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A sharp Hardy type inequality
on the sphere

Songting Yin

ABSTRACT. We obtain a Hardy type inequality on the sphere and give
the corresponding best constant. The result complements some inequal-
ities in recent literature.
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1. Introduction

The classical Hardy inequality states that, for n > 3 and all f € C§°(R"),

n—2)2 2
/|Vf]2da;2(4)/ |‘;2dx.
R” R”

The constant (n — 2)2/4 is optimal and not attained for the Sobolev space
WLH2(R™). There has been a lot of research concerning Hardy inequality
on the Euclidean space because of its application to singular problems. See
[2],[3],[8], [10],[13] and the references therein.

The validity of Hardy inequality on a manifold and its best constants
allow people to obtain qualitative properties on the manifold. In [4], Carron
studied the weighted L?-Hardy inequalities on a Riemannian manifold under
some geometric assumptions on the weight function and obtained

o C+a-—1)? o
/ p Vf|2dvz(4>/ oL av,
M p

where the weight function p satisfies |[Vp| =1 and Ap > C/p. For this line
of research, we refer to [7],[9],[6], [11] and so on. In particular, Kome and
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1102 SONGTING YIN

Ozaydin obtained in [11] the following improved Hardy inequalities for the
Poincaré conformal disc model:

—9 2 2
[owspav =22 [ Dy
B 4 B T

where f € C§°(B") and r = log[(1 + |z|)/(1 — |z|)] is the geodesic distance.
Furthermore, the constant (n — 2)2/4 is best possible.

However, there is a lack of literature discussing Hardy inequality on the
sphere up to now. To our knowledge, the only papers in the literature
are [1][5][14]. Recently, Xiao (see [14]) studied this issue and derived the
following inequality,

01/ f2dv+/ IV f2av
sn sn

> Y </s d(zﬁ)? [ <7r—df<px>> dV) ’

where d(p, z) is the geodesic distance from p to z on S™, C is some positive
constant, and the constant (n — 2)2/4 is sharp. The inequality was then
generalized by Sun and Pan (see [12]) to LP-Hardy inequality on the sphere.

In this short note we will obtain another type of Hardy inequality on the
sphere and also give the corresponding sharp constant. Our main theorem
is the following.

Theorem 1.1. Let (S™, g) (n > 3) be the n-sphere with sectional curvature
1. Then for any function f € C*°(S™) we have

n—2 9 (n —2)2 / f?
av > d
2 ViV 2 4 sn tan? d(p, z) £

f2av +
Sn S’IL

where p is a fized point in S® and the constant (n — 2)?/4 is sharp.

In Euclidean spaces (resp. a Riemannian manifold, the Poincaré confor-
mal disc model), the Laplacian of the distance function (resp. some weight
function) equals (n—1)/|z| (resp. is not less than C/p, (n—1)/r). Thus the
Hardy inequality naturally contains the term f2/|z|? (resp. f2/p?, f2/r?).

Note that the Laplacian of the distance function on the sphere is

Ad(p,x) = (n — 1) cotd(p, x),

which explains the appearance of the term f2/[tan? d(p,x)] in the theorem
above. So our inequality takes a different form from those in Euclidean
spaces and other Hardy type inequalities. In addition, in Theorem 1.1, the
first term in the left-hand side of the inequality cannot be removed because
it will lead to a contradiction if f is a nonzero constant.

It is interesting to note that, even if the coefficient (n — 2)/2 is replaced
by an arbitrary number C, the constant (n — 2)2/4 is still sharp.

To prove the result, we will use the symmetrty of the sphere to modify
the construction of an auxiliary function that has been used in the literature
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and then do calculations in two hemispheres using antipodal points. Since
the auxiliary function is only continuous, we use approximation by smooth
functions to show sharpness of our main result. The rest of the proof is
similar to the approach used in Xiao’s paper [14]. See also in [11] and [15].

2. Proof of the main result

Let rp(z) = d(p, ) denote the distance function from a fixed point p € S™.
We follow the arguments in [11] (see also [14]) and let f = (sinr,)%p with
a < 0. Then

Vf=¢V(sinr,)* + (sinr,)*Ve
and
V2 = @2V (sinry)* | + (sinrp) **| Vol + 2(sinry)*p(V (sinr,)*, Vep)

1
> 20’ (sinr,)?* 2 cos® r, + §<V(sin rp)2%, Vp?) (2.1)

1 1
= % (sinry)** 2 cosr, + 5diV(g02V(Sil’l rp)2%) — 5@2A(sin p)*,

where
A(sinr,)?* = div(V(sinr,)**) (2.2)
= div(2a(sinr,)?* ! cos rVry)

2

= 2a(sinry)?* t cos rpAry, + 2a(2a — 1)(sin 7, ) 2> 2 cos® r — 2a(sinry)*®

= —2a(n + 2a — 1)(sinry)** + 2a(n + 2a — 2)(sinr,)?* 2.

The last equality holds because Ar, = (n—1) cot rp, in the sphere. Therefore,
from (2.1) and (2.2), we have

1 f?
2 2 (2 20
— Vfilc>=d \Y — -2 :
af*+|Vf]*> 5 iv(e“V(sinr,)™) —a(n + « )tan2 "
Integrating both sides of the inequality above on S™ and letting o = ——";2,

we deduce that

_ _ 2 2
n=2 dev+/ vizav > =2 / I av
sn sn 4 S

2
) » tan<r,

In what follows, we show that the constant (n—2)?/4 above is sharp. The
argument is borrowed from [15] (see also [14]).
Let n : R — [0, 1] be a smooth function such that 0 <7 <1 and

_ 17 te [_Ll];
n(t) = { 0, |t|>2.
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Let H(t) =1 —mn(t), and for sufficiently small € > 0, define

0, r = 0;
£(r) = H(g)tan{z_an, 0<r<3;
: H (™) tan 2n(7r—r), 5 <r<m

0, T =T.

Observe that f.(r) can be approximated by smooth functions on the sphere
S™. Thus we have

f2dv = f2dvV + / f2av (2.3)
sn Bp(%) By(3)

q

:Vol(Snl)/ H? ( 5 ) tan®" r,(sinr,)" ! dr

+ Vol(S" 1) /

™

2

:VOI(S”_I)/ H? ( . ) tan® " r,(sin7r,)" L dr

€

S (T T 2—n : n—1
H — tan”" " (m — rp)(sin(m —rp))" " dr

+ VOI(S”_I)/ H? ( - ) tan®"" r,(sinr,)" " dr

o

Wl

=2Vol(S"™1) /

€

H? ( ) tan®"" r,(sinr,)" "t dr
€

z 2
<2Vol(S" 1) / ’ ro e dr = <7; — €2> Vol(S"™ 1),
3
where ¢ is the antipodal point of p and r¢(z) = d(q,z) = m — rp(z) denotes
the distance function from gq.
On the other hand, we have

f62 _ n—1 2 n : n—1
/B,,( | tan? dV =Vol(S )/ H (8>tan rp(sinr,)" ™" dr

=y tan“r
2 p 5

>Vol(S™ 1) /
2¢e

jus

=Vol(S" 1) /2 tan~" 7, (sinr,)" " dr,
2¢e

H2( )tan " (sinr,)" " dr
€

and

2
/ v
Bq(g)tan Tp

_Vol(s™1) / e <7T_8Tp> tan~" (x — 1) (sin(r — )"~ dr

s
2
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=Vol(S" 1) /2 H? (%) tan™" 7 (sinry)" " dr
€

™

>Vol(S"1) /2 tan~" 7, (sinr,)" " dr.
2e

Therefore, combining the above two inequalities, we obtain

2

e qdv > 2Vol(S"! /2t o (sinr,)" L dr.
/S” tan?r, > 2Vol( )2E an” " rp(sinrp) r

Next we are going to estimate the integral

VfEIZdV:/ \VfEPdVJr/ V£ |2dV.
sn Bp(%) oy

Bq(5
A straightforward calculation yields

1

( / Ist|2dV>
Byp(%)

P2

=Vol(S" )2 ( / :

2 — n
+ 5 nH (%;3) tan™ 2 1 sec? Tp

SVOI(S”*I)% (/z
€ €
4 2l (/2

2 g

—92 3
+ 2 5 Vol(S”‘l)% (/2 H? (%p) tan~"" ) (sinr,)" ! dr)

€
_Vol(Snfl)% /25
_76 j

n—2 1 % T
1 Sn—l = 2 p t n : n ld
+ 5 Vol( )2 (/E H (—6) an” " rp(sinry) r

1 —n
H' (@) ~tan 7" T
e/ e

N[

2

(sinry)" ! dr)

5\ |2 2
H' (—p) ’ tan®"" r,(sinr,)" ! dr)
€

Wl

Bl

H? (7;1,) tan™ " rp(sin rp)”*l dr)
€

NG

1
H (Lp)rtanQ_”T (sinr,)"* dr) :
- P P

[ NI

=

-9 3
+ i 5 Vol(S”fl)% (/2 H? (%) tan "4 rp(sinrp)"*1 dr)

3

1
1 Sn—l 1 2e b
SM max Hl(t) (/ TpdT>
£ te(0,2] €
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1
s 2
VOI(S”_I)% (/2 tan~" 7, (sinr,)" ! dr)

€

™

t€[0,2] 2

1
z 2
—n+4 : n—1
/ tan rp(sinry)" ™" dr
g

jus

-2
:\/gwl(s”—l)é max H'(t) + 2 =Vol(S"1)3 < / " tan " ry(sinr,)" " dr
£

—9 3
+ nTVOI(Snfl)% (/2 tan " p, (sin )" dr) ,

and

s
a\2

=Vol(S" 1)

2—n

</B()

™

=

IV f|? dV)

-

2

N
3

€

2

2

[\

2

—n Tq

H <7T — rP) tan~2 (1 — 1) sec?(m — 1)
€

2

H (sin7ry)" dr)

_n 2
tan 2 rgsec” 1y

€

N|=

1
2

_ -1 n
Hl <7r Tp) ?tan%(ﬂ'—rp)

1
2

(sin(m — 7)) dr)

1
2

jus

-2
S\/gvol(gn—l) max H/(t) + LVOI(SR_I)% /2 tan_n T‘q(SiIl ’I“q)n_1 dr
2 te€(0,2] 2 €

n—2

T3

Vol(S”fl)% (/2 tan """ 1 (sinr,)" ! dr)

Thus, we have

IV f|?dV
Sn

§3V01(S”_1)(t12[6a>2<} H' ()% + (”_2 Vol(s™ 1) /
) €

3

2

™

N|=

(2.5)

tan~" 7, (sinry)" "' dr

1
3 2
* \/g(n = 2)Vol(§"™") max H'(t) </2 tan™" rg(sinry)™ ! dr>
2 te(0,2] .

)

)

N

1
2
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™

3 n— / 2
+ \/;(n — 2)Vol(S l)tgﬁ}z{]H (t) </E

1
z 2 z 2
tan~" r,(sinry)" " tdr / tan " 7 (sinr,)" " dr
g

—92)2
+7(n 5 ) VOI(S”_I)/ tan~ "4 rq(silrqu)”_1 dr.
€

1
2

tan~"T r, (sinry)" ! dr>

o—

y a2 _22)2V01(S”1) (

INIE]

Since f.(r) can be approximated by smooth functions on the sphere S, it
follows from (2.3)-(2.5) that

Jsn IV fI2aV + B2 [ f2AV

in
Fec=(E\(o} Jon taar AV
n n—2(m2
fgn |V f.|2dV + 2 fSn f2 v _ n=2(T- _ g2)
Jon tan2r 2 f?a tan=" rp(sinr,)" 1 dr

3(math[0,2] H (t))2 N (n —2)? ff tan™" rq(sin rq)"*l dr

+ [ T
2 [,2 tan~" rp(sinry,)n L dr 4 J2 tan" rp(sinrp )L dr
1
) \/g(n — 2)Vol(S™™ 1) maxyejg o) H'( <f2 tan ™" 7, (sinry)" dr) :
2 fzg tan=" rp(sinr,)" L dr
N @VOI(S"A) fag tan~" 4y (sinry)"dr

2 fé tan=" rp(sinr,)" L dr
f(n — 2)Vol(S"~ )maxte[o o H'( <f2 tan~"4 7, (sin Tq)"fldr>
2 fg tan=" rp(sinr,)" L dr
(n—2)2 n—1 Z -n - n—1 % 5 —n+4 : n—1
ESVol(SP ) ([ 2 tan ™" g (sin )" drr J.2 tan re(sinrg)" " dr

2f2% tan=" rp(sinr,)" 1 dr
=1+ 1T+ 11T+ IV+V+VI+VII

ol

NI

_l’_

Note that

™

bl
lim tan~" 7, (sinr,)" " dr = +o0.
e—0 2e
Also, by L’Hospital rule,

2 tan " i n—1 d
i f an~" ry(sinrg) r_ L

e=0 f2€ tan~" rp(sinr,)" L dr
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and
f% tan=" o (sinrg)" " dr
lim ==+ =0.
=20 2 tan " ry(sinr,)n 1 dr

This implies that
I=II=1IV=V=VI=VII=0(,

and ( 2
n—2
c<—.
- 4
Thus the constant (n — 2)2/4 is sharp and the proof of Theorem 1.1 is
complete.

3. Two corollaries

Recall that the first eigenvalue of S™ is A\ = n. From Theorem 1.1 it is
then not difficult to obtain the following result.

Corollary 3.1. Let (S", g) be the n-sphere as in Theorem 1.1. Then
e Jon [Peos?d(pz)dV 60 —4
in
rec=(E\{0} [g. f2sin®d(p, ) dV ~ (n—2)?

for any p € S
Proof. By Theorem 1.1, we have

2
n-2 L VIRV @2 S e Y
2 fecoEN\0}  Jo f2AV T 4 jec=(sm\foy  Joa f2AV
Since A\; = n, this means that
2
bn—4 _ Jsr wapmy AV
(n—2)2 = jecw(sm\0}  Jgo f2AV

for any smooth function f. Replacing f by f sind(z,p), we obtain the desired
inequality. ([l

Another consequence of Theorem 1.1 is the following.
Corollary 3.2. Let (S", g) be the n-sphere as in Theorem 1.1. Then

_9
lopzava [ |Vf2av > nn=2)

for any p € S™ and any smooth function f in S™.
Proof. Set u = fsind(z,p), f € C*(S™). Then by Theorem 1.1,

n-2 / f2sin®d(p, ) dV + / |sind(p, z)Vf + f cosd(p, z)Vd(p,z)|* dV
Sn Nig

f2cos®d(p,x)dV
Sn

2
(n—2)

>
4 N

f?cos?d(p, x)dV.
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By the Cauchy-Schwarz inequality and the fact that |Vd(p,z)] = 1 in
S™\{p, ¢}, we have

|sind(p, )V f + fcosd(p,x)Vd(p, l’)|2
=sin? d(p, z)|Vf|* + f2cos® d(p, x) + 2f sind(p, x) cos d(p, z)(V f, Vd(p, x))
<sin?d(p, z)|Vf|? + f%cos® d(p, z) + cos® d(p, z)|V f|* + f?sin? d(p, z)
=V + 17
It follows that

-2
W2 psintdp.x)av + / (VF2 + 12 dv
Sn Sn

(=2
4 N

f?cos?d(p,z)dV.

Another simple calculation then yields the desired inequality. U

References

[1] ABOLARINWA, ABIMBOLA; APATA, TIMOTHY. LP-Hardy—Rellich and uncertainty
principle inequalities on the sphere. Adv. Oper. Theory 3 (2018), no. 4, 745-762.
MR3856170, Zbl 06946375, doi: 10.15352/a0t.1712-1282. 1102

[2] BARAS, PIERRE; GOLDSTEIN, JEROME A. The heat equation with a singular po-
tential. Trans. Amer. Math. Soc. 284 (1984), no. 1, 121-139. MR0742415, Zbl
0556.35063, doi: 10.2307/1999277. 1101

[3] BrEzis, HAIM; VAZQUEZ, JUAN Luis. Blow-up solutions of some nonlinear elliptic
problems. Rev. Mat. Univ. Complut. Madrid 10 (1997), no. 2, 443-469. MR1605678,
Zbl 0894.35038, doi: 10.5209/rev_ REMA.1997.v10.0n2.17459. 1101

[4] CARRON, GILLES. Inégalités de Hardy sur les variétés Riemanniennes non-compactes.
J. Math. Pures Appl. 76 (1997), no. 10, 883-891. MR1489943, Zbl 0886.58111,
doi: 10.1016/S0021-7824(97)89976-X. 1101

[5] Da1, FENG; XU, YUAN. The Hardy-Rellich inequality and uncertainty principle on
the sphere. Constr. Approx. 40 (2014), no. 1, 141-171. MR3229998, Zbl 1319.46026,
arXiv:1212.3887, doi: 10.1007/s00365-014-9235-5. 1102

[6] D’AMBROSIO, LORENZO; DIPIERRO, SERENA. Hardy inequalities on Riemann-
ian manifolds and applications. Ann. Inst. H. Poincaré Anal. Non Linéaire
31 (2014), no. 3, 449-475. MR3208450, Zbl 1317.46022, arXiv:1210.5723,
doi: 10.1016/j.anihpc.2013.04.004. 1101

[7] Du, FENG; Mao, JING. Hardy and Rellich type inequalities on metric measure
spaces. J. Math. Anal. Appl. 429 (2015), no. 1, 354-365. MR3339079, Zbl 1316.26022,
doi: 10.1016/j.jmaa.2015.04.021. 1101

[8] GARcfA AZORERO, JESUS P.; PERAL ALONSO, IRENEO. Hardy inequalities and some
critical elliptic and parabolic problems. J. Differential Equations 144 (1998), no. 2,
441-476. MR1616905, Zbl 0918.35052, doi: 10.1006/jdeq.1997.3375. 1101

[9] GRILLO, GABRIELE. Hardy and Rellich-type inequalities for metrics defined by vec-
tor fields. Potential Anal. 18 (2003), no. 3, 187-217. MR1953228, Zbl 1032.46049,
doi: 10.1023/A:1020963702912. 1101

[10] KOMBE, ISMAIL. The linear heat equation with highly oscillating potential. Proc.
Amer. Math. Soc. 132 (2004), no. 9, 2683-2691. MR2054795, Zbl 1059.35045,
doi: 10.1090/S0002-9939-04-07392-7. 1101


http://www.ams.org/mathscinet-getitem?mr=3856170
http://www.emis.de/cgi-bin/MATH-item?06946375
http://dx.doi.org/10.15352/aot.1712-1282
http://www.ams.org/mathscinet-getitem?mr=0742415
http://www.emis.de/cgi-bin/MATH-item?0556.35063
http://www.emis.de/cgi-bin/MATH-item?0556.35063
http://dx.doi.org/10.2307/1999277
http://www.ams.org/mathscinet-getitem?mr=1605678
http://www.emis.de/cgi-bin/MATH-item?0894.35038
http://dx.doi.org/10.5209/rev_REMA.1997.v10.n2.17459
http://www.ams.org/mathscinet-getitem?mr=1489943
http://www.emis.de/cgi-bin/MATH-item?0886.58111
http://dx.doi.org/10.1016/S0021-7824(97)89976-X
http://www.ams.org/mathscinet-getitem?mr=3229998
http://www.emis.de/cgi-bin/MATH-item?1319.46026
http://arXiv.org/abs/1212.3887
http://dx.doi.org/10.1007/s00365-014-9235-5
http://www.ams.org/mathscinet-getitem?mr=3208450
http://www.emis.de/cgi-bin/MATH-item?1317.46022
http://arXiv.org/abs/1210.5723
http://dx.doi.org/10.1016/j.anihpc.2013.04.004
http://www.ams.org/mathscinet-getitem?mr=3339079
http://www.emis.de/cgi-bin/MATH-item?1316.26022
http://dx.doi.org/10.1016/j.jmaa.2015.04.021
http://www.ams.org/mathscinet-getitem?mr=1616905
http://www.emis.de/cgi-bin/MATH-item?0918.35052
http://dx.doi.org/10.1006/jdeq.1997.3375
http://www.ams.org/mathscinet-getitem?mr=1953228
http://www.emis.de/cgi-bin/MATH-item?1032.46049
http://dx.doi.org/10.1023/A:1020963702912
http://www.ams.org/mathscinet-getitem?mr=2054795
http://www.emis.de/cgi-bin/MATH-item?1059.35045
http://dx.doi.org/10.1090/S0002-9939-04-07392-7

1110 SONGTING YIN

[11] KoMmBE, IsMAIL; OzAypIN, MURAD. Improved Hardy and Rellich inequalities
on Riemannian manifolds. Trans. Amer. Math. Soc. 361 (2009), no. 12, 6191—
6203. MR2538592, Zbl 1178.26013, arXiv:math/0702047, doi: 10.1090/S0002-9947-
09-04642-X. 1101, 1102, 1103

[12] SuN, XI1AOMEI; PAN, FAN. Hardy type inequalities on the sphere. J. Inequal. Appl.
2017, no. 148, 1-8. MR3665809, Zbl 1367.26036, doi: 10.1186/s13660-017-1424-x.
1102

[13] VAzZQUEZ, JUAN Luis; ZUAzUA, ENRIKE. The Hardy inequality and the asymptotic
behaviour of the heat equation with an inverse-square potential. J. Funct. Anal. 173
(2000), no. 1, 103-153. MR1760280, Zbl 0953.35053, doi: 10.1006/jfan.1999.3556. 1101

[14] X1A0, YINGXIONG. Some Hardy inequalities on the sphere. J. Math. Inequal. 10
(2016), no. 3, 793-805. MR3565153, Zbl 1348.26014, doi: 10.7153/jmi-10-64. 1102,
1103

[15] YANG, QIAOHUA; SU, DAN; KONG, YINYING. Hardy inequalities on Riemannian man-
ifolds with negative curvature. Commun. Contemp. Math. 16 (2014), no. 2, 1350043,
24 pp. MR3195155, Zbl 1294.26019, doi: 10.1142/50219199713500430. 1103

(Songting Yin) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, TONGLING
UNIVERSITY, TONGLING, 244000 ANHUI, CHINA, AND KEY LABORATORY OF APPLIED
MATHEMATICS, PUTIAN UNIVERSITY, FUJIAN 351100, CHINA.

yst419@163.com

This paper is available via http://nyjm.albany.edu/j/2018/24-53.html.


http://www.ams.org/mathscinet-getitem?mr=2538592
http://www.emis.de/cgi-bin/MATH-item?1178.26013
http://arXiv.org/abs/math/0702047
http://dx.doi.org/10.1090/S0002-9947-09-04642-X
http://dx.doi.org/10.1090/S0002-9947-09-04642-X
http://www.ams.org/mathscinet-getitem?mr=3665809
http://www.emis.de/cgi-bin/MATH-item?1367.26036
http://dx.doi.org/10.1186/s13660-017-1424-x
http://www.ams.org/mathscinet-getitem?mr=1760280
http://www.emis.de/cgi-bin/MATH-item?0953.35053
http://dx.doi.org/10.1006/jfan.1999.3556
http://www.ams.org/mathscinet-getitem?mr=3565153
http://www.emis.de/cgi-bin/MATH-item?1348.26014
http://dx.doi.org/10.7153/jmi-10-64
http://www.ams.org/mathscinet-getitem?mr=3195155
http://www.emis.de/cgi-bin/MATH-item?1294.26019
http://dx.doi.org/10.1142/S0219199713500430
mailto:yst419@163.com
http://nyjm.albany.edu/j/2018/24-53.html

	1. Introduction
	2. Proof of the main result
	3. Two corollaries
	References

