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On generalized Jgrgensen inequality
in infinite dimension

Krishnendu Gongopadhyay

ABSTRACT. In [5], Li has obtained an analogue of the Jgrgensen in-
equality in the infinite-dimensional Md&bius group. We show that this
inequality is strict.
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1. Introduction

The Mébius group M (n) acts by isometries on the n-dimensional real hy-
perbolic space. The Jgrgensen inequality is a pioneer result in the theory
of discrete subgroups of Md&bius groups. The classical Jgrgensen inequality
gives a necessary criterion to detect the discreteness of a two-generator sub-
group in M(2) and M (3). There have been several generalizations of the
Jorgensen inequality in higher dimensional M&bius groups, e.g. [3], [8], [9].

The Clifford algebraic formalism to Mobius group was initiated by Ahlfors
in [1]. In this approach the 2 x 2 matrices over finite dimensional Clifford
algebras act by linear fractional transformations on the n-sphere. Water-
man used the Clifford algebraic formalism of M&bius groups to obtain some
Jorgensen type inequalities in [9]. Frunza initiated a framework for infi-
nite dimensional Mobius groups in [2]. This framework is an extension of
the Clifford algebraic viewpoint by Ahlfors. In [5, 6, 4], Li has used this
viewpoint further to obtain discreteness criteria in infinite dimension.

Received August 18, 2018.

2000 Mathematics Subject Classification. Primary 20H10; Secondary 51M10, 20H25 .
Key words and phrases. Jgrgensen inequality, discreteness, Clifford matrices.
Research partially supported by SERB MATRICS grant MTR/2017/000355.

ISSN 1076-9803/2018
865


http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2018/Vol24.htm

866 KRISHNENDU GONGOPADHYAY

In [5], Li has obtained an analogue of Jgrgensen inequality in the infinite-
dimensional Mobius group. The aim of this note is to show that this in-
equality is strict. In Section 2, we briefly recall basic notions of the infinite
dimensional theory and note down the Jgrgensen type inequality of Li. In
Section 3 we prove that Li’s inequality is strict, see Theorem 3.1.

2. Preliminaries

2.1. Infinite dimensional Clifford group. The Clifford algebra C is the
associative algebra over R generated by a countable family {ix}32, subject
to the relations:
iniy = —ipin, h#k, iz = —1,

and no others. Every element of C can be expressed as a = > ayI, where
I =igyigy . ig,, 1 <k <ky<---<kp,<mn,nisa fixed natural number
depending upon a, a; € R, and Y ; a? < co. If I = (), then ay is the real part
of a and the remaining part is the ‘imaginary part’ of a. In C the Euclidean
norm is given as usual by

lal = V/|Re(a)? + [Im(a)[?.

As in the finite-dimensional Clifford algebra, C has three special involutions,
defined by the following.

x: In a € C as above, replace in each I = 44,9, =+ gy, DY Gy =10, @ @
is an anti-automorphism.

' Replace i by —ix in a to obtain a'.

The conjugate a of a is now defined as: a = (a*)’ = (a)*.

Elements of the following type:

*

a=ap+ayii+ -+ agin+---,

are called vectors. The set of vectors is denoted by fo. Let lo = £y U {o0}.
For any z € /5, we have z* = x and Z = 2/. Every non-zero vector is
invertible and = = #/|z|?. The set of products of finitely many non-zero
vectors is a multiplicative group, called the Clifford group, and denoted by
r.

A Clifford matrix g = (ch Z) over /s is defined as follows:

(1) a,b,c,d e T U{0};
(2) A(g) = ad* —bc* = 1;
(3) ab*,d*b, cd*, c*a € ls.
The set of all such matrices forms a group, denoted by SL(T'). For g as
above, g~ = <_dc* _a[’)‘ > Note that gg~ ! =g lg=1.
The group PSL(I") = SL(T")/{£I} acts on fy by the following transfor-
mation:
g:x (az +b)(cx +d)~ .
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2.2. Classification of elements in SL(T'). Let f be in SL(I"). Then
rA 0

0 r~ LY
reR—{0}, |r| #1, AeT. If A= =1, then f is called hyperbolic.

g ZL),), where a,b €T,

e f is loxodromic if it is conjugate in SL(I") to , where
e f is parabolic if it is conjugate in SL(I") to (

la| =1, b# 0, and ab = ba'.
e Otherwise f is elliptic.

b
d

tr(g) =a+d".

A non-trivial element g € SL(T) as above is called vectorial if b* = b, ¢* = ¢,
and tr(g) € R.

Definition 2.1. For g = (i ), the trace of g is defined by

The real part of trace is a conjugacy invariant in SL(T").

Lemma 2.2. [7, 5] If an element g in SL(T') is hyperbolic, then tr(g) € R
and tr?(g) > 4.

Definition 2.3. A subgroup G of SL(T') is called elementary if it has a finite
orbit in ly. Otherwise, G is called non-elementary. A subgroup G of SL(T")
is discrete if a sequence f; — g in G implies that f; = g for all sufficiently
large i. Otherwise G is not discrete.

2.3. Li-Jgrgensen inequality. The following is the generalized Jorgensen
inequality in infinite dimension that was given by Li in [5].

Theorem 2.4. [5, Theorem 3.1] Let f,g € SL(T) be such that f is hyper-
bolic, and [f,g] = fgf 'g~! is vectorial. Suppose that the two-generator
group (f,g) is discrete and non-elementary. Then

(2.1) [tr?(f) — 4 + [tr([f.9) — 2] > 1.

3. Li-Jgrgenesen inequality is strict

Theorem 3.1. Let f,g € SL(I") be such that f is hyperbolic and [f,g] =
fgf~tg™! is vectorial. Suppose that the two-generator group (f, g) is discrete
and non-elementary. Then

(3.1) [tr2(f) — 4l + [tr([f. ) — 21 > 1,

where the above inequality is strict.
Proof. It follows from Theorem 2.4 that

|tr2(f) — 4] + [tr([f, 9]) — 2] > 1.
If possible suppose that

(3.2) tr2(f) — 4] + [tr([f.g]) 2] = 1.
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Up to conjugacy, we assume f = (6 7,01), r>1. Let g= <Z Z) Let

J(f,g) denote the left hand side of (3.2).
By computation it is easy to see that

tr([f,g]) —2 = —(r —r~1)%bc*,
and
tr2(f) —4 = (r —r H2%
So
J(fog) = (r=r7)*A+ |be’]) = 1.
Since [f, g] is vectorial, it follows from above that bc* is a real number.
Let

_ _ -1 _(am by
90 =9, Gm+1 =9mf9m s Gm = R
m

Cm
Also let K = (r — =12 and wy, = by.c,.
Then by the equality in (3.2) we have K(1 + |wo|) = 1. This implies
K <1
Now note that

(3.3) bnti1Cmyr = —K(1 + by, ) b,
By induction, wy, = by,c}, is a sequence of real numbers. Also
[wim 1] < K|wm|(1 + |wpl).
If possible suppose K (1 + |wy,|) < 1 for some m. Then using arguments
similar to the proof of [5, Theorem 3.1], it can be shown that
bm+1Cmp1| < [bmcp,|
and by, c;,, — 0 as m — oo, that would give a contradiction to the assumption
that (f,g) is non-elementary. So, we must have K (1 + |wy,|) > 1 for all m.
Thus

1< K1+ w]) € K1+ [wi)).
It is given that K (1 + |wg|) = 1. By induction, it follows that for all m,
(34) T gm) = K1+ wnl) = 1
Note from (3.3) and (3.4) that

1-K = Klwnti| < KK|wpyl|. |1+ wy|

< 1-K)K1+wy <(1—-K)K(1+ |wnm|)
< (1-K),
which implies
(3.5) K1+ wy|=1.
Observe that
tr([f,0) — 2+ 4— tr2(f)] = K|1+be"| =1

= [tr([f.g9) =2/ + 4= t*(f)].
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Since 4 — tr2(f) < 0, this implies wy > 0. Hence by induction from (3.4)
and (3.5), wy, > 0 for all m. Thus, we have from (3.4), K = 1/(1 + wy,).

In particular, wy, = Wy,+1. Now, from (3.3), we have K(1 4+ wy,,) = —1, i.e.
K = —1/(1 + wy,). This is a contradiction. Hence the inequality must be
strict. [
References

[1] AHLFORS, LARS V. Mébius transformations and Clifford numbers. Differential geome-
try and complex analysis, 65—73. Springer, Berlin, 1985. MR0780036, Zbl 0569.30040,
doi: 10.1007/978-3-642-69828-6_5. 865

[2] FRUNZA, MONICA. Mdobius transformations in infinite dimension. Analyse complexe
(Bucharest, 1989). Rev. Roumaine Math. Pures Appl. 36 (1991), no. 7-8, 369-376.
MR1144568, Zbl 0753.30035. 865

[3] HERSONSKY, SA’AR. A generalization of the Shimizu-Leutbecher and Jgrgensen in-
equalities to Mdbius transformations in R”™. Proc. Amer. Math. Soc. 121 (1994), no.
1, 209-215. MR1182701, Zbl 0812.30017, doi: 10.2307/2160384. 865

[4] L1, LivLAN. Ball-preserving Mobius transformations in infinite dimension. Com-
plex Var. Elliptic Equ. 54 (2009), no. 7, 697-703. MR2538060, Zbl 1169.30018,
doi: 10.1080/17476930902999090. 865

[5] L1, LIULAN. A generalization of Jgrgensen’s inequality to infinite dimension. New York
J. Math. 17 (2011), 41-49. MR2781907, Zbl 1220.30056. 865, 866, 867, 868

[6] L1, LiuLaN. Discreteness of Mobius groups in infinite dimension. Complex
Var. Elliptic Equ. 58 (2013), no. 1, 109-112. MR3011979, Zbl 1266.30032,
doi: 10.1080/17476933.2011.555643. 865

[7] L1, LivLAN; WANG, X1AN TAO. Mobius transformations in infinite dimension. Hei-
longjiang Dazue Ziran Kexue Xuebao 22 (2005), no. 4, 497-500. MR2175830, Zbl
1087.30041. 867

[8] MARTIN, GAVIN J. On discrete Mobius groups in all dimensions: a generalization of
Jorgensen’s inequality. Acta Math. 163 (1989), no. 3—4, 253—-289. MR1032075, Zbl
0698.20037, doi: 10.1007/BF02392737. 865

[9] WATERMAN, PETER L. M&bius transformations in several dimensions. Adv. Math. 101
(1993), no. 1, 87-113. MR1239454, Zbl 0793.15019, doi: 10.1006/aima.1993.1043. 865

(Krishnendu Gongopadhyay) INDIAN INSTITUTE OF SCIENCE EDUCATION AND RESEARCH
(IISER) MoHALI, KNOWLEDGE CITY, SECTOR 81, SAS NAGAR, PUNJAB 140306, INDIA.
krishnendu@iisermohali.ac.in, krishnendug@gmail.com

This paper is available via http://nyjm.albany.edu/j/2018/24-40.html.


http://www.ams.org/mathscinet-getitem?mr=0780036
http://www.emis.de/cgi-bin/MATH-item?0569.30040
http://dx.doi.org/10.1007/978-3-642-69828-6_5
http://www.ams.org/mathscinet-getitem?mr=1144568
http://www.emis.de/cgi-bin/MATH-item?0753.30035
http://www.ams.org/mathscinet-getitem?mr=1182701
http://www.emis.de/cgi-bin/MATH-item?0812.30017
http://dx.doi.org/10.2307/2160384
http://www.ams.org/mathscinet-getitem?mr=2538060
http://www.emis.de/cgi-bin/MATH-item?1169.30018
http://dx.doi.org/10.1080/17476930902999090
http://nyjm.albany.edu/j/2011/17-3v.pdf
http://www.ams.org/mathscinet-getitem?mr=2781907
http://www.emis.de/cgi-bin/MATH-item?1220.30056
http://www.ams.org/mathscinet-getitem?mr=3011979
http://www.emis.de/cgi-bin/MATH-item?1266.30032
http://dx.doi.org/10.1080/17476933.2011.555643
http://www.ams.org/mathscinet-getitem?mr=2175830
http://www.emis.de/cgi-bin/MATH-item?1087.30041
http://www.emis.de/cgi-bin/MATH-item?1087.30041
http://www.ams.org/mathscinet-getitem?mr=1032075
http://www.emis.de/cgi-bin/MATH-item?0698.20037
http://www.emis.de/cgi-bin/MATH-item?0698.20037
http://dx.doi.org/10.1007/BF02392737
http://www.ams.org/mathscinet-getitem?mr=1239454
http://www.emis.de/cgi-bin/MATH-item?0793.15019
http://dx.doi.org/10.1006/aima.1993.1043
mailto:krishnendu@iisermohali.ac.in, krishnendug@gmail.com
http://nyjm.albany.edu/j/2018/24-40.html

	1. Introduction
	2. Preliminaries
	2.1. Infinite dimensional Clifford group
	2.2. Classification of elements in SL()
	2.3. Li-Jørgensen inequality

	3. Li-Jørgenesen inequality is strict
	References

