New York Journal of Mathematics
New York J. Math. 24 (2018) 929-946.

Reducibility and unitary equivalence
for a class of truncated Toeplitz operators
on model spaces

Yufei Li, Yixin Yang and Yufeng Lu

ABSTRACT. In this paper we give a necessary and sufficient condition
for the reducibility of a truncated Toeplitz operator on model spaces
induced by a Blaschke product with two zeros. If the truncated Toeplitz
operator is reducible, its restriction on a non-trivial reducing subspace
is unitarily equivalent to another truncated Toeplitz operator induced

by z.
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1. Introduction

Let L?(T) and L>(T) denote the usual Lebesgue spaces on the unit circle
T. Let H? denote the Hardy space on the open unit disk D and H> denote
the space of bounded analytic function on D. For ¢ in L>°(T), the Toeplitz
operator T, on H 2 is defined by

T@f = P(Spf)v

where P is the orthogonal projection on L?(T) with range H?.
To each non-constant inner function # we associate the model space

Kj = H*c0H?,
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which is a reproducing kernel Hilbert space whose kernel is given by
1—-60(N)0(z)
k’e )= —
A(2) .
The truncated Toeplitz operator on K7 with symbol ¢ € L*°(T) is the
operator A, defined by

, Az €D.

Aﬁaf = PQ(SDf)v

where Py is the orthogonal projection on L?(T) with range K7. Truncated
Toeplitz operators on model spaces have been formally introduced by Sara-
son in [9] and this area has undergone vigorous development during the past
several years; see [1, 4, 5] and references therein.

Let T be a bounded linear operator on a Hilbert space H. A closed
subspace M of H is called a reducing subspace of T if TM C M and
T*M C M. If T has a proper reducing subspace, we say that T is reducible.
The classification of invariant subspaces or reducing subspaces of various
operators on function space has proven to be a very rewarding research
problem in analysis. A lot of nice and deep work on the reducing subspaces
of multiplication operators on the Bergman space induced by finite Blaschke
products can be found in [11, 7, 3, 6].

It is well known that A, is irreducible, see for example [5]. However,
Ronald G. Douglas and C. Foias [2] showed that A.> is reducible if and only
if either

(1) 0(z) =0(—=2), zeD
or there exists a A € D such that

(2) 0(z) = pa(z)u(2),
where py(z) = f‘:{z and u € H* satisfies

u(z) = u(—=2), z € D.

If 6 satisfies (1), we call  an even function for convenience. Therefore, we
see that reducing subspaces of truncated Toeplitz operators display different
pictures when compared to the case of Toeplitz operators on the Bergman
space.

The main result of this paper is to give a necessary and sufficient condition
for the reducibility of AZ), where ¢ is a Blaschke product with two zeros.
The proof is function theoretical and interesting by itself. If AZ) is reducible,
the restriction of AZ, on a proper reducing subspace is unitarily equivalent

to A2 for some inner function ¢ and we give a complete description of such
inner functions ¢. We need more concepts and notations to state the results.

The space Kg carries a natural conjugation (an isometric, conjugate-
linear, involution, see [9]) defined by C'f = zf. Then we write

() = () () = D=0
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In particular, /2:8 =T70. Let My and Mg denote the multiplication operators
on L?(T) induced by # and @, respectively. We have

Py = P — MyPMj.

Set Qg = MyPMy. Then Qg is the orthogonal projection on L?(T) with
range OH?. If it is necessary to specify the inner function 6, we will write
Ag instead of A,. It is clear that A7, = Ag. In particular, if ¢ € H>, K92 is
an invariant subspace for T2 It follows that A7 =T ] K2- For ¢, € H®,
it is known that TJTS; = T;w. Thus AZJA*SO = ATP?# and A, Ay = Agy.

For A € D, let ) be the Blaschke factor defined by

A\ —
= i , z€D.

1— Az
In what follows, we will assume that dim K 02 > 2, which will be used through-
out the paper. The hyperbolic metric on D is defined by

L 14 fpa(w)
—  log —1P2Y]
plzw) = G los T o0

The hyperbolic metric is invariant under the action of the disk automor-
phisms. For any two points z and w in I, the geodesic between z and w is
of minimum length between z and w in the hyperbolic metric. Furthermore,
given any two different points z and w in I, there exists a unique circle
~ through z and w that is perpendicular to the unit circle. The geodesic
between z and w is then the arc of v between z and w that lies inside D.
Now given two points a and b in D, there exists a unique geodesic

ea(2)

, z,w € D.

v : (=00, +00) — D

such that v(0) = a and v(1) = b. The point (%) will be called the geodesic
midpoint between a and b (see [11] or [12] for more detail).

Definition 1.1. For X in C, we write
MY = span {Tni10 + ANTani20) :n >0}
If A = 0o, then we define
MY, = span {T 51260 :n > 0}
We can now state the main results of the paper.

Theorem 1.2. Let ¢ = ¢y,px, be a Blaschke product with two zeros Ag
and A1 in D. Let p be the geodesic midpoint between Ao and A1. Then AZ 18
reducible on K} if and only if 0 o @, satisfies either (1) or (2). Moreover,

if Afp 1s reducible and M is a proper reducing subspace of Ag, then

(1) if Bo, is even, then there is w € C, where C = CU {0}, such that

M={\/e,(Fopp): f €M}
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(2) if 0 o pp = pru, where A € D and v (u € H*) is even, we have

MZ{\/;;(pr):fGMfw’”},

={\fe o) ren'yy.

Theorem 1.3. Let o, p be defined as above. If Afp is reducible and M is
any proper reducing subspace of AZ, then there is an inner function ¢ such

or

that Ag |ar is unitarily equivalent to A2, Moreover,

(1) if 0 0 pp(2) = u(2?) for some inner function u, then ¢(z) = wo g o

—a(2);
(2) if 00 p(2) = pr(2)u(2?) for some A € D and some inner function

u, then either ¢(z) = (pyau) 0 ppop_q(2) or ¢p(z) = uowyop_u(z),
where a = @12)()\0).

Since A, is irreducible, it follows from the Theorem 1.3 that the proper
reducing subspaces mentioned in Theorem 1.2 are all minimal.

2. Reducing subspaces of A,2

Using model theory for Cj operators (see [10]), Douglas and Foias have
given a necessary and sufficient condition for the reducibility of A,2. The
purpose of this section is to present a function theoretic proof of the re-
ducibility of A,2. Moreover, as a result of this analysis, we obtain a complete
description of the reducing subspaces of A,2.

To start with, we need some new notations.

Definition 2.1. For ¢ in L*°(T), define
X, :0H? = K, X,f = Pyof,
Y, : Kj = 0H?, Y, f = Qoof,

and
Dy, : 0H? — 0H?, Dyf = Qo f.

In particular, if ¢ € H*®, then D,f = ¢f for f € 0H? and X, = 0.
Therefore, we have the following decomposition for 7’,2:

(A2 0 K}
T = < Ve D, > 0H?.

Lemma 2.2. For any nonnegative integer n and f € Kg, we have

Anf=2"f— Z<Azn—kf, ];:g>zk_19.
k=1
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Proof. It can be seen in [8, pp.3] for n = 1. Now for any nonnegative integer
n, since {z%0 : k > 0} is an orthonormal basis for §H? and H? = K} & 0H?,
it follows that for any f € Kg,

A f =2"f =) (2"f,2°0)z"0

(2" f, 20) %0

I
N
3
[y
[

(z"kf,0)250.

I
N
3
~
|

Note that k§ = T*0. So we have
n
A f=2"f = (z"7Ff, %8}2’“_19,
k=1
as desired. O

Proposition 2.3. Suppose dim Kg > 2. Then
Ye=00 A%kl + 20 0 kS
and dim(Y,2 Kj3) = 2.
Proof. For any f € Kg, by Lemma 2.2, we have
Yoof= (T22 - AZQ)f
= (f, AZKG)O + (f. k()20
= (0@ AkS + 20 0 k) f.
To prove dim(Y,2K7) = 2, observe that
dim(Y,2K2) < 2.
If dim(Y,2K2) < 2, then there exist A1, A2 € C, not all zeros, such that for
every f € Kg,
<Yz2f, A0+ )\2Z9> =0,
that is,
(f, MALKG + Aokf) = 0.
Therefore,
MASES 4+ Mok = 0.
Recall that k§ is a cyclic vector of A* (see [9, Lemma 2.3]). It follows that
dim K92 < 1. This is a contradiction and the proof is complete. ([

Lemma 2.4. If M is a proper reducing subspace of A2, then for any f € M
and g € M+ = K3 &6 M we have (Y,2f,Y,2g) = 0.
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Proof. Since both M and M* are proper reducing subspaces of A2, it
follows from the fact 77| k2 = A, that

(Yoo f,Y.eg) = (Th2 — Az2) f, (Th2 — A.2)g)
= (2%f,2%9) = (T2 f, A2g) — (A2 f, To2g) + (A2 f, A2g)
= —(f, A2 A2g) — (A2 A2 f, 9)
— 0.
O

Lemma 2.5. If M is a proper reducing subspace of A,2, then dim(Y,2M) =
1.

Proof. By Proposition 2.3 and Lemma 2.4, it suffices to prove that for any
proper reducing subspace M of A, we have dim(Y,2M) # 0. Otherwise,
assume that dim(Y,2M) = 0. Then for any f € M,

Yof = (f, ATKEV0 + (f, k§)20 = 0,
which implies that (f, A%k§) = 0 and (f, k§) = 0. Hence both A*k§ and &
are in M~+. Moreover, since M+ reduces AZ,, we have
Al kG, Ao kS € Mt

for all nonnegative integer m. Since l;:g is a cyclic vector for A% (see [9,
Lemma 2.3]), it follows that M+ = K7 and hence M = {0}. This is a
contradiction. O

If A2 is reducible and M is a proper reducing subspace of A2, it follows
from Proposition 2.3 and Lemma 2.5 that there exist A, Ao € C, not all
zeros, such that

(3) Y,2M =Span {120 + X260} .

Similarly, since M is also the proper reducing subspace of A2, there exist
A3, A4 € C, not all zeros, such that

(4) Y, M+ = span {\320 + M6} .

Moreover, Lemma 2.4 yields

(5) )\1X3 + )\2X4 =0.

Clearly, Ay # 0 or A3 # 0. Without loss of generality, we assume that
A1 # 0. By (5), Ay # 0, since if \y = 0, then A3 = 0, this is impossible. Let
w = Aa/A1. Together, (3), (4) and (5) give that

Y,2 M = span{z0 + wb},
Y, M+ = span{—wz0 + 6}.
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Again, from Lemma 2.4, it follows that
(Yoof,—wz0+0) =0, feM,
(V29,20 +wb) =0, ge M.
A calculation shows that
<f7_wl~§g+‘4;]%g>:0¢ fEMa
<g,l;:8+wAzE8) =0, ge M+t
This implies that

kS + WALk € M,
—wk8 + ATK§ € M.

Therefore,
M>ME Mo M,
Note that for each nonnegative integer k,
{A;k’fg TP ALer (K + wAZKG) — rfip AlLar (~50K( + AZKD),

Al kG = 1o A (K + wAZR) + 1o Al (~WkG + AZKY).

Thus we have

(6) Akl e Mo+ M°

Ell=

for all nonnegative integer k. Furthermore, since l;:g is a cyclic vector of A7,
we get that

(7) M=M; M+=M,
Proposition 2.6. A,> is reducible on K92 if and only if there exists w €
CU{oo} such that for all nonnegative integers m and n,

(Alan (K + wAIKG), Ao (~k{ + AZKG)) =
Proof. For the case w = oo, the equations
(Ao (K + WATKG), ALom (~WkG + AZKG)) = 0, n,m >0
mean that ) .
(Ao kS, A%on k) = 0, n,m >0,
which is the same as the case w = 0. Therefore we only need to prove the
case w € C.

As shown above, we have proved the necessity of the proposition. For the
sufficiency, let

Ny =M% No=M%,.

EHH

It is not hard to see that N; # {0} for i = 1,2, since if not, then k§ +
WALKS = 0 or —wk§ + AXkY = 0. Since k§ is cyclic vector of A%, we have
that dim K g < 1 and this is a contradiction.
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Since for any nonnegative integers m and n,
(Afan (K + wAIKG), Afam (—wkG + AZKG)) = 0,
we conclude that N1 L Ny. Moreover, (6) and the fact that INfg is a cyclic

vector of A% give that N1 & Ny = K92. Clearly, both N; and N» are invariant
subspaces of A7,. Therefore, A,z is reducible. O

Proposition 2.6 can be improved as follows.

Corollary 2.7. A2 is reducible on K} if and only if there is a complex
number w, |w| < 1, such that for any nonnegative integers m and n,

(8) <T;2n+2 (Z + w)@, T;Qerz(—wZ =+ 1)9> = 0.
Proof. Sufficiency is obvious. Conversely, if A,2 is reducible on K 02, then by

Proposition 2.6, there is A € CU {oo} such that for all nonnegative integers
m and n,

<T;2n+2 (Z =+ A)97 T;2m+2(—XZ =+ 1)0) = 0
Case 1: if |\| < 1, then the proof is complete.
Case 2: if |[\| > 1, then let w = —% (w=01if A = 00) and |w| < 1. Hence

<T;2n+2(—wz + 1)9, T;2m+2 (Z + LU)9> = 0,
for all nonnegative integers m and n. This proves the desired result. (]
To deal with equation (8), we need the following lemma.

Lemma 2.8. Let 0(z) = Y 72, apz® be an inner function. Then for any

positive integer n,
oo

Z a0+ = 0.

k=0

Proof. It follows easily from the fact that (2"6,6) = 0 for any positive
integer n. ([

Now we can characterize the inner functions 6 such that (8) is valid.

Proposition 2.9. Let w € D. We have that
(1) if |w| =1, then (8) is valid if and only if 0 is even.
(2) if |w| < 1, then (8) is valid if and only if @ is even or 6 = p,u, where
u € H™ s even.

Proof. Let w € D and
o
0(z) = Z apzt.
k=0

For convenience, let

oo
A(n7 m) = Z QtnCOk+m-
k=0
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Now assume that (8) is valid, that is, for all nonnegative integers m and
n’
<T:2n+2 (Z + LL))G, T:2m+2(—wz + ].)9> = O
From Taylor expansion, it follows that this formula is equivalent to
—wA@2n +1,2m+1) — w?A(2n +2,2m + 1)
+A2n+1,2m+2) +wA(2n+2,2m+2) =0,

which can be written as

(9) —wagni1Gamer — WA2n +2,2m 4+ 1) + A(2n + 1,2m + 2) = 0.
Interchanging m with n and taking conjugates, we get

(10)  — Tagni1Gomir — A2 +1,2m+2) + A(2n+2,2m +1) = 0.
(9) + w? x (10) gives that

(11) — Wagn+1Gami1 + (1 — |w[*)A(2n + 1,2m + 2) = 0.

Replace m by m — 1. Then
(12) — Wagn1Gom—1 + (1 — [w?)A(2n +1,2m) = 0.
Similarly, @? x (9) + (10) gives that
(13) — Wagn11G2mi1 + (1 — [w*)A(2n 4+ 2,2m + 1) = 0.
Combining (12), (13) and the fact that
A2n+2,2m+1) = A2n+ 1,2m) — agp+1a2m,
we obtain
(14) aoni1(—waigm—1 + (1 — |w|*)@2m + Da2ms1) =0, n>0

for m > 0. For (13), in particular, the condition m = 0 and Lemma 2.8
yield

(15) agny1(@ar + (1 — |w|?)ag) =0, n > 0.
For (1), since |w| =1, by (11), we conclude that

—Wa2n4+1a2m+1 = 0

for all nonnegative integers m and n. Let m = n. Then as,11 = 0 for any
n, which implies that 6 is even. Conversely, if € is even, then clearly, (9) is
valid and hence (8) is valid. Thus (1) is proved.

Now we consider (2) and let |w| < 1.

Case I: agy41 = 0 for all nonnegative integers n, then 6 is even.

Case II: There is a nonnegative integer n such that as,4+1 # 0. Then (14)
and (15) give

(16) {—wagt_l + (1 — |w|?)ag + wageyr =0, for t > 1,

(1 — |w|®)ag + wai = 0,
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which can be written as
W(ag—1 +wag) = ag + wage41, for t > 1,
(17) —(Wagi—1 — az) = w(Wagy — ag41), for t > 1,
ap +way = |w|?ap.
((17) will be used in section 4).

In what follows, we shall show that in this case, § = ¢,u for some even
inner function u. Write

(18) 0(z) = 01(2%) + 209(2°), z € D.
Obviously,

01(2) = 0(vz) +29(—\/5)’ v eD
and , ,

2(2) = {W L

Then (16) is equivalent to
—w20s + (1 — |w|*)f; + why =0, z € D.
This can be written as
02)(z+w)(1—wz) —0(—2)(w—2)(1 +wz) =
Since |w| < 1, we have

0(2)p-w(z) = 0(=2)pu(2)-

If w =0, then 6(z) + 6(—z) = 0 and hence 6 is an odd inner function. If
0 < |w| < 1, then #(w) = 0 and let # = ¢, u for some inner function u, we
can check that u is even.

For the other direction, assume that 0 is even or 6 = ¢ ,u, where u € H*®
is even and |w| < 1.

If 0 is even. It is easy to check that (9) is valid and hence (8) is valid.

If 0 = p,u, where u € H*® is even and |w| < 1. Obviously, u is an inner
function and K2 C K3, then we have

6—0(0
T70 = ©
z
(19) _ Yt — wu + wu — wu(0)
z
1_|w’2 *
=15, u+ T u.
Similarly,
wu

0 = —(1 — |w]?)( + T u) + wlru.

1—wz
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Therefore,
U
(20) Tﬁ+wﬂ}9:—ﬂ—ﬂﬂﬁliwz+w@ﬁﬁu+w%}m
and
(21) —WI70+T50 = —T u+ wlru.
Note that _
U wu
Tz*l “mr  1-wz + T
Hence for any nonnegative integer n,
—9n 2n—1
. U w o1 —krs
P —wr 1-wz + Z ot szk“u
(22) F=0
P S Mn—2j—2
— 1-o + Zw n—a- T:2j+2(wz + ].)U
wz

When u is even, for each w € D, it follows fromTaylor expansion that
(Tont2 (=2 + w)u, Thomi2 (Wz + 1)u) = 0,
for all nonnegative integers m and n. Hence (20)-(22) and the fact = €
uwH? yield that

<TZ*2"+2 (Z + (JJ)U, T;2m+2(—wz + 1)u> = 07

for all nonnegative integers m and n. This completes the proof of proposi-
tion. ([

We are now ready to state the main result of this section.

Theorem 2.10. A2 is reducible on K3 if and only if 0 satisfies either (1)
or (2). Moreover, if A,2 is reducible and M is a proper reducing subspace
of A2, then
(1) if 0 is even, there is w € C (C = CU{oo}) such that M = M?.
(2) if 0 = pru, where u € H™® is even and A\ € D, then M = M? or
M =M°

>|l=

Proof. This follows from Corollary 2.7, Proposition 2.9, and (7). O

: o
3. Reducing subspaces of Amoml
In this section, by using Theorem 2.10, we will prove the Theorem 1.2.
For A € D, recall that ¢y is defined by
A—2z

= —, z€D.
1—- Xz

ea(2)

If we set

A1 —z]?

U</7>\ K92 — K€20<p>\7 Ucp)\f =\ Sol)\(fo(p)\)7 Spl)\(z) =1 1 —XZ
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then a calculation (for example, see [1, Proposition 4.1]) shows that U,, is
a unitary transformation and for g € K gom’

Usg=1/(ex")(gowy")

= \/;&(9 © Px)-

Orrx __ pBopa
U‘PXAWUADA - ASDO<PA'

(23)

Furthermore, if ¢ € L™,

In particular,

0 *  __ pAbopy
U%AWU@A—AZ .

To prove Theorem 1.2, we need the following lemma.

Lemma 3.1. Let ¢ : D — D be an analytic function. Then any reducing

subspace of Afa is also a reducing subspace of A?OAOSD.

Proof. Let X be a reducing subspace of AZ,. By Taylor expansion for ),

each invariant subspace of Afo is also invariant under Az, ,op- This means that
both X and X' are invariant under A?DAOSD and the proof is complete. [

We will now prove Theorem 1.2.
If Ay = — o, then the geodesic midpoint between A\g and A1 is 0, so p =0
and
p(2) = —pn2(z%), 22 =gpu(-w(2).
By Lemma 3.1, Ai and A‘ZQ have the same reducing subspaces.

Now for any Ao and A, define ¢ = ¢ o . By Lemma 9 of [11], there
exists a unimodulus constant ¢ such that

P =P OPp = Py, (20)Piop(h)

Since p is the geodesic midpoint between Ao and A; and the hyperbolic
metric is invariant under disk automorphisms (see [12, pp.67]), the geodesic
midpoint between ¢,(Ao) and ¢p(A1) is ¢p(p) = 0. It is well known that
any geodesic through the origin is a diameter. Hence ¢,(Xg) = —¢p(A1).

As shown above, Aio‘pp and Aii”” have the same reducing subspaces. By
Theorem 2.10, we conclude that AZO% is reducible on ngp
6 o p, satisfies either (1) or (2). Furthermore,

Bopp

Case I: if 0 o ¢, is even, the proper reducing subspace M of A & is of

if and only if

the form Mf,"“’P for some w € C.
Case II: if 0 0 ¢, = g u, where u € H* is even and A € D, then AZO%

has only two proper reducing subspaces which are M go% and Mfof P,

Recall that

>

Oy« _ p00pp _ pbopp
Up, ApUs, = Ao, = Ay7".
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It follows that A?O is reducible on Kg if and only if AZO“DP is reducible on
K920¢p' Moreover,

Case I: § o ¢, is even. The proper reducing subspace M of Afp is

U, M = {\ [l (o p) : f € MEP Y,

for some w € C.
Case II: 6 0 ¢, = ¢ru, where u (u € H*®) is even and A € D . Then AZ
has only two proper reducing subspaces:

* 90p 60p
Us, M =L\ Jon(foep) s £ € MUY

and
* fo fo
U@pM_fP = { /%(pr) fe M_fp}.
A A

This completes the proof of Theorem 1.2.

4. Unitary equivalence

In this section, we shall prove Theorem 1.3 which rests on the following
proposition.

Proposition 4.1. Let ¢ = @up_q for some a € D. If A?O is reducible and

M s a reducing subspace of Ag, Then there is an inner function ¢ such that

Ai |ar is unitarily equivalent to Af‘p .
Proof. It suffices to show that there is an inner function ¢ such that
(A?D)* |ar is unitarily equivalent to (A?SO ,)". First of all, note that ¢ is

even, so let ¢ and 6 have Taylor expansions

oo o0
p(2) =Y ez, qquadf(z) = arz*, 2 €D.
k=0 k=0

Clearly,
—pa2(2) = p(Vz) = ZCkak-
k=0

It follows from the proof of Theorem 1.2 that AZ, and Agg have the same
reducing subspaces. Therefore, by Theorem 2.10, A?O is reducible if and only

if 0 satisfies either (1) or (2), and the reducing subspaces of Ai are of the
following form:

(1) if 6 is even, then there is w € C = CU {oo} such that M = M?.
(2) if 0 = pyu, where u (u € H®) is even and A € D, then M = MY or
M=M°

>=
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For an inner function ¢, write

po_ TaEtwl, weC ,_ [(A+wP)Te, weC,
@ T%,0, w=o00, T, w = 00.

Then for each nonnegative integer n, we define

(24) Uy - (A% F0 s (AZ)*G2.

We claim that if the map U, from MY to Kq%, defined densely as in (24),
is an isometry, then it is a unitary such that

Uu(AD) U = (A2, )"

In fact, we see that U, is a unitary by the facts that {(A4%,)*FJ : n >0} is
dense in MY and {(A%.)*G% : n > 0} is dense in K(%

Note that ¢ is analytic on a neighborhood of D. Formal series manipula-
tion gives that

Us (A" (ALen) D)) = Y eonlUus(Alonran) FY)

which implies

Thus the claim is proved.

To end the proof, by the above claim, it suffices to construct an inner
function ¢ such that U, is an isometry.

Case I: 0 is even. Then we set

For each nonnegative integer n,

(Ae )*Fo(z) . T;2n+19 =+ WT;2n+20, w & C,
2n —_—
z Tsi20, w = 00,
(25) = 2%k+1 = 2k C
Y opy2k+27 +w ) agpiopt22”, weC,
_ k=0 k=0
- [oe)
2k _
> Gonpoki22”", w = 00,

k=0
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and
1
(4.)°Go(2) = 4 LT )3 Tomd wel,
Tz*”+1¢7 w = oo’
1 o0
(26) (1+ [w2)? S agmionsoz?, weC,
Z A2n42k+227, w = 00,
k=0

which implies that
27) (A% F, (A%, FS) = ((A%.)* G2, (A%.)*G2), for m,n > 0,

and therefore U, is an isometry.
Case II: 0 = p\u, where u € H*® is even and A € D. Then Ag has only

two proper reducing subspaces M f and Mﬁ 1
X

For Mf, we set
d(2) = N01(2) + 202(2)

= px(2)u(vz), 2 € D.
Obviously, ¢ is inner. Note that for z € D, by (17), we obtain

(28)

0 00
(AZZ")*F)?(Z) - Z a2n+1+kzk + A Z a2n+2+kzk
k=0 k=0

k
(a2n+14k + Aa2pt24k)2

¢ D¢

%k
(G2t 142k + Naopyoior)2

=]

(29)

8T

2k+1
+ E (a2n+242k + Aa2nt342k)2
k=0
[oe)

%k
= (agnt142k + Aa2nto42k)z

e

+
>|

0
oo

2k+1
> (aznt142k + Aaznioyor) 2
k=0

A simple calculation shows that
(AL GR(=) = (L4 [AP) 2 T (202 + A1) (2)

1
= (1+ NP2 (aont142 + Aagnioron) 2"
k=0

This means that (27) is also valid.
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For M_1, define
A
¢(z) = u(v/2), z € D.

Clearly, ¢ is inner.
Case 1): A =0. Then = —zu. It follows that for all nonnegative integers
n?

(30) (Az2n) = Z a2n+3+2k2’2k+17
k=0
and
(31) (AZ)'GS = = asnysyons”
k=0

Combining (30) with (31), it is not hard to see that (27) is valid.
Case 2): 0 < |A| < 1. A routine computation shows that
¢(2) = u(vz)
_ —Azba(2) 4 01(2)
A\ :
For z € D, combining (17) with (29) (X is replaced by —%), we have

z € D.

[e.e]

1

(Az%) g(z) = E (a2n+1+2k - ia2n+2+2k)32k
>\ S
1 & 1
DY E (@2nt142k — :azn+2+2k)22k+l-
k=0 A

On a different note,

_ 1 —A202(2) + 601(2)
<AS>G¢§<> <1+|A|2> o (2B G,

1

1A > 1
= |)\|2 )2 Y E (@2nt1+42k — §a2n+2+2k)2k, z €D.
k=0

Therefore, (27) is valid and thus we complete the proof of Proposition 4.1.
O

We proceed to prove Theorem 1.3.
Let p be the geodesic midpoint between Ag and A;. By the proof of the
Theorem 1.2, there exists a unimodulus constant ¢ such that
PO Pp = Py (N0) P—pp(Ro)>
which leads to

0 7% Oopp oy
Uy AwU@op - Asoosop A%MAOW #p(X0)”
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oy

P (r0)P—0p(r0) \Upr which is

Therefore, Ag |7 is unitarily equivalent to A

¥

unitarily equivalent to A for some inner function ¢ by Proposition

“Plop(2g))2
4.1.
Let
a = (pp())?
and
¢ =10pyop_q.
Note that

—9a P00 P_a(2) = 2.

It follows from
Uy U A T = Ao =

that A?D |as is unitarily equivalent to A? and Theorem 1.3 is proved.
Acknowledgements We would like to express our sincere thanks to the
referees whose comments considerably improved the original version of the

paper.
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