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On the index of certain standard
congruence subgroups

Thomas Morgan

Abstract. For an epimorphism of the free group on two generators
onto a finite group G, one can associate a finite index subgroup of the
automorphism group of the free group called the standard congruence
subgroup. We calculate the index of this group when G is a non-abelian
semi-direct product of cyclic groups of prime order.
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1. Introduction

There is a well-known surjective representation of the automorphism group
of a free group ρ0 : AutpFnq Ñ AutpFn{rFn, Fnsq – GLnpZq. The kernel of
this representation is called the Torelli subgroup, denoted IApFnq, and the
subgroup of AutpFnq whose elements have determinant 1 under ρ0 is called
the special automorphism group, denoted Aut`pFnq. While this linear rep-
resentation of Aut`pFnq is well studied, only a few other representations
were studied until 2006, when Grunewald and Lubotzky[GL09] published
a paper detailing the construction of a family of virtual linear representa-
tions of AutpFnq indexed by finite groups G and surjective homomorphisms
π : Fn Ñ G. This gave rise to a generalization of the Torelli subgroup dif-
ferent from the Johnson filtration and proved that AutpF3q is large, which
implies that it does not have Kazdhan’s property (T).
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In constructing these representations, Grunewald and Lubotzky used the
subgroup ΓpG, πq ď AutpFnq. This subgroup is called the standard congru-
ence subgroup of AutpFnq associated to G and π. The subgroup is defined
as follows: let R :“ kerpπq. Then the action of Fn on R by conjugation
leads to an action of G on the relation module R̄ :“ R{rR,Rs. Define
ΓpG, πq :“ tϕ P AutpFnq | ϕpRq “ R, ϕ induces identity on Fn{R – Gu.
This is exactly the G-equivariant automorphisms under this action. It is
also analogous to congruence subgroups, which are extensively studied for
arithmetic groups.

Following Grunewald and Lubotzky’s paper, Appel and Ribnere [AR09]
began a more systematic study of these standard congruence subgroups
in the case where n “ 2. First they restricted themselves to Γ`pG, πq “
ΓpG, πq XAut`pF2q. Then they computed the index rAut`pF2q : Γ`pG, πqs
for G abelian or dihedral. In doing so, and with some further analysis, they
gave some partial results to the congruence subgroup problem for Aut`pF2q.
Appel and Ribnere also posed a conjecture stating the index when G is the
non-abelian semidirect product of two cyclic groups of prime order. We
prove their conjecture.

Theorem 1.1. Let G be the non-abelian semidirect product of two cyclic
groups, G “ Z{pZ¸ Z{qZ, where p and q are primes with p ”q 1. Then

rAut`pF2q : Γ`pG, πqs “ |G| ¨ rSL2pZq : Γ1pqqs “ pqpq2 ´ 1q.

Here Γ1pqq :“
!

„

α β
δ ε



P Sl2pZq
ˇ

ˇ

ˇ
δ ”q 0, ε ”q 1

)

. Note that this is true

independent of the choice of π. We prove this in Section 2. The second
equality follows from the study of congruence subgroups (see for example
[DS05]). Then in Section 3, we prove the first equality by using the primi-
tive elements constructed in [OZ81] to construct enough automorphisms in
Γ`pG, πq to prove that ρ0pΓ

`pG, πqq “ Γ1pqq. The equality then follows
from the following proposition from [AR09].

Proposition 1.2 (Appel, Ribnere). Let π : F2 Ñ G be an epimorphism of
F2 onto a finite group G. Then

rAut`pF2q : Γ`pG, πqs “ rSL2pZq : ρ0pΓ
`pG, πqqs ¨ rG : ZpGqs.

Here ρ0 : AutpFnq Ñ AutpFn{rFn, Fnsq – GLnpZq is the representation
introduced earlier.

2. Independence of the choice of π

2.1. A description of Aut(G). Let p, q P N be primes such that p ”q 1.
Then the non-abelian semi-direct product G :“ Z{pZ¸ Z{qZ has the
following presentation:

G “ xa, b | ap “ bq “ 1, bab´1 “ aλy
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for some 1 ă λ ă p and λq ”p 1 pλ “ 1 would be the abelian case).
Indeed, let Z{pZ “ xay and Z{qZ “ xby. Then the above presentation
comes from the outer semi-direct product associated with the homomor-
phism ϕ : Z{qZÑ AutpZ{pZq such that ϕpbqpaq “ aλ.

Let F2 “ xx, yy be the free group on two generators. To see that the index
we wish to calculate is independent of the choice of π : F2 Ñ G, we look at
an action of Aut`pF2q on the following set. We define

R2pGq :“ tkerpπq | π : F2 Ñ G is an epimorphismu.

We can define an action of Aut`pF2q on R2pGq by

ϕ.R :“ ϕpRq for ϕ P Aut`pF2q, R P R2pGq.

If the action is transitive, then rAut`pF2q : Γ`pG, πqs is independent of the
choice of π. Indeed, let π, π1 : F2 Ñ G be epimorphisms, and assume that
there is some ϕ P Aut`pF2q such that ϕ. kerpπq “ kerpπ1q. Since ϕ. kerpπq “
kerpπ ˝ ϕ´1q, we have that Γ`pG, π1q “ tϕ ˝ ψ ˝ ϕ´1 | ψ P Γ`pG, πqu. Since
Γ`pG, πq and Γ`pG, π1q are conjugate subgroups of Aut`pF2q, we conclude
that rAut`pF2q : Γ`pG, πqs “ rAut`pF2q : Γ`pG, π1qs.

In order to show that this action is transitive, it is helpful to first un-
derstand the automorphisms of the group G. To that effect, we prove the
following lemma.

Lemma 2.1. For each 0 ă i ă p, 0 ď j ă p there is a unique auto-
morphism ϕi,j : G Ñ G such that ϕpaq “ ai, ϕpbq “ ajb. Moreover
AutpGq “ tϕi,j | 0 ă i ă p, 0 ď j ă pu.

Proof. Let 0 ă i ă p, 0 ď j ă p. Since ta, bu is a generating set of G,
we can define ϕi,j on ta, bu as above and extend to a homomorphism in a
unique way. To see this is a well-defined homomorphism, we will check that
it satisfies the relations. First, we have that

ϕpaqp “ paiqp “ aip “ papqi “ 1i “ 1.

Since p - p1´ λq and λq ”p 1, it follows that

ϕpbqq “ pajbqq “ ajajλ . . . ajλ
q´1
bq “ ar,

where

r “

q´1
ÿ

i“0

jλi “ j

q´1
ÿ

i“0

λi “ j
´1´ λq

1´ λ

¯

”p 0.

Finally, we have that

ϕpbqϕpaqϕpbq´1 “ ajbaib´1a´j “ ajaλia´j “ paiqλ “ ϕpaqλ.
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Thus ϕ is a homomorphism.

To see this map is surjective, note that ai is a generator of xay for 0 ă
i ă p. It follows that a P Impϕi,jq. Then a, ajb P Impϕi,jq ùñ b P Impϕi,jq.
This shows that Impϕi,jq contains a generating set, so ϕi,j is surjective. Be-
cause G is finite, this is enough to show that ϕi,j is an automorphism.

Now let H denote the set tϕi,j | 0 ă i ă p, 0 ď j ă pu. We have shown
that H Ă AutpGq. Thus it remains to show the reverse inclusion.

Let ϕ P AutpGq. Since xay contains all of the elements of order p in G,

ϕpaq “ ai for some 0 ă i ă p.

ϕpbq “ ajbk for some 0 ď j ă p, 0 ă k ă q.

On the one hand,
ϕpbab´1q “ ϕpaλq “ aiλ.

On the other hand,

ϕpbab´1q “ ϕpbqϕpaqϕpbq´1 “ ajbkaib´ka´j “ ajaiλ
k
bkb´ka´j “ aiλ

k
.

Thus aiλ “ aiλ
k
. Since a is of order p and p does not divide i, it follows that

λk´1 ”p 1. We know that λ is of order q, so q | pk ´ 1q. But 0 ă k ă q, so
k “ 1. Thus AutpGq ď H.

�

2.2. Independence of the choice of π. We will now show that the action
of Aut`pF2q on R2pGq defined above is transitive. This will mean that the
index rAut`pF2q : Γ`pG, πqs is independent of the choice of π. Thus we will
be able to compute the index using the epimorphism

π0 : F2 Ñ G
x ÞÑ a
y ÞÑ b

Lemma 2.2. The action of Aut`pF2q on the set R2pGq is transitive.

Proof. Let π : F2 Ñ G be an arbitrary epimorphism of F2 onto G. Then
for some i, j, k, ` P Z, we have πpxq “ aibj , πpyq “ akb`. Let β : GÑ Z{qZ,
βpambnq “ n. Then β ˝π is an epimorphism of F2 onto Z{qZ. The following
diagram commutes:

F2 pZ{qZq2 pZ{qZqα

β˝π

δ

where αpxq “ p1, 0q, αpyq “ p0, 1q, and δpm,nq “ mj ` n`. Since δ ˝ α
is surjective, there is an element pm,nq P pZ{qZq2 such that δpm,nq “ 1.
Furthermore, since δ is not injective, there is a non-zero element pu, vq such
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that δpu, vq “ 0. It is clear that pm,nq and pu, vq are linearly independent, so

d :“

∣∣∣∣u m
v n

∣∣∣∣ ıq 0. Thus we can choose a d̃ P Z such that dd̃ ”q 1. The vector

pd̃u, d̃vq is in the kernel of δ since pu, vq is, and M :“

ˆ

d̃u m

d̃v n

˙

P Sl2pZ{qZq.

Choose a matrix N P Sl2pZq such that N ”q M . Let ρ0 : AutpFnq Ñ
AutpFn{rFn, Fnsq – GLnpZq be the homomorphism described in the in-
troduction. Because ρ0 is surjective, we may choose an automorphism
φ P Aut`pF2q such that ρ0pφq “ N . It follows that δ ˝ α ˝ φpxq “ 0,
δ ˝ α ˝ φpyq “ 1. Thus π ˝ φpxq “ ag and π ˝ φpyq “ ahb for some g, h P Z.
By Lemma 2.1, ϕ´1g,h ˝ π ˝ φ “ π0. It follows that kerpπq, kerpπ0q lie in the

same Aut`pF2q orbit. �

3. Proof of Theorem 1.1

3.1. Image of primitive elements. Let p, q be as above. Now that we
know the action of Aut`pF2q on R2pGq is transitive, we need to show that

ρ0pΓ
`pG, π0qq “ Γ1pqq. Here Γ1pqq :“

!

„

α β
δ ε



P Sl2pZq
ˇ

ˇ

ˇ
δ ”q 0, ε ”q 1

)

.

To do this, we use the description of primitive elements from [OZ81] to
construct elements of Γ`pG, π0q. In Section 2 of rOZs, given α, δ P Z` such
that gcdpα, δq “ 1, Osbourne and Zieschang outline a geometric construction
of a primitive element vα,δ containing α copies of x and δ copies of y which
we reproduce here. Draw a directed line segment from p0, 0q to pα, δq. We
use this line segment to generate a word in F2. Starting at p0, 0q, every
time the segment passes a vertical integer grid line write an x, and every
time the segment passes a horizontal integer grid line write a y. Call the
resulting word v1α,δ. Define vα,δ :“ xyv1α,δ. Lemma 2.3 of [OZ81] shows that
vα,δ is primitive by relating it to a construction earlier in the paper which
is algebraically shown to be primitive. We use these primitive elements and
their geometric construction in the following lemma:

Lemma 3.1. Let α, δ P Z` such that gcdpα, δq “ 1 and q|δ. Then π0pvα,δq “

azbδ for some z P Z which depends only on α (mod q).

Proof. Note that the x’s in v1α,δ correspond to points pi, iδ{αq for 0 ă i ă α.

Given each x in v1α,δ we want to consider what it will take to move it to the
front of the word. That is, we want to count the number of y’s that occur
before each x. For the ith x, this is precisely the integer part of iδ{α. This is
equal to piδ´ riq{α where 0 ď ri ă α is the remainder when iδ is divided by
α. In terms of the image of v1α,δ under π, we only care about the number of

y’s mod q. Since gcdpα, δq “ 1 and q|δ, we have gcdpq, αq “ 1. Thus there
exists an α̃ P Z such that αα̃ ”q 1. It follows that piδ´ riq{α ”q ´α̃ri since
q|δ. Therefore, after commuting the ith a in the image of v1α,δ to the front of
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the word it becomes aλ
´α̃ri . Thus the image of v1α,δ under π is asbδ´1 where

s “
α´1
ÿ

i“1

λ´α̃ri “
α´1
ÿ

i“1

pλ´α̃qri .

Consider the list of remainders pr1, r2, . . . , rα´1q. By the above consid-
erations, this list completely determines the power of a in πpv1α,δq. Since

gcdpα, δq “ 1, rδs P Z{αZ is a generator. Furthermore, by definition rris “
irδs in Z{αZ. Thus up to reordering, pr1, r2, . . . rα´1q “ p1, 2, . . . , α ´ 1q.
As this is true for any choice of δ meeting our requirements, for fixed α the
power of a in v1α,δ and hence vα,δ is independent of our choice of δ.

Now fix δ. If α2 “ α1 ` q, then we get two different lists of remainders.
They are p1, 2, . . . , α1 ´ 1q and p1, 2, . . . , α2 ´ 1q “ p1, 2, . . . , q, q ` 1, q `
2, . . . , q`α1´1q. Let λ1 :“ λ´α̃2 . Note that α1 ”q α2 ùñ α̃1 ”q α̃2. Thus
λ1 “ λ´α̃1 . Plugging this into our formula for the power of a in πpv1α,δq and

noting that pλ1qq ”p 1, we get

α2´1
ÿ

i“1

pλ1qri “

q
ÿ

i“1

pλ1qri `

q`α1´1
ÿ

i“q`1

pλ1qri

”p λ
1
´1´ pλ1qq

1´ λ1

¯

`

α1´1
ÿ

i“1

pλ1qri

”p

α1´1
ÿ

i“1

pλ1qri .

Thus π0pv
1
α1,δ
q “ π0pv

1
α2,δ
q. By induction, we see that π0pv

1
α,δq and hence

π0pvα,δq only depends upon α mod q. �

3.2. Proof of Theorem 1.1. With Proposition 1.2 and our lemmas, we
are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.2, we may assume that π “ π0. Not-
ing that ZpGq “ 1 so rG : ZpGqs “ |G|, by Proposition 1.2 it suffices to show
that ρ0pΓ

`pG, πqq “ Γ1pqq. Since ρ0pΓ
`pG, πqq ď ρ0pΓ

`pGab, π̄qq “ Γ1pqq
where f ˝ π “ π̄ and f : G Ñ Gab is the abelianization map, it remains to
show ρ0pΓ

`pG, πqq ě Γ1pqq.

Let A “

„

α β
δ ε



P Γ1pqq. Then let ϕ be the automorphism determined

by
ϕ : F2 Ñ F2

x ÞÑ vα,δ
y ÞÑ vβ,ε

By Theorem 1.2 of [OZ81], we have that vα,δ and vβ,ε generate F2. Thus
ϕ P Aut`pF2q. Let πpvβ,εq “ ajb. It must be of this form since ε ”q 1 and b
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has order q.

First assume α, δ ą 0. Since p - pλ´ 1q, there exists an ` P Z such that
pλ´ 1q` ”p j. Then

πpx`vβ,εx
´`q “ a`ajba´` “ a`aja´λ`b “ ap1´λq``jb “ b

By Lemma 3.1, the a exponent of πpvα,δq only depends upon α mod q. But

α ”q 1 and v1,δ “ xyδ by direct computation. Thus

πpx`vα,δx
´`q “ a`aa´` “ a

This shows that c ˝ ϕ P Γ`pG, πq where c is conjugation by x`. Since
ρ0pc ˝ ϕq “ A by construction, this shows A P ρ0pΓ

`pG, πqq.

We now consider the case where α and δ are arbitrary. By the above

argument,

„

1 0
q 1



P ρ0pΓ
`pG, πqq. Furthermore, for the correct choice of

` as above, the automorphism

ψ : F2 Ñ F2

x ÞÑ x
y ÞÑ x``1yx´`

is in Γ`pG, πq, and ρ0pψq “

„

1 1
0 1



P ρ0pΓ
`pG, πqq. For general α, δ,

we may write A as a product of powers of these matrices and some A1 “
„

α1 β1

δ1 ε1



P Γ1pqq with α1, δ1 ą 0. This shows that A P ρ0pΓ
`pG, πqq. �
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