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Regularity for weak solutions to
nondiagonal quasilinear degenerate
parabolic systems with controllable

growth conditions
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ABSTRACT. The aim of this paper is to study regularity for weak so-
lutions to the nondiagonal quasilinear degenerate parabolic systems re-
lated to Hormander’s vector fields, where the lower order items satisfy
controllable growth conditions. Higher Morrey regularity is proved by
establishing a reverse Holder inequality for weak solutions, and then
Holder regularity is obtained by the isomorphic relationship.
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1. Introduction

Regularity for weak solutions to divergence elliptic and parabolic systems
in Euclidean spaces has been studied by many authors (see [1]-[3], [8], [15],
[21], [23]-[24], [27] and the references therein). For diagonal elliptic systems,
Giaquinta in [14] proved gradient estimates in Morrey spaces for weak so-
lutions to linear elliptic systems with Holder continuous coefficients. For
nondiagonal elliptic systems, Wiegner in [25] considered Holder estimates
for weak solutions when the lower order items satisfy the natural growth
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conditions. Giaquinta and Struwe in [16] treated partial regularity for weak
solutions to diagonal quasilinear parabolic systems with the natural growth
conditions and got Holder regularity.

Many scholars have studied degenerate elliptic and parabolic systems
formed by Hormander’s (see [18]) vector fields. For linear diagonal ellip-
tic systems, Di Fazio and Fanciullo in [5] obtained Morrey estimates for
weak solutions, and then got Holder estimates by Poincaré inequality and
isomorphic relationship. For nonlinear nondiagonal elliptic systems, Dong
and Niu in [10] considered nondiagonal quasilinear degenerate elliptic sys-
tems with the low order terms satisfy special growth conditions, they got
higher Morrey estimates for weak solutions by the reverse Holder inequality,
and then obtained Holder estimates by Morrey lemma. For diagonal para-
bolic systems the reader can refer to [6, 7]. And for some other studies, we
quote [9, 11, 26] and references therein. Then the nondiagonal parabolic sys-
tems whether have a corresponding regular conclusion? This is the content
of this paper.

In this paper, we consider quasilinear nondiagonal parabolic systems with
the low order terms satisfying the controllable growth conditions. We gen-
eralized the results of [11, 16, 25]. As far as we know, when the low order
terms satisfying the natural growth conditions, the weak solutions must be
bounded, this condition can be abandoned when the lower order satisfy-
ing the controllable growth conditions. And due to the lack of a parabolic
Poincaré inequality, it is more difficult to study. In order to solve these
problems, we first introduce the average on the ball of weak solutions, and
then get higher integrability for weak solutions and a parabolic Poincaré
inequality. Concretely, we consider the following nondiagonal quasilinear
degenerate parabolic system

(1.1) ul + X;(a?jﬁ(z,u)Xguj) = gi(z,u, Xu) + X f¥(z,u),

where
Xa = i bak(x)i
— oz,

(bak(z) € C*°(R)) is a family of real smooth vector fields in a neighborhood
Q of some bounded domain 2 C R™ (¢ < n) and satisfy Hérmander’s condi-
tion (see Section 2) free up to the order s,4,j =1,2,...,N; o, =1,2,...,¢;

X =—-Xa+ca

(ca=—>% %b;k’“ € C (Q)) is the transposed vector field of X,. In this
paper, we first establish higher integrability for weak solutions, and get a
reverse Holder inequality for weak solutions by the reverse Holder inequality
on the homogeneous space, and then obtain higher Morrey estimates, finally
get Holder estimates by isomorphic relationship.

Before stating our main results, we need several assumptions of (1.1).
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(H1) Let coefficients

a%’g(z,u) = AP (2)6;; + Biajﬁ(z,u),
where A*8(2) € VMO N L™, A*P(2)=AP%(z) satisfy the ellipticity
condition, Bf‘j’g (z,u) are bounded and measurable, that is, there exist
positive constants Ao, uo and 6,0 < Ag < pg,0 < § < 1, such that for
any z € Qr, Qr = Q x (0,7), £ € RatHN

Nl < A (@)éats < poles Tim e (4°7(2)) =0,
’B?jﬁ(z,u)’ < 6.
(H2) Let u € Wy (Qr, RN), f2(z,u), gi(z, u, Xu) satisfy
2wl < (Jul? + £),
j9:(z, 1w, Xu)| < oo (1Xul0 )+ Ju 7 4 gi(2)).

where f'(z) € L7(Qr)(0>Q+2), g'(2) € L7(Qr)(T>Q +2),
N = Q(QQ+2). Let g = (¢'), f = (%), d = 2(52:42), the definitions
of VMO(Qr), nr (A%(2)), Wzl’l(QT,RN) and () see Section 2.

If u € W' (Qr,RY) and for any ¢ € C°(Q, RN),

//QT [uidﬂ +a%f3Xa¢iX,3uj}dz — //QT (g + FOX ot dz,

we say that u is a weak solution to (1.1).
Now the main results of the paper are the following.

Theorem 1.1. Let u € Wzl’l(QT,RN) be a weak solution to (1.1). Sup-
pose that assumptions (H1)—(H2) are satisfied. Then there exists a positive
constant € such that for any p € [2,2 4 Geo), we have
py —
w e L2 9T pies (Qr.RY), Xue [PQ+2-ptps (Qr. RV,

loc loc

where /@:min{l— w,l — %}

Theorem 1.2. Under the assumptions in Theorem 1.1, we have
ue i, (Qr,RY),

where Kk = min{l — @, 1-— %}

This paper is organized as follows. In Section 2, we introduce Hérmander’s
vector fields and some related function spaces, and then recall several tech-
nical lemmas. Section 3 is devoted to establishing higher LP regularity for
gradient of weak solutions to (1.1). The proofs of Theorem 1.1 and Theorem
1.2 are given in Section 4.
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2. Preliminaries
Denote the commutator of vector fields X7,..., X, by
Xp = [Xp,, [Xpy oo [Xpo, X .- )], for|B] =d.
We recall that d is the length of Xg.

Definition 2.1. If for every zp € Q C R", {Xj (xo)}lﬁKs spans R”, then

we say that the system X = (X1,...,X,) satisfies Hormander’s condition of
step s.

Following [26], we assume that Hérmander type vector fields X1,..., X,
are free up to the order s. For every multi-index I = (iy,i9,...,1x), the
length of I is defined by |I| = k. If i, < g, then we set

X=X Xi,... X

1k *

Definition 2.2 (Carnot—Carathéodory distance). Let € be a bounded do-
main in R™. An absolutely continuous curve v : [0,7] — € is called a
sub-unit curve with respect to X = (X, --,X,), if 7/(t) exists for a.e.
t € [0,T] and satisfies

q
((1),6 <D (X;(4(1), €)%, for any { € R™.
j=1

We denote the length of this curve by lg (v) = T. Given any z,y € Q, let
®(x,y) be the collection of all sub-unit curves connecting z and y, define
the Carnot—Carathéodory distance which induced by X by

dx (z,y) = inf{ls(y) : v € ®(z, )}
With this distance, we denote a metric ball of radius R centered at zy by
Br(zo) = B(zo, R) = {z € Q : d(z0,z) < R}.

If one does not need to consider the center of the ball, then we also write
Bp, instead of B(zo, R).

It is well known that the doubling property (see [22]) for metric balls
holds true, i.e., there exist positive constants cp and Rp, such that for any
x9 € Q,0< 2R < Rp,

|B(x0,2R)| < cp [B(xo, R)| .
Furthermore, it follows that for any R < Rp and t € (0,1),
|Bir| > cp't? |Bg|.

The number @ = log, ¢p is called a locally homogeneous dimension rela-
tive to 2. Clearly, QQ > n.
As in [26], we assume that there exist two positive constants ¢; and ca,
such that
ClRQ < ’BR’ S CQRQ.
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Throughout this paper, we denote 29 = (z9,t9) € Q7 C R**L. A para-
bolic cylinder with vertex at zy is defined by
R? RT

Qulin) = Balao) x (10 o+

Let us denote Iy (tg) = (tg - %Q,to + R;], and the parabolic boundary
of QR by

0,Qn(z0) = (0Ba(eo) x (10 - B+ TD 0 (Batao) x {o - f}) |

We denote the Lebesgue measure of B(z, R) in the n-dimensional space
by |B(x, R)|, and the Lebesgue measure of Qr(29) in the (n+1)-dimensional
space by |Qr(20)|. To simplify the notations, in the sequel, Qr (20), Br (zo),

q
IR (to),
=1

spectively.
For any (z,t), (y,s) € Qp, we denote

dp ((x,1), (y,5)) = Vdx (z,y)? + |t — 5]

as the parabolic distance in Q7.

|X;ul* and (z,t) are written as Qr, Br, Ig, |Xu| and z, re-

Definition 2.3 (Sobolev space). Let m,k be 0 or 1, 1 < p < +o00. The set
W;”’k (QT,]RN) = {u; Xou, 0fu € LP(Qr),0 < |aof <m,0 <r <k}
is called a parabolic Sobolev space related to Hérmander’s vector fields with
the norm
lull s = 3 1 Xaulpo + 3 157l
la|<m r<k

Definition 2.4 (Morrey space). Let 1 < p < +oo, A > 0. We say that
f € LP(Qr) belongs to the Morrey space LPA(Qr, RY) if

1 :
= s (o ] FPdz ) <o,
20€Q7,0<p<dy \ P QTNQy(20)

where dj is the diameter of Qp.

Definition 2.5 (Campanato space). Let 1 < p < 400, A > 0. A function
f € LP (Qr) is said to belong to the Campanato space LPA(Qr, RY) if

loc
1l zer = [flpx + 11l o < o0,

1
_ 1 o p P
where [f], \ = zer§%2p<do (pA foTme(zo) ‘f fQTﬁQp(ZO)‘ dz) < +oo,

do is the diameter of Qr, and fo,ng,(z0) = Wlp(m)l foTﬂQp(ZO) f(2)dz.
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Definition 2.6 (Holder space). For any 0 < k < 1, the space C*(Qr, RY)
is the set of functions satisfying

z — z
[f]kaT é sup |f( 1) f(kz)’ < 0.
21,22€QT,21 722 dp(Z17 22)

We also define a norm by

|f|k,QT = sup|f| + [f]k;,QT'
Qr

Definition 2.7 (BMO and VMO spaces). For any f € Ll (Qr), we set
nr (f)

e /.
= sup f(z) = f 20)(2)|dz |,
20€Q,0<p<R (‘QT M Qp(ZO)| QTﬁQp(zo) ‘ ( ) QTﬂQﬂ( 0)( )‘ )

where fo,nqQ,(z) = mfoTﬂQp(ZO) f(z)dz. It ]S%li[()) nr (f) < +oo, we

say that f belongs to BMO(Qr) (Bounded Mean Oscillation). Moreover,
if nr(f) — 0 as R — 0, we say that f belongs to VMO(Qr) (Vanishing
Mean Oscillation).

Lemma 2.8 (See [17]). Let H(p) be a nonnegative increasing function, and
for any 0 < p < R < Ry = dist(xg, 00N),

H(p) < A [(2)& + g} H(R) + BRY,

where A,a and b are positive constants with a > b. Then there exist positive
constants €1 = e1(A,a,b) and ¢ = c¢(A,a,b), such that for any € < €1, it
follows

H(p)<c [(E)BH(R) + Bpﬂ .

Lemma 2.9 (Iterative lemma, see [4]). Let ¢(t) be a nonnegative bounded
function on [Ty, T1], where Ty > Ty > 0. Suppose that for any s,t : Tp <t <
s <T1, ¢ satisfies

p(t) < 0p(s) + ( + B,

s—1t)
where 0, A, B and « are nonnegative constants, and 6 < 1. Then for any
To < p< R<Ty, one has

A

< |

v,

where ¢ depends only on o and 6.
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Lemma 2.10 (Sobolev-Poincaré inequality, see [19, 20]). For any open
domain Q', Q' CC Q, there ewist positive constants Ry and c, such that for
any 0 < R < Ry, B C Q and u € C*(Bg), we have

1
1 / »’
(2.1) < lu — upl? dx)p <CR<

1
p
]Xu\pdx> ,

|Br| JBg

1
|Br| JBg
where 1 <p<Q,1<p < Cng, UR = ‘BlR| fBRu x)dz, Ry and ¢ depend on
Q' and Q. In particular, if u € C, (Bg), then

1
1 / ' 1 P
2.2 — ul? dx) < cR( Xu pdx)
e (g [, Bl Ji, "

Lemma 2.11 (Reverse Holder inequality, see [13]). Let g, f be nonnegative
on Qr and satisfy

§€LQr) and f € L7(Qr), 1<i<d.

Assume that there exist constants b > 1 and 0 such that for any Qar CC QT
the following inequality holds

1 1 “ 1
— §ldz <b ( // gdz) +// fidz
QR //QR ’Q4R/3| Qar/3 }Q4R/3‘ Q4r/3
I / / §idz
|Q4R/3| Q4ry3

Then there exist positive constants €0 and 6y = 0y(4, Qr) such that z'fé < Bo,
then for any p € [4.q + €0, § € L}, (Qr), and

n /. pdz) 1 1
(Gt ) (i S, 7))

where ¢ and €y depend on B, é,q and Q.
Lemma 2.12 (See [12]). The spaces

EQ,Q+2+2I€(QT7RN) and C%(Qr,RY)
(0 < k < 1) are topologically and algebraically isomorphic.

3. Higher integrability

We first introduce two cutoff functions &(z) and 7(¢)(see [8]) such that for
any 0 < p < R, Bp C (),

E(x) € CF(Br), 0<E<1, rxangp and  £=1in By,
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26-2(to— 2 >
n(t) = R27_/)27t€<t0_7t0_7)7
1, te[to—%,t()%-T}.

Setting ﬁ fBR €2dz = N1, we denote the average of u(z,t) on By by

-1
N 2 0, 1 2
u(t)-(/BR§d1:> /BRuf dx_N1|BR| BRuf dx.

Lemma 3.1. Let u € ng’l(QTaRN) be a weak solution to (1.1). Then
u € Lloc(QT), and for any Qr CC Qr, we have

%
(3.1) // |u|"dz < csup (/ |u]2d1:> // | Xul?dz + ¢|Qr|.
Qr Ir Br Qr

Proof. By Young’s inequality and Holder’s inequality,
_ 1 / 2

3.2 u(t)] = |——=— u&“dx

62 1E0I= |y v

1 / 202 / 2 )
< — (¢ u|“&%dx + c. E4dx
o o

< &
N1 |Bg| Jpg

|u*§%dz + c.,

~

(3.3) /B|u|2§2dx§</3 |u|7da:>v</B 5Q+2da:>”
< 18 ([ JuPas)

Then by (3.2) and (3.3), we get

(3.4) // (Odz < |Br| [ |at)[dt
R Ir

.

€ 242

<|B U dm—i—c) dt
‘ R‘ Ir (1V1|BR| BR’ ’5 :

.
€ 2.2
< u|“&%dr | dt + c.
T /I (/B| 2% ) Q|
ol
£ 2 22 2
g_sup</ u d:n) / (/ u fdw) dt + c- |Qr
Nl’y’BR”y ! Ir BR| | Ir BR| | €| |
€
S Ton -1 Sup (/ |U|2d$>
Ny ’BR’ Ir Br
2\ 3
1=2 v\
3 ((N1 |Bal) 5 < [ d:c) ) dt + 1@l
Ir Bgr

N

R
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ol
5 2
smsup(/ |u|2dx) [ e+ @ul.
Ny |BR|2 Ir Br Qr

By (2.1) and Hoélder’s inequality, one has

Q.
(35 / ju— ()| & do = / <\u - a(t)\“%*“> T
Br B
Q.
2(Q+1) 01
X\ |ju—a@)] < )\
(e
< 0 .
; X
—a(\
SC((/BR |u —u(t)| dw) </BR | X ul dx> ) :
By Hélder’s inequality and (3.5),
// lu — u(t)]|"dz
Qr
= /IR (/BR u— ﬂ(t)|2> ¢ </BR lu — u(t)|2<§ff> o
= C/IR </BR e - ﬂ(t)|2> ’ </BR fu —a(t I”d:v> ( Xl dm) Lt
Scs&p </BR|UI2dx>Q/IR </BR|U_U |'Yd:c> ( Xul dx>2dt

1

Scsip</BR|u|2dx>Q<//QR|u—u |7dz> // Xl dz>.

So we have

(3.6) //QR ju— (1) d= < csp </BR |u]2dx> @ //QR Xul2dz.

And by (3.4) and (3.6),

//QR (u[d
< c//R lu— a(t)['dz + c//R @) dz

2
2., \¢ 2
< csup |u|“dx | Xu|“dz
Ir Br Qr

61
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a
E 2
b sup</ |u2dx> [ e+ @ul.
N2 ’BRP Ir Br Qr

Choosing € small enough, then we get

2
Q
// |ul"dz < esup </ u|2d:v> // | Xul*dz + ¢|Qr| . O
R Ir Br Qr

Lemma 3.2. Let u € W;’l(QT,RN) be a weak solution to (1.1). Then for
any 0 < p< R, Qr CC Qr, we have

(3.7) szp/Bp u_a(t)ZdH//Qp | Xul?dz
< (R_CMQ//QR |u—a(t)|2dz+c//QR (jul” + 17 + g7 =

Proof. Let B, C Br C €, multiplying both sides of (1.1) by the test
function (u — (t)) €2(x)n(t), and integrating on

Q' = Brl(xo) x <t0 _ };2,5]
(s < to+ 1), we get
(3.8) //R i+ X3 (a2 50)| (u = )
- // Lo+ Xaf7) (= al0) €z

By (H1), one has
// up+ X ( ‘ﬁXﬁuj)} (u — a(t)) €2ndz
// a(t)) €% + a5 Xgul Xo ((u! — u(t)) €n) | a2
= //R ut (u' —a(t)) &0 + 0l € X o' X gu?
+ 2057 (u = a(t)) EnXaE Xpu | dz
= //R G\u — ﬂ(t)|2n>t§2 - é\ui —a)Pen,

+ Ao‘ﬁ&jéanaunguj] dz

+ / / Bfﬁg%xauixﬁuj + 24905, (u' — a(t)) EnXaéXpuldz
Q'r
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+ / / 2B (uf —a(t)) EnXabXpudz,

[l xia) o - aw) €na
= // [gi (u' —u(t)) €0+ f{ Xa ((u' —u(t) €n)]d=

= / / o (uf =) En+ FENXau’ + 260 (uf — a(t)) [7 Xog]dz

By the above, (3.8) can be written as

(3.9)
// K;W - a(t)‘zn) & Aa65ij§2’7XauiXﬁuj] dz
/R t
= //Q/ |:;|ul _ ﬂ(t)‘2§2nt _ Biajﬁ§277XauiXﬂUj:|

- 2/ o AP, (uZ —a(t)) EnXoéXpuldz

—2 / / B;‘f (u' — a(t)) EnXaéXpu! dz

[ T = ) €+ £ X! + 260 (o — 0(t) £7 X2

By (H2) and Young’s inequality,

(3.10) // g; (u' —a(t)) &€ndz
< 1o / [ (Xl P ) (o - ate) s
Q'r
< z-:// |Xu|2§277dz+ Ce // |u — ﬂ(t)|7£277dz
QIR Q/R
+ c- // !u”fSQndZ+cs// |g|9€2ndz,

(3.11) / / (£ Xu + 260 (u' — a(t)) 0 Xat]dz
<u1// ul? + F1(2)) EnXouidz

+ 20 / [ et (Wl + /') Xatd:

63
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<2 // | Xul?ndz + ¢, // lu|"€*ndz + c. // |12 ndz
Q'R Q'r Q'R
+2s// u — a(t) 2| XEPnds.
/R

Inserting (3.10) and (3.11) into (3.9), and by (H1) and Young’s inequality,
we get

/// < lu — u(t) ]77) §2dz—|—/\o// | Xu?¢ndz
// (t)|2mdz 4 X // | Xul2¢%ndz
+e //Q,R lu— ()| Xé| ndz—|—5s//QlR Xul2e2ndz
ce | — a(t)["ndz + c. u"¢*ndz + c. |9/7¢?nd=
Q'r Q'r Q'r
v [ / ISP 2 / / UL
/// lu — a(t) ( 2y + co| XE)Pn + 2¢| X¢€| n>dz
+ (6Xo + 5¢) // | Xul¢ 7’]dZ+Ce// (t)7€%nd=
Ce \W&zndwcs I +!9!q &ndz.
b, I, (st )

[, G- atreni s o -on -5 [ xuten:
// fu = aft) < Enp + co| XE[Pn + 2| X¢| n)dz
tee / [ wmaorense [[ e

o [ (110 i

Choosing € small enough such that A\g — §Ag — 5¢ > 0, then by properties of
§,n, we get

sup/ ]u—ﬁ(t)]de%—// | Xu|?dz
I, JB, Qp

< C//IR lu — a(t)|? <R2€j e + (R(j?p)Q + (RT?,O)2>dZ

Then
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c [[[ (b= ar + el + 112 + lgf) €2z

< J[ -awpa+e [ /Q (P +17P +16l7) €2ndz. O

Lemma 3.3. Let u € W;’I(QT,RN) be a weak solution to (1.1). Then for
any 0 < p < R, Qr CC Qr, we have

(3.12) // luf2dz
< W//QR Xul2dz + cR? //QR (1l + 1412 + 1917 d=

Proof. Let B, C Br C €, multiplying both sides of (1.1) by the test
function u&2(z)n(t) and integrating on

2
Qr = Br(zo) % <t0 - };78]

(s <to+ Ri) one has
(3.13)

I, Ghetn) e
= //Q/ 5‘#‘ §2mdz - //Q’ A“B&jfzﬁXauiXﬁujdz
R
— / / B e nXou' Xgul dz
Q'r
—2/ Aaﬁéijuiananlgujdz—Q// aﬁ 7’anoéfXgquz
Q'r Q'r

o T et + 26 g7 X

By (H2) and Young’s inequality,

/// giu ZSZUdZ
<e. / / Xul2€2ndz + (26 + o) / / P Endz + . / / 19|76 ndz,
Q'r Q' r Q'r
/ / [FEEnX o + 2t £ X o] dz
Q'r

< | /Q (il + £G) @nXanidz
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p / /Q enit (jul? + 71(2)) Xatd

<o [ ixuPendz e[| ppends e [ 1rPea:
Q'r Q'R Q'r
+ 2¢ // lul?| X €|*ndz.
Q'r
Putting the above into (3.13) and by (H1), we get
1
[ lufenas
Br 2
1
<[] ShuPemds v [ 1Xulendzson [ xufea:
Q/R 2 Q/R Q/R
+ 2 // lu?| X€)*ndz + 3c. // | Xu|*e2ndz
Q'r Q'r
b rpmre) [ nends e [[ giend:
Q'r Q'r
+ 2 // | Xul*ndz + c. // |F12€2ndz + 2¢ // lul?|X€)*ndz
Q'r Q'r Q'r
1
< // Jul? (2g2nt —|—4€|X§|277>dz
'R

+ // | Xul? (10 + 0Xo + 3ce + 2¢) E2ndz
/R

# f[ e et e f[ (1 ) e

R

By properties of &, 7,

// lul2dz < |Ip|sup/ lu2da
P I, JB,

< p? // \u|2 (fgm + 85\X§\2n)dz
QR

+2p? // | Xul® (o + 6Xo + 3ce + 2¢) E2d=
Qr

+2p° // Jul” (26 + 2 + ¢2) E2ndz + 2c2p? // (1P +1917) €2nd=
QR QR
9,22 2 2(R — p)?
g// W( 2p£ + 8cep n2>dz+cj(RP2)// | Xul*¢?ndz
. R?—p* (R~ p) (R —p) R

+ 20 //Q |ul7 (2€ + p + cc) Endz + 2cp” //Q <‘f|2 * !9!‘?) -
R R
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4
< 9// lul*dz + CERQ// | Xu|*dz
Qr (R—=p)” JJar
+ e R? // (1l + 171 + 1917z,
Qr

where 0 = ;gi; %. By choosing ¢ small enough such that 6 € (0, 1),
then by Lemma 2.9 we obtain (3.12). O

Theorem 3.4. Let u € W' (Qr,RN) be a weak solution to (1.1). Then
there exists a positive constant £y such that for any p € [2,2 + Geg), we have

we LE(Qr). Xue L, (Qr). and for any Qur CC Qr.,
wlm//% (1xXuf* + pup) a
<c| (g I, (oot 1))’
n |leR|//QQR (172 + yg‘?+1)gdz].
Proof. By (3.7) and (2.1),
1) g ( / s u<t>12dx)§
< (;2 //R |u—ﬂ(t)|2dz+c//R |u|7dz>§
we( f[ (o \g\@)dz)j |
< c(//QR (1xup + \uw)dz>2 —i—c(//QR (172 + \g\q")dz>2.

By Hélder’s inequality, (2.1) and (2.2),

(3.15) /[ . < /B s u(t)\Qda;> i
< /IR (/BR ]u—ﬁ(t)]qd:r>2lq</BR \u—a(t)wdx);”dt
< cRi /IR (/BB |Xu|qu>21q (/BR |Xu|2d:v>idt
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2§—1

1 1_4g 23
1 - 24 224-1
< cRi (// |Xu|qdz> </ (/ |Xu|2d:n) dt)
R Ir \J/Bpg
5 i
~ q
< cR? (// |Xu]qdz) <// \Xu|2dz> )
R R

By (3.14) and (3.15),

(3.16)

/ /c;4R/5 ol = /14R/5 (/Bm/s Ju u(t>|2d:c> dt
< cR? <//QR Xu\qdz>;q (//QR <\Xu\2 + \u!”)dz)i
+ R <//R ’Xu|qdz>21§ //QR|XU|2dz>}1
(], o)y

= A+ B.

By Young’s inequality,

,4gc5<//c2 \Xu|‘7dz>§ —l—ERQ//Q (12uf? + ") dz,
B< sR(//Q \Xu\@dz> % <//Q (|Xuy2 + qu)dz)%
vert [ /Q NERDE

2_
<ece <// \Xu|qdz> " eR? // (\Xu\z + \u|7)dz
Qr Qr
+ R // (1P +19I7) =
Qr

Inserting the above two into (3.16), we get

(3.17) / /Q e a(t)[2dz

N————
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2
e[ pote) [, (s
Qr On
e [[ (157 +1al7) =
Qr

By (3.7) and (3.17),

// |Xu| dz
Q R/4‘ QsR/4
S // lu — u(t \ dz
R |Q3R/4} Q4R/5
+// IuW+|f! +ygyé)dz
|Qar/al JJQuns
i 2
< CE|QR’Q 2< 1 // |Xu|qdz> q
|Qsr/a| R2\IQR| JJqp
c 2
+// | Xul” + |u]")dz
|@sr/al QR( )

c ~
+ —_— 'Y+ 2+ q d
|Q3R/4] //QR (’u‘ |f17 + 1g] ) 2

(3.18)

< cg(@ﬂ //QR |Xu|‘jdz>§ + ’C;'//QR (\Xu\2 + |uw)dz

! |C§€R| //QR (1l + 1712 + Ig17) d2.

By (3.1) and (3.18),

@;/4} //6933/4 (‘XU\2 + |u|7>dz
- CE<Ile //R 'X“|qdz>q + |5R|//R (10l + uf") dz
" o //Q (lul" 17 + lgl7) =
(e /L., 'X“'%)g i [ ()
|QR| Ty ( /B ’“\2d2> ‘ / /Q ) | Xul2dz + c.
+,Q;‘//Q (1712 + 117 d

69
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_c€<|QlM //Q <|Xu|2+|u]7>gdz>q
€+ cosup </BR |u]2dz> é] ‘le //QR <|Xu|2 + |u]7>dz

Ir

g, (o

2
If R — 0, sup (fBR |u]2dz) ? - 0, so when R small, we can choose & small

70

_l’_

enough such that 8 = ¢ + ¢, sup ul?dz)? € (0,1). Let
I Br
R
q
g = (1Xul+u]),
i
f:(\ +\g\q+1)2
2_Q+
] = = > 1,
1 i Q+2

then the above can be written as

_c[<@//%gdz>q+@1m//%f@dz ﬂéﬂ//%g@dz.

By Lemma 2.11, we know that there exists a positive constant €9 such that

for any p € [¢,4 + €0), we get

(\Qlﬂ //QR (12wl + yuv>’§qdz)$ |
< C[<|Q12R| //Qm (IXuy2 + ’UI”)dZ> : |
(|Q2R|//2R I +|g|q+1)quz>ﬁ].

Let p = pq € [2,2 + Gep), the proof is finished.
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4. Proofs of main theorems

Let v be a weak solution to the homogeneous system

i+ X (40 dXend) =0
v—u € Wy (S(Qr),RY)

and then w =u —v € Wi’ol(S(QR), RY) satisfies:

(42) wfg + X:v ((Aaﬂ(z))S(QR)(SZ‘jXBwj>

— X <<<A°‘5 (z))S(QR) — AoB (z)) 5ijxﬁui>

- X2 (B Xow?) + iz, Xu) + X3 £0(2),

(4.1)

where

§2 = 88 = (A (z)>Q

_ |le //QR A%8(2)dz,

S(Qr) ={Sz:z € Qr}.

Similar to Lemma 4.1 in [7] we have the following lemma.

Lemma 4.1. Let v € W, (Qp,RY) be a weak solution to (4.1). Then for
any 0 < p < R, S(Qr) CC Qr, we have

// |SXv|2dz < c // |SXv|*dz.
S(Qr)

Proof of Theorem 1.1. Multiplying both sides of (4.2) by w® and inte-
grating on S(Qr),

wivw® + (AP 0;: X ijawZ)dz

//S(QR)< ! ( >S(QR) 70

= AYB (5 — A8 (4 ) 8 X gu? X w'dz
[ ((76) )~ 27 ) 8%

— // Bf‘jﬁXgquawidz + // giw'dz + // fEXw'dz.
S(Qr) S(Qr) S(Qr)

Since ffS(QR) wiw'dz = fS(B ) da fs w'dw' = 0, by (H1), we get
(4.3) Ao / / 1S X w|?dz
S(Qr)

<)
S(Qr)

apf _ af
A98(2) (A (z))S(QR)‘]SXuHSXw\dz
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+ 0o // |SXu| |SXw|dz
S(Qr)

+// |Sgi| |Sw|dz + // IS S Xw|dz.
S(Qr) S(Qr)

By (H1), Young’s inequality and Hélder’s inequality, it has
(4.4)

Mas

+ 9o // |SXu||SXw|dz
S(Qr)

< [ e (ae),
+5// o S Xw|?dz +// QR)]SXw| i
1 // [, |50l

<] )
S(Qr)
2
. (// |SXupdz) + <5)\0 +e // |SXw|*dz
S(QRr) S(Qr)
Sersiur ([ isxne)

<1500 (e (osan (4)) "+ 50) ([ 0P
(M)—i-e) // s 1S Xwl|?dz.

By (2.2),

5 \ 1\~
(// Swwdz) < </ cRQ (/ ]SXw|2d:1:> dt)
S(Qr) Ir Br
) 1
4 Qv v
< ¢R® sup (/ \SXw]Qd:U) (// ]SXw|2dz>
Ir Br S(Qr)

af _ apf
AP (2) (A (z))S(QR)wSXuHSdez

—2

A%B(z) — (Ao‘ﬁ(z)>s(QR)

LSAIN]
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By (H2), Holder’s inequality, Young’s inequality and the above inequality,
we have

@s) [ |sal|sula:
S(Qr)

1 .
<wlsl [[ (X0 4 g Sl
S(Qr)
< __2 2(1_l)
< polS| @+ // |SXu|™ 7 |Sw|dz
S(Qr)
4
+ p2|S| @ // |Su|" [Sw|dz + o // |Sg| |Sw|dz
S(Qr) S(Qr)
1 1
1 q Y
< o, O (// |SXu\2dz> (// ysw”fdz>
S(Qr) S(Qr)
1 1
_2 q gl
+ pag © (// ]Su]'ydz> (// \Sw\%lz)
S(Qr) S(Qr)
1 1
_ q Y
+ 2 (// Sg|qdz> (// \Sw|7dz>
S(Qr) S(Qr)
1 2
_ﬁ 9 T 4 9 Qv
<) // |SXul°dz | R sup / |SXw|"dx
S(Qr) Ir \JBgr
s
: (// |SXw|2dz>
S(Qr)
1 2
_2 q 4 Qv
+eXg @ (// |Su\7dz> R@ sup </ ]SXw]Qd:r>
S(Qr) Ir \J/Bgr
s
. (// |SXw|2dz>
S(Qr)
1 2
~ 4y 9 Qv
+ c(// |qudz> R@¥ sup </ |S X w| dm)
S(QR) IR BR

. (// |SXw|2dz>
S(Qr)

< ¢ R // (]SXu|2+]Su|7)dz+c6RQ4+4/ 1Sg|7dz
5(@n) SQn)

-
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2
2, \? 2
+ 3esup (/ |SXw| dw) // |SXw|"dz.
I Br S(Qr)

By (H2) and Young’s inequality,

(4.6) //S(QR) IS [SXw|dz <y //S(QR) |S| <|u|% + fz(z)) |SXw|dz

< uls|~é / / Sul? |SXwldz + o / / ISf]15 X w|dz
S(Qr) S(Qr)
_ 1
< ag // Sul? |SXwldz + // S £ 1S X wldz
s@n) s(@n)

< e // |Su|"dz + 2¢ // |SXw|*dz + c. // 1S f2dz.
S(Qr) S(Qr) S(Qr)

Inserting (4.4), (4.5), (4.6) into (4.3), and by (H1), we have

Ao // |SXw|?dz
S(Qr)
p=2 B LA
< S(Qr)|7 <c€(ns<QR) (Aaﬁ)) v 0) ( / / |SXu|pdz>
S(Qr)
2
+ 5@ + 3¢ + 3e sup </ |SXw|2dac> ¢ // |SXw|?dz
Ir Br S(Qr)

+ CsRﬁ // 1Sg|%dz + cERﬁ // (\SXU]Q + ]Su]”)dz
S(Qr) S(Qr)

Ce // |Su|"dz + ¢, // |Sf2dz.
S(Qr) S(Qr)

5Xo
Set 91 = 2 5 .
S
/\o—TO—3€—36sIup (IBR |5’Xw|2dx) @
R

Taking e small enough such that

2

P Q

Ao — —2 — 3¢ — 3esup </ |SXw|2dx> >0
2 In \JBg

and 0; € (0,1), it follows that

(4.7) // som |SXw|?dz
< |S(QR)|pp%2 (C<77$(QR) (/10‘/5'>)p172 —|—91> <// SOn |SXu|sz>p

+ cRo¥ // \SXu\ + LS’u\”)dz—i—cRQ+4 // |Sg|%dz
S(Qr) S(@r)
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c// \Sundquc// 1S f|*dz.
S5(Qr) S(Qr)

By (2.1) and Hoélder’s inequality,

(4.8) // |Sul"dz
S(Qr)

=¢ / / |Su — Su(t)|"dz + c|S(Br)| / |Su(t)|"dt
S(Qr) S(Ir)
4 5 \2
SC/ cR@ / |SXu|*dx ) dt
IR BR
1 ol
+¢|S(B / / Sug?dx| dt
o sr) | N11S(Br)| Js(Bg)

2 2 2 2
< cRQ sup |SXu|"dx |SXu|"dz
Ir Br S(Qr)

+¢|S(Bg)| 12/ (/ \Su\p;da:> dt
(N1 |S(Br)|)r /S(Ir) \/S(Br)

p=2 4 ) %
< c|S(Qgr)| » R sup / |SXu| dx
Br

Ir

- // (1SXuf* + [5u]) a2
S(Qr)

(IR)
+c|S(Bgr)| SUR | ’ _ (// |Sul 2 e dz)
(N1|S(BR)|)» S(Qr)

< els(@u 7 RS sup ([ [sx d:c)
Br

R

v\
. (// (1xuf* + |5ul") de>
S(Qr)
2
+c|S(QR)|”p<// |su|’?dz> .
S(Qr)

Inserting (4.8) into (4.7), and by Holder’s inequality, we have

(4.9) // |SXw|?dz
S(Qr)

hSEIN]
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2
p—2 =2 P
< 15@a)l"7 (c(nsiam (4°7)) 7 +61) ( /L. )|SXu|pdz>
R
_4 2 oy 4 g
+ cRo+ // (\SXu\ + | Sul )dz—l—cRCH4 // |Sg|?dz
S(Qr) 5(Qr)

— Y
+¢|S(QRr)| » R@ sup / |SXu| dx
Br

Ir

/]
+ e SQp)5F (// |Su\2dz> +c//S(QR)\Sf\2dz

< \S(QR)IP’%Q <C<?75(QR) <AO"B)) o +01>
([ syt
+CRQ+4\S QR <// ]SXu| + |Su|7>% >

+ c|S(QR)\pTTQR% sup </ |SXu\2dx> ¢
Br

Ir

- (// (15xuf? + ysuw)gdz)i

+ c|S( QR // |Sul 2 7 dz
(Qr)
+c// \Sg|qdz+c// 1Sf|*dz
S(Qr) S(Qr)

2
< 1S(Qr)|"7 6, (// (15xuf?> + ]Su|7)2dz)
S(Qr)

2
+c|S(QR)|’%2<// |su|’?dz> —|—c// 1Sg|9dz
S(Qr) S(Qr)
+c// |Sf2dz,
S(Qr)

hSAIN]

LS
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2

where 0 = ¢(ng(gp) (Ao‘ﬁ)) » +01 4 RO 4 cRQ sup (fB |S X ul dx)

Since 0 < #; < 1, so we can choose R small enough such that 62 € (0,1).
By (4.9) and Lemma 4.1, we know that for any 2p < R,

// 1SXul’dz < 2// |S X dz+2// |SXw|*dz
Q2P) QZp)
Q+
// |S X v dz+c// 1S X w|?dz
QR) QZp
Q+
// |SXul|*dz
S(Qr)

+C\S(QR)’%292 (//S(Q | |SXul? + |SU|V)% )

2
P
+SQr)|T // |Su|'Z dz
S(Qr)
+c// ]Sg\qdz—i-c// |Sf|?dz
S(Qr) S@n)
2
p\9t2 ) p=2 2 .\
gc( PN 1 0,) 15Qn)|F |SXul? + |Sul) *dz
(%) o )

—2 ~
+aS@u7 ISuly +e [ isgfiaze [ |ssPa,
L= S(Qr) S(Qr)
By the above and (4.8), we have

// (15Xuf? + |Su] ) d=
S(QQp)
2
Q-+2 3
§c<(p) +92+R% sup </ |SXu\2dx> )
R In \JBg
2
— b P
Q)7 (// (15Xul? +|5ul") de>
S(@Qr)

L elS@r)T I1Sull” g + // 1Sglidz + ¢ // 1S 2d.
Lz 5(Qr) S(Qr)

:Um :o\*o

LSS

From Theorem 3.4 and above inequality,

(ys Q)" // |SXu| +|Su|V)% )

N
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< c// (1SXul? + |5u[")dz
S(Q2p)

D
+¢|S(Q2,)|” (// |5f\2 + |sgy‘?+1)2dz>
Q+2 &
4
<c <<p) + 02 + R< sup (/ |SXu|2d:L‘> >
R B

hSEIN]

Ir

s@nl" ( []., (sxurs |Su|”)5dz>§
B e | | N
+clS(Qun)| 7 (// |5f|2+|59\q+1)gdz>i
<c ((R)Q+2 + 05 + R sup (/BR |SXu]2dx> )

Ir
(s Q)" // (15xul?> + SuW)de)

+ CRQ+2_

Qlv

_ Q+2)
IISUIW +0RQ+2 1Sg11%-

(Q+
+ RO IS£I20 +cRYT?
p@+2

<c <<R> + 69 + RG S}lp (/B |SXu]2dx>5>
<\5 Qr)l" // (15Xul + \Suw)g )

+ CR®+2%,

’ o

where H:min{l—w 1_w}’

2_9 _2(Q+2) ~ 2 _
€ = e (RS sl + 1ol + 1571+ cR ).
By Lemma 2.8, we get

<|s Q)" // |SXu| +|Suw)g )

N
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SIS

Q+2x 2
< c(g) <|S Qr)l” // ]SXu| + |Su|7) ? z) + CpRt2r,

Then

(4.10) / /S o (15Xul? +|5u[")*dz
C(g)sz-Fpn(‘S Q,;))l) // |SXu\ +\SW>§

+CpER8(Q,) "

Q+2—p+pr j
c(p> mr // <|SXu\2+ \Su\7>2dz+CpQ+2_p+p“.
R S(Qn)

w\‘@

IN

IN

Hence

Su € L' @F27pHpe (§(B,), RN, SXu € LPOT2P+re (5(B,),RY),
where kK = min {1 — 'j(gij_ﬂ), 1-— %}, and the proof is finished. O

Proof of Theorem 1.2. By (3.12) and (4.10)(p =

// ‘Su— (Su)s0,) ’dz<c// |Sul?dz
5(Qp)
<ep // 1S Xu)?dz + cp? // \Su\7+|Sf|2+|Sg\‘7)dz
5(Q2p) 5(Q2p)
< cp? // (]SXU\Z + \Su\v)dz
S(Q2p)
+ o / [, (1567 4185+ 157 )a:

Q+2
< cp " // |SXU\2 + \Su\”)dz + CpQ@t2tens,

2), we get

Then we have

Su € L2QF225(5(Q,), RY).
By Lemma 2.12, we get

Su e C*(S(Q,),RY), n:min{l_(j(Q—i—Q)’l_Q_}_z}‘ .

2T o

We would like to thank the referees for their kind comments and sugges-
tions.
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