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The homotopy groups of

L2T (m)/(p[m2 ]+2, v1) for m > 1

Xiangjun Wang and Zihong Yuan

Abstract. Let T (m) be the Ravenel spectrum charaterized by the
BP∗-homology as BP∗[t1, · · · , tm]. Let T (m)/(v1) be the cofiber of map
v1 and T (m)/(pk, v1) the cofiber of T (m)/(v1)’s self-map pk. In this

paper we determine the homotopy groups of L2T (m)/(p[ m
2

]+2, v1) for
m > 1 by the Adams-Novikov spectral sequence.
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1. Introduction

Let T (m) be the Ravenel spectrum charaterized by the BP∗-homology as

BP∗T (m) = BP∗[t1, · · · , tm] ⊂ BP∗BP.

T (m) is a connective p-local ring spectrum. T (0) is the p-local sphere spec-
trum, and there are maps

S0
(p) = T (0)→ T (1)→ T (2)→ · · · → BP.

The map T (m)→ BP is an equivalence below dimension 2pm+1−3. Let L2

be the Bousfield localization functor with respect to v−1
2 BP∗ (see [Rav84]).

The homotopy group π∗(L2T (m)) can be explored by the Adams-Novikov
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spectral sequence. Furthermore, one can apply the chromatic spectral se-
quence to determine the E2-term

ExtBP∗BP (BP∗, BP∗(L2T (m))).

Let T (m)/(v1) be the cofiber of self map

v1 : Σ2(p−1)T (m)→ T (m)

and T (m)/(p) the cofiber of p : T (m) → T (m). For m = 1, the homotopy
groups π∗(L2T (1)/(v1)) and π∗(L2T (1)/(p)) indicates two ways to compute
π∗(L2T (1)). At the prime 2, Shimomura [Shi95] computed the homotopy
group π∗(L2T (1)/(2)). The first author [Wan07] separately with Nakai and
Shimomura [NS07] determined the homotopy group π∗(L2T (1)/(v1)). They
also proved that the Adams-Novikov spectral sequence for π∗(L2T (1)) has a
horizontal vanishing line at the E4-terms. For the odd prime cases, Wang,
Liu and Yuan [LWY10] determined π∗(L2T (1)/(v1)). But it seems to be too
difficult to work out π∗(L2T (1)) from both ways.

For m > 1, let T (m)/(pk, v1) be the cofiber of

pk : T (m)/(v1)→ T (m)/(v1).

We have the following commutative diagram

T (m)/(v1)
pk+1

//

p

��

T (m)/(v1) //

1

��

T (m)/(pk+1, v1)

��
T (m)/(v1)

pk // T (m)/(v1) // T (m)/(pk+1, v1)

The 3× 3 lemma concludes that the fiber of

T (m)/(pk+1, v1) −→ T (m)/(pk, v1)

is the cofiber of
p : T (m)/(v1) −→ T (m)/(v1).

Thus, we can obtain a cofiber sequence

T (m)/(p, v1)
pk−→ T (m)/(pk+1, v1) −→ T (m)/(pk, v1). (1.1)

At the prime 2, the homotopy groups π∗(L2T (m)/(v1)) and π∗(L2T (m))
are discussed in [IS08], [IST10]. In this paper, we study the homotopy

groups of L2T (m)/(p[m
2

]+2, v1) for odd primes, which is an important step
to understand the homotopy groups π∗(L2T (m)/(v1)) and π∗(L2T (m)).

2. Statement of results

Let Em(2)∗ = E(2)∗[v3, · · · vm+2]. A BP∗-module structure on Em(2)∗
can be induced by f∗ : BP∗ → Em(2)∗ where f∗ sends vi to vi for i 6 m+ 2
and to 0 for i > m + 2. Let Em(2) be the spectrum which represents the
Landweber homology theory

Em(2)∗(X) = Em(2)∗ ⊗BP∗ BP∗(X).
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Then
Em(2)∗Em(2) = Em(2)∗ ⊗BP∗ BP∗(BP )⊗BP∗ Em(2)∗.

The Hopf algebroid structure of (BP∗, BP∗BP ) implies the one on

(Em(2)∗, Em(2)∗Em(2)).

Similar to the change-of-rings theorem (see [Mor78, Rav86])

Exts,tBP∗BP (BP∗,M) = Exts,tE(2)∗E(2)(E(2)∗, E(2)∗ ⊗M)

For an I2-nil v−1
2 BP∗BP -comodule M , we have

Exts,tBP∗BP (BP∗,M) = Exts,tEm(2)∗Em(2)(Em(2)∗, Em(2)∗ ⊗M).

Let
Γ(2,m) = Em(2)∗[tm+1, tm+2, · · · ]⊗BP∗ Em(2)∗.

For Em(2)∗(T (m) ∧X), noted that

Em(2)∗(T (m) ∧X) = Em(2)∗[t1, · · · tm]⊗BP∗ Em(2)∗(X)

= Em(2)∗Em(2)�Γ(2,m)Em(2)∗(X),

we can obtain the change-of-rings theorem

Exts,tEm(2)∗Em(2)(Em(2)∗, Em(2)∗(T (m) ∧X))

= Exts,tΓ(2,m)(Em(2)∗, Em(2)∗(X)).

In this paper, we will work on the Hopf algebroid (Em(2)∗,Γ(2,m)).
Let M0

2 = Em(2)∗/(p, v1) and let L(k, 1) = Em(2)∗/(p
k, v1). Denote

the module Ext∗Γ(2,m)(Em(2)∗,M) by H∗(M) for short. The short exact
sequence

0→M0
2

pk−→ L(k + 1, 1) −→ L(k, 1)→ 0.

induces a long exact sequence

· · · → HsM0
2

pk−→ HsL(k + 1, 1) −→ HsL(k, 1)
δ−→ Hs+1M0

2 → · · ·
Ravenel (see [Rav86, Corollary 6.5.6]) proves that

H∗M0
2
∼= Z/p[v±1

2 , v3, · · · , vm+2]⊗ E[h0
m+1, h

1
m+1, h

0
m+2, h

1
m+2]

Here hjk corresponds to tp
j

i . Since ζ1 and ζ2 are representatives of h1
m+1,

h1
m+2, respectively (see Lemma 3.3, 3.4). Thus we conclude that

H∗,∗M0
2
∼= Z/p[v±1

2 , v3, · · · , vm+2]⊗ E[h0
m+1, h

0
m+2, ζ1, ζ2]

Based on H∗M0
2 , we compute H∗L(k, 1) by Bockstein spectral sequence. To

state our results, we decompose the module H∗M0
2 with respect to k (1 6

k 6 [m2 ] + 1). H∗M0
2 is the direct sum of following modules

(C0(k)⊕ I1(k)⊕ C1(k)⊕ Ia2 (k))⊗ E(ζ1),

ζ2C0(k)⊕ C2(k)⊕ Ib2(k)⊕ C3(k)⊕ I3(k)⊕ I4(k)⊕ C4(k).
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In these modules, let q1 = min{n+1, l+1} and q2 = min{n+1, l+1, [m2 ]+1},
0 6 n, l 6 ∞. For convenience, spn = 0 (tpl = 0) if n = ∞ (l = ∞).
Otherwise, p - s, s > 0 (p - t, t > 0). In spn − 1 (tpl − 1), p - s, s > 0
(p - t, t > 0). Let D = Z[v±2 , v3, · · · , vm] and D/pk = Z/pk[v±2 , v3, · · · , vm].
Define conditions A,B,C as follows:

A : [m2 ] 6 n 6 l 6∞ or [m2 ] 6 l < n 6∞
B : n < [m2 ] 6 l 6∞ or n 6 l < [m2 ] 6∞
C : l < [m2 ] 6 n 6∞ or l < n < [m2 ] 6∞

Furthermore, we will use the following notations for convenience.

t̂i := tm+i, ĉi,j := cm+i,j , v̂i := vm+i, ĥji := hjm+i, b̂ji := bjm+î̂ti := t2m+i,
̂̂
bki := bk2m+i

̂̂ci,j := c2m+i,j , ω := pm
(2.1)

C0(k) = C1
0 (k)⊕ C2

0 (k)⊕ C3
0 (k)

C1
0 (k) = D/p{v̂sp

n

1 v̂tp
l

2 | 0 6 l < n 6∞, q1 6 k}

C2
0 (k) = D/p{v̂sp

n

1 v̂tp
l

2 | 0 6 n 6 l 6∞, q1 6 k}

C3
0 (k) = D/p{v̂sp

n

1 v̂tp
l

2 | q1 > k}
I1(k) = I1

1 (k)⊕ I2
1 (k)

I1
1 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2| 0 6 l < n 6∞, q1 6 k}

I2
1 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1| 0 6 n 6 l 6∞, q1 6 k}

Ca1 (k) = C1
1 (k)⊕ C2

1 (k)⊕ C3
1 (k)⊕ C4

1 (k)

C1
1 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2| 0 6 n 6 l 6∞, q1 6 k}

C2
1 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1| 0 6 l < n 6∞, q1 6 k}

C3
1 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1| q1 > k}

C4
1 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2| q1 > k}

Cb1(k) = ζ2C0(k) = ⊕8
i=5C

i
1(k)

C5
1 (k) = D/p{v̂sp

n

1 v̂tp
l

2 ζ2|A, q2 6 k}

C6
1 (k) = D/p{v̂sp

n

1 v̂tp
l

2 ζ2|B, q2 6 k}

C7
1 (k) = D/p{v̂sp

n

1 v̂tp
l

2 ζ2|C, q2 6 k}

C8
1 (k) = D/p{v̂sp

n

1 v̂tp
l

2 ζ2| q2 > k}

Ia2 (k) = D/p{v̂sp
n−1

1 v̂tp
m−1

2 ĥ0
1ĥ

0
2| q1 6 k}
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Ib2(k) = I1
2 (k)⊕ I2

2 (k)⊕ I3
2 (k)

I1
2 (k) = D/p{v̂sp

n

1 v̂tp
l

2 ζ1ζ2|A, q2 6 k}

I2
2 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2|B, q2 6 k}

I3
2 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2|C, q2 6 k}

C2(k) = ⊕10
i=1C

i
2(k)

C1
2 = D/p{v̂sp

n

1 v̂tp
l

2 ζ1ζ2|B, q2 6 k}

C2
2 = D/p{v̂sp

n

1 v̂tp
l

2 ζ1ζ2|C, q2 6 k}

C3
2 = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2|A, q2 6 k}

C4
2 = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2|C, q2 6 k}

C5
2 = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2|A, q2 6 k}

C6
2 = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2|B, q2 6 k}

C7
2 = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2| q2 > k}

C8
2 = D/p{v̂sp

n

1 v̂tp
l

2 ζ1ζ2| q2 > k}

C9
2 = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2| q2 > k}

C10
2 = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2| q2 > k}

I3(k) = ⊕6
i=1I

i
3(k)

I1
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2|B, q2 6 k}

I2
3 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2|C, q2 6 k}

I3
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2|A, q2 6 k}

I4
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2|C, q2 6 k}

I5
3 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2|A, q2 6 k}

I6
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2|B, q2 6 k}

C3(k) = ⊕6
i=1C

i
3(k)

C1
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2|C, q2 6 k}

C2
3 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2|B, q2 6 k}

C3
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2|A, q2 6 k}

C4
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2| q2 > k}
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C5
3 (k) = D/p{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2| q2 > k}

C6
3 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2| q2 > k}

I4(k) = I1
4 (k)⊕ I2

4 (k)⊕ I3
4 (k)

I1
4 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ1ζ2|C, q2 6 k}

I2
4 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ1ζ2|B, q2 6 k}

I3
4 (k) = D/p{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ1ζ2|A, q2 6 k}

C4(k) = D/p{v̂sp
n−1

1 v̂tp
l−1

2 ĥ0
1ĥ

0
2ζ1ζ2| q2 > k}.

Based on the modules above, we introduce the following submodules of
H∗L(k, v1), 1 6 k 6 [m2 ] + 2.

C̃0(k) = C̃1
0 (k)⊕ C̃2

0 (k)⊕ C̃3
0 (k)

C̃1
0 (k) = D/pl+1{v̂sp

n

1 v̂tp
l

2 /pl+1| 0 6 l < n 6∞, q1 6 k}

C̃2
0 (k) = D/pn+1{v̂sp

n

1 v̂tp
l

2 /pn+1| 0 6 n 6 l 6∞, q1 6 k}

C̃3
0 (k) = D/pk{v̂sp

n

1 v̂tp
l

2 /pk| q1 > k}

C̃1(k) = C̃1
1 (k)⊕ C̃2

1 (k)⊕ C̃3
1 (k)⊕ C̃4

1 (k)

C̃1
1 (k) = D/pn+1{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2/p

n+1| 0 6 n 6 l 6∞, q1 6 k}

C̃2
1 (k) = D/pl+1{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1/p

l+1| 0 6 l < n 6∞, q1 6 k}

C̃3
1 (k) = D/pk{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1/p

k| q1 > k}

C̃4
1 (k) = D/pk{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2/p

k| q1 > k}

ζ̃2C0(k) = ⊕8
i=5C̃

i
1(k)

C̃5
1 (k) = D/p[m

2
]+1{v̂sp

n

1 v̂tp
l

2 ζ2/p
[m

2
]+1|A, q2 6 k}

C̃6
1 (k) = D/pn+1{v̂sp

n

1 v̂tp
l

2 ζ2/p
n+1|B, q2 6 k}

C̃7
1 (k) = D/pl+1{v̂sp

n

1 v̂tp
l

2 ζ2/p
l+1|C, q2 6 k}

C̃8
1 (k) = D/pk{v̂sp

n

1 v̂tp
l

2 ζ2/p
k| q2 > k}

C̃2(k) = ⊕10
i=1C̃

i
2(k)

C̃1
2 = D/pn+1{v̂sp

n

1 v̂tp
l

2 ζ1ζ2/p
n+1|B, q2 6 k}

C̃2
2 = D/pl+1{v̂sp

n

1 v̂tp
l

2 ζ1ζ2/p
l+1|C, q2 6 k}

C̃3
2 = D/p[m

2
]+1{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2/p

[m
2

]+1|A, q2 6 k}

C̃4
2 = D/pl+1{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2/p

l+1|C, q2 6 k}
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C̃5
2 = D/p[m

2
]+1{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2/p

[m
2

]+1|A, q2 6 k}

C̃6
2 = D/pn+1{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2/p

n+1|B, q2 6 k}

C̃7
2 = D/pk{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2/p

k| q2 > k}

C̃8
2 = D/pk{v̂sp

n

1 v̂tp
l

2 ζ1ζ2/p
k| q2 > k}

C̃9
2 = D/pk{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ2/p

k| q2 > k}

C̃10
2 = D/pk{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ2/p

k| q2 > k}

C̃3(k) = ⊕6
i=1C̃

i
3(k)

C̃1
3 (k) = D/pl+1{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2/p

l+1|C, q2 6 k}

C̃2
3 (k) = D/pn+1{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2/p

n+1|B, q2 6 k}

C̃3
3 (k) = D/p[m

2
]+1{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2/p

[m
2

]+1|A, q2 6 k}

C̃4
3 (k) = D/pk{v̂sp

n−1
1 v̂tp

l

2 ĥ0
1ζ1ζ2/p

k| q2 > k}

C̃5
3 (k) = D/pk{v̂sp

n

1 v̂tp
l−1

2 ĥ0
2ζ1ζ2/p

k| q2 > k}

C̃6
3 (k) = D/pk{v̂sp

n−1
1 v̂tp

l−1
2 ĥ0

1ĥ
0
2ζ2/p

k| q2 > k}

C̃4(k) = D/pk{v̂sp
n−1

1 v̂tp
l−1

2 ĥ0
1ĥ

0
2ζ1ζ2/p

k| q2 > k}

The modules C̃i(k) (0 6 i 6 4) and ζ̃2C0(k) form basic building blocks of
H∗L(k, v1). Noted that the first non-trivial Adams-Novikov differential is
d2p−1 and for s > 4 ExtsBP∗BP (BP∗, BP∗L2T (m)/(pk, v1)) = 0 , we con-

clude that the Adams-Novikov spectral sequence for π∗(L2T (m)/(pk, v1))
collapses. Thus

H∗L(k, v1) ∼= π∗(L2T (m)/(pk, v1)).

The main theorem of this paper is as follows.

Theorem 2.1. If 1 6 k 6 [m2 ]+2, then the homology group H∗L(k, v1) and

the homotopy group π∗(L2T (m)/(pk, v1)) are isomorphic to the direct sum
of (

C̃0(k)⊕ C̃1(k)
)
⊗ E[ζ1]

and
ζ̃2C0(k)⊕ C̃2(k)⊕ C̃3(k)⊕ C̃4(k)

As a special case, if k = [m2 ] + 2, we can obtain the following corollary.

Corollary 2.2. The homology group H∗L([m2 ] + 2, v1) and then the homo-

topy group π∗(L2T (m)/(p[m
2

]+2, v1)) are isomorphic to the direct sum of(
C̃0

(
[m2 ] + 2

)
⊕ C̃1([m2 ] + 2)

)
⊗ E[ζ1]
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and

ζ̃2C0

(
[m2 ] + 2

)
⊕ C̃2

(
[m2 ] + 2

)
⊕ C̃3

(
[m2 ] + 2

)
⊕ C̃4

(
[m2 ] + 2

)
.

3. Some elements in the cobar complex

The structure maps ηR and ∆ of (Em(2)∗,Γ(2,m)) are induced from those
of (BP∗, BP∗BP ). Let vi be the Hazewinkel’s generators. In (BP∗, BP∗BP ),
ηR and ∆ are defined as follows:

ηR(mn) =
∑
i+j=n

mit
pi

j , (3.1)

∑
i+j=n

mi∆(tj)
pi =

∑
i+j+k=n

mit
pi

j ⊗ t
pi+j

k . (3.2)

vn =pmn −
n−1∑
i=1

miv
pi

n−i (3.3)

Furthermore, for the map ∆, we have the following lemma

Lemma 3.1. In the Hopf algebroid (BP∗, BP∗BP ), for k > −1, n > 0,

∆(tp
k+1

n ) =

n−1∑
i=1

vp
k+1

i bk+i
n−i +

∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j − pbkn, (3.4)

where b−1
n = 0, bkn (n > 1, k > 0) can be defined inductively by

pbkn =
n−1∑
i=1

vp
k+1

i bk+i
n−i +

∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j −∆(tn)p
k+1

. (3.5)

Furthermore, for all k > 1, we have

bkn ≡ (bk−1
n )p mod (p). (3.6)

To prove this lemma, recall some basic notations and properties of ∆ first.
Let I = (i1, i2, · · · , im) be a finite (possibly empty) sequence of positive
integers. Let |I| = m and ‖I‖ =

∑
it. Given sequences I and J , let IJ

denote the sequence (i1, · · · , im, j1, · · · , jn). Then we have |IJ | = |I| + |J |
and ‖IJ‖ = ‖I‖ + ‖J‖. For each sequence I, there is a symmetric integral

polynomial of degree p‖I‖ in any number of variables satisfying

(1) w∅ =
∑

t xt
(2) LetK = (k1, k2, · · · , km), K ′′ = (k1+k2, · · · , km), K ′′′ = (k2, · · · , km).

wK = 1
p(wK′′ − wp

k1

K′′′) (3.7)

(3) ∑
t

xp
‖K‖

t =
∑
IJ=K

p|J |wp
‖I‖

J (3.8)
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(4) Let wn = wn(x1, x2, · · · ) be the symmetric integral polynomial of
degree pn such that

w0 =
∑

xt and
∑
t

xp
n

t =
∑
t

pjwp
n−j

j .

Then

wI ≡ wp
‖I‖−|I|

|I| mod (p). (3.9)

Define vI by v∅ = 1 and vI = vi1(vI′)
a where a = pi1 and I ′ = (i2, i3, · · · ).

Let Mn = {ti ⊗ tp
i

n−i | 0 6 i 6 n} and let

∆n = Mn ∪
⋃
|J |>0

{vJwJ(∆n−‖J‖)}.

From Theorem 4.3.13 in Ravenel [Rav86], one can obtain

∆(tn) = w∅(∆n). (3.10)

Our proof of Lemma 3.1 is based on Equation (3.10).

Proof of Lemma 3.1. Let K = (k), Equation (3.8) implies

w(k) = 1
p

(∑
xp

k

t − w
pk

∅

)
(3.11)

Let bkn (k > 0, n > 1) be defined as

bkn =
∑
J

vp
k+1

J w(k+1,J)(∆n−‖J‖). (3.12)

This definition is equivalent to Equation (3.5). By induction on n. For
n = 1,

bk1 = 1
p

(
1⊗ tp

k+1

1 + tp
k+1

1 ⊗ 1− (1⊗ t1 + t1 ⊗ 1)p
k+1
)

= w(k+1)(∆1) =
∑
J

vp
k+1

J w(k+1,J)(∆1−‖J‖) by (3.11)

From n < m to n = m.

pbkm = p
∑
J

vp
k+1

J w(k+1,J)(∆m−‖J‖) by (3.12)

= p
∑
|J |>0

vp
k+1

J w(k+1,J)(∆m−‖J‖) + pw(k+1)(∆m)

= p
m−1∑
i=1

∑
J ′

vp
k+1

(i,J ′)w(k+1,i,J ′)(∆m−i−‖J ′‖) +
m−1∑
i=1

∑
J ′

vp
k+1

(i,J ′)w
pk+1

(i,J ′)(∆m−i−‖J ′‖)

+
∑

i+j=m

tp
k+1

i ⊗ tp
i+k+1

j −∆(tm)p
k+1

by (3.11)
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=
m−1∑
i=1

vp
k+1

i

∑
J ′

vp
i+k+1

J ′ (pw(k+1,i,J ′) + wp
k+1

(i,J ′))(∆m−i−‖J ′‖)

+
∑

i+j=m

tp
k+1

i ⊗ tp
i+k+1

j −∆(tm)p
k+1

=
m−1∑
i=1

vp
k+1

i

∑
J ′

vp
i+k+1

J ′ w(k+1+i,J ′)(∆m−i−‖J ′‖)

+
∑

i+j=m

tp
k+1

i ⊗ tp
i+k+1

j −∆(tm)p
k+1

by (3.7)

=

m−1∑
i=1

vp
k+1

i bk+i
m−i +

∑
i+j=m

tp
k+1

i ⊗ tp
i+k+1

j −∆(tm)p
k+1

by (3.12)

This completes the proof of equivalence of two definitions.
Next, we will prove Equation (3.4). By induction, if k = −1,

∆(tn) = w∅(∆n)

=
∑
i+j=n

ti ⊗ tp
i

j +
∑
|J |>0

vJwJ(∆n−‖J‖)

=
n−1∑
i=1

∑
J ′

v(i,J ′)w(i,J ′)(∆n−i−‖J ′‖) +
∑
i+j=n

ti ⊗ tp
i

j J = (i, J ′)

=

n−1∑
i=1

vi
∑
J ′

vp
i

J ′w(i,J ′)(∆n−i−‖J ′‖) +
∑
i+j=n

ti ⊗ tp
i

j

=
n−1∑
i=1

vib
i−1
n−i +

∑
i+j=n

ti ⊗ tp
i

j by (3.12)

If k > 0

∆(tp
k+1

n ) = (w∅(∆n))p
k+1

by (3.10)

=
∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j +
∑
|J |>0

vp
k+1

J wp
k+1

J (∆n−‖J‖)− pw(k+1)(∆n)

by (3.11)

=

n−1∑
i=1

∑
J ′

vp
k+1

(i,J ′)w
pk+1

(i,J ′)(∆n−i−‖J ′‖)− pw(k+1)(∆n)

+
∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j J = (i, J ′)
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=
n−1∑
i=1

∑
J ′

vp
k+1

(i,J ′)

(
w(k+1+i,J ′)(∆n−i−‖J ′‖)

− pw(k+1,i,J ′)(∆n−i−‖J ′‖)
)
− pw(k+1)(∆n) +

∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j

by (3.7)

=
n−1∑
i=1

vp
k+1

i

∑
J ′

vp
i+k+1

J ′ w(k+1+i,J ′)(∆n−i−‖J ′‖)

−
∑

|(i,J ′)|>0

pvp
k+1

(i,J ′)w(k+1,i,J ′)(∆n−i−‖J ′‖)− pw(k+1)(∆n)

+
∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j by (3.7)

=
n−1∑
i=1

vp
k+1

i bk+i
n−i − pb

k
n +

∑
i+j=n

tp
k+1

i ⊗ tp
i+k+1

j by (3.12)

This proves Equation (3.4) for k > 0.
For the final claim, the equation

wI ≡ wp
‖I‖−|I|

|I| mod (p)

implies that

bkn =
∑
J

vp
k+1

J w(k+1,J)(∆n−‖J‖)

≡
∑
J

vp
k+1

J wp
‖J‖−|J|+k

|J |+1 (∆n−‖J‖) mod (p).

(bk−1
n )p =

(∑
J

vp
k

J w(k,J)(∆n−‖J‖)

)p

≡

(∑
J

vp
k

J w
p‖J‖−|J|+k−1

|J |+1 (∆n−‖J‖)

)p
mod (p)

≡
∑
J

vp
k+1

J wp
‖J‖−|J|+k

|J |+1 (∆n−‖J‖) mod (p)

This completes the proof. �

Based on these formulas, we can compute ηR and ∆ in (Em(2)∗,Γ(2,m)).
With the notations defined in Equation (2.1), their structures are shown in
the lemma below.

Lemma 3.2. In the Hopf algebroid (Em(2)∗,Γ(2,m)), ηR(vi) (1 6 k 6 m+

5) and ∆(tp
j

n ) (j > 0) are given as follows:
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ηR(vk) = vk (1 6 k 6 m)

ηR(v̂1) = v̂1 + pt̂1

ηR(v̂2) = v̂2 + pt̂2 mod (v1)

ηR(v̂3) = v̂3 + v2t̂
p2

1 − v
pω
2 t̂1 + pt̂3 mod (p2, v1)

ηR(v̂4) = v̂4 + v3t̂
p3

1 + v2t̂
p2

2 − v
pω
3 t̂1

− vp
2ω

2 t̂2 + pt̂4 mod (p2, v1)

ηR(v̂5) = v̂5 + v2t̂
p2

3 − v
p3ω
2 t̂3 + v4t̂

p4

1 − v
pω
4 t̂1

+ v3t̂
p3

2 − v
p2ω
3 t̂2 − v2û3,2 + pt̂5 mod (p2, v1)

∆(tp
j

n ) = tp
j

n ⊗ 1 + 1⊗ tpjn +
n−m−1∑
i=2

vp
j

i b
i+j−1
n−i

− pbj−1
n (for m+ 1 6 n 6 2m+ 1) mod (v1)

∆(̂̂t pj2 ) = ̂̂t pj2 ⊗ 1 + 1⊗ ̂̂t pj2 + t̂ p
j

1 ⊗ t̂
pj+1ω
1

+
m+1∑
i=2

vp
j

i b̂
i+j−1
m+2−i − p

̂̂
bj−1
2 mod (v1)

∆(̂̂t pj3 ) = ̂̂t pj3 ⊗ 1 + 1⊗ ̂̂t pj3 + t̂ p
j

1 ⊗ t̂
pj+1ω
2

+ t̂ p
j

2 ⊗ t̂
pj+2ω
1 +

m+2∑
i=2

vp
j

i b̂
i+j−1
m+3−i − p

̂̂
bj−1
3 mod (v1)

where

pû3,2 = (v̂3 + v2t̂
p2

1 − v
pω
2 t̂1)p

2 − v̂p
2

3

− vp
2

2 t̂
p4

1 + vp
3ω

2 t̂ p
2

1 .

Thus in Γ(2,m)

v2t̂
p2

1 = vpω2 t̂1 − pt̂3 mod (p2, v1)

v2t̂
p2

2 = vp
2ω

2 t̂2 − v3v
p2ω−p
2 t̂ p1 + vpω3 t̂1 − pt̂4 mod (p2, v1)

v2t̂
p2

3 = vp
3ω

2 t̂3 − v4t̂
p4

1 + vpω4 t̂1 − v3t̂
p3

2 + vp
2ω

3 t̂2

− pt̂5 mod (p2, v1)

(3.13)

Proof. From Equations (3.1) and (3.3), we have ηR(vi) (1 6 k 6 m + 5)
by induction. In Γ(2,m), if i > m + 3, then vi = 0. Thus from ηR(v̂3),
ηR(v̂4) and ηR(v̂5), we can obtain the equivalence relations in (3.13). In the
computations, noted that û3,2 ≡ 0 mod (p2, v1).
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The computations of ∆ are directly from Lemma 3.1. �

Apply the structure map of ηR and ∆ in (Em(2)∗,Γ(2,m)), we can con-
struct two elements ζ1, ζ2 with the following properties. The proofs are
shown in Section 5.

Lemma 3.3. In the cobar complex Ω1
Γ(2,m)(Em(2)∗/(p

[m
2

]+2, v1)), there is a

cocycle ζ1 for each m.

ζ1 =

{
t̂ p2 + · · · if m is even,

t̂ p1 + · · · if m is odd.

Lemma 3.4. In the cobar complex Ω1
Γ(2,m)(Em(2)∗)/(p

[m
2

]+2, v1)), there is

a cochain ζ2. If m is even, then

ζ2 = t̂ p1 + · · · , dζ2 = p[m
2

]+1t̂ p2 ⊗ t̂
p
1

If m is odd, then

ζ2 = t̂ p2 + · · · , dζ2 = p[m
2

]+1t̂ p1 ⊗ t̂
p
2

4. The connecting homomorphisms

Recall that the short exact sequence

0→M0
2

pk−→ L(k + 1, 1) −→ L(k, 1)→ 0

induces a long exact sequence

· · · → Hs,∗M0
2

pk−→ Hs,∗L(k + 1, 1) −→ Hs,∗L(k, 1)
δs−→ Hs+1,∗M0

2 → · · · .
Let q1 = min{n+1, l+1} and q2 = min{n+1, l+1, [m2 ]+1}. The connecting
homomorphisms of this long exact sequence will be explored.

Lemma 4.1. For the connecting homomorphism δ0 : H0L(k, 1) −→ H1M0
2 ,

we have that

(1) In C̃1
0 (k)

δ0

(
v̂sp

n

1 v̂tp
l

2

pl+1

)
= tv̂sp

n

1 v̂tp
l−1

2 t̂2

(2) In C̃2
0 (k)

δ0

(
v̂sp

n

1 v̂tp
l

2

pn+1

)
= sv̂sp

n−1
1 v̂tp

l

2 t̂1.

(3) In C̃3
0 (k), δ0 = 0.

Proof. If q1 6 k, it is a direct computation from

d(v̂sp
n

1 ) =spn+1v̂sp
n−1

1 t̂1 + · · ·

d(v̂tp
l

2 ) =tpl+1v̂tp
l−1

2 t̂2 + · · · mod (v1).
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If q1 > k, in H1M0
2 , we obtain that

δ0

(
v̂sp

n

1 v̂tp
l

2

pk

)
= pq1−kδ0

(
v̂sp

n

1 v̂tp
l

2

pq1

)
= 0

�

From Lemma 4.1, It is concluded that the cokernel of δ0 is C1(k) ⊕
ζ1C0(k)⊕ ζ2C0(k).

Lemma 4.2. The connecting homomorphism δ1 : H1L(k, 1) −→ H2M0
2

acts on the sub-modules C̃1(k)⊕ ζ̃2C0(k) as:

(1) In C̃1
1 (k)

δ1

(
v̂sp

n

1 v̂tp
l−1

2 t̂2
pn+1

)
= sv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2.

In C̃2
1 (k)

δ1

(
v̂sp

n−1
1 v̂tp

l

2 t̂1
pl+1

)
= tv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2.

(2) In C̃5
1 (k)

δ1

(
v̂sp

n

1 v̂tp
l

2 ζ2

p[m
2

]+1

)
= v̂sp

n

1 v̂tp
l

2 ζ1ζ2.

(3) In C̃6
1 (k)

δ1

(
v̂sp

n

1 v̂tp
l

2 ζ2

pn+1

)
= sv̂sp

n−1
1 v̂tp

l

2 t̂1ζ2.

(4) In C̃7
1 (k)

δ1

(
v̂sp

n

1 v̂tp
l

2 ζ2

pl+1

)
= tv̂sp

n

1 v̂tp
l−1

2 t̂2ζ2.

(5) In C̃3
1 (k), C̃4

1 (k) and C̃8
1 (k), δ1 = 0.

Proof. From

d(v̂sp
n

1 ) ≡ spn+1v̂sp
n−1

1 t̂1 + · · · ,

d(v̂tp
l

2 ) ≡ tpl+1v̂tp
l−1

2 t̂2 + · · · mod (v1)
(4.1)

we conclude that for s 6= 0, t 6= 0

d(v̂sp
n−1

1 t̂1 + · · · ) ≡ 0,

d(v̂tp
l−1

2 t̂2 + · · · ) ≡ 0 mod (v1).

This implies the equations in (1). Equations in (2)-(4) are concluded from

Equation (4.1) and mod (p[m
2

]+2, v1)

dζ2 = p[m
2

]+1t̂ p2 ⊗ t̂
p
1 (m is even)
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dζ2 = p[m
2

]+1t̂ p1 ⊗ t̂
p
2 (m is odd).

If q1 > k

δ1

(
v̂sp

n

1 v̂tp
l−1

2 t̂2
pk

)
= pq1−kδ1

(
v̂sp

n

1 v̂tp
l−1

2 t̂2
pq1

)
= 0

δ1

(
v̂sp

n−1
1 v̂tp

l

2 t̂2
pk

)
= pq1−kδ1

(
v̂sp

n−1
1 v̂tp

l

2 t̂2
pq1

)
= 0

If q2 > k

δ1

(
v̂sp

n

1 v̂tp
l

2 ζ2

pk

)
= pq2−kδ1

(
v̂sp

n

1 v̂tp
l

2 ζ2

pq2

)
= 0

�

Lemma 4.3. The connecting homomorphism δ2 : H2L(k, 1) −→ H3M0
2 is:

(1) In C̃1
2 (k)

δ2

(
v̂sp

n

1 v̂tp
l

2 ζ1ζ2

pn+1

)
= sv̂sp

n−1
1 v̂tp

l

2 t̂1ζ1ζ2

In C̃2
2 (k)

δ2

(
v̂sp

n

1 v̂tp
l

2 ζ1ζ2

pl+1

)
= tv̂sp

n

1 v̂tp
l−1

2 t̂2ζ1ζ2

(2) In C̃3
2 (k)

δ2

(
v̂sp

n−1
1 v̂tp

l

2 t̂1ζ2

p[m
2

]+1

)
= v̂sp

n−1
1 v̂tp

l

2 t̂1ζ1ζ2.

In C̃4
2 (k)

δ2

(
v̂sp

n−1
1 v̂tp

l

2 t̂1ζ2

pl+1

)
= tv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ2.

(3) In C̃5
2 (k)

δ2

(
v̂sp

n

1 v̂tp
l−1

2 t̂2ζ2

p[m
2

]+1

)
= v̂sp

n

1 v̂tp
l−1

2 t̂2ζ1ζ2

In C̃6
2 (k)

δ2

(
v̂sp

n

1 v̂tp
l−1

2 t̂2ζ2

pn+1

)
= sv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ2

(4) In C̃i2(k) (7 6 i 6 10), δ2 = 0.

Proof. Noted that d(ζ1) ≡ 0 mod (p[m
2

]+2, v1). It is obvious by similar
discussions in proofs of Lemma 4.1 and 4.2. �

Lemma 4.4. The connecting homomorphism δ3 : H3L(k, 1) −→ H4M0
2 is:
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(1) In C̃1
3 (k)

δ3

(
v̂sp

n−1
1 v̂tp

l

2 t̂1ζ1ζ2

pl+1

)
= tv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ1ζ2

(2) In C̃2
3 (k)

δ3

(
v̂sp

n

1 v̂tp
l

2 − 1t̂2ζ1ζ2

pn+1

)
= sv̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ1ζ2

(3) In C̃3
3 (k)

δ3

(
v̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ2

p[m
2

]+1

)
= v̂sp

n−1
1 v̂tp

l−1
2 t̂1t̂2ζ1ζ2

(4) In C̃i3(k) (4 6 i 6 6), δ3 = 0.

Proof. It is obvious. �

Lemma 4.5. The connecting homomorphism δ4 : H4L(k, 1) −→ H5M0
2 is

zero.

Proof. Since H5M0
2 = 0, it is clear that δ4 = 0. �

Proof of Theorem 2.1. From the connecting homomorphisms δi (0 6 i 6
4), The following exact sequences can be constructed.

0 −→ C0(k) −→ C̃0(k + 1) −→ C̃0(k)
δ0−→ I1(k) −→ 0

0 −→ C1(k) −→ C̃1(k + 1) −→ C̃1(k)
δ1−→ Ia2 (k) −→ 0

0 −→ ζ1C0(k) −→ ζ1C̃0(k + 1) −→ ζ1C̃0(k)
δ1−→ ζ1I1(k) −→ 0

0 −→ ζ2C0(k) −→ ζ̃2C0(k + 1) −→ ζ̃2C0(k)
δ1−→ Ib2(k) −→ 0

0 −→ ζ1C1(k) −→ ζ1C̃1(k + 1) −→ ζ1C̃1(k)
δ2−→ ζ1I

a
2 (k) −→ 0

0 −→ C2(k) −→ C̃2(k + 1) −→ C̃2(k)
δ2−→ I3(k) −→ 0

0 −→ C3(k) −→ C̃3(k + 1) −→ C̃3(k)
δ3−→ I4(k) −→ 0

0 −→ C4(k) −→ C̃4(k + 1) −→ C̃4(k)
δ4−→ 0

From the structure of H∗M0
2

H0M0
2 = C0(k)
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H1M0
2 = I1(k)⊕ C1(k)⊕ ζ1C0(k)⊕ ζ2C0(k)

H2M0
2 = Ia2 (k)⊕ ζ1I1(k)⊕ ζ1C1(k)⊕ Ib2(k)⊕ C2(k)

H3M0
2 = I3(k)⊕ C3(k)

H4M0
2 = I4(k)⊕ C4(k)

It is easy to prove that

coker δ0 = C1(k)⊕ ζ1C0(k)⊕ ζ2C0(k)

coker δ1 = ζ1C1(k)⊕ C2(k)

coker δ2 = C3(k)

coker δ3 = C4(k)

Consequently, we can construct p-torsion submodules B∗(k) of H∗L(k, 1)

B0(k) = C̃0(k)

B1(k) = C̃1(k)⊕ ζ1C̃0(k)⊕ ζ̃2C0(k)

B2(k) = C̃2(k)⊕ ζ1C̃1(k)

B3(k) = C̃3(k)

B4(k) = C̃4(k)

Bi(k) = 0 (i > 4)

such that the following diagram is commutative

· · · // HsM0
2

pk //

��

Bs(k + 1)

��

// Bs(k)
δs //

��

Hs+1M0
2

��

//

��

· · ·

· · · // HsM0
2

pk // HsL(k + 1, 1) // HsL(k, 1)
δs // Hs+1M0

2
// · · ·

Thus from the Bockstein spectral sequence (see [MiRW77], Remark 3.11),
we conclude that

H∗L(k, 1) ∼=
(

(C̃0(k)⊕ C̃1(k))⊗ E[ζ1]
)

⊕ ζ̃2C0(k)⊕ C̃2(k)⊕ C̃3(k)⊕ C̃4(k)

�

5. Differentials of ĥ1
1 and ĥ1

2

In this section, we will prove Lemma 3.3 and Lemma 3.4. The construc-
tions of elements ζ1 and ζ2 are based on a collection of elements ĉi,j =
cm+i,j (1 6 i 6 m+ 3, j > 1).

ĉ1,j = t̂ p
j

1 , ĉ2,j = t̂ p
j

2 ,
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ĉk,j =

k−1∑
i=2

vp
j

i p
g(k,k−i)−1ĉk−i,i+j + pg(k)−1t̂ p

j

k (3 6 k 6 m+ 3).

where

g(k) =
[
k+1

2

]
, g(k, t) =

[
k+1

2

]
−
[
t+1

2

]
.

The leading item of ĉi,j is related to t̂1, t̂
p
1 , t̂2, t̂

p
2 . Define j̄ as following.

j̄ =

{
0 j is even,

1 j is odd.

Lemma 5.1. For k > 1, j > 1, we have

ĉk,j ≡

{
t̂ p

j̄

1 mod (p, v1, v2 − 1) k is odd,

t̂ p
j̄

2 mod (p, v1, v2 − 1, t̂ p1 , t̂1) k is even.

Proof. From Equation (3.13), we have

t̂ p
2

1 = t̂1 mod (p, v1, v2 − 1)

t̂ p
2

2 = t̂2 − v3t̂
p
1 + vpω3 t̂1 mod (p, v1, v2 − 1)

≡ t̂2 mod (p, v1, v2 − 1, t̂ p1 , t̂1)

(5.1)

Thus, if k = 1, then

ĉ1,j = t̂ p
j

1 ≡ t̂
pj̄

1 mod (p, v1, v2 − 1)

If k is odd and 3 6 k 6 m+ 3, then from the definition of ĉk,j ,

ĉk,j ≡ ĉk−2,2+j mod (p, v2 − 1)

By induction, mod (p, v1, v2 − 1)

ĉk,j ≡ ĉ1,j+k−1 ≡ t̂ p
j+k−1

1 ≡ t̂ p
j̄

1

If k = 2, then

ĉ2,j = t̂ p
j

2 ≡ t̂
pj̄

2 mod (p, v1, v2 − 1, t̂ p1 , t̂1)

If k is even and 3 6 k 6 m+ 3, from the definition of ĉk,j ,

ĉk,j ≡ vp
j

2 ĉk−2,2+j + vp
j

3 ĉk−3,3+j mod (p)

≡ ĉk−2,2+j mod (p, v1, v2 − 1, t̂ p1 , t̂1) (k − 3 is odd)

By induction, mod (p, v1, v2 − 1, t̂ p1 , t̂1)

ĉk,j ≡ ĉ2,j+k−2 ≡ t̂ p
j+k−2

2 ≡ t̂ p
j̄

2

This completes the proof. �
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Apply Lemma 3.2, we can obtain the differentials of ĉi,j mod (v1).

dĉk,j = pg(k)b̂j−1
k (1 6 k 6 m+ 1),

d( ̂̂c2,j) = pg(m+2)̂̂bj−1
2 + pg(m+2)−2d(v̂p

j

1 )ĉ1,m+1+j

− pg(m+2)−1t̂ p
j

1 ⊗ t̂
pj+1ω
1 ,

d( ̂̂c3,j) = pg(m+3)̂̂bj−1
3

+ pg(m+3)−2[d(v̂p
j

1 )ĉ2,m+1+j + d(v̂p
j

2 )ĉ1,m+2+j ]

− pg(m+3)−1(t̂ p
j

1 ⊗ t̂
pj+1ω
2 + t̂ p

j

2 ⊗ t̂
pj+2ω
1 ).

(5.2)

Thus, if m = 2s

d( ̂̂c2,j) = −pst̂ p
j

1 ⊗ t̂
pj+1ω
1 + ps+1̂̂bj−1

2 + ps−1d(v̂p
j

1 )ĉ1,2s+1+j ,

d( ̂̂c3,1) ≡ −ps+1(t̂ p1 ⊗ t̂
p2ω
2 + t̂p2 ⊗ t̂

p3ω
1 ) mod (ps+2, v1),

If m = 2s− 1

d( ̂̂c2,j) =− pst̂ p
j

1 ⊗ t̂
pj+1ω
1 + ps+1̂̂bj−1

2 + ps−1d(v̂p
j

1 )ĉ1,2s+j ,

d( ̂̂c3,1) ≡− ps(t̂ p1 ⊗ t̂
p2ω
2 + t̂ p2 ⊗ t̂

p3ω
1 ) mod (ps+1, v1),

We will construct ζ1 from ̂̂c2,1 and construct ζ2 from ̂̂c3,1, respectively.
Before the construction, a technical lemma will be proved first.

Lemma 5.2. Let i, j, k be integers in {0, 1}. There exists a non-negative
integer N depending on i, j, k such that

pN t̂ p
j

1 ⊗ t̂
pk

1+i

is a coboundary in the cobar complex ΩΓ(2,m)(Em(2)∗/(p
N+1, v1)).

Proof. In the following, the underlined elements with the same subscripts
amount to zero.

(1) t̂1 ⊗ t̂1, t̂ p1 ⊗ t̂
p
1 , t̂2 ⊗ t̂2, t̂ p2 ⊗ t̂

p
2

d(−1
2 t̂

2
1 ) = t̂1 ⊗ t̂1,

d(−1
2 t̂

2p
1 ) = t̂ p1 ⊗ t̂

p
1 mod (p)

d(−1
2 t̂

2
2 ) = t̂2 ⊗ t̂2 mod (v1)

d(−1
2 t̂

2p
2 ) = t̂ p2 ⊗ t̂

p
2 mod (p, v1)
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(2) t̂1 ⊗ t̂2

d(v̂1t̂2) = pt̂1 ⊗ t̂2

(3) t̂1 ⊗ t̂p1

d(v̂1t̂
p3

1 ) = pt̂1 ⊗ t̂ p
3

1 + v̂1 · pb̂211
,

d(pv−p2 v̂1t̂
p
3 ) = p2v−p2 t̂1t̂

p
3 − pv̂1b̂

2
11

+ p2v−p2 v̂1b̂
0
3,

Then

d(v̂1t̂
p3

1 + pv−p2 v̂1t̂
p
3 ) ≡ pt̂1 ⊗ t̂ p

3

1 mod (p2)

≡ pvp
2ω−p

2 t̂1 ⊗ t̂ p1 mod (p2, v1)

Let a = vp−p
2ω

2 (v̂1t̂
p3

1 + pv−p2 v̂1t̂
p
3 ). Thus

d(a) ≡ pt̂1 ⊗ t̂ p1 mod (p2, v1).

(4) t̂1 ⊗ t̂ p2

d(v̂1t̂
p3

2 ) = pt̂1 ⊗ t̂ p
3

2 + pv̂1b̂
2
21
,

d(pv−p2 v̂1t̂
p
4 ) ≡ −pv̂1b̂

2
21
− pv−p2 vp3 v̂1b̂

3
12

mod (p2)

d(−pv−p
2−p

2 vp3 v̂1t̂
p2

3 ) ≡ pv−p2 vp3 v̂1b̂
3
12

mod (p2).

These imply that pt̂1 ⊗ t̂ p
3

2 is a coboundary modulo (p2). Furthermore,

pt̂1 ⊗ t̂ p
3

2 ≡ pt̂1 ⊗ (vp
2ω−1

2 t̂2 − v3v
p2ω−p−1
2 t̂ p1

+ v−1
2 vpω3 t̂1)p mod (p2, v1)

From (1) and (3), pt̂1⊗t̂1, pt̂1⊗t̂ p1 mod (p2, v1) are coboundaries. Hence
we can find an element a2 such that

d(a2) ≡ pt̂1 ⊗ t̂ p2 mod (p2, v1)

(5) t̂2 ⊗ t̂ p1 , t̂2 ⊗ t̂ p2
By similar discussions in (3) and (4), we can obtain a3, a4 such that

d(a3) ≡ pt̂2 ⊗ t̂ p1 mod (p2, v1),



THE HOMOTOPY GROUPS OF L2T (m)/(p[ m
2

]+2, v1) FOR m > 1 1143

d(a4) ≡ pt̂2 ⊗ t̂ p2 mod (p2, v1).

(6) t̂ p1 ⊗ t̂
p
2

It will be proved in Lemma 3.4.

�

Based on this lemma, we will finish the constructions of ζ1, ζ2 and prove
Lemma 3.3 and Lemma 3.4.

Proof of Lemma 3.4. If m = 2s, [m2 ] + 2 = s+ 2. Equation (5.2) implies

that mod (ps+2, v1, v2 − 1)

d( ̂̂c3,1) ≡ −ps+1(t̂ p1 ⊗ t̂
p2ω
2 + t̂ p2 ⊗ t̂

p3ω
1 )

≡ −ps+1(t̂ p1 ⊗ t̂
p2ω
2 + t̂ p2 ⊗ t̂

p
1 )

From Equation (3.13),

v2t̂
p2

2 = vp
2ω

2 t̂2 − v3v
p2ω−p
2 t̂ p1 + vpω3 t̂1 mod (p, v1)

Thus, by induction, t̂ p1 ⊗ t̂
p2ω
2 is a linear combination of t̂ p1 ⊗ t̂2, t̂

p
1 ⊗ t̂

p
1 , t̂

p
1 ⊗ t̂1

with coefficients in Z/p[v2, v3]. This implies that there exists an element ζ2

such that

d(ζ2) = ps+1t̂ p2 ⊗ t̂
p
1 mod (ps+2, v1)

Furthermore, ζ2’s leading item is same as the one of ̂̂c3,1, which is t̂ p1 .
Ifm = 2s−1, [m2 ]+2 = s+1. Equation (5.2) shows that mod (ps+1, v1, v2−

1)

d( ̂̂c3,1) ≡ −ps(t̂ p1 ⊗ t̂
p2ω
2 + t̂ p2 ⊗ t̂

p3ω
1 )

≡ −ps+1(t̂ p1 ⊗ t̂
p2ω
2 + t̂ p2 ⊗ t̂

p
1 )

By similar discussions as the case m = 2s, we have an element ζ2 with a
leading item t̂ p1 and

d(ζ2) = pst̂ p1 ⊗ t̂
p
2 mod (ps+1, v1)

This completes the proof. �

Proof of Lemma 3.3. If m = 2s, then [m2 ] + 2 = s + 2. Equation (5.2)
implies the differential of c2m+2,3 is as follows

d( ̂̂c2,3) = −pst̂ p
3

1 ⊗ t̂
p4ω
1 + ps+1̂̂b22 + ps−1d(v̂p

3

1 )ĉ1,2s+4

Since d(v̂p
3

1 ) ≡ 0 mod (p3), we can obtain the following equivalence rela-
tion modulo (ps+2, v1). The underlined elements with the same subscripts
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amount to zero.

d( ̂̂c2,3) ≡ −pst̂ p
3

1 ⊗ t̂
p4ω
1 + ps+1̂̂b22

≡ −psvN2 t̂
p3

1 ⊗ t̂
p2

1 + ps+1̂̂b22 by (3.13)

≡ −psvN+pω−1
2 t̂ p

3

1 ⊗ t̂11

+ ps+1vN+p2ω−p−1
2 t̂ p1 ⊗ t̂32

+ ps+1̂̂b223
by (3.13)

(5.3)

Here N is the unique integer which satisfies

t̂ p
4ω

1 ≡ vN2 t̂
p2

1 mod (p, v1).

Let a1 = vN+pω−1
2 t̂ p

3

1 ηR(v̂1) and a2 = vN+pω−p−1
2 t̂ p3 ηR(v̂1).

d(−ps−1a1) = psvN+pω−1
2 [t̂ p

3

1 ⊗ t̂11
− b̂21ηR(v̂1)

4
]

d(−psa2) ≡ psvN+pω−p−1
2 [pt̂ p3 ⊗ t̂15

+ vp2 b̂
2
1ηR(v̂1)

4

− pb̂03ηR(v̂1)]

d(ps+1v−p2
̂̂t p4 ) ≡ −ps+1v−p2 (vp2

̂̂
b22 + vp3

̂̂
b31 + · · ·+ v̂p2 b̂

2s+2
2 )

− ps+1v−p2 (t̂ p1 ⊗ t̂
p2ω
3 + t̂ p2 ⊗ t̂

p3ω
2

+ t̂ p3 ⊗ t̂
p4ω
1 ) + ps+2v−p2

̂̂
b04

≡ −ps+1̂̂b223
− ps+1vN+p2s+2−p−1

2 t̂ p1 ⊗ t̂32

− ps+1vN+p2s+1−p−1
2 t̂ p3 ⊗ t̂15

− ps+1(vp3
̂̂
b31 + · · ·+ v̂p2 b̂

2s+2
2 ) + · · ·

(5.4)

Here · · · is a linear combination of items t̂ p1 ⊗ t̂
p
2 , t̂ p1 ⊗ t̂2, t̂ p1 ⊗ t̂

p
1 , t̂ p1 ⊗ t̂1.

Thus it is a coboundary modulo (ps+1, v1). Apply Equation (5.2), it is not
difficult to check that mod (ps+1, v1)

ps+1vN+p2s+1−p−1
2 b̂03ηR(v̂1)

ps+1(vp3
̂̂
b31 + · · ·+ v̂p2 b̂

2s+2
2 )

are coboundaries. Consequently, we have an element α such that

d(α) ≡ 0 mod (ps+2, v1)

The leading term of α is same as the leading term of ̂̂c2,3, which is t̂ p2 .
Next, if m = 2s− 1 (s > 1), then [m2 ] + 1 = s+ 1. Equation (5.2) implies

that mod (ps+1, v1)

d( ̂̂c2,3) = −pst̂ p
3

1 ⊗ t̂
p3ω
1 + ps+1̂̂b22 + ps−1d(v̂p

3

1 )ĉ1,2s+3 (5.5)
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Since d(v̂p
3

1 ) ≡ 0 mod (p3), we can obtain

d( ̂̂c2,3) ≡ −pst̂ p
3

1 ⊗ t̂
p3ω
1 mod (ps+1, v1)

≡ −psvN2 t̂
p
1 ⊗ t̂

p
1 mod (ps+1, v1)

(5.6)

Here N is the unique integer which satisfies

t̂ p
3ω

1 ≡ vN2 t̂
p
1 mod (p, v1).

Since

d(−p
s

2
vN2 t̂

2p
1 ) = psvN2 t̂

p
1 ⊗ t̂

p
1

Let β = ̂̂c2,3 − ps

2 v
N
2 t̂

2p
1 . We have

β ≡ ̂̂c2,3 mod (p), d(β) ≡ 0 mod (ps+1, v1)

From Lemma 5.1, β has a leading item t̂ p1 .
Let ζ1 = α if m = 2s and ζ1 = β if m = 2s − 1. It is obvious that ζ1

satisfies all assumptions of Lemma 3.3. This completes the proof. �
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