of Dy, it is easy to see that, for y € S,
1/2
2 1) "
t

w={[
é{/:
AL

/DHL — A=) — f3(2) — msp(Hldu(z)

/){Dt(y» 2)f(z }
d

2 dt
/z%% )F1(2)dp2) t}
- 9 g 1/2
+{/ [ﬁmyam@mu>t}
=:Jo1(y) + J22(y) + J2.3(v).

Obviously, J21(y) < g(f)(y) and J22(y) < g(f1)(y). By some argument
similar to that used in J;(y), we conclude that

J2,3(y)
g/ |f(Z)_m5B(f)‘du(Z)
(55)\(5B)

AMzg,Ts)

CL
t
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. / |£(2) = meg(f)] + |mgg(§)( = ma()l + ma(f) = mea(Hl,
59 Tg,Ts)
S K 1 iimon -

It then follows that there exists a positive constant C'5 such that, for any
yes,

J2(y) < 9N W) + 9 W) + KL 5 1 imiron

which, together with the estimate for Ji(y), implies that there exists a pos-
itive constant Cy such that, for any y € S,

(4.14) 90 ®) < 9w + 90 W) + CE P51l iio

Similar to the estimates for (4.10) and Ji(y), we see that, for any x € B

and y € S,
1/2
2 dt /
t

(4.15)  g(fa)(x) — g(f1)(v)
rg €l
5/\(55 Azs, d(z, z5)) [d(ZﬂES)} fal@)ldulz)

1
< z)—m du(z
—ZW s 57rs) /(5n+15)\(5ns)|f< ) — msn(f)| dp(2)

{ ‘/ [Di(, ) = Di(y, 2)lfa(z)dp(2)

6
Kp's 1 ligiioq

From (4.13), (4.14) and (4.15), we deduce that there exists a positive
constant C5 such that, for any x € B and y € S,

o)) ~ (N ) < o) + 90w + 05 [KE] 1 o -

On the other hand, an argument analogous to (4.7) shows that

= /S 9 Wd) S 1 o

It then follows from the above two estimates and (4.7) that

11
mp(g(f)) —ms(g(f)) = M(S)M(B)/S/B[g(f)(ﬁ) — () (W)]du(z)du(y)

~ (6 2
< [ESs] 1m0 -

which, together with an argument similar to that used in (4.5) and (4.11),
yields that (4.12) holds true, and then completes the proof of Theorem
4.1. O



836 HUAYE JIAO AND HAIBO LIN

5. Boundedness of g on the Hardy space HP(u) with
p € (0,1]

We begin with the definitions and some boundedness criteria of the
atomic Hardy space Hgtqb’v( ) and the molecular Hardy space HY" " (u);

see [FLYY15] and [LL18], respectively.
Definition 5.1. Let p € (1,00), 0 <p <1< g <00, p#q, and v € [1,00).

A function b in L?(u) when p € (0,1) and in L'(x) when p = 1 is called a
(p, q,7, p)r-atomic block if

(i) there exists a ball B such that supp(b) C B;

(i) [ bo)dn(z) =0,
X
(iii) for any j € {1,2}, there exist a function a; supported on a ball
Bj; C B and a number \; € C such that b = A\ja; + A2ao and

(5.1) lasll oy < BT Mg, rp)] P E S D)
Moreover, let ’b‘ﬁ;’g’;(#) = A1+ A

A function f is said to belong to the space ]ﬁl’;’t%’vp(u) if there exists a
sequence of (p,q,~,p)x-atomic blocks, {b;}°,, such that f = >°>°, b; in
L*(p) when p € (0,1) and in Ll( ) when p =1, and

Z| 74|HP‘1’Y

atb,p

Moreover, define

1/p
Hf”f[;’t'g”';(u) = [E |b ‘HPLI’Y ] 9

atb p

where the infimum is taken over all possible decompositions of f as above.
The atomic Hardy space H q“’( ) is then defined as the completion of

atb,
H&%Z(u) with respect to the p-quasi-norm | - ||%

HEEY (1)

Definition 5.2. Let p € (1,00), 0 <p<1<g<o0,p#q, 7€ [l,00) and
€ (0,00). A function b in L?(u) when p € (0,1) and in L'(u) when p = 1
is called a (p, q,7, €, p)a-molecular block if

() [ be)dntz) = o

(ii) there exist some ball B := B(xpg,rp), with zg € X and rp € (0, 0),
and some constants ]\7,M € N7 such that, for all k € N and j €
{1,---, My} with My, := M if k = 0 and My := M if k € NT, there
exist functions my, ; supported on some balls By ; C Ug(B) for all
k € N, where Up(B) := p?B and U(B) := p"*2B \ p¥=2B with
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k € N, and A € C such that b = Y37 200 Ay jmy; in L2 (p)
when p € (0,1) and in L'(x) when p = 1,

(5-2) [, < p M ulpBi)1V " N @p, 9P rp)] P

La(p)

<R op)

and
(o @] Mk

|b|%”’€”‘(u) =) [l < oo
mb,p

k=0 j=1

A function f is said to belong to the space ﬁﬁg’Z’e(u) if there exists a
sequence of (p,q,7, €, p)y-molecular blocks, {b;}°,, such that f = > 2, b;
in L?(u) when p € (0,1) and in L*(u) when p = 1, and

)
; il ey < o0
Moreover, define
00 1/p
||f||fj§;g:gve(u) := inf [Z |bi\%p,q,w,e(#)] )

3 b
=1 mb.p

where the infimum is taken over all possible decompositions of f as above.

The molecular Hardy space ﬁﬁg’Z’e(u) is then defined as the completion
of Hﬁgqb’;’e(u) with respect to the p-quasi-norm H.H%Q{,’,’Z’E(#)'

Remark 5.1.

(i) It was pointed out in [FLYY15] that ﬁst’gg(u) C f[ﬁg:;"(u) in the

sense that there exists a map 7' from ﬁ:t’%’Z(u) to ﬁﬁl’g’g’e(u) such

that, for any f € f[ﬁt’qb’Z(u), there is a unique element f € ﬁﬁl’g’Z’e(u)

satisfying T'(f) = f and Hf”ﬁgj»g:gve(ﬂ) S Hf“ﬁggzz(u)- N

(ii) When p = 1, it was proved in [FYY14] that H;t’tq)’;(;z) = Hé{gg’e(u)
and they are independent of the choices of p, ¢, v and e. Thus, in
what follows, we denote H ;t’%?)(u) simply by H!(u).

(iii) When p € (0,1), it is unclear whether the similar properties of

f[ﬁt’g’Z(u) and f[ﬁl’g’Z’e(u) as in (b) still hold true.

The following two boundedness criteria, respectively for the sublinear
operator and the non-negative sublinear operator, on the Hardy spaces were
proved in [LL18].

Lemma 5.1. Let p,q € (1,00), v € [1,00) and T be a sublinear operator
bounded from L(u) into LY°°(u). If there exists a positive constant C such
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that, for all (1, q,7, p)r-atomic blocks b,

||TbHL1('LL) < C|b|[—~[;égﬂ";(u)v

then T is extended to be a bounded sublinear operator from H' (1) to L*(p).

Lemma 5.2. Letp € (1,00),0<p<1<g<o0,7€[l,00)ande € (0,00).
Let T be a non-negative sublinear operator. Assume that T is bounded on
L* ().
(i) If there exists a positive constant C' such that, for all (p,q,7, €, p)r-
molecular blocks b,

ITO)zry < Clbl (0
then T is extended to be a bounded operator from ﬁﬁg’}e(u) to LP ().

(ii) If there exists a positive constant C' such that, for all (p,q,7,p)x-
atomic blocks b,

17Ol Lo () < C’b’ﬁ;’t’ﬁ:Z(#)’

then T is extended to be a bounded operator from flﬁé%’l(ﬂ) to LP(p).

We first consider the boundedness of g on the Hardy space H Yw).

Theorem 5.1. Let (X,d, ) be a non-homogeneous space and g be as in
Definition 1.3. Assume that the dominating function \ satisfies the weak
reverse doubling condition. If g is bounded on L*(u), then g is bounded

from H(p) into L*(n).
Proof. By Remark 5.%(11), without loss of generality, we choose p =2, ¢ = 2
and v =1. Let b = Z/\jaj be an arbitrary (1,2, 1, 2)y-atomic block. For
any j € {1,2}, suppj(;l') C Bj C B, where Bj, B are as in Definition 5.1.
Applying Lemma 5.1, we only need to prove that

lg@) sy = 1Bl 121

Write
/ 9(b)(@)du(z) = / 9(b)(@)dpu(z) + / g (Mar + o) (z)d(z)
X X\(2B)

2B
< /X oy SO @)
2

T g Al { /( oo 1@ )

an g(ajxx)dum}

J



BOUNDEDNESS OF LITTLEWOOD-PALEY g-FUNCTIONS 839

2
=Ko+ > [N (K] + K2).
j=1

X
0. This, together with (2.2), (3.5), (1.3), the Holder inequality and (5.1),
implies that

1 rg ]
(5.3) Kos/Blb(y)du(y) /X\(ZB) Nzg, d(z,2p)) [d(w,xB)] )

< / b(y)ldu(y)
{Z/zn+13)\ 21 B) xB,dl(%xB)) {d(l:i’B)r dﬂ(m)}

1 2n+1B
S [ Bt |3 g e i
2 1 \(zp,2"rp

To estimate K1> notice that, for any fixed j € {1,2}, z € (2B)\(2B)),
supp(a;) C Bj, and X satisfies the weak reverse doubling condition. It then

follows from (2.3), (3.5), Remark 2.2(ii), the Hélder inequality and (5.1)
that

j du(x) 0
GO S s O 0)

=>(2
SES plajllpg, <1

For Ky, notice that x € X\(2B), supp(b) C B, and / b(y)du(y) =

< HbHLl N ‘b’H”;( )

On the other hand, for KJ with any fixed j € {1,2}, from the Holder in-
equality, the L?(u)-boundedness of g and (5.1), we deduce that

‘ 1/2
(5.5) K; < {/23 [g(aj)(x)]Qdu(w)} u(2B;))'?

S {/X [aj(w)]zdu(:c)}l/z (u(2B;)]/?

= llajll 2, [1(2B))]? < 1.
Combining the estimates for (5.3), (5.4) and (5.5) yields that

2
/Xg(b)(x)d“(”f) S bl + Z; M1 S Bl 2y
o

which completes the proof of Theorem 5.1. ([

Theorem 4.1 tells us that g is bounded from the Lebesgue space L (u)
into the space RBMO(u). From this, together with Theorem 5.1 and the
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following interpolation lemma for sublinear operator, we obtain the bound-
edness of g on the Lebesgue spaces L?(u) with g € (1,00). We mention that
the interpolation lemma can be proved by using some arguments similar to
those used in the proof of [LY12, Theorem 1.1]. We omit the details here.

Lemma 5.3. Suppose that T is a sublinear operator bounded from L (u)

into the space R/B\M/O(,u) and from H' (1) into LY*°(). Then T is extended
to be a bounded operator on Li(u) for every q € (1,00).

Corollary 5.1. Let (X,d,u) be a non-homogeneous space and g be as in
Definition 1.3. Assume that the dominating function \ satisfies the weak
reverse doubling condition. If g is bounded on L*(u), then g is extended to
be a bounded operator on Li(u) for every q € (1,00).

At the end of this section, we establish the boundedness of g on the Hardy
spaces H? with p € (0,1). Recall that v := logy C(y), where C(y) is as in
Definition 1.1.

Theorem 5.2. Let p € (1,00), v € [1,00), : <p<1<q<oo, where
14 €1

€1 € (0,1] is as in Definitions 1.3. Let (X,d,u) be a non-homogeneous
space and g be as in Definition 1.3. Assume that the dominating function A
satisfies the weak reverse doubling condition. If g is bounded on L?(p), then
g s bounded from the molecular Hardy space ﬁfﬂ’g:;ﬁq () into LP(u).

With some proof completely analogous to that in [FLYY15, Corollary
4.9], we establish the following corollary and omit the details here.

Corollary 5.2. Under the same assumption as in Theorem 5.2, g is bounded

from the atomic Hardy space ﬁg{%:;(#) into LP ().

Proof of Theorem 5.2. For the sake of simplicity, we choose p = 2, v =1,
and assume that M = M in Definition 5.2. Our argument can be expanded
to general cases via some slight modifications. Let b= »"77 Z]]Vil Ak M j
be an arbitrary E[ﬁl’g:;’q (p)-molecular block, where, for any k € N and j €
{1,2,..., M}, supp(my, ;) C Br; C Ugp(B). According to Lemma 5.2(i), it is
sufficient to prove that

lgO)zr(u) < [l gzaer .

Write

oo co M
oy <Y [ ol (o A | @) e
n=0 n

k=0 j=1

o0

4 M
Snz_:o/n(B) g ZZ/\k,jmk,j (z)| du(x)

k=0 j=1
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[e's) n—5 M P

=S oY e | @) dute)
n=5 " Un(B) k=0 j=1
00 n+4 P
+Z/ gl 2 ZAlwka z)| dp(x)
n=5"Un(B) k=n—4 j=1
o] 00 M P
+Z/ g Z Z/\k,jmk,j (z)| du(z)
n=5 " Un(B) k=n+5 j=1

=: Lo+ L; + Ly + Ls.
Using the Holder inequality and (5.2), we obtain the following estimate
for my, ; with k € Nand j € {1,--- , M},

-p p—1
66 lImeslfugy S 2RO, [Mws, 2540
To estimate Lo, write

co n+4

LSy S S / ,,lame) ) dutz)

n=5k=n—4 j=1
© n+4d M

S22 D Pl [ /U o, ) @Pdi(e)

n=5k=n—4 j=1

+ / . latms) @) |pdﬂ(ﬂf)]

oo n+4
Y5 S / 9(m15) (@) Pdus(z)
n=5k=n—4 j=1 Un(B)\(2Bx, ;)
oo n+4
5 8 Sl [ o o)) = L 41
n=>5k=n—4 j=1 k.3

For Ly 1, notice that « € U, (B)\(2By,;) and supp(my, ;) C By ;. By (2.3),
(3.5), the Holder inequality, (5.6), Remark 2.2(ii), Lemma 2.1 and (1.3), we
see that

oo nt+d M

Lo ,SZ Z ZIAM!”

n=>5k=n—4 j=1

p
i)

X my i (y)|du(y) | dp(

]/num\@BkJ)[A(thjﬂﬂw7$thD th‘ kg (W)l 4 (@)

co n+4 M

=2 > D Pyl i

n=>5 k=n—4 j=1
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p
X dp(x
/Un(B)\(2Bkj) [)\(kaj,d(l" kaj)):| ul)

co n+4

<Z Z Zp\k,j’ Hmk,JH L(u)

n=>5k=n—4 j=1

dpi(a) ’

n 1-p
X w(2"2B
[/(2"_'—23)\(231%;‘) )\(ka,j s d(ﬂf, ka,j ))] [ ( )]

o n (2)’10 p _
<S5 g | | [
Akj oker J (2)47 Nz, 2F12B)

n=>5k=n—4j j.2k+2B

co nt+4d M M oo k+4

S22 2 Mgl 2y D ) Mgl
n=5k=n—4 j=1 j—l k=1n=>5

M oo

ZZkQ pkqp‘ ‘p<ZZ|)‘kj‘p_‘b’Hpqvé1
j=1k=0 k=0 j=1

On the other hand, the Holder inequality, together with Corollary 5.1,
(5.2) and (1.3), shows that

oo n+4

bes3 S S mor{ [

n5kn4j1
oo n+4

SO ZM 28517y 12 B 1)) 7

n=>5k=n—4 j=1

p
oo ntd M k+3 1-p
IS 1 12" B)
S |)\k7j‘p (2)71, [A($B7 2k+27’B)]

k
n=>5 k=n—4 j=1 K " oktop

k.j

p/q
[g(mk,j(w))]qdu(x)} [1(2By ;)] P/

oo  n+4
<Z Z Z|>‘k ‘p2 pk61<|b|Hqu61

n=>5k=n—4 j=1

Combining the estimates for Lo 1 and Lg 2, we have
< T €
ko % Plages o
Now we deal with L3. For any x € Uy,(B) and y € By ; C Ui(B) with
k >n+5, we have d(z,y) > 2""2rg > d(x,z) > 2" 2rp, which, together

with (1.3) and (3.5), implies that

Az, d(z,y)) > Mz, d(z,25)) ~ Mz, d(z,z5)) > Xzp, 2" %rp).
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This, together with an argument similar to that used in the estimate for
(2.3), (5.6) and (1.3), shows that

p

Ly < z/ S S Pslgtrmes) )| dute)
n=>5 ”

k=n+5 j=1

3D OB ST |, s @Patz)

n=>5 k= 7’L+5j 1

s> z S sl g, Joo [5Gz 0

n=>5k=n+5 j=1
0o 00 M 1 p
<
~ Z Z Z | k’J’ 2k’ K(Q)vp
n=>5k=n+5 j=1 By ;,2k+2B
1 2n+QB
y 1 )

Az, 2’“*27“3)]1*? Azp, 2" 2rp)P

[e.9]

Z Z|)\k P2 pkfl 1 p(2"*+2B)
e nt5 =1 Az g, 2" 2rp) 1P [N(zp, 27T 2rp)[P

M
Y SRR €SS sl = Bl

j=1k=10 k=0 j=1

We now turn to estimate L;. Write

/,L (B) /OO /){Dt(x,y)

n—5 M 2 dt p/2
DD Mg ()| duly) —| dn(@)
k=0 j=1

: nZs/Un(B) /o /X[Dt(x’y) = Di(z,25)]

2 p/2
n—5 M

D Aegmii(y) | duly) % du(z)

k=0 j=1
o0
/ Di(z, )
0 X

_|_
7125/71(3)
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2 (p/2
n—5 M &t
D> My (y) | duly) —| du@)
k=0 j=1
=:L11+ Lo

Notice that, for any « € U, (B) and y € By, ; C Up(B) with k <n —5, we
have d(z,y) > 2" 3rg > 275%d(x,2p) > 2752" 2rp, which, together with
(1.3) and (3.5), implies that

Mz, d(z,y)) 2 Mz, d(z,z5)) ~ Nzp, d(z,25)) > Nzp, 2" *rp).

From this, together with an argument similar to the estimate for (2.2), (5.6)
and (1.3), we conclude that, for any p € (-

v+ep? 1)7
co n—5 M

Lit SO0 gyl

n=>5 k=0 j=1
mi; (W) [dly,z8)]° P )
’ /Un<B> {/Bk Az, d(z,y)) |:d(a:,y) } dﬂ(y)} dp(z)

00 n—5H
=

-5 M
D2 kil lmagllP o

n=>5 k=0 j=1

X/ 1 2] pdu(w)
on+2p )\(:L'B,2”727“B) n—2pp

oo n—=5 M _k 2 k427 €1
2-ke uw(22B) 2
S ZZM";’HP 7(2).p ANzp, 2" 2rp) | 272
n=>5 k=0 j=1 KBkJ-,Q’“Jr?B B; B
X{ H(2n+2B) }I—P

(xp, 25+2rp)

8

5 ZZ ’)\k7]|p |b|Hpqv T(p):

k=0 j=1

Furthermore, by the vanishing moment of b, an argument similar to the
estimate of (2.3), (3.5), (5.6) and (1.3), we have

L172 = / ’/ Dt x .%'B
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2 p/2

o0 M dt
< 1by) = > > Megmui() | du(y)| | du(x)

° t
k=n—4 j=1
e 00
Z/ /Dt(xaxB)
= Jun.(B) X
2 /2
dt

o M
2 ZAk,jmk,j(y) du(y)| —|  du()

t

X

o0 [e%e] M 1 »
N N e = R
gk—zn—4jgl LYW i 8y [ M@, 27 2rp)
p
>y fu i ! [ p(2"2B) T—p
k7j 2’ k+2
n=5k=n—4 j=1 2ker K(B:iQkHB Nz, 2K2rp)
(oo} [e%e] M
Do D0 D wglrare
n=>5k=n—4 j=1
M oo k+4
ZZZ ’)‘k3|p2 “rka < ’b’HP,qn/,q
j=1k=1n=5

It then follows from the estimates for L; 1 and Lj 2 that

Ll < |b‘Hp,q,l,61 (M)

84

Using some argument used in the estimates for L.; and Lo, we obtain that

Lo S Bl gmate -

Combining all the estimates for Lo to Ls, we finish the proof of Theorem

5.2. U
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