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Bergman-Lorentz spaces on tube domains
over symmetric cones

David Békollé, Jocelyn Gonessa and Cyrille Nana

ABSTRACT. We study Bergman-Lorentz spaces on tube domains over
symmetric cones, i.e. spaces of holomorphic functions which belong
to Lorentz spaces L(p, q). We establish boundedness and surjectivity of
Bergman projectors from Lorentz spaces to the corresponding Bergman-
Lorentz spaces and real interpolation between Bergman-Lorentz spaces.
Finally we ask a question whose positive answer would enlarge the inter-
val of parameters p € (1,00) such that the relevant Bergman projector
is bounded on L” for cones of rank r > 3.
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1. Introduction

The notations and definitions are those of [11]. We denote by 2 an ir-
reducible symmetric cone in R™ with rank r and determinant A. We de-
note T = R™ + i) the tube domain in C” over 2. For v € R, we define
the weighted measure p on T by du(z + iy) = AY~ 7 (y)dedy. We con-
sider Lebesgue spaces LY and Lorentz spaces L, (p, q) on the measure space
(Tq, it). The Bergman space A% (resp. the Bergman-Lorentz space A, (p, q))
is the subspace of LY (resp. of L,(p,q)) consisting of holomorphic functions.
Our first result is the following.

Theorem 1.1. Let 1 <p < oo and 1 < g < oo.

n

(1) For v < % — 1, the Bergman-Lorentz space A,(p,q) is trivial, i.e
Al/(p7 q) = {0}

(2) Suppose v > T — 1. Equipped with the norm induced by the Lorentz
space L, (p, q), the Bergman-Lorentz space A, (p, q) is a Banach space.

For p = 2, the Bergman space A2 is a closed subspace of the Hilbert space
L? and the Bergman projector P, is the orthogonal projector from L? to
A2, We adopt the notation

v

n_ 1’

T

Ql/:1+

Our boundedness theorem for Bergman projectors on Lorentz spaces is the
following.

Theorem 1.2. Letv > 7 —1 and 1 < g < oo,

(1) For all v > v + % — 1, the weighted Bergman projector P, ex-
tends to a bounded operator from Ly,(p,q) to A,(p,q) for all 1 <
p < Q,. In this case, under the restriction 1 < ¢ < oo, if v >

(m - 1) (% —1), then Py is the identity on Ay, (p,q).
(2) The weighted Bergman projector P, extends to a bounded operator

from L, (p,q) to A,(p,q) for all1+Q,; ' <p<1+Q,. In this case,
under the restriction 1 < q < oo, then P, is the identity on A,(p,q).

For the Bergman projector P,, following recent developments, this theo-
rem is extended below to a larger interval of exponents p on tube domains
over Lorentz cones (r = 2) (see section 7).

Finally our main real interpolation theorem between Bergman-Lorentz
spaces is the following.
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Theorem 1.3. Let v > % —1.

(1) Forall1<p1 <Qy, 1 <q1 <00 and 0 < 0 < 1, the real interpola-
tion space

(Azln Au(pla Q1))97q

identifies with A, (p, q), z% = 1_9+pi17
of norms.

(2) Foralll1<py<p1 <Qy, (resp. 1+ Q' <po<p1 <1+Q,), 1<
q0,q1 < 00 and 0 < 0 < 1, the real interpolation space

1 < g < oo with equivalence

(Au(po; 90); Av(p1,41))g

identifies with A,(p,q), % = 1T_09 + p%, l<g<oo (resp. 1<q<
o0 ) with equivalence of norms.

(3) Forall@Q, <p1 <1+4+Q,, 1 <q < oo, the Bergman-Lorentz spaces
A(pq), 1+Q,;' < p < Q,, 1< q < oo are real interpolation
spaces between Al and A, (p1,q1) with equivalence of norms.

(4) For all1 <py<1+4+Q;", Q, <p1 <1+4+Q,, 1 <qoq < oo, the
Bergman-Lorentz spaces A,(p,q), 1+Q,;' <p<Q,, 1<qg< o0
are real interpolation spaces between A, (po,qo) and A,(p1,q1) with
equivalence of norms.

The plan of the paper is as follows. In section 2, we overview definitions
and properties of Lorentz spaces on a non-atomic o-finite measure space.
This section encloses results on real interpolation between Lorentz spaces.
In section 3, we define Bergman-Lorentz spaces on a tube domain Tq, over a
symmetric cone 2. We produce examples and we establish Theorem 1.1. In
section 4, we study the density of the subspace A, (p,q) N Afy in the Banach
space A,(p,q) for v,v > 7 — 1,1 < p,t < 00, 1 < g < co. Relying on
boundedness results for the Bergman projectors Py, v > v+ —1and P,
on Lebesgue spaces L [2, 4, 18], we then provide a proof of Theorem 1.2.
In section 5, we prove Theorem 1.3. We next deduce a result of dependence
of the Bergman space A, (p, q) on the parameters p, ¢q. In section 6, we come
back to the density of the subspace A,(p,q) N A'; in A,(p,q) and we prove
a stronger result than the ones in section 4. Section 7 consists of four
questions. A positive answer to the first question would enlarge the interval
of parameters p € (1,00) such that the Bergman projector P, is bounded
on LY for upper rank cones (r > 3). The second question addresses the
density of the subspace A, (p,q) N At7 in the Banach space A,(p,q). The
third question concerns a possible extension of Theorem 1.3. The fourth
question concerns the dependence on the parameters p,q of the Bergman-
Lorentz space A, (p,q).

These results were first presented in the PhD dissertation of the second
author [12]. Similar results, with the real interpolation method replaced by
the complex interpolation method, were proved in [5].
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2. Lorentz spaces on measure spaces

2.1. Definitions and preliminary topological properties. Through-
out this section, the notation (F, u) is fixed for a non-atomic o-finite mea-
sure space. We refer to [20], [14], [13], [7] and [8]. Also cf. [12].

Definition 2.1. Let f be a measurable function on (F, 1) and finite u—a.e..
The distribution function ps of f is defined on [0, c0) by

prA) = p({z € E: [f(x)] > A}).
The non-increasing rearrangement function f* of f is defined on [0, 00) by
fr(t) =inf{\ > 0: pr(X) <t}

Theorem 2.2. (Hardy-Littlewood) [7, Theorem 2.2.2] Let f and g be two
measurable functions on (E, ). Then

/ |f(z)g(z)|dp(z) < / h F*(s)g*(s)ds.
E 0

In particular, let g be a positive measurable function on (E,u) and let F be
a measurable subset of E of bounded measure u(F'). Then

()
/F o(2)dp(z) < /0 o (8)ds.

Definition 2.3. Let 1 < p,q < co. The Lorentz space L(p, q) is the space
of measurable functions on (E, i) such that

1
1 dt\ e
||f‘|p7q:</ (téf*(t))qt>q<oo if 1<p<oo and 1<qg< o0
0

(resp.
171

p,oo = SUP t%f*(t) <oo if 1<p<o0).
>0
We first recall that (cf. e.g. [13, Proposition 1.4.5, assertion (16)]):
1
(2.1) 1 llpoo = sup Aps(A)7.
A>0

We next recall that for p = oo and ¢ < oo, this definition gives way to
the space of vanishing almost everywhere functions on (E, u). It is also well
known that for p = ¢, the Lorentz space L(p, p) coincides with the Lebesgue
space LP(E,du). More precisely, we have the equality

(2.2 = ([ f*(t)pdt)’l’ .

In the sequel we shall adopt the following notation:
LP = [P(E,dy).

We shall need the following two results.
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Proposition 2.4. [7, Lemma 4.4.5] The functional || - ||pq is a quasi-norm
(it satisfies all properties of a norm except the triangle inequality) on L(p, q).
Ifl<p<ooandl <q<oo (andif p=q=1), the Lorentz space L(p,q)
is equipped with a norm equivalent to the quasi-norm || - |

*

P

Theorem 2.5. [7, Theorem 4.4.6], [14, (2.3)] Let 1 < p < 00, 1 < ¢ < 0.
Equipped with the quasi-norm || - ||p.q, the Lorentz space L(p,q) is a quasi-

Banach space (a Banach space with the norm referred to in the previous
proposition if 1 <p < oo and 1 < g < 0).

We next record the following results stated in [7, 13, 14].

Proposition 2.6. [13, Proof of Theorem 1.4.11] Let 1 < p < oo and 1 < ¢ <
oo. Bvery Cauchy sequence in the Lorentz space (L(p,q),|| - ||p,q) contains a
subsequence which converges a.e. to its limit in L(p,q).

Theorem 2.7. [7, Corollary 4.4.8], [13, Theorem 1.4.17] and [14, (2.7)] Let
1 <p<ooandl < q < oco. The topological dual space (L(p,q)) of the
Lorentz space L(p,q) identifies with the Lorentz space L(p',q’) with respect
to the duality pairing

(*) (f,9)= Tf@@@ﬂwﬂ-

We finally record the nested property of Lorentz spaces. Let (X, ||-||x) and
(Y, || - |ly) be two quasi-normed vector spaces. We say that X continuously
embeds in Y and we write X — Y if X C Y and there exists a positive
constant C' such that

llz]ly < Cllz||lx  Vz € X.

It is easy to check that X identifies with Y if and only if X — Y and Y — X.

Proposition 2.8. [13, Proposition 1.4.10 and Exercise 1.4.8] For all 1 <
p<ooandl < qg<r< oo we have the continuous embedding

L(p,q) = L(p,r).

This embedding is strict.

2.2. Interpolation via the real method between Lorentz spaces.
We begin with an overview of the theory of real interpolation between quasi-
Banach spaces (cf. e.g. [7, Chapters 4 and 5]) and [8, Chapters 3 and 5] for
Banach spaces, and [8, Sections 3.10 and 3.11] for quasi-Banach spaces).

Definition 2.9. A pair (X, X;) of quasi-Banach spaces is called a compat-
ible couple if there is some Hausdorff topological vector space in which X
and X; are continuously embedded.
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Definition 2.10. Let (X0, X1) be a compatible couple of quasi-Banach
spaces. Denote X = X+ X;. Let t > 0 and a € X. We define the functional
K(t,a,X) by

K(t, a,Y) = inf {||a0||X0 + t||a1||X1 ra=ag+ai,ag € Xo,a1 € Xl}.

For 0 < 6 <1 and 1 < ¢ < oo, the real interpolation space between Xy and
X1 is the space

(X(),Xl)@,q ={a € X: HaHo,q,Y < oo}

1
o e — q@ q
lallg,,x = (/0 (t K(t,a,X)) t> .

The following proposition is proved in [7, Proposition 5.1.8] for Banach
spaces; for quasi-Banach Banach spaces, we refer to [8, Sections 3.10 and
3.11].

with

Proposition 2.11. For 0 <6 <1 and 1 < g < oo, the functional || - ||, , %
18 a quasi-norm on the real interpolation space (XO,XI)&,]- Endowed with
this quasi-norm, (X0>X1)9’q 18 a quasi-Banach space.

Definition 2.12. Let (X, X;) and (Yp, Y1) be two compatible couples of
quasi-Banach spaces and let T be a linear operator defined on X := Xo+ X,
and taking values in Y := Yy + Y;. Then T is said to be admissible with
respect to the couples X and Y if for ¢ = 0,1, the restriction of T is a
bounded operator from X; to Y;.

We next state the following fundamental theorem.

Theorem 2.13. [7, Theorem 5.1.12], [8, Theorem 3.11.8] Let (X0, X1) and
(Yo, Y1) be two compatible couples of quasi-Banach spaces and let 0 < 6 <
1, 1 <q < 0. Let T be an admissible linear operator with respect to the
couples X and Y such that

T filly; < Millfillx, (fi € Xi, i=0,1).

Then T is a bounded operator from (X, X1)97q to (Yo, Y1)gq. More precisely,
we have

1T lvominng < M3=M 11 llcxoror,
for all f € (Xo,X1)o,4-

The following theorem gives the real interpolation spaces between Lebesgue
spaces and Lorentz spaces on the measure space (F, u).

Theorem 2.14. [7, Theorem 5.1.9], [8, Theorems 5.2.1 and 5.3.1] Let 0 <

0 <1, 1 <qg< oo Letl <pg < p; < oo and define the exponent p by
% = 1;:_06 + p%. We have the identifications with equivalence of norms:

a) (LP0, LPY), = L(p,q);
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b) (L(pOaQO)vL(pMQI))e,q = L(p7 Q) fOT’ 1 S Po < P1 < o0, 1 S qo0, q1 S
Q0.

Definition 2.15. Let (R, ;) and (S, v) be two non-atomic o-finite measure
spaces. Suppose 1 < p < oo, 1 < g < oo. Let T be a linear operator defined
on the simple functions on (R, ;1) and taking values on the measurable func-
tions on (S, rv). Then T is said to be of restricted weak type (p, ¢) if there is
a positive constant M such that

1 1
ta(Txp)*(t) < Mu(F)»  (t>0)
for all measurable subsets F' of R. This estimate can also be written in the
form
I TxFllg00 < M|[xF|lpa
or equivalently, in view of equality (2.1),

1 1
sup A, (A) e < Mu(F)».
A>0

In the next two statements, Lr(p, 1) and Lg(gq,o0) denote the correspond-
ing Lorentz spaces on the respective measure spaces (R, ) and (S, v).

Proposition 2.16. [7, Theorem 5.5.3] Let (R,pu) and (S,v) be two non-
atomic o-finite measure spaces. Suppose 1 <p < oo, 1 <g<oo. LetT be a
linear operator defined on the simple functions on (R, 1) and taking values on
the measurable functions on (S,v). We suppose that T is of restricted weak
type (p,q). Then T uniquely extends to a bounded operator from Lg(p,1) to
LS(qv OO)

Theorem 2.17 (Stein-Weiss). [7, Theorem 4.5.5] Let (R, ) and (S,v) be
two measure spaces. Suppose 1 < pg < p1 < o0 and 1 < qo,q1 < ©
with qo # q1. Suppose further that T is a linear operator defined on the
simple functions on (R, ) and taking values on the measurable functions
on (S,v) and suppose that T is of restricted weak types (po,qo) and (p1,q1)-
If 1 <r < oo, then T has a unique extension to a linear operator, again
denoted by T, which is bounded from Lg(p,r) into Ls(q,r) where

L 126, 0 1 120, 0 hopcn

p Po P q q0 a1

If in addition, the inequalities p; < q; (j = 0,1) hold, then T' is of strong
type (p,q), i.e. there exists a positive constant C' such that

T fllasy < Clflleeryy  (f € LP(R, w)).
‘We finish this section with the Wolff reiteration theorem.

Definition 2.18. If (X, X;) is a compatible couple of quasi-Banach spaces,
then a quasi-Banach space X is said to be an intermediate space between
Xp and X7 if X is continuously embedded between Xy N X; and Xg + X7,
i.e.

XoNX; — X — Xo+ X1.
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We remind the reader that the real interpolation space (Xp, X 1)9’ g0 0<
0 <1, 1 < g < oo is an intermediate space between Xy and X;. In this
direction, we recall the following density theorem. The given reference is for
Banach spaces; for quasi-Banach spaces, we refer to [8, Section 3.11].

Theorem 2.19. [7, Theorem 2.9] Let (Xo, X1) be a compatible couple of
quasi-Banach spaces and suppose 0 < 0 < 1, 1 < g < oo. Then the sub-
space Xo N X1 is dense in (X07X1)9,q-

We next state the Wolff reiteration theorem.
Theorem 2.20. 21, 16] Let X2 and X3 be intermediate quasi-Banach spaces

of a compatible couple (X1, X4) of quasi-Banach spaces. Let 0 < ¢, < 1
and 1 < q,r < oo and suppose that

Xo=(X1,X3),,, Xs=(Xo,X4)y,-
Then (up to equivalence of norms)
Xo=(X1,X4),,, Xz=(X1,X4)p,

where

e
1—o+ ey’ 1—p+ ey

3. The Bergman-Lorentz spaces on tube domains over
symmetric cones

P

3.1. Symmetric cones: definitions and preliminary notions. Mate-
rials of this section are essentially from [11]. We give some definitions and
useful results.

Let © be an irreducible open cone of rank r inside a vector space V of
dimension n, endowed with an inner product (.|.) for which € is self-dual.
Such a cone is called a symmetric cone in V. Let G(£2) be the group of
transformations of 2, and G its identity component. It is well-known that
there exists a subgroup H of G acting simply transitively on {2, that is, every
y € ) can be written uniquely as y = ge for some g € H and a fixed e € ().
The notation A is for the determinant of €.

We first recall the following lemma.

Lemma 3.1. [2, Corollary 3.4 (i)] The following inequality is valid.
Aly) <Aly+v)  (y,ve).

We denote by dqo the H-invariant distance on 2. The following lemma
will be useful.

Lemma 3.2. [2, Theorem 2.38] Let § > 0. There exists a positive constant
v =7(6,Q) such that for £, & € Q satisfying do(€,€) < 6, we have

1 A©
7S AE <)

In the sequel, we write as usual V' = R".
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3.2. Bergman-Lorentz spaces on tube domains over symmetric
cones. Proof of Theorem 1.1. Let 2 be an irreducible symmetric cone
in R™ with rank r, determinant A and fixed point e. We denote T, = R" 42
the tube domain in C" over Q. For v € R, we define the weighted measure p
on T by du(xz + iy) = A”fg(y)dxdy. For a measurable subset A of Tq, we
denote by |A| the (unweighted) Lebesgue measure of A, i.e. |A| = [, dzdy.

Definition 3.3. Since the determinant A is a polynomial in R™, it can
be extended in a natural way to C" as a holomorphic polynomial we shall

denote A (%) . It is known that this extension is zero free on the simply
connected region T in C". So for each real number «, the power function
A% can also be extended as a holomorphic function A“ (@) on Tg.

The following lemma will be useful.

Lemma 3.4. [2, Remark 3.3 and Lemma 3.20] Let o > 0.
(1) We have

‘A‘O‘ (%)’ < ATY(Sm 2) (z € Tq).

(2) We suppose v > — 1 and p > 0. The following estimate

Jo UL ()

i
holds if and only if o >

p
dm) A7 (y)dy < oo

V+27"—1
p

We denote by d the Bergman distance on Tg. We remind the reader that
the group R™ x H acts simply transitively on Tqg. The following lemma will
also be useful.

Lemma 3.5. [2, Proposition 2.42] The measure AfQTn(y)dq:dy is R™ x H-
mvariant on Tgq.

The following corollary is an easy consequence of Lemma 3.2.

Corollary 3.6. Let 6 > 0. There exists a positive constant C' = C(0) such
that for z, 2" € Q satisfying d(z,2") < §, we have
1 _ ASmz) <c
C ~ AQmz) —
The next proposition will lead us to the definition of Bergman-Lorentz
spaces.

Proposition 3.7. The measure space (Tq, 1) is a non-atomic o-finite mea-
sure space.

In view of this proposition, all the results of the previous section are valid
on the measure space (Tq, i). We shall denote by L, (p, ¢) the corresponding
Lorentz space on (Tq, 1) and we denote by || - ||z, (p,q) its associated (quasi-)
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norm. Moreover, we write L} for the weighted Lebesgue space LP(Tq, dpu)
on (Tq, ).

The following corollary is an immediate consequence of Theorem 2.19 and
assertion a) of Theorem 2.14.

Corollary 3.8. The subspace C°(Tq) consisting of C*° functions with com-
pact support on Tq is dense in the Lorentz space L,(p,q) for all 1 < p <
o, 1<g< .

Definition 3.9. The Bergman-Lorentz space A, (p,q), 1 <p,q < oo is the
subspace of the Lorentz space L, (p, q) consisting of holomorphic functions.
In particular A, (p,p) = AD, where AY = Hol(Tq) N LY is the usual weighted
Bergman space on Tq. In fact, AY, 1 < p < oo is a closed subspace of the
Banach space LY. The Bergman projector P, is the orthogonal projector
from the Hilbert space L2 to its closed subspace A2.

For each F' € A, (p, q), we shall adopt the notation:

HFHAy(p,q) = HFHLV(p,q)

Example 3.10. Let v > = —1, 1 < p < oo, 1 < g < oo. The function
1/+2T"71
—.

F(z) = A~*(#t2) belongs to the Bergman-Lorentz A, (p, q) if o >

Indeed we can find positive numbers py and p; such that 1 < py < p <

2n
p1 < oo and a > eri";l (1 = 0,1). By assertion 2) of Lemma 3.4, the

holomorphic function F belongs to L* (i = 0,1). The conclusion follows
by assertion a) of Theorem 2.14 and Theorem 2.19.

Remark 3.11. (1) We could not provide examples showing that

Au(p,q0) # Av(p, 1)

if gqo # q1. However, in the one-dimensional case n = r =1, Q =
(0,00) (Tq is the upper half-plane), it is easy to prove that for v >

0, 0 < p < oo the function (zz—H')*VTf1 belongs to A, (p, o), but does
not belong to A, (p,p) = AV. In fact, by assertion (2) of Lemma 3.4,
the function (2 +i)™?, B € R, belongs to AY if and only if 8 > ”Tfl.
(2) In section 5 below, we shall show that A, (po,qo) # Av(p1,q1) unless
Po = P1, Go = q1, in the following two cases:
(a) 1 <po,p1 <Qpand 1< qp,q < 00;
() 1+Q, <po,p1 <1+ Q, and 1 < g, q1 < oo.

Lemma 3.12. Let v € R, 1 <p < o0, 1 <qg<o0andlet f € A,(p,q).
For every compact set K of C™ contained in Tq, there is a positive constant
Ck such that

1f()] < Cllflla,wa (2 € K).

Proof. Suppose first p = co. The interesting case is ¢ = oco. In this case,
L,(p,q) = L™ and A,(p,q) = A is the space of bounded holomorphic
functions on (Tq, it). The relevant result is straightforward.
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We next suppose 1 < p < oo, 1 <qg<ooand f € A,(p,q). Since L,(p,q)
continuously embeds in L, (p, c0) (Proposition 2.8) it suffices to show that
for each f € A,(p, ), we have

FG < Crllflla,pe (2 € K).

For a compact set K in C" contained in Tq, we call p the Euclidean dis-
tance from K to the boundary of T. We denote B(z, §) the Euclidean ball
centered at z, with radius g. We apply successively

- the mean-value property,
- the fact that the function
u+iv e To — AV"7 (v)

is uniformly bounded below on every Euclidean ball B(z, §) when z
lies on K and
- the second part of Theorem 2.2,

to obtain that

|f(2)] BGD ‘fB(z (u + iv)dudv

BeD) fB Z’ u~+ )| AV v (v)dudv
\f w2 g t)dt
e o P g eyt 2

Oy (poe) () 1
Wg)ﬂ) ») tp' t<CK||f||Au(p700)

’

l\’)\b l\.')\b

2) |

2
g

2

\/\ I/\

IN

1

for each z € K, with K, = J,cx B(2,5) and Cx = Cp’ \B( )‘(M(Kp))?.

We recall that there is a positive constant C), such that for all z € C" and
p > 0, we have |B(z,p)| = " and we check easily that u(K,) <oo. O

Proof of Theorem 1.1. (1) We suppose that v < % —1. It suffices to show
that A, (p,00) = {0} for all 1 < p < co. Given F € A,(p, o), we first prove
the following lemma.

Lemma 3.13. Let F' be a holomorphic function in Tq. Then for general
v € R, the following estimate holds.

1/+% .
(3.1) |F(z +iy)|[A 7 (y) < Cpl|F| 4, (po0) (z + iy € Tq).

Proof of the Lemma. We recall the following inequality [2, Proposition

5.5]:
dud
|F(z +iy)| < C |F(u + )|~y
d(z+iy, u+tiv)<l AT(U)
(3.2) < C'ATVTE (y) / |F(u + iv)|dp(u + iv).
d(z+iy, utiv)<1



BERGMAN-LORENTZ SPACES 913

The latter inequality follows by Corollary 3.6. Now by Theorem 2.2, we
have

#(Byerg(z+iy,1)) 1 dt
/ (P (u+ iv) | dp(u + i) g/ i ey &
d(z+iy,utiv)<l 0 t
1
(33> < p/HFHAV(p,oo) (M(Bberg(x + 1y, 1))p/ )

where Bperg(+, -) denotes the Bergman ball in T. By Lemma 3.5 and Corol-
lary 3.6, we obtain that

(3.4) 11 (Bperg ( + iy, 1)) = A7 (y).

Then combining (3.2), (3.3) and (3.4) gives the announced estimate (3.1).
O

We next deduce that the function
z €T F(z+ie)A™%(z +ie)

belongs to the Bergman space Al when « is sufficiently large. We distinguish
two cases:

n
T

Case 1). We suppose that v < —2. We take a > —
assertion (1) of Lemma 3.4

|F(z +iy) A™%(x + zy)‘

and we apply

(e +iy) \A‘“‘ﬂx Tiy)

L/+T
< |F(a+iy) \A‘a‘wxwy)

T
< CollFll ooy 'A ;

For the latter inequality, we applied estimate (3.1) of Lemma 3.13. The
conclusion follows because by assertion (2) of Lemma 3.4, the function

n
vtr

AT 7P (x +iy) is integrable on T, when « is sufficiently large.

Case 2). We suppose that =7 < v <% —1. Since v+ 7 > 0 and A(y +e) >
A(e) = 1 by Lemma 3.1, it follows from (3.1) that the function z € T —
F(z + ie) is bounded on Tg. The conclusion easily follows.

Finally we remind that A, = {0} if v < 2 —1 (cf. e.g. [2, Proposition
3.8]). We conclude that the function F'(-+ie) vanishes identically on T. An
application of the analytic continuation principle then implies the identity
F=0onTq.
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(2) We suppose that v > % —1. It suffices to show that A, (p, q) is a closed
subspace of the Banach space (L, (p, q), || ||(p,¢))- For p = oo, the interesting
case is ¢ = oo and then A4, (p, q) = A>°; the relevant result is easy to obtain.
We next suppose that 1 < p < coand 1 < ¢ < co. In view of Lemma 3.12, ev-
ery Cauchy sequence {f,}2°_; in (Al,(p, q), |- HAV(p,q)) converges to a holo-
morphic function f : T — C on compact sets in C™ contained in T. On the
other hand, since the sequence { fy, }ov_; is a Cauchy sequence in the Banach
space (Ly(p, Q) [l ||Al,(p,q)) , it converges with respect to the L, (p,q)-norm
to a function g € L, (p,q). Now by Proposition 2.6, this sequence contains
a subsequence { f, }7°, which converges p-a.e. to g. The uniqueness of the
limit implies that f = g a.e. We have proved that the Cauchy sequence { f,,, }
:1;1 (Au(pv Q)’ ” ’ ”A,,(p,q)) converges in (A,,(p, Q)v || ’ ||Au(17,fI)) to the funCtiOS

4. Density in Bergman-Lorentz spaces. Proof of Theorem
1.2

4.1. Density in Bergman-Lorentz spaces. We adopt the following no-
tation given in the introduction:

QV:1+

v
n_ 1"

r

We shall refer to the following result. For its proof, consult [18, Corollary
3.7] and [2, Theorem 4.23].

Theorem 4.1. Letv > 7 — 1.

(1) The weighted Bergman projector Py, v > v+ % — 1 (resp. v >
v+ % —1) extends to a bounded operator from LY to AL for all
1<p<Q, (resp. 1<p<Q,).

(2) The weighted Bergman projector P, extends to a bounded operator
from LY to AD for all 1 +Q,' <p<1+Q,.

The following corollary follows from a combination of Theorem 4.1, The-
orem 2.13 and Theorem 2.14.

Corollary 4.2. Let v > T — 1. The weighted Bergman projector P, v >
v+2%—1 (resp. the Bergman projector P,) extends to a bounded operator from

L,(p,q) to Ay(p,q) for alll <p < @, (resp. for all 1 +Q;1 <p<l4+Q,)
and 1 < q < oo.

The following proposition was proved in [2, Theorem 3.23].

Proposition 4.3. We suppose that v,y > 7 — 1. Let 1 < p,t < oo. The
subspace A, N AL is dense in the Banach space A}.

Remark 4.4. If the weighted Bergman projector P, extends to a bounded
operator on L, and if P, is the identity on A?y, then P, is the identity on
AD.
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The next corollary is a consequence of Theorem 4.1, Proposition 4.3 and
Remark 4.4.

Corollary 4.5. Letv > 7 — 1.

(1) Forallp € (1+Q; ', 1+Q,), the Bergman projector P, is the identity
on AD.

(2) Forally >v+ 7 —1 (resp. y>v+ 2 —1) and for all1 <p<Q,
(resp. 1 < p < Q,), the Bergman projector P, is the identity on A},

Proof. (1) Take t = 2 and v = v in Proposition 4.3. Then apply
assertion (2) of Theorem 4.1 and Remark 4.4.
(2) Take t = 2 in Proposition 4.3. Then apply assertion (1) of Theorem
4.1 and Remark 4.4.
([

We shall prove the following density result for Bergman-Lorentz spaces.

Proposition 4.6. We suppose that v,v > 7 —1, 1 <p,t <ooandl <q<
oo. The subspace A,(p,q) ﬁAt7 is dense in the (quasi-)Banach space A,(p,q)
in the following three cases.

(1) p=g
2) y=v>2-1, 14Q,;' <p,t<14+Q, and 1 < q < p;
B) 1<p<Qy, 1<t<Qyandl < q<p;
4)y>2rv+2-1, 1<p<Q,, 1+Q;1<t<1+Q7 and 1 < q < p;
(5) v > v and p,q € (t,00).

Proof. (1) For p = q, A,(p,p) = AL, the result is known, cf. e.g. [2,
Theorem 3.23].

(2) We suppose now that v = v > 2 —1, 1 +Qt < pt<1+Q,
and 1 < g < p. Given F € A,(p,q), by Corollary 3.8, there exists a
sequence { f, }5°_; of C* functions with compact support on Tq such
that {fm}°_, = F (m — o0) in L,(p,q). Each f,, belongs to L}, N
L,(p,q). By Corollary 4.2 and Theorem 4.1 , the Bergman projector
P, extends to a bounded operator on L, (p, q¢) and on L!, respectively.
So P,fm € Au(p,q) N AL and {P, fm}p—y — P,F (m — oo) in
A, (p,q). Notice that A,(p,q) C AY because q < p. By assertion (1)
of Corollary 4.5, we obtain that P,F = F. This finishes the proof of
assertion (2).

(3) We suppose that 1 < p < Q,, 1 <t < Q, and 1 < g < p. Given
F € A,(p,q), by Corollary 3.8, there exists a sequence {fm,}oo_;
of C* functions with compact support on T such that {fp,}°_; —
F (m — o0) in L, (p, q). Each f,, belongs to L, NL,(p,q). By Corol-
lary 4.2 and Theorem 4.1 , for all s > max{v + 2 — 1,y + 2 — 1},
the Bergman projector Ps extends to a bounded operator on L, (p, q)
and on Lf respectively. So P fm € A,(p,q) N AL and {P;fm}o—y —
P,F (m — o0) in A, (p, q). Notice that A, (p,q) C AL because ¢ < p.
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By assertion (2) of Corollary 4.5 we obtain that P;F = F. This fin-
ishes the proof of assertion (3).

(4) Replace Py in the previous case by P,.

(5) Let I be a bounded linear functional on A, (p, q) such that I[(F) =0
for all F € A,(p,q) N A’;. We must show that { =0 on A,(p, q).
We first prove that the holomorphic function F, , defined on T by

Fpa(z) = A <m ﬂe> F(z)

1

belongs to A, (p,q)N Afy when a > 0 is sufficiently large. By Lemma
3.4 (assertion (1)) and Lemma 3.1, we have

()
7

So |Fyn.a| < |F|; this implies that Fy, o € A, (p, q)-
We next show that F, , € Afy when « is large. We obtain that

. t
o [ B+ .
A~ <m11e> F(z + iy)

AT (y)dady
_ 2 4 e . _ .
AT o | F(z +iy)| AT (y)dp(x + iy).

<A™ %e) = 1.

I = fTQ

= fTQ

Since v > v, by Lemma 3.4 (assertion (1)) and Lemma 3.1, we obtain

that
+1 :
A—at+7—y (ffmly + Ze)
]

<o / |F (o +iy)|'du(x + iy).
Tq

Observing that (|f[')* = (f*)", we notice that |F|' € L, (%, %).
By Theorem 2.7, it suffices to show that the function z € T +—

ztiy 4 .
A—otty—v mi+e> belongs to L,((%),(£)") when a is large. The

t
desired conclusion follows by Example 3.10.
So our assumption implies that
(4.1) l(Fm,a) = 0.
By the Hahn-Banach theorem, there exists a bounded linear func-
tional [ on L,(p,q) such that [|4, ¢, = | and the operator norms

I|1]| and ||I]| coincide. Furthermore, by Theorem 2.7, there exists a
function ¢ € L, (p/,q') such that

()= . f(2)e(2)du(z)  Vf e Ly(pq)

We must show that

(4.2) /T F2)p(2)du(z) =0 VF € Ay(p.q).
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The equation (4.1) can be expressed in the form
o [ = t+ie
[ Fnal@eeint) = [ ame (5750) Fppint) o
Ta Ta v

Again by Theorem 2.7, the function Fp is integrable on Tq since
F e L,(p,q) and p € L,(p',q). We also have

= +ie
'Aa (m )' <1 VieTn m=12
i

An application of the Lebesgue dominated theorem next gives the
announced conclusion (4.2).

O
We next deduce the following corollary.

Corollary 4.7. Letv > 7 — 1.
(1) Foralll<p< @, and 1 < q < 0o, and for every real indezx vy such

that v > v+ 7 —1 and v > <W —1) (% — 1), the Bergman
projector Py is the identity on A,(p,q).
(2) Forallpe (1+Q,;1,1+Q,) and 1 < q < oo, the Bergman projector

P, is the identity on A,(p,q).

Proof. (1) By assertion (1) of Corollary 4.5, for all t € (1—{—@;1, 1+Q),
P, is the identity on A%. Next let 1 < p < Q, and 1 < ¢ < oo. Let
the real index v be such that v > v+ 2 —1 and 1 —i—Q;l < min(p, q).
We take t such that 1+ Q;l < t < min(p, q). It follows from the
assertion (5) of Proposition 4.6 that the subspace A,(p,q) N A% is
dense in the Banach space A, (p, q). But by Corollary 4.2, P, extends
to a bounded operator on L, (p,q). We conclude then that P, is the
identity on A,(p, q).

(2) By assertion (1) of Corollary 4.5, for all t € (1 +Q;', 14+ Q,), P,
is the identity on A%. Next let 1 + Q! < p < 1+ Q,. By Corollary
4.2, P, extends to a bounded operator on L, (p, q). It then suffices to
show that the subspace A, (p,q) N A?, is dense in the Banach space
Ay(p,q) for some t € (1+Q,51+Q,). If1+Q,! < q < oo, we
take ¢ such that 1+ @, ! <t < min(p, q) : the conclusion follows by
assertion (5) of Proposition 4.6. Otherwise, if 1 < ¢ <1+ Q! by
assertion (2) of the same proposition, for all 1+ Q! < p,t < 14+Q,,
the conclusion follows.

O

4.2. Proof of Theorem 1.2. Combine Corollary 4.2 with Corollary 4.7.
The following corollary lifts the condition ¢ < p in assertions (2), (3) and

(4) of Proposition 4.6. In fact, it gives sufficient conditions for density of
A, (p,q) N AL in A,(p,q) when ¢ > p.
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Corollary 4.8. Letv > % —1 and 1 < p < q < co. The subspace A,(p,q) N
Afy is dense in the Banach space A,(p,q) in the following three cases.

(D v=v, 1+Q,' <p,t <1+Qu;
2 y>v+2—1y>2RE 1), 1<p<Q,1<t<Qy;

B) y>v+2-1, 7>2 P2 —1),1<p<@1+Q7' <t<1+Q,.

Proof. We resume the proof of assertion (2) (resp. assertions (3) and (4)) of
Proposition 4.6 up to the equality P, F = F (resp. P,F = F). In the proof
of Proposition 4.6, this equality followed from the inclusion A,(p,q) C A}
(since ¢ < p) and assertion (1) (resp. assertion (2) of Corollary 4.5. Here
we use assertion (1) (resp. assertion (2)) of Corollary 4.7. O

5. Real interpolation between Bergman-Lorentz spaces.
Proof of Theorem 1.3.

In this section, we prove Theorem 1.3. In the sequel, we write
Lo =L (resp. Lo = Ly(po,q)), L1 = Lu(p1,q1), L= Lo+ Ly
and
Ag = AP (resp. Ao = A,(po, o)), A1 = Au(p1,q1), A= Ao+ Ar.
We shall use the following lemma.

Lemma 5.1. Let 0 < 0 <1, 1 <py<p; < o0, 1<qg,q1,q9 < 0. Define
the exponent p by % = 1}7;09 + }%. We have the identification with equivalence

of (quasi-)norms:
(5.1) (Lo, L)y 1 (Ao + A1) = Ay(p,0) O (Ao + A1)

Moreover, the identity A, (p,q) N (Ao + A1) = A,(p, q) holds if there exists
v > —1 such that Py is the identity on A,(p,q) and extends to a bounded
operator on L;, i =20,1.

The space on the left side of (5.1) is equipped with the (quasi-)norm
induced by the real interpolation space (LO,L1)97q and the space on the
right side is equipped with the (quasi-)norm induced by the Lorentz space

Ly(p. q).
Proof of the lemma. We have
(Lo,Ll)M N(Apg+ A1) = (Lo, L1), q N((Ag+ A1) N Hol(Tg))
( Lo, 1), ﬂHOl(TQ)) N (Ao + Ap)
Ly(p,q) N Hol(Ta)) N (Ao + A1)
—A (p.q) N (Ao + A1),

where the third equality follows from assertion b) of Theorem 2.13.

For the second assertion, suppose that there exists v > = —1 such that P,
is the identity on A, (p, ¢) and extends to a bounded operator on L;, i =0, 1.
Then P, F = F forall F € A,(p,q). Now, since L, (p,q) C Lo+L1, there exist
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a; € Ly (1 =0,1) such that F' = ap+a;. Then F = P, F = P, a9+ Pya; with
Pya; € A; (i = 0,1). This shows that A,(p,q) C Ag + A; : the conclusion
follows. O

We next prove assertions (1) and (2) of Theorem 1.3. In view of the previ-
ous lemma, it follows from the hypotheses and from Theorem 4.1, Corollary
4.5, Corollary 4.2 and Corollary 4.7 that it suffices to prove the identity

(Ao, A1), = (Los L1)g, N (Ao + A1),

with equivalence of norms. We shall prove this identity for all 1 < ¢ < oco.
More precisely, we prove the following theorem.

Theorem 5.2. Letv > 7, 1 < py < p1 < oo, 1 < qo,q1,9 < o0 and
0 < 0 < 1. Suppose that there exists v > = — 1 such that Py is the identity
on Ay (p,q) (resp. on Ao+ A1) and extends to a bounded operator on L;, i =
0,1. Then z'f]lJ = 1]);09 + p%, we have
(5.2)

(Ao, A1)g 4 = (Lo, L1)g 4 N (Ao + A1) = Au(p,¢) N (Ao + A1) = Au(p, ).

Proof of Theorem 5.2. The second identity of (5.2) was given by Lemma
5.1. By Definition 2.10 (the definition of real interpolation spaces), we have
at once

(Ao, A1)g 4 = (Lo, L1)g
with 1 < ¢ < co. Since (Ay, Al)e,q C Ag + A1, we conclude that
(AQ, Al)@q — (L(), Ll)@,q M (AO + Al) .

We next show the converse, i.e. (Lo, L1)y, N (Ao + A1) = (Ao, A1)y, We
must show that there exists a positive constant C' such that

(5.3)  MFl 0,40, < ClF Loy, — VF € (Lo, L1)gg N (Ao + A1)

We recall that, given a compatible couple (Xo, X1) of (quasi-)Banach spaces,
if we write X = Xy + X3, we have

1
B e —N\adt\«
(5.4 1Pl = ([ (K 0r50)" )
if ¢ < 0o (resp.
(5.5) HFH(X(),Xl)g o — Sup tieK(tv F7y)
: >0
if ¢ = 00) with

K(t,F,X) =1inf {||ao||lx, + tlla1||x, : F = ao + a1,a0 € Xo,a1 € X1} .

When we compare (5.4) (resp. (5.5)) for X = A and X = L, the estimate
(5.3) will follow if we can prove that

K(t,F,A) < CK(t,F,L) (F € Ay(p,q) (resp. F € AgN Ay)).
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We have F' = P, F and P, extends to a bounded operator from L; to A;, i =
0,1. So we obtain the inclusion

{(ao,al) € Ag x A1 : F =ag —i—a1}

D {(Pyao, Pya1) : (ap,a1) € Lo x L1, F = ap + a1},
which implies that
K(t,F,A)
< inf {HP’YaOHLo +t|]P7a1HL1 :F=ag+ai,a9 € Ly,a; € Ll}
< inf {|[Pl[ollaol[z, + t/|P5ll1lla1]|z, : F = ao + a1,a0 € Lo, a1 € L1}

where || - ||; denotes the operator norm on L; (i = 0,1). We have shown
that

K(t, F,A) < (m%>1(||P'yHi) K(t, F,L).
1=0,
Remind that max || Py||; < oo. This completes the proof. O
=0,

We now prove assertions (3) and (4) of Theorem 1.3. We combine the
Wolff reiteration theorem (Theorem 2.20) with the first assertion of the
theorem. Here X1 = Al (resp. X1 = A,(po,q)) and X4 = A,(p1,q1). We
take Xo = A, (p2,7) and X3 = A,(p3,q) with 1+ Q' <pa <p3 < Q,,1 <
r < oo and 1 < g < co. By assertion (1) of the theorem, we have

Xy = (X1,X3),, with LR e
' D2 Po b3

and
1 1-—
X3 = (X2’X4)1ZJC] with — = L + E
’ p3 P2 p1

By Theorem 2.20, we conclude that

Xo = (X1, Xy) X3 = (X1,X4)0,4

pr?
with

Py o — ¥
-+’ 1—p+py
In other words, in the present context, we have

Alj(p27’r) - (AzlnAI/(plaql)) AV(P&Q) = (Azl/aAI/(plaql)>07q

p:

p.r’
(resp.

Ay(p2,7) = (Au(po, 90)s Av(p1.@1)) ., » Av(p3:0) = (Au(Po; 90), Av(P1, 1)) )
with

L S R

1—p+ ey’ 1—p+ey

To conclude, given 1+ Q' < p < Q,, take for instance p3 = p.

p:
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Remark 5.3. Theorem 5.2 has a more general form. Let X = (Xp, X1)
be a compatible couple of (quasi-)Banach spaces and let Y = (Yp,Y7) be
a sub-couple of (Xy, X1), i.e. each Y; is a closed subspace of X; for each
i =0, 1. It is known [15, 17] that for all 0 < 0 < 1,1 < ¢ < oo, we have

(Yo, Y1)o,q = (X0, X1)a,g N (Yo + Y1)
if there exists a positive constant C' such that
K(t,a,Y) < CK(t,a,X) Vt>0 Va€ Y+ Y.
In [15], such a subcouple Y is called a K —subcouple of X.

In this vein, the following corollary is a consequence of Theorem 5.2.

Corollary 5.4. Letv > 7 — 1.

(1) Foralll <p; <Qu, 1 <q1 <oo and0 <0 < 1, the real interpola-
tion space

(Alllv Al/(pla Q1))97q
identifies with
1 0
Au(paq)ﬁ(Ai_‘_Al/(plv(h))? 5:1—94‘;7 1§Q§OO
1
with equivalence of norms.

(2) For all1 <po<p1 <Qu, 1<qo,q <oo (resp. 1+Q;" <po <
p1<14+Q,, 1<qo,q1 < o0) the real interpolation space

(Av(po, 90), Av(P1,q1))g 4
identifies with
1 1—-6 0

Au(p,q) N (Av(po, @) + Av(pr,q1)), — = +—, 1<g¢<
D Po P1

with equivalence of norms.

Proof. We apply Theorem 5.2 after the following two remarks.

(1) By assertion (2) of Corollary 4.5 and assertion (1) of Corollary 4.7
respectively, for v > v+ —1 sufficiently large, the weighted Bergman
projector P, is the identity on AL and A,(p1,q1). Hence P, is the
identity on AL+ A, (p1,q1). Next, by assertion (1) of Theorem 4.1 and
Corollary 4.2 respectively, P, also extends to a bounded operator on
L, and L,(p1, q1)-

(2) By assertion (1) (resp. assertion (2)) of Corollary 4.7, for v > v +
& — 1 sufficiently large, the weighted Bergman projector P, (resp.
the weighted Bergman projector P,) is the identity on A, (po, qo) and
A, (p1,q1). Hence P, is the identity on A, (po, go) + A (p1,¢1). Next,
by Corollary 4.2, P,y (resp. P,) also extends to a bounded operator
on Ly (po,qo) and L, (p1, q1).

[l
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As announced in assertion (2) of Remark 3.11, we next prove the following
theorem.

Theorem 5.5. Let v > % — 1. Then A,(po,q0) # Av(p1,q1) unless po =
P1, Qo = q1, in the following two cases:

(a) 1 <po,p1 < Qu and 1 < qo,q1 < 00;

(b) 1+Q," <po,p1 <14 Q, and 1 < go,q1 < .
Moreover, A,(p,q) is strictly contained in A,(p,o0) in the following two
cases:

(a) 1<p< @, and 1 < q < o0;

b)) 1+Q;'<p<1+Q, and1<q< 0.

Proof. We rely on the following theorem.

Theorem 5.6. [16, Theorem 2 of section 3] Let (Ao, A1) be a compatible
couple of Banach spaces such that AgN A1 is not closed in Ag+ Ay. Let 0 <
0,m <1, 1<p,q<o0o. Then (Ao, A1)y, # (Ao, A1), , unless & =n, p=gq.

Let us prove the first assertion of Theorem 5.5. According to assertion (2)
of Theorem 1.3, for all p(® and p(!) satisfying 1 < P < po,p1 < pV < Q,

in case (a) (resp. 1+ @Q; 1 < pl® < po,p1 <pM) <1+ Q, in case (b)), there

are 0 < 0,17 < 1 such that A,(pg,q0) = (Ag(o),A,’j(l))e and A,(p1,q1) =
»40

(0) (1) .
<A1,3 JAD ) . By Theorem 5.6, it suffices to show that the subspace
7,91

AP ﬂA]u)(l) is not closed in the space AZ;(O) —i—AIZ(l) when 1 < p@ < pM) < .
In view of Proposition 4.3, we recall that the subspace Aﬁ(O) mA,’j(” is dense in
the space A,Zj(l), and in view of Example 3.10, we point out that AI;@ N Az,j(l)
is strictly contained in Aﬁ(l). Now let F € Aﬁ(l) \ {A,’,’m) N Ag(l)}. There

(0)

. (0) 1) .
exists a sequence {F,,}>° | of elements of A}~ N AL~ which converges to F
1
in AY *. Moreover, since

| Frn — F||A€(0>+A€(1> < ||Fn — F||A€(1> ,

. (0) (1)
we also have the convergence {F},}°°; — F'in AP ’ + AP ' . So F belongs to

the closure of Aﬁ(o) ﬂAl}Z(l) in Ag(o) +A§(1) and does not belong to Ag(o) ﬁA,’im :
we have reached the conclusion that Ag(O) ﬂAﬁ(l) is not closed in Aﬁ(o) —i—Ag(l).

We next prove the second assertion of Theorem 5.5. It follows from
Proposition 2.8 that A,(p,q) C A,(p,¢) forall 1 < p < o0, 1 < ¢ <
¢ < oo. Hence, in view of the first part of the theorem, we obtain that
A(p,q) € A(p,d)if1 <p<Qy, 1 <qg<q <oo(resp. 1+Q;! <
p<1+Q,, 1<¢g<¢ < o). In both cases, we conclude that A,(p,q)
Ay(p,q') C Au(p, 00). O

Remark 5.7. (1) Theorem 5.5 takes the following form in the one-
dimensional case, n =r =1, v > 0. For all 1 < pg,p1 < 00, 1<
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qo,q1 < o0, the property A, (po,qo) # Au(p1,q1) holds unless py =
p1, go = q1. Moreover, A,(p,q) € A,(p,o0) for all 1 < p < oo and
1<g<o0.

(2) Still in the one-dimensional case, Theorem 1.3 gives the following
corollary.

Corollary 5.8 (n=r=1). Letv > 0. For all0 <0 <1, 1<gq < o0, the
real interpolation space
(Av(po,q0), Av(P1,q1))g 4

identifies with A, (p,q) with equivalence of norms in the following two cases.
() po=gq =1, 1<p; <oo, 1<q <oc;
(2) 1<po<p1<oo, 1<qo,q < o0

6. Back to the density in Bergman-Lorentz spaces.

In this section, we shall prove the following more general result than
Proposition 4.6 and Corollary 4.8.

Theorem 6.1. Let y,v > — 1. Then the subspace A,(p,q) N Afy is dense
in the Banach space A, (p,q) in the following two cases:

(1) 1<p<Qy, 1<t<o00, 1<q<o0;

(2) 1+4Q;' <p<14Q,, 1<t<oo, 1<¢q< 0.

Proof. According to Proposition 4.3, the subspace AL N AEY is dense in the
Banach space A? for all p,t € [1,00).
Let F € Ay(p,q). Given a > 0 and m =1,2,--- | let

Fno(2) =F <Z + Ze) Ao (; +Ze> |

m 7

We claim that
1. Fm,a S Au(pa Q) with HFm,aHAV(p,q) < HFHAV(QD,(]);
2. 'rr}gnoo HF - Fm,cxHAy(p,q) - 0’

3. for a large enough, Fy, o € AL,
For claim 1, by Lemma 3.4 and Lemma 3.1, observe that if z = = + iy,

()
1

We recall from [2, Theorem 3.7] that
[ Emallag <|IFllag  (FeA))

<ATE (% +e) <A %e) =1.

for all o € [1,00). Applying Theorem 1.3 to the linear operator F' — F, ,
with pp = 1, 1 < p1 < Qu, 1 < @ < oo (resp. 1+Q,' < po,p1 <
1+Qu, 1<qo,q <), we obtain that

HFm,aHAu(pﬂ) < HFHAu(p,q)
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forall1<p<Q,, 1<qg<oo(resp. 1+Q,' <p<1+Q,, 1<qg< ).
For claim 2, it was shown in [2, Theorem 3.23] that

lim ||F = Fallag =0  (F € A9)
m—00

for all o € [1,00). Applying again Theorem 1.3, we reach the announced
conclusion.

Finally, to prove claim 3, we obtain by Lemma 3.13 and Lemma 3.1
that there are positive constants C' = C(p) and C(m, p,v) such that for all
x+iy € Tg and all F € A, (p,q) we have

v+

. € - = €
< C(m,p, V)||F|] 4, (p,q)-

In particular, the function F' ( + %) is bounded. It now suffices to show

that the function z — A™® @ belongs to AEY when « is sufficiently

large. This follows by assertion (2) of Lemma 3.4. O

Remark 6.2. It follows from assertion (2) of the previous theorem that
when n = 1 (and then r = 1), the subspace A, (p,q) N Af/ is dense in the
Banach space A,(p,q) for all v,v >0, 1 <p<ooand 1<gq,t< oo.

7. Open questions.

7.1. Statement of Question 1. In [4], the following conjecture was stated.

Conjecture. Let v > © — 1. Then the Bergman projector P, admits a

bounded extension to LY if and only if

v+ 1 (1-w),
Py <Pp<pyi=—pt— =y
2_1 21
T T
This conjecture was completely settled recently for the case of tube do-

mains over Lorentz cones (r = 2). The proof of this result is a combination
of results of [3] and [10] (cf. [6]; cf. also [9] for the particular case where
v = 5). In this case, Theorem 1.3 can be extended as follows.

Theorem 7.1. We restrict to the particular case of tube domains over
Lorentz cones (r = 2). Let v > § — 1.

(1) Foralll<p; <Qy, 1 <q1 <o0and0 <0 <1, the real interpola-

tion space

(Aia Ay(plv QI))eg
identifies with A, (p, q), % = 1—0—1—1%, 1 < ¢ < oo with equivalence
of norms.

(2) For all1 <py <p1 <Qy (resp. pj, <po <p1 <pv), 1 < qo,q1 <0
and 0 < 6 < 1, the real interpolation space

(Av(po, q0), Av(P1,q1))g 4
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identifies with A, (p,q), zl? = 1p—_09 + p%, l<g<oo(resp. 1<qg<
o0 ) with equivalence of norms.

(3) For all Q, < p1 < py, 1 < q1 < o0, the Bergman-Lorentz spaces
Ay(p,q), P, < p < Q,, 1 < q < oo are real interpolation spaces
between AL and A, (p1,q1) with equivalence of norms.

(4) For all 1 < po < p,,, Qv < p1 < py, 1 < qo,q1 < 00, the Bergman-
Lorentz spaces A,(p,q), P, < p < Qu, 1 < q < oo are real inter-
polation spaces between A, (po, qo) and A, (p1,q1) with equivalence of
norms.

In the upper rank case (r > 3), we always have (1 —v); = 0 and the
conjecture has the form

, v+ 27” -1
Py <P<Pvi=—m_1 -

T

The best result so far towards the above conjecture is Theorem 1.2. If we
could show that P, is of restricted weak type (p1,p1) for some 14+Q, < p1 <
py (resp. pl, < p1 < 1+Q; 1), then by the Stein-Weiss interpolation theorem
(Theorem 2.20), we would obtain that P, admits a bounded extension to
LY for all 14+ Q, < p < p1 (resp. pl, < p1 <1+ Q). This would improve
Theorem 1.2.

Question 1. Prove the existence of an exponent p; € (1 + Q,,p,) (resp.
p1 € (p),, 14+ Q1)) such that P, is of restricted weak type (p1, p1). That is,
there exists a positive constant Cf,, such that for each measurable subset £
of T, we have

sSup )\plﬂPuXE(/\) < Cm:“(E)‘

A>0
Remark 7.2. This question, in the suggested range, is equivalent to the
conjecture. For Lorentz cones (r = 2), the latter property holds for all
p1 € (p,,14+Q;)U(1+Q,,p,). In this case, it would be interesting, and
stronger than the conjecture, to prove that the Bergman projector P, is of
restricted weak type (p,p) at the end-points p = p, or p = p),. Recall that
when n = r = 1, the Bergman projector is of weak type for p = 1; for the
unit disc, this result goes back to [19].

7.2. Question 2. Can Theorem 6.1 be extended to some (all) exponents
14+ @, < p < ? One could expect that A,(p,q) N A'; should be dense in
Ay (p, q) with no restriction on the indices.

7.3. Question 3. This question is twofold. It concerns real interpolation
spaces between two Bergman-Lorentz spaces and it is induced by Theorem
1.3 and Corollary 5.4.

(1) We suppose that n > 3, r > 2. Can assertions (3) and (4) of
Theorem 1.3 be extended to some (all) values p € (1,1 + Q'] or

pE Q14+ Q)7
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(2) Is the Bergman-Lorentz space A,(p,o0) a real interpolation space
between two different Bergman-Lorentz spaces for some (all) 1 < p <
00? By Corollary 5.8, this question arises even in the one-dimensional
case.

Related is the following question induced by the second part of Lemma 5.1.
Let 0 < 6 < 1. We consider two cases:

(1) pp=qgo=1, 1<p1<oo, 1<q <ox;
(2) 1<po<p1 <oo, 1<qo,q1 <oc.

Define the exponent p by % = 11);09 + p%. Does the inclusion

Ay (p,q) C Au(po,q0) + Auv(p1,q1)

hold for all 1 < ¢ < oo? In particular, even in the one-dimensional case, is
the inclusion A4, (p,o0) C A, (po, qo) + Av(p1,q1) valid?

7.4. Question 4. This question is also twofold. It is induced by Remark
3.11, Proposition 2.8 and Theorem 5.5.

(1) Prove that the subspace A,(p,q) is strictly contained in the space
Ay(p,o0) forall1 < p < oo, 1< q< oo.Itis likely that the function
vt 20
A" "7 (2 +ie) belongs to A,(p,00). By assertion (2) of Lemma
3.4, it does not belong to Ab.
(2) More generally, let 1 < po,p1 < oo and 1 < qg,q1 < 0o. Prove that

Au(po,q0) # Av(p1,q1) unless pg = p1, qo = q1-

8. Final remark

Many results in this paper make sense as well in the quasi-normed setting,
that is, 0 < p < 00, 0 < ¢ < 0. The interested reader would state and prove
them in the general setting.
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