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Groupoid actions on C*-correspondences

Valentin Deaconu

ABSTRACT. Let the groupoid G with unit space G° act via a repre-
sentation p on a C*-correspondence H over the Co(G°)-algebra A. By
the universal property, G acts on the Cuntz-Pimsner algebra Oy which
becomes a Co(GP)-algebra. The action of G commutes with the gauge
action on Oy, therefore G acts also on the core algebra OF.

We study the crossed product Oz x G and the fixed point algebra
O% and obtain similar results as in [5], where G' was a group. Under
certain conditions, we prove that Oy X G =2 Oy xag, where H x G is the
crossed product C*-correspondence and that OF = O,p, where O, is the
Doplicher-Roberts algebra defined using intertwiners.

The motivation of this paper comes from groupoid actions on graphs.
Suppose G with compact isotropy acts on a discrete locally finite graph
E with no sources. Since C*(G) is strongly Morita equivalent to a
commutative C*-algebra, we prove that the crossed product C*(E)xG is
stably isomorphic to a graph algebra. We illustrate with some examples.
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1. Introduction

Group actions provide important bridges between dynamical systems and
C*-algebras via the crossed product construction. In this paper, we consider
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groupoids acting on fibered spaces and on directed graphs. Under certain
conditions, these actions can be extended to the graph C*-correspondence
and we obtain interesting results about the associated Cuntz-Pimsner alge-
bras.

Given a group G acting on a C*-correspondence H over a C*-algebra A
via p 1 G — Lc(H), in [5] we studied the fixed point algebra O, and the
crossed product Oy x G, with applications to group actions on graphs. The
Doplicher-Roberts algebra O, was defined from intertwiners (p"™, p"), where
p" = p®" is the tensor power representation of G on the balanced tensor
product H®". We proved that in certain cases O, is isomorphic to O% and
strongly Morita equivalent to Oy x G.

In this paper, we obtain similar results for groupoid actions, under some
extra assumptions. We first recall the machinery associated with groupoid
actions on spaces, on other groupoids, on graphs, on Cy(X)-algebras and on
C*-correspondences. If GG is a locally compact amenable groupoid with Haar
system acting on a C*-correspondence H and Jy is the Katsura ideal, we
assume that Jy X G =2 Jy g in order to obtain the isomorphism Oy x G =2
O xc as in [11]. We illustrate with some examples, including self-similar
actions on the path space of a finite graph and actions on Hermitian vector
bundles.

As an application, if G with compact isotropy groups acts on a discrete
locally finite graph E with no sources, we prove that C*(E) x G is stably
isomorphic to the C*-algebra of a graph. Since the action of G commutes
with the gauge action of T on C*(FE), the groupoid G also acts on the core
AF-algebra C*(E)T and C*(E)T x G = (C*(E) x G)T is an AF-algebra.

2. Groupoid actions on spaces

Let’s assume that G is a second countable locally compact Hausdorff
groupoid with unit space G® and range and source maps r,s : G — GY. The
set of composable pairs is denoted G2 and the set of ¢ € G with s(g) =
u,r(g) = v is denoted G},. We first recall the definition of a groupoid action
on a space given in [24]:

Definition 2.1. A topological groupoid G is said to act (on the left) on a
locally compact space X, if there are given a continuous, open surjection
p: X — G, called the anchor or momentum map, and a continuous map
G+xX — X, write (g,z)—g-z,
where
G X ={(g,7) € Gx X |s(g) =p(a)},

that satisfy

i) p(g-z) =r(g) for all (g,x) € G* X,

ii) (g2, 7) € Gx X, (g1,92) € G? implies (g192,7), (91,92 - ) € G * X and

91 (92 ) = (9192) - ,
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iii) p(z) - o = x for all z € X.

We should mention that recently, many authors assume that p : X — G°
is not necessarily open (see [4] for example).

The action is free if g-x = x for some z implies g = p(x). The set of fixed
points is defined as

XG:{x6X:g~x:$forallg€Gggg},

where
Gu={9€G:s(g) =r(g) = u}
is the isotropy group at u € G°.

Remark 2.2. Note that the set X is fibered over G° via the restriction of
the map p. It is the largest subset of X on which G acts trivially, in the sense
that for any u,v € G° and for any g,h € GU, the elements g, h induce the
same maps between the fibers p~!(u) and p~!(v). If G has trivial isotropy,
then X¢ = X.

For z € X, its stabilizer group is
Gle)={ge G g-z=1}.
which is a subgroup of G¥ where u = p(z). The set of orbits
Grao={g-z:9€G,s(g)=p)}
is denoted by X/G.

Remark 2.3. The fibered product G * X has a natural structure of groupoid,
called the semi-direct product or action groupoid and is denoted by G x X,
where

(G X)? ={((91,21), (92, 22)) | @1 = g2- 2},
with operations
(91,92 - 22)(g2, x2) = (9192, %2), (9,2)"" = (97" g @).
The source and range maps of G x X are
s(g,x) = (s(g9), z) = (p(z),2), r(g,2)=(r(9),9-2) = (plg-x),9-x),
and the unit space (G x X)Y may be identified with X via the map
i: X - GxX, i(x) = (p(x),z).
The projection map
T:Gx X =G, 7(g,z) =g
is a covering of groupoids, see [8].

Example 2.4. A groupoid G with open range and source maps acts on its
unit space G° by g - s(g) = r(g). Notice that g-u = u for all g € G¥, in
particular (G0)¢ = G°.
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If there is only one orbit in G°/G, the groupoid is called transitive. For ex-
ample, let the group R act on R/Z by translation. Then the action groupoid
R x R/Z with unit space R/Z = T and isotropy Z is transitive.

A transitive groupoid with discrete unit space is of the form G° x K x G°
where K is the isotropy group.

3. Groupoid actions on groupoids

The notion of a groupoid action on another groupoid was defined in [3] in
the algebraic case. In the topological context, we give the following definition
(see [1], page 122).

Definition 3.1. We say that a topological groupoid G acts on another
topological groupoid H if there are a continuous open surjection p : H — G°
and a continuous map G * H — H, write (g, h) — g - h where

GxH={(g9,h) € Gx H|s(g)=ph)}

such that
i) p(g-h) =r(g) for all (g,h) € G* H,
ii) (g2,h) € G* H, (g1,92) € G? implies (g1g2,h) € G * H and

(9192) -h=g1- (g2 h),
iii) (h1,h2) € H? and (g,h1hs) € G % H implies (g, h1),(g,h2) € G x H
and
g+ (hih2) = (g-h1)(g - h2),
iv) p(h) -h =h for all h € H.

Remark 3.2. If G acts on H, then in particular G acts on the unit space H°
via the restriction pg := p|go: H° — G° and we have p = pgor = pgos. Using
the fact that h = hs(h) = r(h)h, we deduce that we also have s(g-h) = g-s(h)
and r(g-h) =g-r(h).

For example, a I'-sheaf as in [15] is given by an étale groupoid I' acting
on a group bundle A over I'’. In this case pg is the identity.

Remark 3.3. If the groupoid G acts on H via p, then the triple (H,GY, p)
becomes a continuous field of groupoids in the terminology of [19], which
determines a continuous C*-bundle. If we do not assume p to be open, we
just get an upper semicontinuous C*-bundle.

When GO is discrete, the groupoid H is a disjoint union of groupoids
H, =p ' (u) for u € G°.

The fixed point groupoid HS is defined as
HE={heH:g-h=hforalge G}

Remark 3.4. If G is transitive, then HY is non-empty if and only if p : H —
G has invariant sections, i.e. continuous maps o : G° — H? such that
p(o(u)) = u for all u € G° and such that o commutes with the actions of G
on H and on G, i.e. g-o(u) =o(g-u).
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Proof. Indeed, if o is an invariant section, then for u € G° and h = o(u) €
HY we have g - h = g-o(u) = o(u) = h for all g € G Conversely, given
a € (H%)? with po(a) = u we define o : G¥ = H° by o(v) = ¢ - a for some
g € G7 and g - a is independent of the choice of g. O

The crossed product groupoid G x H is defined as follows. As a set,
G x H = G * H with multiplication

(g1, 71)(g2, ha) = (9192, (95" - ha)ha),

when this makes sense, i.e. when 7(g2) = s(g1) = p(h1), s(g2) = p(h2) and
gy " - s(h1) = r(h2). The inverse is given by

(g.h) ' =(g7"g-n7").

It is easy to check that the multiplication is associative and that

s(g,h) = (s(9),s(h)), r(g,h) = (r(g),g r(h)).

The unit space of G x H can be identified with H?, and we have an extension
of groupoids

HLYGxHDSG,

where i(h) = (p(h),h) and 7(g,h) = g¢g. The map 7 is a fibration of
groupoids, see [8] or [4]. Indeed, given g € G and u € H® = (G x H)°
with s(g) = p(u), choose h € H with s(h) = u. Then (g,h) € G x H
satisfies s(g,h) = s(h) = w and 7(g,h) = g.

Remark 3.5. In [8] it was proved that a continuous open surjective homo-
morphism 7 : G — H of étale groupoids with amenable kernel gives rise to
a Fell bundle € over H such that C}(&) is isomorphic to C}(G). As was
observed in [4], the Fell bundle is saturated only if 7 is a fibration. Unfor-
tunately, this hypothesis was omitted in the main result of [8]. The authors
of [4] also remove the condition that the groupoids are étale, considering
the more general case of locally Hausdorff locally compact groupoids with
Hausdorff unit spaces and with Haar systems.

In particular, when the groupoid G acts on H, we can apply the results
of [4] to the fibration G x H > G and obtain a saturated Fell bundle € over
G such that

CHE) = CHG x H) = C*(H) % G.

4. Groupoid actions on graphs

Inspired from the notion of groupoid actions on groupoids, we define
now the concept of groupoid actions on graphs. Let E = (E°, E',r s) be a
topological graph, i.e. E?, E' are locally compact spaces with r, s : Bt — EY
continuous maps and s a local homeomorphism.
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Definition 4.1. We say that a topological groupoid G acts on F if G acts
on both spaces E°, E' in a compatible way. This means that there is a
continuous open surjection p : E® — G° such that por =pos: E' — GY
and there are continuous maps G * EY — E°, G s E' — E' such that the
conditions in Definition 2.1 are satisfied and such that

s(g-e)=g-s(e), r(g-e)=g-7r(e)
for e € E' and g € G.

Remark 4.2. Since p and s are open, it follows that pos: E' — G is open.
The action of G can be extended to the set of finite paths E* = |_|k,20 E*,

where EF is the set of paths of length k, by

g-(erea---ex) =(g-e1)(g-e2) - (g-ex)

and similarly to the set of infinite paths E>. If GO is discrete, note that
since por = po s, the graph F is a union of graphs E, for u € G°.

Example 4.3. Let E be the graph

The transitive groupoid G with unit space G° = E = {v1,v2} and
isotropy S3 acts on E by permutations. In this case (E*)¢ = E° but
(EHYE = 0.

We recall now the definition of a self-similar action of a groupoid on
the path space of a graph as in [18], which will provide more examples of
groupoid actions on graphs.

Definition 4.4. (Self-similar actions) Suppose E is a finite graph with no
sources. Let vE™ denote the set of finite paths ending at v. We define the
graph
Tp= | | vE"
veED
to be the union of rooted trees (also called forest) with the set of vertices
T9 = E* and with the set of edges

Ty = {(n, pe) : p € E* e € E',s(u) = r(e)}.
The set Iso(E*) of partial isomorphisms vE* — wE* for v,w € E° becomes
a groupoid. A self-similar action of a groupoid G with G° = EY on E*
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is given by a homomorphism G — Iso(E*) such that for every g € G and
e € s(g)E" there exists a unique h € G denoted also by g|. such that

g-(en)=(g-e)(h-p) forall ue s(e)E™.

Proposition 4.5. A self-similar action of a groupoid G on the path space
E* of a finite graph E as above determines an action of G on the graph Ty
as in Definition 4.1.

Proof. Indeed, the vertex space Tg is fibered over G¥ = E° via the map
w > r(p). For (u,pe) € Th we set s(u, pe) = pe and r(u, pe) = p. Since
r(pe) = r(u), the edge space T} is also fibered over G°. The action of G on
T}% is given by
g (u,pe) = (g-p,g- (ne)) when s(g) =r(u).
Since
s(g- (1, pe)) = s(g-p,g- (ne)) = g- (ne) = g - s(u, pe),
r(g- (u,pe)) =r(g-pg-(ue)) =g-p=g-ry pe),
the actions on Tg and Té are compatible.

Ezxample 4.6. Let E be the graph

with forest
Tg

A\, N
/\ad d,,/\ /\.bd /\

Consider the groupoid G with unit space G° = {v,w} and generators g, h
where g € G/, h € G}, such that

g-a=c, gla=v, g-d=b, gldz
h-b=a, hlp=v, h-c=d, hl|.=
These conditions are also presented as

g-ap=cp, g-du=">0h-p), h-(bp)=au, h-cu=d(g-p),
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and they determine uniquely an action of G = (g, h) on the graph Tg.

Proposition 4.7. Suppose E is a discrete locally finite graph with no sources.
If the groupoid G acts on E via a map p : E° — G°, then G acts on the
path groupoid Gg of E.

Proof. Recall that
Ge ={(z,k,y) € E®° X Z x E* : 3N with z; = y;_j fori > N}

with operations

(w,m,y) ’ (yana Z) - (x7m+n7 Z)? (x7k>y)_1 - (yv _kvx)

and that the unit space QQE can be identified with E°°. There is a map
7o : E* — GO induced by p : E° — GY and for g € G and (z,k,y) € Gp
with s(g) = mo(x) = mo(y) we define

g- (Iak)y) = (g 'kaag ’ y)
It is routine to check that this action satisfies all the properties of Definition
3.1. Continuity is proved using cylinder sets. In particular, since EY and

GY are discrete, the groupoid Gg is a disjoint union of groupoids Gg, for
u € GY. O

5. Groupoid actions on C*-algebras and C*-correspondences

Let X be alocally compact Hausdorff space. Recall that a C*-algebra A is

a Cp(X)—algebra if there is a non-degenerate homomorphism ¢ : Cp(X) —

ZM(A), where ZM(A) denotes the center of the multiplier algebra of A.

This means that ¢(Cp(X))A = A, i.e. there is an approximate unit {f;} in

Co(X) such that lim ||¢(f;)a —al| = 0 for all a € A. Sometimes we write fa
3

instead of ¢(f)a.
Given a Cp(X)-algebra A, for each € X we can define the fiber A, as

A/I,A where

Iy = {f € Co(X) : f(x) = 0}.
Denote the quotient map A — A, by m,. It is known that the canonical
map

A— H Az, a (mz(a))zex

zeX

is injective and that the fibers A, give rise to an upper semicontinuous C*-
bundle A over X such that A = T'yg(A), the algebra of continuous sections
vanishing at infinity, see Theorem C.26 in [29)].

Definition 5.1. We say that the topological groupoid G with unit space
GY acts on a C*-algebra A if A is a Cy(G®)-algebra and for each g € G there
is a *-isomorphism g : Ay — Ay such that if (g1,92) € G? we have
Qg gy = O, O (g, and for a fixed a, the map g — a4(a) is norm continuous.
We also write g - a for ag4(a).
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Remark 5.2. An action of a groupoid GG on a C*-algebra A can be understood
as an isomorphism of Cy(G)-algebras a : s*A — r*A such that ag,4, =
g, © ayg, for all (g1,92) € G?. Here the pull backs s*A and 7*A become
Co(G)-algebras such that (s*A), = Ay and (1"A); = A,y). It can also
be understood as a functor from the small category G to the category of
C*-algebras as in [22].

Remark 5.3. If the groupoid G with Haar system A acts on A, then one can
define the crossed product A x G and the reduced crossed product A %, G
by completing the x-algebra I'.(G, 7* A) of continuous sections with compact
support in the appropriate norms (see [25] for example).

Recall that for f, f’ € T.(G,7*A), we define

f*f(g) = /Gf(h)ah(f/(h_lg))d/\r(g)(h), F*(9) = ag(flg™)")-

The fixed point algebra A% is defined as the Co(G?)-algebra with fibers
AY ={aeA,:g-a=aforallgeG:).

Ezample 5.4. If the groupoid G acts on the locally compact space X, then
Co(X) becomes in a natural way a Co(G°)-algebra and G acts on Cy(X) by
(g- f)(x) = f(g~' - x) such that Co(X) x G = C*(G x X) and Co(X)% =
Co(X/Q).

Example 5.5. Groupoid actions on elementary C*-bundles over G satisfying
Fell’s condition appear in the context of defining the Brauer group Br(G),
see [16].

Example 5.6. If the groupoid G with discrete unit space acts on the groupoid
H, then G acts on C*(H), which is a Cy(G®)-algebra in a natural way.

Indeed, the map po : H? — G° determines a homomorphism ¢ : Co(G°) —
ZM(C*(H)) and the fibers of C*(H) are C*(H,) for u € G°.

Let A be a Cy(X)-algebra and let H be a Hilbert A-module. We define
the fibers H; := H ®4 Ay, for each x € X. Then H, becomes a Hilbert A,-
module with the usual operations. The set Iso(H) of C-linear isomorphisms
H, — H, becomes a groupoid with unit space X, sometimes called the
frame groupoid.

Remark 5.7. For T' € LA(H), let T, € L4, (Hs) be T ® 14,, where 14, is
the identity map. This gives a map La(H) — La,(Hz) and T is totally
determined by the family (7%),cx. The identification H = HA defines a
homomorphism Cy(X) — ZL4(H) which takes a function f € Cy(X) into
the operator £ +— £f. Since HCy(X) = H, this homomorphism induces
a structure of Cp(X)-algebra on KC4(H) with fibers K4, (H;). In general,

Co(X)La(H) # La(H), so that L4(H) may not be a Cy(X)-algebra.

Definition 5.8. Let A, B be Cy(X)-algebras and let ‘H be a Hilbert A-
module. We say that H is a Cp(X)-C*-correspondence from B to A if there
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is a *-homomorphism ¢ : B — L4(H) such that
o(fb)(§a) = o(b)(§fa) for all f e Co(X), ac A, be B, €M
Sometimes we write b¢ for ¢(b)E.

Remark 5.9. Since ¢(I.B) C H(I,A), the homomorphism ¢ decomposes
into a family of homomorphisms ¢, : B, — L4, (H,) and each fiber H,
becomes a B,~A; C*-correspondence, see Definition 4.1 in [21].

Definition 5.10. Let G be a topological groupoid acting on the Co(GY)-
algebras A and B. We say that G acts on the Co(G?)-C*-correspondence
H from B to A if there is a homomorphism p : G — Iso(H) such that
g — p(g)¢ is norm continuous and such that the following compatibility
conditions are satisfied:

(P9, p(@)Mrig) = 9 (€M) s(g)s
for &, € Hs(g) and

p(g)(€a) = (p(9)€)(g - a), p(g)(bE) = (g9-b)(p(9)¢)
for £ € Hs(g), a € As(g) and b € Bs(g).

Remark 5.11. The action of G on H induces a #-isomorphism of L£4(H)
given by

(9-T)(€) = p(g)T(p(g~")€)
where 7' € L4, (Hs(g)) and an action of G on the Co(G)-algebra K 4(H)

via

9 O = p(g)e. ooy
where for £, 1 € Hy(y) we have 0¢ ,(¢) = &(n, ().
It is easy to check that the left multiplication ¢ : B — L4(H) is G-
equivariant. Indeed,

(- 0(0))(€) = p(g) (@) (p(g™ ")) = (g b)(p(g9)p(g")E) = B(g - b)(&).

Ezample 5.12. If G is a locally compact groupoid with Haar system {\“},,cqo,
then G acts on the C*-correspondence over Cp(G?) with fibers L?(G%, \¥)
via the left regular representation.

6. Crossed products and Cuntz-Pimsner algebras

In this section we assume that G is a locally compact groupoid with Haar
system {A*} cco. We make some extra assumptions in order to obtain
similar results as in [11] for the case of amenable groupoid actions on C*-
correspondences. We begin with the definition of the crossed product C*-
correspondence, given in the following Proposition.
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Proposition 6.1. Suppose the locally compact groupoid G with Haar system
acts on the Co(GY)-C*-correspondence H as in Definition 5.10. Then the
completion of To(G,r*H), the continuous sections with compact support,
becomes a C*-correspondence H X G from B x G to Ax G called the crossed
product, using the inner product

(€. m)(g) = /G B €Y, n(h ™))y AN (h),

and the multiplications

)9 /5 (F1 (B )N (1),

(R€)(@) = [ PWp(h(h~g)ax ) h),
where £,m € To(G,r*H), f1 € T(G,7*A) and fo € T.(G,r*B)

Proof. The verification of the Hilbert module axioms for H x G are routine
calculations. For example (£, nf) = (¢,n)f because

.nf)(g) = /G B A6(hY), (1) (0 9)) sy dNO () =

= [ e, [ e (T 0ax 0 0} d N @ )
G G
and

(Em)f)(g) = / &m0 - (F(t )N (1) =
G
-/ ( / h-<f<h—1>,n(h—1t>>s(h>dx<g><h>)t-<f<t-lg>>dv<g><t>=
(& G
— / B (e, / () (1) - £ g) AN (8)) oy AN (h) =
G G
= / h-(E(h7h), / n(wu - fu h7lg)dN M (u)) sy d A9 (h).
G G

The left multiplication provides a *-homomorphism
BxG — Lawg(HxG),
so H x G becomes a C*-correspondence from B x G to A x G. O

Lemma 6.2. If the groupoid G acts on a Co(G°)-C*-correspondence H over
the Co(G)-algebra A, then there is an isomorphism

KE:Kavg(H X G) = Ka(H) x G
given by
K(06)(10) = [ Oetn ptumu N B,
where §,m € To(G,r*H).
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Proof. Indeed, since 0, (¢) = &(n, () for ¢ € T'.(G,7*H), we have

(0.0 (C))(g) = / E(h)h - ((n.Q)(h™"))dX" @) (h) =

G

— . . - —1p— s(h) r(9) _

_ /G E()h ( /G E (), (B gy dA (t)) N (1) =

_ / £(h) / (o), p(w)C (™ 9)) ) A (w)dN ) () =
G G

B /G (/G 9s<h),p(u)n(u_1h)dx<u>(h)> (p(w)¢(u™"g))dA" @ ()

and the map u — / Hf(h)7p(u)n(u_1h)d)\r(“)(h) belongs to I'o(G,r*Ka(H)).
G

For 0¢, € Kaug(H x G) a rank one operator with £, € T'.(G,7*H) we
define

k(0 ) (u) = /G Oc () p(unu—11ydN ™ (h),

which extends to a linear bijection k : Kaxg(H % G) = KA(H) x G. Since
0¢ ., = ne and O¢, ., Og, ny = Og, (5, ), @ computation shows that

’{(92777) = ’%(9&77)*’ K(efhmefz,nz) = ’{(9517771)“(062,772)

and k is a *-isomorphism. O

Theorem 6.3. Let G be a locally compact groupoid with Haar system that
acts on a Co(G®)-C*-correspondence H over the Co(G°)-algebra A.

Then the Katsura ideal Jy is G-invariant and there is an action of G on
the Cuntz-Pimsner algebra Oz which becomes a Co(GP)-algebra with fibers
O3, where x € G°.

Proof. If ¢ : A — L4(H) defines the left action, recall that the Katsura
ideal Jy is equal to ¢~ (K A(H)) N (ker ¢)*. Since ¢ is G-equivariant, both
ideals ¢~ (KCa(H)) and (ker ¢)* are G-invariant, hence Jy is G-invariant.

A representation of H in a Cy(GP)-algebra B is a pair (r,t) where 7 :
A — B is a Cp(G°)-homomorphism and ¢ : H — B is linear such that we
have

t(a- &) =m(a)t(§), (& n))=1t&)"t(n)
for all a € A and &, € H. Note that in particular ¢(f) = t(£)f for £ € H
and f € Co(GY).
Moreover, if t(1) : K 4(H) — B is given by
t (0 ) = 1(E)t(n)",

then (m,t) is covariant if

tW(p(a)) =7(a) forall ae Jy.
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The Cuntz-Pimsner algebra Oy is generated by a universal covariant rep-
resentation (m4,ty) in the sense that for any other covariant represen-
tation (m,t) in a Cp(GP)-algebra B there is a unique *homomorphism
m X t: Oy — B such that

(mxt)omy =m and (7w X t) oty =1t.

Since A is a Cp(G®)-algebra and each H, is a C*-correspondence over A,
using Remark 5.7 it follows that Oy becomes a Cy(G)-algebra with fibers
O3,. The non-degenerate homomorphism Cy(GY) — ZM(Oy) is defined
using the universal property and is given by

frmala) =mafa), f-tu() =tu(Ef) for feCo(G°).ac A eH.
The action of G on the Cuntz-Pimsner algebra Oy is defined using

g-mala) =ma(g-a)forae A

s(g)
g - tn(§) = tu(p(g)§) for £ € Hyy)-
In particular, the ideal Jy is a Co(G?)-algebra with fibers Ja, . O

Theorem 6.4. Let G be a locally compact amenable groupoid with Haar
system that acts on a Co(G®)-C*-correspondence H over the Co(G°)-algebra
A. Assume that Jywa = Jy X G. Then there are maps

p:AxG—=OnxG, u(f)(g) =ma(f(g) for f € Te(G,r"A)
and
7 :Te(G,r"H) — On x G, 7(€)(9) = tu(£(9))
which induce an isomorphism

Oywa =2 0y x G.
Proof. First, let’s verify that 7(£)*7(n) = u((£,n)). Indeed,

7€) T(m)(g) = /G (€ (Wh- (r(n)(h™"))dN" ) (h) =
= /G he- ((r(©) (1) () (h ™1 ))dA" 9 (h) =
= [0 G 071 9N 1) =
= | malle™h), n(h ")) s)aX () =

oy ( | <f<h—1>,n(h—lg>>5(h>dx’"<g><h>) — u({E ) (o).

and 7 exends to H x G.
Similarly, we have that 7(f&) = u(f)7(€), hence the pair (u,7) is a rep-
resentation of H x G in Oy x G.
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Since Jywg = Jy x G, it follows as in Corollary 2.9 of [11] that (u,7)

is covariant. Indeed, since 7(V)(0¢,)(g) = t%)(fs(ﬁgm)(g)) where k is as in
Lemma 6.2, for b € Jy g we have

T (1 @(1)(9) = 15 ((0)(9)) = 157 ((b(9))) = wa(b(g)) = p(b)(9),

where ¢ : A x G — Laxwg(H % G) is induced by ¢ : A — L4(#H). The pair
(, 7) induces a *-homomorphism

,U,XTZOHX](;%OHNG.

Since the images of p and 7 generate Oy x G, the map p is injective, and
there exists a gauge action on Oy x G, by Theorem 6.4 in [14] it follows
that the map @ x 7 is an isomorphism. (]

Example 6.5. Let G be a groupoid with compact unit space X. Then G acts
on C(X) in the usual way, (¢f)(z) = f(g~'z). A (locally trivial) complex
vector bundle p : £ — X is called a G-bundle if G acts on £ by linear maps
Es(g) = Er(g), Where &, = p~1(x). The groupoid G acts on I'(£), the space
of continuous sections £ : X — &, by

(98)(z) = g(£(g~ "))

If £ is Hermitian and G acts by isometries, then the space I'(£) has a nat-
ural structure of C*-correspondence over C(X), where the left and right
multiplications are given by

(fO)(z) = (£f)(z) = f(@)¢(=).
Since

9(f&)(x) = g(f&) (g7 w) = g(f(g '0)é(g 'x)) =
= fg " 2)g€lg™ " x) = (9/)(9€)(2),

the groupoid G acts on the Cuntz-Pimsner algebra Op(g) which is a contin-
uous field of Cuntz algebras (see [28]). It would be interesting to determine
Or(e) ® G in some particular cases.

Corollary 6.6. If the groupoid G acts on a graph E as in Definition 4.1,
then G acts on the graph C*-correspondence Hg and on the graph algebra
C*(E) = Oy, which becomes a Co(G°)-algebra. The gauge action on C*(E)
commutes with the action of G and therefore the action of G on C*(E)
restricts to an action of G on the core algebra C*(E)T.

Proof. Indeed, the action of G on E determines an action on Cy(E®) and
an action on C.(E') via

(- @) = flg7'), plg)éle) =E&(g"e).

These actions satisfy the compatibility conditions in Definition 5.10 for A =
B = Cy(E®) and for H = Hp. We use Theorem 6.3 to get an action of G
on C*(E), which becomes a Co(G)-algebra.
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Recall that the gauge action « is defined by
Y(2)f = f and y(2)¢ = 2€ for f € Co(E?), € € Ce(E"), 2 €T

The gauge action is extended to C*(F) using the universal property and we
have

P(9)(2€) = zp(g)&;
so the action of G' can be restricted to the fixed point algebra C*(E)Y. O

Ezxample 6.7. The transitive groupoid G in Example 4.3 acts on the graph
C*-correspondence H = C3 @ C3 over A = C & C. It follows that G acts
on the graph algebra Oy = O3 @ O3 and on O, = Mzec @ Mze. The fixed
point algebra (’)g is isomorphic whith (’)3‘? ) (’)g? 3,

Ezample 6.8. A self-similar action as in Definition 4.4 determines an action
of G on the graph C*-algebra C*(Tg). Since C*(Tg) is strongly Morita
equivalent with Cp(0Tg) in an equivariant way (see section 4 in [17]), it
follows that C*(Tg) x G is strongly Morita equivalent with Cy(0Tx) » G.
Note that Ty is a union of trees which in general are not the universal cover
of the graph F.

7. Doplicher-Roberts algebras

The Doplicher-Roberts algebras (denoted by Og in [9]) were introduced to
construct a new duality theory for compact Lie groups GG which strengthens
the Tannaka-Krein duality. Let Tg denote the representation category whose
objects are tensor powers of the n-dimensional representation p of G defined
by the inclusion G C U(n) in some unitary group U(n) and whose arrows are
the intertwiners. The C*-algebra O¢ is identified in [9] with the fixed point
algebra Of , where O,, is the Cuntz algebra. If oo denotes the restriction
to Og of the canonical endomorphism of the Cuntz algebra, then 7g can
be reconstructed from the pair (Og, o). Subsequently, Doplicher-Roberts
algebras were associated to any object p in a strict tensor C*-category, see
[10].

Consider now a groupoid G acting on a C*-correspondence H over the
Co(G)-algebra A as in Definition 5.10 via the homomorphism p : G —
Iso(H). Since the balanced tensor power H®" is fibered over G° with fibers
HE™, it follows that K4 (H®™, H®™) has fibers K4, (HE™, HE™).

Consider the tensor powers p" : G — Iso(H®") and define the set of
intertwiners (p", p™) with fibers

(P 0")e ={T € Ka,(HF", HZ™) | Tp"(9) = p™(9)T}.

We identify (p™, p") with a subset of (p™*", p"*") via T+ T ® I, where
I, : H®" — H®" is the identity map. After this identification, it follows that
the linear span OOp of U (p™, p") has a natural multiplication given by

m,n>0
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composition: if S € (p™, p") and T € (p?, p?), then the product ST is
(S@I,—p)oT € (p™P" p)if p > n,
or
So(T®Ih—p) € (p", p!T"P)if p < n.
The adjoint of T' € (p™, p™) is T € (p", p™).
From Theorem 4.2 in [10], it follows that the C*-closure of °O,, is well

defined, obtaining the Doplicher-Roberts algebra O, associated to the ho-
momorphism p : G — Iso(H).

Theorem 7.1. Let H be a Co(X)-C*-correspondence over a Co(X)-algebra
A which is full and finite projective, and assume that the left multiplication
A — LA(H) is injective. If G is a groupoid with G° = X acting on A and
on H via p: G — Iso(H) as in Definition 5.10, then the Doplicher-Roberts
algebra O, is isomorphic to the fived point algebra C’)?G{.

Proof. Since H is finite projective, it is known that £4(H) = K 4(H). More-
over, the Cuntz-Pimsner algebra Oy is isomorphic to the C*-algebra gen-
erated by the span of U KA(H®™, HE™) after we identify T with T ® I,
m,n>0
(see Proposition 2.5 in [12]). This isomorphism preserves the Cy(X)-algebra
structures.
The groupoid G acts on K4 (H®™, H®™) by

(9-T)(€) = p™9)T(p"(97)E)
and the fixed point algebra is (p™, p™). Indeed, for a fixed z € X and g € G%
we have g - T =T if and only if Tp"(g) = p™(9)T.
It follows that 0(9,) C Oy and that O, is isomorphic to O%. ([l

Corollary 7.2. Let E be a topological graph such that Hg is full and fi-
nite projective and the left multiplication of Co(EP) is injective. If G is a
groupoid acting on E as in Definition 4.1 inducing a homomorphism p : G —
Iso(HE), then O, = C*(E)“.

Example 7.3. The Doplicher-Roberts algebra for the groupoid action in Ex-
ample 4.3 is isomorphic with Og? < (’)g? 3.

8. Compact isotropy groupoid actions on graphs

Suppose the groupoid G with compact isotropy groups acts on a discrete
locally finite graph E. It follows that GV is also discrete. It is known that
in this case Co(EY) x G is strongly Morita equivalent with a commutative
C*-algebra Cp(X) with X at most countable.

If we denote by {ps }»cx the minimal projections in Cy(X), recall that the
isomorphism classes of separable nondegenerate C*-correspondences H over
Co(X) determine a discrete graph. More precisely, the s-homomorphism
¢ : Co(X) — L(H) will define an incidence matrix (azy)zyex where azy =
dim ¢(ps)Hpy. (see Theorem 1.1 in [13]).
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We recall now the following result from [23]:

Lemma 8.1. Suppose C' and D are strongly Morita equivalent C*-algebras
with C—D imprimitivity bimodule Z.

If H is a C*-correspondence over C, then N = Z* @¢c H ®c Z is a C*-
correspondence over D such that Oy and O are strongly Morita equivalent.

Theorem 8.2. Let E be a locally finite discrete graph with no sources and
let G be a groupoid with compact isotropy groups acting on E. Then the
crossed product C*(E) x G is strongly Morita equivalent to a graph C*-
algebra, where the number of vertices is the cardinality of the spectrum of
C()(EO) x G.

Proof. The idea is to decompose the C*-correspondence Hr x G over the
C*-algebra Cy(E®) x G, which is strongly Morita equivalent with a commu-
tative C*-algebra.

N
Let Co(E®) x G = @Mn(i), where N € NU {oo} and M,,;) denotes the
1=1

set of n(i) x n(i) matrix algebras. Consider now the graph with N vertices
and at each vertex v; we assign the C*-algebra M,,;. If p; is the unit in
M), whenever pi(HE x G)p; # 0, we decompose this as a direct sum of
minimal M, ;~M, ) C*-correspondences. Since C-C C*-correspondences
are Hilbert spaces, a minimal M,,;)~M,,;) C*-correspondence is of the form
M, ()n(j)> the set of rectangular matrices with n(i) rows and n(j) columns,
with the obvious bimodule structure and inner product. This decomposition
determines the number of edges between v; and v;.

Since in this case Jy, = Co(EY) and Jyy, X G = Jy,q, we deduce from
Theorem 6.4 that

Onpuc = Oy, xG=CH(E) xG.

It follows that C*(E) x G is isomorphic to the C*-algebra of a graph of
(minimal) C*-correspondences (see [6]), hence strongly Morita equivalent to
a graph C*-algebra.
Note that in this case C*(FE) is the C*-algebra of a groupoid Gg and that
C*(E)x G =C*(Grg % Q)
U

Corollary 8.3. If G acts on E as above, then G acts on the AF-core C*(E)T
and C*(E)T x G = (C*(E) x G)" is an AF-algebra.
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