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Cu-nuclearity implies LLP and exactness

Cristian Ivanescu and Dan Kučerovský

Abstract. The Cu-nuclearity property is an analogue of Skandalis’s notion
of K-nuclearity, adapted to the case of Cuntz semigroups of C*-algebras. We
prove that this implies nuclearity, and we introduce a weaker form of the
condition. We prove that the new condition weak Cu-nuclearity, for simple
separable C*-algebras, implies exactness and the local lifting property (LLP).
We also prove that if A is a simple C*-algebra with the weak Cu-nuclearity
property, and B is any simple C*-algebra, thenA⊗minB = A⊗maxB.We prove
that Cu-nuclearity does imply nuclearity, and that in some cases this is also
true for weak Cu-nuclearity.

A unital C*-algebra is a noncommutative generalization of the algebra C(X)
of continuous functions on a compact topological space. In this commutative
case there is a straightforward and essentially unique way to de�ne a tensor
product of these objects. In the noncommutative case, the situation is compli-
cated by the fact that there is, in general, more than one C*-norm that one can
put on the tensor product of C*-algebras.

The Cuntz semigroup has become a standard technical tool for the study
of C*-algebras. The Cuntz semigroup Cu(A) can be de�ned to be an ordered
semigroup with elements given by the positive elements of A ⊗ K, modulo
an equivalence relation [10]. The projection-class elements are those elements
that are equivalent to projections of A⊗K.

The following de�nition for the Cuntz semigroups was suggested in [7]:
De�nition 1. AC*-algebraA isCu-nuclear if the canonical quotient map from
A⊗maxB to A⊗minB induces isomorphisms at the level of Cuntz semigroups
for all C*-algebras B. We further say that a C*-algebra A is weakly Cu-nuclear
if Cu(A⊗maxB) is isomorphic as a Cuntz semigroup to Cu(A⊗minB) for all C*-
algebras B.

At �rst glance, these conditions might seem very similar, but the di�erence
is that in the �rst de�nition, we are adding conditions to a speci�c C*-algebraic
map, whereas in the second de�nition, the given data consists of a collection
of Cuntz semigroup isomorphisms. It is generally quite hard to deduce C*-
algebraic statements from being given a Cu-isomorphism.

The question was posed there of whether either or both of these properties
might imply nuclearity. Due to recent work by Pisier [11], this now seems less
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likely to be true in full generality, however, we obtained several positive results
in this direction. We present the short proofs in this note. These results give
ways in which C*-algebra isomorphisms (of full and reduced tensor products)
can be deduced fromCuntz semigroup isomorphisms, and this is of course very
much in the spirit of the classi�cation program for C*-algebras.

Theorem 2. Let A and B be C*-algebras with �nitely many ideals. Let the C*-
algebra A have the weak Cu-nuclear property. Then

A⊗minB = A⊗maxB.
Proof. Suppose that it is not true thatA⊗minB = A⊗maxB. Then the canonical
quotient map

ℎ∶ A⊗maxB → A⊗minB
has a nontrivial kernel, denoted, say, I ⊂ A⊗maxB. Combes [3] has shown that
ideals of a C*-algebra correspond to order ideals of the positive cone. We now
observe that this mapping is well-de�ned at the level of Cuntz semigroups, i.e.,
we claim that if I is an ideal in a C*-algebra C then

{
[a] ∈ Cu(C) | a ∈ (I ⊗K)

}

is an order ideal in Cu(C), and conversely that if J is an order ideal in Cu(C)
then the set {c ∈ C| [cc∗] ∈ J} is an ideal in C. On the other hand, [1, II.9.6.7],
ifA and B are simple, or more generally, have �nitely many ideals, then a �nite
set is dense in the primitive ideal space of the minimal tensor productA⊗minB,
implying that the minimal tensor product itself has �nitely many order ideals.
From the hypothesis thatA has the weak Cu-nuclearity property, it follows that
Cu(A⊗minB) is isomorphic as an ordered semigroup to Cu(A⊗maxB). This iso-
morphism will preserve order ideals, but by the remarks we have made, one of
these semigroups has a nontrivial order ideal that the other does not. This is a
contradiction. �

Following Pisier [11, pg. 517, bottom], a concrete C*-algebra A ⊂ B(H) has
the WEP if and only if there is a contractive projection P∶ B(H)∗∗ → A∗∗.
Kirchberg has shown [8, pg. 451] that this is equivalent to

A⊗minF(G) = A⊗maxF(G),
where F(G) is the full C*-algebra associated with a countably generated free
group. The LLP has a complex de�nition, however, we may as well de�ne it as
the property

A⊗minB(H) = A⊗maxB(H),
where B(H) denotes the classic algebra of operators on an in�nite-dimensional
separable Hilbert space. This is justi�ed by a theorem of Kirchberg’s [8, Prop.
1.1].

Corollary 3. If a C*-algebra with �nitely many ideals is weakly Cu-nuclear then
it is exact and has the LLP.
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Proof. By Theorem 2, choosing B(H) as a test algebra, we immediately have
the LLP. To show exactness requires a little more. By Theorem 2, this time
choosing the classic Calkin algebra as a test algebra, we deduce that

A⊗min(B(H)∕K(H)) = A⊗max(B(H)∕K(H)).
But because the maximal tensor product is always exact, it follows that

A⊗max(B(H)∕K(H)) = (A⊗maxB(H))∕(A⊗maxK(H)).
From the �rst sentence of the proof, it follows that on the right hand side,
A⊗maxB(H) equals A⊗minB(H), and of course K(H) is nuclear, so we can con-
clude that

A⊗min(B(H)∕K(H)) = (A⊗minB(H))∕(A⊗minK(H)).
But this is one of the de�nitions of exactness, and thus we conclude that A is
exact, as claimed. �

Kirchberg conjectured that all C*-algebras have the QWEP, and if this did
hold itwould be very useful here. However, there are now two counterexamples
to Kirchberg’s conjectures, one of which shows that it is not even true that the
WEP together with the LLP imply nuclearity [11]. Thus, at the moment we do
not know if weak Cu-nuclearity does imply nuclearity. A relevant C*-algebraic
question is whether the test algebras for the nuclearity property can be taken to
be simple: in other words:

Question 4. If, for some simple C*-algebra A, it is true that for every simple
C*-algebra B, we have

A⊗minB = A⊗maxB,
then does it follow that the algebra A is nuclear?

Evenmore optimistically, one could ask if the reduced free group is su�cient
as a test object:

Question 5. If, for some simple exact C*-algebra A, it is true that
A⊗minB = A⊗maxB,

where B is the reduced free group C∗r (F∞), does it follow that the algebra A is
nuclear?

Motivated by Question 4, we prove the following key corollary:

Corollary 6. For C*-algebras with �nitely many ideals, weak Cu-nuclearity im-
plies nuclearity.

Proof. Suppose we are given a weakly Cu-nuclear C*-algebra A with �nitely
many ideals. Corollary 3 implies that A is exact; and it is known [8, pg. 453,
middle] that an exact C*-algebra A will be nuclear if it satis�es

A⊗minAop = A⊗maxAop, (1)
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where Aop denotes the C*-algebra A with reversed multiplication. Since Aop

also has �nitely many ideals, Theorem 2 can be applied with B = Aop to show
that equation (1) holds. Thus the C*-algebra A is nuclear. �

Ifwe drop the adjectiveweak, thenCu-nuclearity does imply nuclearity, with-
out assumptions on the number of ideals:

Corollary 7. If a C*-algebra is Cu-nuclear, then it is nuclear.

Proof. We are given that the canonical quotient map fromA⊗maxB toA⊗minB
induces isomorphisms at the level of Cuntz semigroups. But then, the Cuntz
subsemigroup of the kernel of this map in A⊗maxB is zero, for example be-
cause the Cuntz semigroup functor is exact on short exact sequences (see [2]),
implying that positive elements of the kernel are zero. But then the canonical
quotient map from A⊗maxB to A⊗minB is an isomorphism. �
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