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A sharp Hardy type inequality
on the sphere

Songting Yin

Abstract. We obtain a Hardy type inequality on the sphere and give
the corresponding best constant. The result complements some inequal-
ities in recent literature.
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1. Introduction

The classical Hardy inequality states that, for n ≥ 3 and all f ∈ C∞0 (Rn),∫
Rn
|∇f |2 dx ≥ (n− 2)2

4

∫
Rn

f2

|x|2
dx.

The constant (n − 2)2/4 is optimal and not attained for the Sobolev space
W 1,2(Rn). There has been a lot of research concerning Hardy inequality
on the Euclidean space because of its application to singular problems. See
[2],[3],[8], [10],[13] and the references therein.

The validity of Hardy inequality on a manifold and its best constants
allow people to obtain qualitative properties on the manifold. In [4], Carron
studied the weighted L2-Hardy inequalities on a Riemannian manifold under
some geometric assumptions on the weight function and obtained∫

M
ρα|∇f |2 dV ≥ (C + α− 1)2

4

∫
M
ρα
f2

ρ2
dV,

where the weight function ρ satisfies |∇ρ| = 1 and ∆ρ ≥ C/ρ. For this line
of research, we refer to [7],[9],[6], [11] and so on. In particular, Kome and
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Özaydin obtained in [11] the following improved Hardy inequalities for the
Poincaré conformal disc model:∫

Bn
|∇f |2 dV ≥ (n− 2)2

4

∫
Bn

f2

r2
dV,

where f ∈ C∞0 (Bn) and r = log[(1 + |x|)/(1− |x|)] is the geodesic distance.
Furthermore, the constant (n− 2)2/4 is best possible.

However, there is a lack of literature discussing Hardy inequality on the
sphere up to now. To our knowledge, the only papers in the literature
are [1][5][14]. Recently, Xiao (see [14]) studied this issue and derived the
following inequality,

C1

∫
Sn
f2 dV +

∫
Sn
|∇f |2 dV

≥ (n− 2)2

4

(∫
Sn

f2

d(p, x)2
dV +

∫
Sn

f2

(π − d(p, x))2
dV

)
,

where d(p, x) is the geodesic distance from p to x on Sn, C1 is some positive
constant, and the constant (n − 2)2/4 is sharp. The inequality was then
generalized by Sun and Pan (see [12]) to Lp-Hardy inequality on the sphere.

In this short note we will obtain another type of Hardy inequality on the
sphere and also give the corresponding sharp constant. Our main theorem
is the following.

Theorem 1.1. Let (Sn, g) (n ≥ 3) be the n-sphere with sectional curvature
1. Then for any function f ∈ C∞(Sn) we have

n− 2

2

∫
Sn
f2 dV +

∫
Sn
|∇f |2 dV ≥ (n− 2)2

4

∫
Sn

f2

tan2 d(p, x)
dV,

where p is a fixed point in Sn and the constant (n− 2)2/4 is sharp.

In Euclidean spaces (resp. a Riemannian manifold, the Poincaré confor-
mal disc model), the Laplacian of the distance function (resp. some weight
function) equals (n−1)/|x| (resp. is not less than C/ρ, (n−1)/r). Thus the
Hardy inequality naturally contains the term f2/|x|2 (resp. f2/ρ2, f2/r2).

Note that the Laplacian of the distance function on the sphere is

∆d(p, x) = (n− 1) cot d(p, x),

which explains the appearance of the term f2/[tan2 d(p, x)] in the theorem
above. So our inequality takes a different form from those in Euclidean
spaces and other Hardy type inequalities. In addition, in Theorem 1.1, the
first term in the left-hand side of the inequality cannot be removed because
it will lead to a contradiction if f is a nonzero constant.

It is interesting to note that, even if the coefficient (n − 2)/2 is replaced
by an arbitrary number C, the constant (n− 2)2/4 is still sharp.

To prove the result, we will use the symmetrty of the sphere to modify
the construction of an auxiliary function that has been used in the literature
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and then do calculations in two hemispheres using antipodal points. Since
the auxiliary function is only continuous, we use approximation by smooth
functions to show sharpness of our main result. The rest of the proof is
similar to the approach used in Xiao’s paper [14]. See also in [11] and [15].

2. Proof of the main result

Let rp(x) = d(p, x) denote the distance function from a fixed point p ∈ Sn.
We follow the arguments in [11] (see also [14]) and let f = (sin rp)

αϕ with
α < 0. Then

∇f = ϕ∇(sin rp)
α + (sin rp)

α∇ϕ

and

|∇f |2 = ϕ2|∇(sin rp)
α|2 + (sin rp)

2α|∇ϕ|2 + 2(sin rp)
αϕ〈∇(sin rp)

α,∇ϕ〉

≥ ϕ2α2(sin rp)
2α−2 cos2 rp +

1

2
〈∇(sin rp)

2α,∇ϕ2〉 (2.1)

= ϕ2α2(sin rp)
2α−2 cos2 rp +

1

2
div(ϕ2∇(sin rp)

2α)− 1

2
ϕ2∆(sin rp)

2α,

where

∆(sin rp)
2α = div(∇(sin rp)

2α) (2.2)

= div(2α(sin rp)
2α−1 cos r∇rp)

= 2α(sin rp)
2α−1 cos rp∆rp + 2α(2α− 1)(sin rp)

2α−2 cos2 r − 2α(sin rp)
2α

= −2α(n+ 2α− 1)(sin rp)
2α + 2α(n+ 2α− 2)(sin rp)

2α−2.

The last equality holds because ∆rp = (n−1) cot rp in the sphere. Therefore,
from (2.1) and (2.2), we have

−αf2 + |∇f |2 ≥ 1

2
div(ϕ2∇(sin rp)

2α)− α(n+ α− 2)
f2

tan2 rp
.

Integrating both sides of the inequality above on Sn and letting α = −n−2
2 ,

we deduce that

n− 2

2

∫
Sn
f2 dV +

∫
Sn
|∇f |2 dV ≥ (n− 2)2

4

∫
Sn

f2

tan2 rp
dV.

In what follows, we show that the constant (n−2)2/4 above is sharp. The
argument is borrowed from [15] (see also [14]).

Let η : R→ [0, 1] be a smooth function such that 0 ≤ η ≤ 1 and

η(t) =

{
1, t ∈ [−1, 1];
0, |t| ≥ 2.
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Let H(t) = 1− η(t), and for sufficiently small ε > 0, define

fε(r) =


0, r = 0;

H
(
r
ε

)
tan

2−n
2 r, 0 < r ≤ π

2 ;

H
(
π−r
ε

)
tan

2−n
2 (π − r), π

2 ≤ r < π;
0, r = π.

Observe that fε(r) can be approximated by smooth functions on the sphere
Sn. Thus we have∫

Sn
f2ε dV =

∫
Bp(

π
2
)
f2ε dV +

∫
Bq(

π
2
)
f2ε dV (2.3)

=Vol(Sn−1)
∫ π

2

ε
H2
(rp
ε

)
tan2−n rp(sin rp)

n−1 dr

+ Vol(Sn−1)
∫ π−ε

π
2

H2

(
π − rp
ε

)
tan2−n(π − rp)(sin(π − rp))n−1 dr

=Vol(Sn−1)
∫ π

2

ε
H2
(rp
ε

)
tan2−n rp(sin rp)

n−1 dr

+ Vol(Sn−1)
∫ π

2

ε
H2
(rq
ε

)
tan2−n rq(sin rq)

n−1 dr

=2Vol(Sn−1)
∫ π

2

ε
H2
(rp
ε

)
tan2−n rp(sin rp)

n−1 dr

≤2Vol(Sn−1)
∫ π

2

ε
r2−np rn−1p dr =

(
π2

4
− ε2

)
Vol(Sn−1),

where q is the antipodal point of p and rq(x) = d(q, x) = π − rp(x) denotes
the distance function from q.

On the other hand, we have∫
Bp(

π
2
)

f2ε
tan2 rp

dV =Vol(Sn−1)
∫ π

2

ε
H2
(rp
ε

)
tan−n rp(sin rp)

n−1 dr

≥Vol(Sn−1)
∫ π

2

2ε
H2
(rp
ε

)
tan−n rp(sin rp)

n−1 dr

=Vol(Sn−1)
∫ π

2

2ε
tan−n rp(sin rp)

n−1dr,

and∫
Bq(

π
2
)

f2ε
tan2 rp

dV

=Vol(Sn−1)
∫ π−ε

π
2

H2

(
π − rp
ε

)
tan−n(π − rp)(sin(π − rp))n−1 dr
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=Vol(Sn−1)
∫ π

2

ε
H2
(rq
ε

)
tan−n rq(sin rq)

n−1 dr

≥Vol(Sn−1)
∫ π

2

2ε
tan−n rq(sin rq)

n−1 dr.

Therefore, combining the above two inequalities, we obtain∫
Sn

f2ε
tan2 rp

dV ≥ 2Vol(Sn−1)
∫ π

2

2ε
tan−n rp(sin rp)

n−1 dr. (2.4)

Next we are going to estimate the integral∫
Sn
|∇fε|2 dV =

∫
Bp(

π
2
)
|∇fε|2 dV +

∫
Bq(

π
2
)
|∇fε|2 dV.

A straightforward calculation yields(∫
Bp(

π
2
)
|∇fε|2 dV

) 1
2

=Vol(Sn−1)
1
2

(∫ π
2

ε

∣∣∣∣H ′ (rpε ) 1

ε
tan

2−n
2 rp

+
2− n

2
H
(rp
ε

)
tan−

n
2 rp sec2 rp

∣∣∣∣2 (sin rp)
n−1 dr

) 1
2

≤Vol(Sn−1)
1
2

ε

(∫ π
2

ε

∣∣∣H ′ (rp
ε

)∣∣∣2 tan2−n rp(sin rp)
n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
H2
(rp
ε

)
tan−n rp(sin rp)

n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
H2
(rp
ε

)
tan−n+4 rp(sin rp)

n−1 dr

) 1
2

=
Vol(Sn−1)

1
2

ε

(∫ 2ε

ε

∣∣∣H ′ (rp
ε

)∣∣∣2 tan2−n rp(sin rp)
n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
H2
(rp
ε

)
tan−n rp(sin rp)

n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
H2
(rp
ε

)
tan−n+4 rp(sin rp)

n−1 dr

) 1
2

≤Vol(Sn−1)
1
2

ε
max
t∈[0,2]

H ′(t)

(∫ 2ε

ε
rp dr

) 1
2
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+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n rp(sin rp)

n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n+4 rp(sin rp)

n−1 dr

) 1
2

=

√
3

2
Vol(Sn−1)

1
2 max
t∈[0,2]

H ′(t) +
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n rp(sin rp)

n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n+4 rp(sin rp)

n−1 dr

) 1
2

,

and(∫
Bq(

π
2
)
|∇fε|2 dV

) 1
2

=Vol(Sn−1)
1
2

(∫ π−ε

π
2

∣∣∣∣H ′(π − rpε

)
−1

ε
tan

2−n
2 (π − rp)

−2− n
2

H

(
π − rp
ε

)
tan−

n
2 (π − rp) sec2(π − rp)

∣∣∣∣2 (sin(π − rp))n−1 dr

) 1
2

=Vol(Sn−1)
1
2

(∫ π
2

ε

∣∣∣∣H ′ (rqε ) −1

ε
tan

2−n
2 rq

− 2− n
2

H
(rq
ε

)
tan−

n
2 rq sec2 rq

∣∣∣∣2 (sin rq)
n−1 dr

) 1
2

≤
√

3

2
Vol(Sn−1)

1
2 max
t∈[0,2]

H ′(t) +
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n rq(sin rq)

n−1 dr

) 1
2

+
n− 2

2
Vol(Sn−1)

1
2

(∫ π
2

ε
tan−n+4 rq(sin rq)

n−1 dr

) 1
2

.

Thus, we have∫
Sn
|∇fε|2 dV (2.5)

≤3Vol(Sn−1)( max
t∈[0,2]

H ′(t))2 +
(n− 2)2

2
Vol(Sn−1)

∫ π
2

ε
tan−n rq(sin rq)

n−1 dr

+

√
3

2
(n− 2)Vol(Sn−1) max

t∈[0,2]
H ′(t)

(∫ π
2

ε
tan−n rq(sin rq)

n−1 dr

) 1
2
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+

√
3

2
(n− 2)Vol(Sn−1) max

t∈[0,2]
H ′(t)

(∫ π
2

ε
tan−n+4 rq(sin rq)

n−1 dr

) 1
2

+
(n− 2)2

2
Vol(Sn−1)

(∫ π
2

ε
tan−n rq(sin rq)

n−1dr

) 1
2
(∫ π

2

ε
tan−n+4 rq(sin rq)

n−1 dr

) 1
2

+
(n− 2)2

2
Vol(Sn−1)

∫ π
2

ε
tan−n+4 rq(sin rq)

n−1 dr.

Since fε(r) can be approximated by smooth functions on the sphere Sn, it
follows from (2.3)-(2.5) that

C := inf
f∈C∞(Sn)\{0}

∫
Sn |∇f |

2 dV + n−2
2

∫
Sn f

2 dV∫
Sn

f2

tan2 rp
dV

≤
∫
Sn |∇fε|

2 dV + n−2
2

∫
Sn f

2
ε dV∫

Sn
f2ε

tan2 rp
dV

≤
n−2
2 (π

2

4 − ε
2)

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

+
3(maxt∈[0,2]H

′(t))2

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

+
(n− 2)2

4

∫ π
2
ε tan−n rq(sin rq)

n−1 dr∫ π
2
2ε tan−n rp(sin rp)n−1 dr

+

√
3
2(n− 2)Vol(Sn−1) maxt∈[0,2]H

′(t)
(∫ π

2
ε tan−n rq(sin rq)

n−1 dr
) 1

2

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

+
(n−2)2

2 Vol(Sn−1)
∫ π

2
ε tan−n+4 rq(sin rq)

n−1dr

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

+

√
3
2(n− 2)Vol(Sn−1) maxt∈[0,2]H

′(t)
(∫ π

2
ε tan−n+4 rq(sin rq)

n−1dr
) 1

2

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

+

(n−2)2
2 Vol(Sn−1)

(∫ π
2
ε tan−n rq(sin rq)

n−1 dr
) 1

2
(∫ π

2
ε tan−n+4 rq(sin rq)

n−1 dr
) 1

2

2
∫ π

2
2ε tan−n rp(sin rp)n−1 dr

:=I + II + III + IV + V + V I + V II.

Note that

lim
ε→0

∫ π
2

2ε
tan−n rp(sin rp)

n−1 dr = +∞.

Also, by L’Hospital rule,

lim
ε→0

∫ π
2
ε tan−n rq(sin rq)

n−1 dr∫ π
2
2ε tan−n rp(sin rp)n−1 dr

= 1,
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and

lim
ε→0

∫ π
2
ε tan−n+4 rq(sin rq)

n−1 dr∫ π
2
2ε tan−n rp(sin rp)n−1 dr

= 0.

This implies that

I = II = IV = V = V I = V II = 0,

and

C ≤ (n− 2)2

4
.

Thus the constant (n − 2)2/4 is sharp and the proof of Theorem 1.1 is
complete.

3. Two corollaries

Recall that the first eigenvalue of Sn is λ1 = n. From Theorem 1.1 it is
then not difficult to obtain the following result.

Corollary 3.1. Let (Sn, g) be the n-sphere as in Theorem 1.1. Then

inf
f∈C∞(Sn)\{0}

∫
Sn f

2 cos2 d(p, x) dV∫
Sn f

2 sin2 d(p, x) dV
≤ 6n− 4

(n− 2)2

for any p ∈ Sn

Proof. By Theorem 1.1, we have

n− 2

2
+ inf
f∈C∞(Sn)\{0}

∫
Sn |∇f |

2 dV∫
Sn f

2 dV
≥ (n− 2)2

4
inf

f∈C∞(Sn)\{0}

∫
Sn

f2

tan2 d(p,x)
dV∫

Sn f
2 dV

.

Since λ1 = n, this means that

6n− 4

(n− 2)2
≥ inf

f∈C∞(Sn)\{0}

∫
Sn

f2

tan2 d(p,x)
dV∫

Sn f
2 dV

for any smooth function f . Replacing f by f sin d(x, p), we obtain the desired
inequality. �

Another consequence of Theorem 1.1 is the following.

Corollary 3.2. Let (Sn, g) be the n-sphere as in Theorem 1.1. Then

n

2

∫
Sn
f2 dV +

∫
Sn
|∇f |2 dV ≥ n(n− 2)

4

∫
Sn
f2 cos2 d(p, x) dV

for any p ∈ Sn and any smooth function f in Sn.

Proof. Set u = f sin d(x, p), f ∈ C∞(Sn). Then by Theorem 1.1,

n− 2

2

∫
Sn
f2 sin2 d(p, x) dV +

∫
Sn
| sin d(p, x)∇f + f cos d(p, x)∇d(p, x)|2 dV

≥ (n− 2)2

4

∫
Sn
f2 cos2 d(p, x) dV.
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By the Cauchy-Schwarz inequality and the fact that |∇d(p, x)| = 1 in
Sn\{p, q}, we have

| sin d(p, x)∇f + f cos d(p, x)∇d(p, x)|2

= sin2 d(p, x)|∇f |2 + f2 cos2 d(p, x) + 2f sin d(p, x) cos d(p, x)〈∇f,∇d(p, x)〉
≤ sin2 d(p, x)|∇f |2 + f2 cos2 d(p, x) + cos2 d(p, x)|∇f |2 + f2 sin2 d(p, x)

=|∇f |2 + f2.

It follows that

n− 2

2

∫
Sn
f2 sin2 d(p, x) dV +

∫
Sn

(|∇f |2 + f2) dV

≥(n− 2)2

4

∫
Sn
f2 cos2 d(p, x) dV.

Another simple calculation then yields the desired inequality. �
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