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ABSTRACT. We set up a general framework to study Tate cohomology groups
of Galois modules along Z ,-extensions of number fields. Under suitable as-
sumptions on the Galois modules, we establish the existence of a five-term
exact sequence in a certain quotient category whose objects are simultane-
ously direct and inverse systems, subject to some compatibility. The exact
sequence allows one, in particular, to control the behaviour of the Tate coho-
mology groups of the units along Z ,-extensions.

As an application, we study the growth of class numbers along what we
call “fake Z,-extensions of dihedral type”. This study relies on a previous
work, where we established a class number formula for dihedral extensions
in terms of the cohomology groups of the units.
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1. Introduction

The main goal of this work is to set up a convenient algebraic framework
to study Tate cohomology groups along Z,-extensions of number fields. Be-
fore giving more details, let us fix some notation. Let p be a prime number, let
F be number field and fix a Z ,-extension L, /F, by which we mean a Galois
extension such that I' = Gal(L, /F) is isomorphic to Z,: in particular,

Lo =|JLn

n>0
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where we set L, = F and where each L, /F is a cyclic Galois extension of de-
gree p". Write I, for the open subgroup I',, = I'?" = Gal(L, /L,) and set G,, =
I'/T,, = Gal(L,/F); more generally, for allm > n > 0, set G, ,, = Gal(L,,/L,).
In this setting, one can attach to each field L,, often regarded as a “layer”, sev-
eral interesting arithmetic objects: the unit group OXn, the ideal class group
Cly, orits p-Sylow subgroup Ay, , the group U; C Afn of idelic units, the idéle
class group €y, , and so forth. Let {B,},>( denote any of the above collections.
Since all the B,’s are G,-modules, the Tate cohomology groups (G, B,,) are
defined, for every i € Z. Moreover, for all m > n > 0, the inclusion L) < L,
and the norm N, _,; : Ly — Ly induce G,,-morphisms ¢,/ : B, = B,, and
N;, /1, * Bm = By. Almost by definition, these maps satisfy

Ni,/L,op/L, =P"" and oy, 0Np g, =Nmg, - (L1)
where, for an arbitrary group H, we denote by Nmy; the norm element in Z[H .
These morphisms are fundamental in the study of the behaviour of the groups
B,, along the Z ,-extension but they do not systematically induce maps

@ H'(Gpr By) = H'(Grrr B)
or

T o H' (G By) = H'(Gp, Byy).
Indeed, although the maps

3 Ti Gm,n
[zm/l‘n . Hl(Gn’Bn) - Hl(Gn’Bm )
and o
Nim/Ln . Hl(Gn:Bmm,n) —_— Hl(Gn:Bn)

are always defined, they do not have the expected domain or codomain. When
i > 1, one could take ¢,,, = Inf Olz /L, where Inf denotes the inflation;
and, when i < —1, one could consider the deflation Defl (see [Wei59]), set-
ting 77,,, , = Nz /1, ° Defl. But, in general, for a given i € Z, only one of these
would be defined. In particular, a relation like (1.1) involving ¢,, ,, and 7, ,,
could not even be stated. Moreover, taking G,-cohomology kills the G,-action,
so all abelian groups H(G,, B,)) are trivial G,,-modules.

On the other hand, these Tate cohomology groups are certainly interesting
arithmetic objects: they have the advantage of always being finite (at least for

all B,, as above) and they occur naturally in class field theory. For example,
Ker(HY(G,, 0F ) — HY(G,, Uy,)) = Ker(y, /p: Clp — Cly, )
for all n > 0 (see, for instance, [Nuc10, Proposition 2.2]) or, even more funda-
mentally,
H*(Gal(H,/Ly), €y,) = Cly,
for all n > 0, where H,, denotes the Hilbert class field of L,,. To give one more

example, one that has been at the origin of our investigation, assume that p is
odd and suppose that there exists a subfield k C F such that, for every n, L,,/k
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is Galois with dihedral Galois group D,, of order 2p". Denote by K,, a subfield
of index 2 in L, /k: then the equality

ICl, | - ICL |2 |ﬁ0(Dn,0§n)| 1)
IClpl - IClg, 12 | A-1(D,,, )] '

holds up to a power of 2 (see [CN20, Theorem 3.14]).

Hence, it looks compelling to regard the assignment n — H(G,,B,) as an
analogue of n — B, or perhapsof n — A; ,since the A; are also finite groups.
Yet, this seems to immediately break down, at least insofar techniques from
Iwasawa theory are involved: to explain why, it is probably necessary to clarify
what we mean by “studying” or “analysing” the above assignment. As men-
tioned, the groups a (G, B,) are all finite, and the most basic question one
could ask is to describe the behaviour of their orders |H(G,,, B,)| as n — +c.
After all, the whole subject of Iwasawa theory begun with the celebrated

Theorem (Iwasawa). There exists three integers u, ,4, ,vy_ and an index n
such that

1AL | = PP T Mo foralln > ny. (1.3)

Recall now the usual strategy of proof of Iwasawa’s theorem: one first con-
siders the inverse limit, with respect to the norm maps, Xy, = l(igALn and
regards it as a module over the completed group algebra A = Z,[[T]], show-
ing that as such it is finitely generated and torsion. Secondly, a fine analysis of
the Galois action on Xy, coupled with global class field theory, shows that one
can closely relate A; with the co-invariants (Xy,)r, ; finally, a structure theo-
rem for A-torsion modules of finite type yields the formula. Inherent to this
approach is the asymptotic flavour of Iwasawa’s result: at several stages, some
adjustment is required, which modifies the outcome by a “finite, bounded er-
ror term”. Now, all this breaks down when replacing the finite groups A; with
any of the H(G,, B,): already, they might not form an inverse system, when
i > 1; and, even if they do, the triviality of the Galois action implies that the co-
invariants of the inverse limit coincide with the whole limit and are, in general,
infinite. Hence, they are of no use to recover the finite groups A(G,, B,).

To describe our approach, it is important to consider the somewhat dual
strategy of considering the direct limit

ALoo = 11_1‘1)1 ALn .
L /Ln
Asdiscussed in [Gre73, Introduction] the modules X7,, and the Pontryagin dual
Homgz, (Ar_,Q,/Zp)essentially carry the same information, and could be used

interchangeably; Iwasawa himself occasionally works with the latter module
instead of the former (see, for instance, [Iwa81]). When B,, = Of rather than

Ay, , the direct limit occurs, for instance, in [Iwa83, §5]: there, Iwasawa claims
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that the inflation maps
Inf : H'(Gy, 0F ) — (im A'(G,,, 07 ))[p"] = H'T, 07 )[p"l  (14)

for i = 1,2 have kernel and cokernel which have bounded order as n grows.
Given that the structure of the direct limits h_n)ll/-f {G,,B,) = H(T,By) is, in
general, quite explicit (but “up to finite groups”) we interpret this as a weak
analogue of Iwasawa’s descent theorem leading to (1.3), replacing the opera-
tion of taking co-invariants by taking the p”-torsion subgroup. Hence, we set
out to find an algebraic setting where the boundedness of kernels and cokernels
as in (1.4) could be proven in general. But we were still confronted with two
problems: first, in some formulz, for instance in (1.2), negative cohomological
degrees must be considered and in this case the Tate cohomology groups natu-
rally form an inverse, rather than a direct, system; and secondly, that working
“up to finite groups”, would turn all inflation maps occurring in (1.4) into the 0
map.

At this point, we were inspired by Vauclair’s approach in [Vau09], where he
defines normic systems in quite a general context: in particular, all the examples
{B,.}n>0 above are normic systems. Rather than taking limits, he works in the
category whose objects are collections of G,-modules simultaneously carrying
the structure of a direct and an inverse system, subject to some compatibility.
With this in mind, we define, at least under the assumptions (Inj) and (Gal) of
Definition 2.4 on the normic system {B,},>¢, ascending and descending mor-
phisms

TTm,n

AY(G,,,B,,) _ AiYG,,B,) forallm>n>0

turning the collection of abelian groups H(G,,B,,) in what we call a “dou-
ble system”. Inside the category' DS of double systems, we identify a a cer-
tain thick subcategory By of double systems of bounded orders (see Defini-
tion 2.20), such that the corresponding quotient category DSy./B. turns out
to be the framework we were looking for. Indeed, upon restricting to a sub-

categpq Ds;o'f'g' / B;O'f'g: of DS /B,. defined by some very natural co-finiteness
condition of the direct limit, we define an endofunctor

2 DSPTE /BT L pSOTE /BOTE 2 (X,),0 — (X[ Diso

attaching to a double system X' = (X,,),,>o the double system (X [p"]),>o (en-
dowed with suitable transition morphisms), where X, = limX, . Writing

—
a, « b, to mean that two sequences {a,},{b,} of natural numbers are even-
tually proportional (see Definition 2.27), we obtain the following

n this introduction, we confine ourself to a special case of our main result, which holds
for profinite groups D which are more general than I. Although this generalised approach is
crucial for the dihedral applications we have in mind, we prefer to stick to the case D =T here,
to lighten notation. In particular, all subscripts I' decorating the several categories that we are
going to introduce, actually read as D in the body of the paper.
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Corollary 2.32. Let X = (X,),>0 be a double system in DS?O'f‘g’, and suppose
that X =g ZL(X). Then

X < phan
where im X' = (Q,/Z p)** @ (finite group).

In this language, we can reinterpret Iwasawa’s claim about the boundedness
of the kernels and cokernels in (1.4) as the statement that the double systems
}/C\’(Of_), whose components are the cohomology groups H(G,, Uy, ), satisfy
}/C\‘(Of.) =g, A (}/C\I(Oi)) for i = 1, 2. This is proved in Theorem 3.8 (see also
Remark 3.12).

It is worth noting that the rigidity yielded by requiring that the objects in
the DS are simultaneously inverse and direct systems is forced upon us by
an interesting phenomenon: during the proof of Theorem 3.8, two morphisms
in DSr. need to be shown to become injective in DSy./B,, in order to perform

some homological algebra. Now, the analogous definitions Bil,nV (resp. B‘;“) of
the thick subcategory B, can be given for the category of inverse (resp. direct)
systems. Yet, it turns out that the kernel of the first morphism (regarded simply
as an inverse system) does not belong to BI"Y, and the kernel of the second one
(regarded simply as a direct system) does not belong to B?ir: so, working either
with direct or with inverse system alone would break our homological argu-
ment. On the other hand, since both kernels belong to B, both DS.-morphisms
become injective in DSy/By, as wanted: for a more comprehensive analysis of
this phenomenon, we refer to Remark 3.9. We explicitly mention Yamashita’s
paper [Yam84 ], which has been very helpful at this point: she regards Iwasawa’s
boundedness claim concerning (1.4) in the setting of abelian groups endowed
with two (not necessarily compatible) structures of direct and inverse systems,
and this was the starting point for our definitions of DSy and B..

With this formalism at our disposal, we are in shape to “let n go to +00”
in (1.2). To state our result, as well as to motivate our title, we record the

Definition 4.1. Let p be an odd prime. Suppose that there exists a subfield k C F
such that for every n, L, /k is Galois, with dihedral Galois group D,, of order 2p".
Denote by K,, a subfield of index2in L, [k, chosen so thatK, 2 K,,_; foralln > 1,
and put Ko, = |JK,. The extension K, /k is said to be a fake Z p-extension of
dihedral type, the extensions L, /k is the Galois closure of the fake Z ,-extension
and the field F is said to be the normalizing quadratic extension.

With this definition, one of our main results is the following

Theorem 4.6. Let K, /k be a fake Z,-extension of dihedral type. There exist

1
constants (g, ., Veake € Z[E] and A, . € Z such that
p"+A

|Ag, | = pHrakeP” T are T Vrake foralln > 0.

Observe that in a fake Z ,-extension of dihedral type, none of the subexten-
sions K, /k is normal, so the groups Ag are not Galois modules and Iwasawa’s
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original formula do not apply. We refer to §4.2 for a more precise version of
the above statement, describing the invariants Feare and Afake in terms of ex-
plicit arithmetic quantities. In §4.3 we derive, in some special cases, explicit
bounds for the values taken by the invariant 4., : as an example, let us state

the following result?

Corollary 4.14. LetK,/Q be a fake Z ,-extension of dihedral type: in particular,
the normalizing extension F /Q is imaginary quadratic and the Galois closure
L, /Q is the anticyclotomic extension of F. Then,

AIWTH if p splitsin F/Q
A

fake =

% if p does not splitin F/Q

and therefore A, is odd if p splits in F and it is even if p does not split.

Corollaries 4.16 and 4.18 extend the above one to more general CM fields
beyond the imaginary quadratic case.

In the Galois setting of Z p—extensions, the invariant /11w responsible for the
linear growth in the exponent of A; can be interpreted as the Q,-dimension of
Xiw ® Qp, where Xy, = LiEALn. In the final Section §4.4 we extend this result
to our non-Galois setting, by studying the structure of the projective limit

Xtake = HAK,I
with respect to norm maps. We prove the following
Theorem 4.27. Given a fake Z ,-extension of dihedral type K, /k, we have
Afake = dime Xfake ®Zp Qp.

We conclude this Introduction by observing that our results concerning pro-
dihedral extensions are not entirely new. We refer to Remark 4.7 for a com-
parison with Jaulent’s work [Jau81], to Remark 4.17 for a comparison with the
works [Gil76] by Gillard and [CK82] by Carroll-Kisilevsky, as well as to Re-
mark 4.15 for some results concerning the anticyclotomic y, invariant.

This paper has a long history, which has been summarized in [CN20, Ac-
knowledgment]. As mentioned in loc. cit., the original arXiv preprint has been
split up in two articles, the first being [CN20]. This work is the second one, fo-
cusing on fake Z,-extensions. We are grateful to the anonymous referee for a
thorough reading of our manuscript and for several remarks that improved the
clarity and the readability of the text.

?In its actual formulation, the quoted corollary is more precise: in order to avoid too much
notation, we content ourselves with a slightly weaker statement in this Introduction, referring
to §4.3 for the full statement.
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2. Algebraic preliminaries

2.1. Group cohomology: notation and generalities. Given a group G and
a G-module B, we denote by B¢ (resp. B;;) the maximal submodule (resp. the
maximal quotient) of B on which G acts trivially. Moreover, let

Nmg = ) g € Z[G]
geiG
be the norm, B[N] the kernel of multiplication by N, and I; the augmenta-
tion ideal of Z[G] defined as

I; = Ker(Z[G] — 2),

where the morphism is induced by g — 1 forallg € G. Foreveryi € Z, let
H(G, B) denote the ith Tate cohomology group of G with values in B. Simi-
larly, for i > 0, let H'(G, B) be the ith cohomology group of G with values in B.
For standard properties of these groups (which will be implicitly used without
specific mention) the reader is referred to [NSWO08]. If B’ is another G-module
and f: B — B’ is a homomorphism of abelian groups, we say that f is G-
equivariant (resp. G-antiequivariant)if f(gb) = gf(b) (resp. f(gb) = —gf(b))
forevery g € Gand b € B.

2.2. Normic systems and their Tate cohomology. Fix a prime number p.
Arithmetic objects attached to layers of Z ,-extensions can be bundled in a struc-
ture of a normic system, in the sense of Vauclair (see [Vau09]). After recalling
the definition of a normic system, we will study its Tate cohomology, which is
our primary goal in this paper.

We start with the definition of a normic system, in a slightly different context
than the one of [Vau09, Définition 2.1]. Let I be a profinite group isomorphic
to Z,, endowed with a decreasing filtration by closed subgroups I'y = I' 2
Iy--- 2T, for which there exists g = g(I') € N, such thatforallm >n > g
the equality ([, : T,,) = p™ " holds. Assume also that we are given an exact
sequence of topological groups

1—-T—2D—D,—> 1. (2.1)

Set G, = I'/T, and G, = T, /T, for all m > n. Since the subgroups I, are
closed, they are characteristic in I" and hence normal in D, so that the quotient
groups D,, = D/T,, are defined for all n > 0; in particular, G, can be regarded
as a subgroup of D,,.

Remark 2.1. The most common choice for the filtration {I',;} in the above setting
is given by T, = I'?" for all n > 0, and the reader can have this in mind in
most of what follows. In that case,g = 0Oand (I', : T,,,)) = p" " forall m >
n > 0. The reason for the slight generality considered above comes from the
arithmetic setting considered in Section 3.1, where I' is the local decomposition
group inside a global Galois group. When the corresponding prime ideal splits,
a shift in the numbering occurs and a more general filtration than {T'?"} needs
to be considered.
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Definition 2.2. Let (T, {[,;},en, D) be as above. A (T, {T,,},en, D)-normic sys-
tem B = (B, jjm> Kmn)nmen (OF simply a D-normic system or a normic system
if the groups are understood) is a collection of Z,[ D]-modules B, together with
homomorphisms of Z,[D]-modules

km,n
B,—————B, forallm>n>0
Inm
satisfying
* (Bp, jnm) (resp. (B, ky,n)) is a direct (resp. inverse) system of Z,[D]-
modules: in particular, the compatibilities j, 11 y4+2°jnn+1 = Jnn+2 and
kyn+1.n°kni2n41 = Kni2,, hold for all n > 0;
* B, is fixed by T, (in particular, it can be regarded as a Z,[ D, ]-module);
« forallm > n >0, jymoku, = Nmg,  and Ky, ,0jum = (T Tp).
If B = By, jnm>kmy) and B' = (B}, jp m» ki ,) are two normic systems, a col-
lection f = (f,) of maps f,: B, — B), is a morphism of normic systems if it
is both a morphism of direct systems (B,, j, m) = (B, j.») and of inverse sys-
tems (B, Ky, ) = (B, ki, ). This defines the category NSy, of normic systems.

The following lemma shows that NSy, is abelian, using the concept of cat-
egory of diagrams. For a general reference about categories of diagrams see
[Gro57, §1.6 and §1.7]: we adopt notation and definitions from ibid.

Lemma 2.3. The category NSy, is a category of diagrams with commuting rela-
tions valued in the abelian category of Z ,[ D]-modules, so it is abelian.

Proof. Consider the diagram scheme S = (N, ¥4 X ¥;, d) where
¥, = {(n,m) € N? such that n < m},

and

¥, = {(m,n) € N? such that m > n},
and the map d sends every U,,,, = (n,m) € ¥y to the pair (n,m) and every
Umn = (m,n) € ¥ to the pair (m,n). Fix a topological generator y, € I and
for every (i, j) € N* consider the set R; j of Zp[D]-relations

T Te:l)
I _ - - _ . - — _ ap e s
{ei,yo V=, Uil = (T Tide, Up il = ) 7, }k>i£<i ifi=j
a=1 Zhes
Ri L =d (> - _ = af s .
J { k,jlik = Ulj}i<k<] ifj>i
{vk,jvi,k = vi’j}i>k>j ifi > ]
L >k>
(2.2)

where the e; are auxiliary elements corresponding to the identity, as ibid. Set
Z = (S,R). Then NS, is the category of commutative diagrams D: X —
ModZP[D] (where Mode[D] is the category of Z,[D]-modules) and is there-
fore abelian thanks to [Gro57, Proposition 1.6.1]. O
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Given a normic system B = (B,,, jn.m> Km,n) One can consider the Tate coho-
mology groups H(G,,B,) for i € Z as well as the usual cohomology groups
H'(G,,B,) fori > 0. These groups acquire the structure of Z plDol-modules via
the conjugation action of D,

Definition 2.4. We say that the normic system B = (B, j,m, ki ) satisfies
condition (Inj) if

Jnm 18 injective forallm > n > 0 (Inj)
and that it satisfies condition (Gal) if
JnmBp) = B,C;’"‘" forallm > n > 0. (Gal)

Let B = (By, jnm>kmn) be a normic system. Our next task is to construct,
under suitable hypotheses, functorial morphisms of Z,[D,]-modules

. ﬁi(k)=ﬁi(km,n) .
HY(G,,,B,,) H'(G,,B,) forallm>n > 0.
I:\Ii(j):ﬁi(jn,m)

The “ascending” maps A'(j) are well-defined independently of any assumption
on the normic system, and we show in §2.2.4 that they are related to inflation
in positive degrees. The definitions of the “descending” maps H!(k) require
condition (Inj) in odd degrees and both conditions (Inj) and (Gal) in even
degrees.

2.2.1. Cohomology maps in degree —1. We first define A~'(j) by
AH'(j)(y mod I, By) = jum(y) mod I B, forally € H(G,,B,).
Observe that H~1( j) is well-defined, because
Jnm(By[Nmg |) € B,,[Nmg ] and JnmUg,Bn) € Ig, By,

since jj ,, 1S G,-equivariant.
Assume now that B satisfies (Inj). Then we define H(k) by

A7'(k)(x mod I B,) = kpn(x) modIgB,  forallx € A7Y(G,,Bpy).
To see that H1(k) is also well-defined, observe that
JnmoNmg ok, = Nmg, 0 jn.mOKmn
= Nmg oNmg,
= Nmg, . |
Since j, ,, is assumed to be injective, this shows that
Kmn(Bn[Nmg, 1) € B,[Nmg,_].

Since ky, , is G,,-equivariant, it is immediate that k, ,(Ig, B,,) C Ig By, S0
H™1(k) is well-defined.
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Observe that we have
I:\I_l(km,n)oﬁ_l(jn,m) = (rn : Fm)’ I:\I_l(jn,m)oﬁ_l(km,n) = (Fn : Fm)-

Indeed, using the relation between k,, , and j,, ,, in the definition of a normic
system, we get

I/_\I_l(km,n)oﬁ_l(jn,m)(x mod IGan) = km,nojn,m(x) mod IGan
=T, : Tp)x modIg B,
and
ﬁ_l(jn,m)oﬁ_l(km,n)(x mod IGan) = jn,mokm,n(x) mod IGmBm
=Nmg x mod I B,
= (T, : Tp)x modIg B,

where the last equality follows from the fact that the action of G, , is trivial
on A~%(G,,, B,). Moreover, both H'(k,, ,) and H1(j,,,) are morphisms of
Z,|Dy]-modules, because both k,, , and j,, ,, are D,,-equivariant.

2.2.2. Cohomology maps in degree 0. We first define H°(j) by
ﬁo(.})(y mod NmGan) = (Fn : Fm)]n,m(y) mod NmeBm
for all y € H°(G,, B,,). Observe that, since Jn.m takes values in BS,["’”, there are
inclusions (T, : Tp)jum(Bn)% C (T : Tp)Ba" € Bor and
T, : Fm)jn,monGn = NmGn ojn,mo(rn : L)
= NmGn ojn,mokm,nojn,m
= Nme ojn,m
sothat (T, : Typ)jum(Nmg B,) C Nmg B,,, showing that HO(j)is well-defined.
Assume now that 3B satisfies both (Inj) and (Gal). Then we define HOk) by
A(k)(x mod Nmg By) = (jum)"'(x) mod Nmg B,
for all x € H%(G,,, B,,). To check that A°(k) is well-defined, observe that (Inj)
and (Gal) imply that j, ,, defines a G,-isomorphism of B,, onto BS{"’", which

restricts to an isomorphism of BS" onto B,G,[". Therefore, given x € B,G,[", the
element (ji, ,,) " (x) € Bg” is uniquely defined. Moreover, if x = Nmg_z for

some z € By,, thenw = Nmg_ z belongs to B,C,;,["’”, so that
x =Nmg, z = Nmg (w)
= Nmg, 0 m((nm) ™ W))
= jnmoNmg, ((nm) ™" W)),
e (um) (x) e Nmg B,. This concludes the proof that HO(k) is well-defined.
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As in the case i = —1, we have
ﬁo(km,n)oﬁo(jn,m) = (Fn . Fm) and ﬁo(jn,m)oﬁo(km,n) = (Fn : Fm)

and both H°(k,, ,) and H°(j, ) are morphisms of Z plDol-modules, because
Jnm 18 Dy-equivariant.

2.2.3. Cohomology maps in arbitrary degree. Fix a topological generator
¥o € I. For each n € N, y, maps to a generator g, € G, and we let y,, €
Hom(G,, Q@/Z) = AY(G,, Q/Z) be the map sending g, to (I : T',,)". We claim
that
Inf(y,) = (T, : Tp)Xm form > n

where Inf : AY(G,,Q/2) - HY(G,,, Q/Z) is the inflation map. Indeed, as g,,
maps to g,,, Inf(y,) € Hom(G,,, Q/Z) sends g, to x,(g,) = (T : T,)~}, which
in turn is equal to the ratio (T, : T,,)(T : T,,)"' = (T, : T,) Xm(&n)- Since the
connecting homomorphism §% : AY(G,,Q/Z) - H*G,,Z) corresponding
to the exact sequence

0—-7Z—0Q—0Q/Z—0

induced by the inclusion Z C Q is an isomorphism, there exists a unique ele-
ment x,, € H*(G,, Z) such that

5(1)()(}1) = Xp-

We now go back to the cohomology of the normic system B. Fixi € Z and,
forall h > 0, let

(Ux,)": H(G,,B,) — H***G,,B,)

be the isomorphism obtained by taking the cup product with x,, h times. Extend
the definition to & < 0 by setting

(Ux,)" = inverse of (Ux,)~".
If i is odd (resp. even), write i = 2h—1 and sete = —1 (resp. i = 2h and ¢ = 0).
Then we define, form > n > 0,

H(j) = H (jpm) = U)o  (jpm)o(Ux,) ™" 1 H(Gy, By) — H'(Gypy Byy)-
Similarly, if i is odd (resp. even) and 3B satisfies (Inj) (resp. both (Inj) and
(Gal)), we define
ﬁl(k) = ﬁi(km,n) = (U%n)hoﬁg(km,n)o(uxm)_h : ﬁi(Gm’Bm) — ﬁi(GnaBn)'

Remark 2.5. The definition of these homomorphisms is independent of the
choice of y,. To see this, let y(’) € I' be another topological generator, that must
be of the form y{ for some u € Z}. Let g, = g, € G, be the image of y;, and
let !, € H'(G,,Q/Z) be the map sending g/, to (T" : T,,)"': it corresponds to a
unique class !, € H%(G,,, Z). We have y,, = uy/, because

xn (@) = xu(gh) = ux,(gy) =u- (@ : T =uyx(g,)
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and in particular
h _ .k h
(U = ul(Usy)",

showing that the definitions of Hi( j)and of Hi(k) are independent of the choice
of v,.

Arguing by induction, one can show that Hi(k,, ,) and H'(j, ) are Z ,[Dy]-
homomorphisms: we already observed this in the cases i = —1, 0. To prove the
assertion fori € Z,letx: D — Z;f be the homomorphism defined by

grg = 7®  forgeD.

For all g € D, denote by g* the corresponding conjugation automorphism in
cohomology. Then (see [NSW08, Proposition 1.1.5.3])

g o(Ux,) = (U(g*ox,)) og" = x(g) ™" (Ux,)og"
since
grox, = g"08W(),) = 8(g*ox,) = 6V (g*oxy)
and g*oy, : Yo = & '70g. Therefore, on the one hand we can write
H*2(jpm)og” = H¥2(jm)og*o(Ux,)o(U,) ™
= k(@) H*?(jium)o(Ux, ) og*o(Ux,) ™
= K(8) ™ (U)o H' (i, m)og o (Us,) ™.
On the other hand we have
g o H ™ (jpm) = g H"?(jium)o(Usty)o(U,) ™!
= g*0(Uxy) o H' (o m)o(U,) ™!
= k(8) 7 (Ux,,) 08" o H' (jinm)o(Ux,)) .
We deduce that
g*oﬁi(jn,m) = ﬁi(jn,m)og* Aand g*oﬁi+2(jn,m) = ﬁi-'—z(jn,m)og*
showing the inductive step. A similar proof works when j is replaced by k.
2.2.4. Comparison with other maps. When i > 1, other maps H(G,,, B,) —

HY(G,,,B,,) exist for m > n > 0. These are obtained by composing the inflation
map

Inf = Inf': AY(G,, Bo™") —s HY(G,,, B,,)
with the map induced by j, ,, - B, = Bﬁm in cohomology
J* = i BYGy, By) — HUGy By™,

and they are denoted Inf ‘o j:jin or simply Inf oj*. In what follows we analyse
the relationship of these maps with the ones defined in §2.2.3.
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Remark 2.6. For every [b] € B,[Nmg |/Ig B, = H7Y(G,,B,), there is an ex-

plicit description of the cup product [b] U x,, € H'(G,,, B,) as the class & ,(,[b) of
the 1-cocycle sending the generator g, € G,, to b. This is probably well-known,
but we provide a proof because we were unable to find an explicit reference in
the literature. By [NSWO08, Proposition 1.1.4.8], the cup product [b] U x,, is the
class of the 2-cocycle

gn— 2, 0(b)® 0%, (07 ,8) = D, o) ®Fu(078,)  (23)

o€G, oc€G,

where ¥, is any 2-cochain representing x,,. To compute this expression explic-
itly, recall that x,, = 6V(y,) where y,, : G, — Q/Z is the character sending g,,
to (T' : T,,)~L. The definition of the connecting homomorphism

sW: AYG,,Q/7) - HXG,, Z)

is given explicitly in [NSW08, proof of Theorem 1.1.3.2] in terms of homoge-
neous cocycles: it is the connecting homomorphism § : Kerdg,z — Coker dz
obtained by applying the snake lemma to the diagram on [NSWO08, page 27].
By invoking [NSWO08, page 14], we can replace homogeneous cochains by in-
homogeneous ones and transform the diagram in loc. cit. into the commutative
diagram of exact rows

GGy Z) —— €N (G, Q) ——— €N (G, Q) Z) —— 0

2

0 —— ¢*(G,, Z) —— €*(G,,Q) —— €*(G,,Q/2)
In this notation, y, € Ker 6& /z and, by definition of the connecting homomor-
phism in the snake lemma, §)(y,,) is the class of %, = 62 (xy) € Cokerd?,
where ¥, : G, — Qis any 1-cochain lifting y,. As lift, choose the cochain
Fn: gl a : T, forl <a < (T :T,). By the explicit description of 8&
on inhomogeneous 1-cochains given in [NSWO08, page 14], we obtain

1 ifa=(T:T,)

CH DR ACORS ACADES AT RS I
= —_ . n

It follows that that the sum in (2.3) contains only the summand corresponding
(T:Tp) _ ()

tooc =g, = idg, and this term equals b, showing that [b]U x,, = &,".
Lemma 2.7. Let B be a normic system and let i > 1 be an integer. Then H(j)
coincides with Inf' o j*.

Proof. If i is odd (resp. even), writei = 2h — 1 and set € = —1 (resp. i = 2h
and ¢ = 0). By definition of A'(j) and since (Ux,,)" is an isomorphism, the
statement of the lemma is equivalent to the commutativity of the following
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diagram, forallm > n > 0:

~ (Uxm)h ~;

HE(Gm’Bm) E— Hl(Gm’ Bm)

a4(j) Inf' oj* (2.4)
~ (Ur, )" A~

HE(GVI’BI’!) Hl(Gn’Bn)

We claim that commutativity of (2.4) for all i > 1 follows once we can prove it
commutes for i = ¢ + 2. Indeed, for arbitrary i > 3 we have

H(j) = (U)o HE (i )0 (Usc,) 7
= (Ut)" " 0(Uit) o (i )0 (U)oU) 41
= (Ux,,)" Lo Inf*"? 0 j*o(Ux,)~"*! (by assumption)
=Inf'o j* (compatibility of U and Inf o J5).

Hence, it now remains to show that (2.4) is commutative fori = 1,2

Consider first the case i = 1. Given the definition of H1(j) and the explicit
description of the cup product described in Remark 2.6, commutativity of (2.4)
is equivalent to

. j(b
Inf' oj (64 = &

and this follows by the definition of the map Inf Yo Jj* on cocycles (see [NSWO08,

§ L.5]).
Suppose now that i = 2. We first show that

HO(Gm’Bm) M} I:\IZ(Gm’Bm)

(Tn T jnm Inf? oj*

(Ux,,)

H°(G,,B,) A%G,,B,)

commutes. Note that in the above diagram we have ordinary cohomology on
the left-hand side (as opposed to Tate cohomology): this allows us to consider
inflation in degree 0, which is simply the identity:

mf’: HG,, Bo™") = BS" — H(G,,,B,,) = BS".
Let x € H°(G,,, B,): the compatibility of the cup product with inflation yields
Inf? 0*(x U ,) = Inf>(j pn(X) U %)
= Inf’(j,m(x)) U Inf>(x,,)
= Jam()U ((Tn : Tp)km)
=Ty @ Tp)jnm(X) Uxy,.
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This shows that the above diagram commutes. To show that (2.4) commutes for
i = 2 and conclude the proof, we just need to observe that the cup product on
Tate cohomology is compatible with that on ordinary cohomology. This can be
checked, for instance, using the definition on cochains of the two cup products
(compare [NSWO08, (), § 1.4] and [NSWO8, proof of Proposition 1.1.4.6]). [

Remark 2.8. Assume that k,, ,, is surjective. Then the map HY( Jn.m) factors

through “multiplication by (', : T',,,)”, i. e. there is a mapJ,, , : A°G,,B,) —
H°(G,,, B, such that H°(j, ) = (T : Ty )y m- This is defined as

Jnm(y mod Nmg B,) = j, »(y) mod Nmg B, forally BS”.

To see that this is well defined, let b,, € BS”. Then it is clear that j, ,(b) € BS,[".
Suppose now that b, = Nmg, (b,) € Nmg, _B,. Since k,, , is surjective, there
exists by, € B, such that k,, ,(b,) = b;,. Then
jn,m(bn) = jn,monGn(bI,q)

= jn,monGn okm,n(b;’n)

= jn,mOjO,nokn,Ookm,n(b;n

= jO,mokm,O(b;n) = Nme(bm)
showing thatJ), ,, is well-defined. By definition of H°(}), the relation H°(j, ,,) =

(T : T )jnm holds. UsingJ, ,,, Lemma 2.7 can be restated, under the assump-
tion that k,, , is surjective, as the commutativity of the following diagram :

m)

30 (U}{ 32

H (Gm’Bm)%H (Gm’Bm)
(3 "))

/\0 (U%n) 732

H (GnaBn) H (Gn,Bn)

Remark 2.9. One can wonder whether results similar to that of Lemma 2.7 hold
when j is replaced by k. Assume that B satisfies (Inj) and (Gal): under this

assumption, the inverse maps (j )" : Bgl’"‘" — B, and A !(k.n) are defined
and we have maps

e\ — k0 N—1 . Y Gm,n 7¥i
(] ) 1= (]mfn) T Hl(GmﬁBm )_>Hl(Gm’Bn)

induced by (ji,, )~} Write i = 2h or i = 2h — 1, according to whether i is even
or odd. Then we claim that

Gl loDefl' = (T, : T,) "Hi(ky,)  foralli <0 (2.5)
where Defl denotes the deflation map

Defl = Defl' : A'(G,y, B,,) — H(Gy, Bu™)
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as defined by Weiss (see [Wei59]). Equality (2.5) is clear for i = 0, —1 since in
these cases h = 0 and we have

Defl’(x mod Nmg B,,) =x mod Nmg By for x € BS”

as well as
Defl_l(x mod Ig B,,) = Nmg x mod IGnB,i'"’” for x € Bj,[Nmg_|

(see [Wei59, (1) and Proposition 1]). For arbitrary i, we argue by backward
induction: assume that (2.5) holds fora giveni < 0. Then for x € A =2(G,,, B,y)
(b2 Lo Defl™(x) U x,

= (i) " (DefI 2 (x) U )

= (ji') o Defl'(x UInf?(x,)) (by [Wei59, Theorem 3])

= (j;’::in)_lo Defl'(x U Ty, : Trxm)

= (T & D) P VH (K ) U )

= (T : Tp) DA (K )(X) U %
Since the cup product with x,, is an isomorphism, (2.5) holds for i — 2.

2.2.5. Functorial behaviour. We now come to the main results of this sec-
tion, describing the functorial behaviour of the maps defined in §2.2.3. First of
all, observe that if f = (f,) : B — B’ is a morphism of normic systems then,
for every i € Z, there are maps

f*=fet: 44(G,,B,) — H'(G,,Bl).

The diagrams

Ai(G,y, B,y) —— Hi(G,,, B,) Ay, Byy) —— H(Gy, Bly)
ﬁi(j)[ ﬁim[ and lﬁi(m ‘ﬁ"(k) (2.6)
AY(G,,B,) — H'(G,,B),) AYG,,B,) — H'(G,,B})

are commutative (in the rightmost one we are assuming that Hi(k) is defined):
to show this, it is enough to consider the cases i = —1,0 because the isomor-
phism (Ux,,) commutes with f; . Since f,, commutes with j, ,, and k,, ,, the
cases i = —1,0 are easily proved by direct inspection. The behaviour of the
maps H'(j) and A!(k) with respect to connecting homomorphisms is given by
the following two propositions.



1212 L. CAPUTO AND F. A. E. NUCCIO

Proposition 2.10. Let0 - B’ - B — B — 0 be an exact sequence of normic
systems. Then, for all m > n > 0, the following diagram with exact rows com-
mutes

0 ’ 0 0 1y 09 5 ’
0— H"(G,,B,,)—H"(G,,,B,,) — H"(G,,,B,,) = H (G, B,,,) — -

j’T JI jT ﬁl(j’)T

(0)

0 — H%(G,, B,) — H%(G,, B,,) — H%(G,,B"") >~ A(G,, B,,) — ---

PN A~ 1) A~ A~
e — Hl(Gm’Bm) — Hl(Gm’B;r,l) 5_>H2(Gm’B;n) _>H2(Gm’Bm)

ﬁl(j)T ﬁl(j”)T ﬁz(j’)T Hz(j)T

~ A 1) A ~
. — AY(G,, By) — AY(G,,, BY) & BX(G,,, B,) — A*(Gy, By

Proof. By Lemma 2.7 we can replace A'(j") with Inf o(j")*, and likewise for
the other vertical maps. The result follows from functoriality of inflation and
of the maps j*, (j')*, (j")*. O

The above proposition holds for the full long exact sequence of ordinary co-
homology extended in every positive degree but we will only need it for the
truncated exact sequences up to degree 2, as in the statement. The following
proposition, on the other hand, only holds in degrees smaller or equal than 2,
in general. This is because we assume that B” only satisfies (Inj) (instead of
both (Inj) and (Gal), as for B and B’). Such formulation of the statement re-
flects how this result will be used for arithmetic applications (see for instance
the exact sequence 3.10 which is the basic ingredient of Theorem 3.8).

Proposition 2.11. Let0 - B’ - B — B’ — 0 be an exact sequence of normic
systems and assume that B and B’ satisfy (Inj) and (Gal) and that B” satis-
fies (Inj). Then, for all m > n > 0, the following diagram with exact rows com-
mutes

) ~
0 —+ HO(Gypr Bly) — H(Gyy Byy) — HO(Gy, Bh) & BY(G s Bly) — -+

lk/ lk lkn lf_\ll(k/)

A ©0) A
0 — A%G,, B,) — H%G,, B,) — H(G,, B) >= AY(G,,, B,) — ---

PN PN 0 A~ N
<o — AY(Gyp, Byy) — HY(G,, B! S 3Gy, BL,)) — H*(Gypy Byy)

lﬁ '(k) lﬁ (k") lﬁ (k") lﬁ *(k)

~ ~ (VRPN ~
_>H1(Gn,Bn) — Hl(Gn’B;z/) £>HZ(GVL’B;L) _>H2(Gn’Bn)
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Proof. First of all, the existence of vertical maps in degree greater than 0 is
guaranteed by the assumptions on the normic systems.

The commutativity of the two leftmost squares follows immediately from the
fact that B” — B and B — B’ are morphisms of normic systems.

The commutativity of the third square is equivalent to (Usx, ) o8@ok” =
Ak Yo(Ux,,) 108, Fix b” € H%G,,,B!") and let b € B,, be an element
mapping to b”. By the definition of the connecting homomorphism, §(b") is
represented by the cocycle g,,, = (g,,—1)b := b’. Similarly, since k,, ,,(b) maps
to k}}, ,(b""), the element §@ ok ,(b") is represented by the cocycle defined by
gn — (8, — Dk, n(b) and, in turn, this is the map g, ~ kj, ,(b") because the
morphisms ky, , are G,,-equivariant. In the notation of Remark 2.6, we thus
need to show that

k., . (b’ A _ /
) (&™) = B o) (€.
Using the description of (Ux,,) given in Remark 2.6, this amounts to
[k,n(B)] = H7()([D'])

which follows from the definition of H~1(k").

As for the remaining part of the diagram, since the definitions of A'(k) and
H?(k) rely on cup products which are isomorphisms compatible with long exact
Tate cohomology sequences, it is enough to show that the shifted diagram

H_I(Gm’B;,n) — H_l(Gm’Bm) — H_I(Gm’B;){l) 5—>

lﬁ-l(m lﬁ—l(m lﬁ-l(k)

H_l(Gn’BI{z) — H_I(Gn’Bn) - H_l(Gn’Bllfl’) L}
2.7)

e ——— ﬁO(Gm’B;"n) —>I:\IO(Gm’Bm)

lﬁ O(k) lﬁ O(k)

e ﬁO(Gl’I’B},’l) %ﬁo(Gn’Bn)

is commutative. The two leftmost and the fourth squares are commutative as
discussed in (2.6). As for the third square, let b” € B, [Nmg_]and pickb € B,
mapping to b”. Then, the image of k,, ,(b) in B}, is k;,, ,(b"") and

S DoA-1(k)([b"]) = 8 V([klp ,(b")]) = Nmg ([kp (D)D)
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On the other hand,
A°()o8([b"]) = A°(k)([Nmg, b])
= (jum)~'([Nmg, b])
= [(jn,m)_1°jo,m°km,o(b)]
= [Jo.n®kn,00kmn(b)] = Nmg, ([kp,»(b)])
showing that the third square in (2.7) is commutative. O

Remark 2.12. Observe that although in §2.2.2 we have considered Tate coho-
mology of a normic system and defined morphisms H°(j) and H°(k), Propo-
sitions 2.10 and 2.11 start with ordinary cohomology in degree 0. The appear-
ance of ordinary cohomology is somehow exceptional, because we will mainly
be working with Tate cohomology. For instance, in the following section, we
will see that for each i € Z, the ith Tate cohomology groups of a normic system
form a double system, a notion to be defined ibid.

2.3. The category of double systems. In the previous section, we have con-
sidered Tate cohomology groups of a normic system, showing that (under some
conditions) these can be simultaneously endowed with the structure of direct
systems and of inverse systems of Z,[D,]-modules with respect to the maps
defined in §2.2.3, where D, is the group appearing in (2.1). In this section, we
focus on the study of such “double systems”.

Definition 2.13. In the setting of Definition 2.2, a (T, {T',;},,en, D)-double sys-
tem (or simply a D-double system or a double system if the groups are under-
stood) X' = (Xp, ®pm> Tm,n)mznz0 18 & collection of Z,[D,]-modules X,, which
are Z ,-torsion and such that

o (X, @nm) is a direct system;

(X, Ty, ) is an inverse system;

¢ PumOTmn = T n°Pum = ([ - Tyy)forallm>n > 0.
The morphisms Hompg,_ (X, X') between two double systems X' and X" are col-
lections of Z[D,]-homomorphisms f, : X,, — X}, which are both morphisms
of direct and of inverse systems. This defines the category DS,, of D-double
systems.

The results in §2.2 yield the following
Proposition 2.14. Let B be a normic system. If B satisfies (Inj), then

FHU(B) = (H(Gp, Bp), A () Bl ) (2.8)

m>n>0

is a double system for every odd integer i. If condition (Gal) is also satisfied, then

HY(B)is a double system foralli € 7.

Remark 2.15. The category DS, is abelian: the proof is analogous to that of
S5 e T ¢, .

Lemma 2.3, by replacing the requirement U, ;0; , = Zgjl 2 ¥e" in(2.2) with

Upi0i¢ = (T @ T) for ¢ < i. Alternatively, one can observe that DS,, is a full
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subcategory of NSy, closed under direct sums, kernels and cokernels and it is
therefore abelian, thanks to [Rot09, Proposition 5.92].

Let X = Xy, ®ums Tmn)msnzo be a double system, and write ¢, © X, —
li_r)an for the direct limit of the maps ¢, ,, (for m > n). Similarly, we write
T, l(iEX n — X, for the inverse limit of 7, ,,. Let

*X, = Ker(p, : X, — li_n}Xn)g X, and X, =X,/°X, (29

as well as

"X, = Im(x, : lim X, — Xn)C X,, +X, = Coker(r, : lim X, — X,)=X,/"X,.
(2.10)
The next proposition shows that*X = (*X,), "X = ("X,,),aswellas , X = (,X,,)
and ;X = (;X,,) inherit the structure of double systems from X. It also shows
that the assignments X — X, X — X, X X and X ~ X are functorial.

Proposition 2.16. Let X' = (X,,, 9. Tp.n)m>nso be a double system. The re-
strictions of m,, , and @, ,, endow *X and fX—and thus ,X and s X—with a
structure of double system. These double systems satisfy:

i) The formation of “X and X is functorial, and the functor X — X is
left exact. Similarly, the formation of X and + X is functorial, and the
functor X — ;X is right exact.

it) Let ,X denote the double system (,X ,, Lo AT
write X for (X, Tgon,m, +71,,1,,1),,12,120. Then
is surjective forallm > n > 0.

iii) For every double system X' = (X}, 0y s Ty n)msnso SUch that @y, ,, is
injective for m > n > 0, and every morphism f : X — X', there exists a
unique map . f : ,X — X' making the following diagram commute

Ymsn>0 and, similarly,

Py m I8 injective and mn

X—LX’

N

Analogously, given a double system X" = (X}, 1 > Tm n)msnzo Such
that 7} , is surjective form > n > 0(andso X" = = T ), every morphism
g: X" = X factors through the subsystem ' X, making the following di-
agram commute

Proof. We claim that the restriction of ¢, ,, (resp. of 7, ,) maps “X, to *X,,
(resp. “X,, to “X},). This is obvious for ¢, ,,, thanks to the relation ¢,,0¢, , =
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¢y,. Concerning 7, ,, the relation ¢, ,, o, , = (I, : I';) shows that for all
X € *X,, it holds

qon(ﬂm,n(x)) = qpmogon,moﬂ'm,n(x) = gom((rn : 1—‘m)x) =0

and hence 7, ,(x) € “X,,. The claim implies that, defining “¢,, ,, (resp. *7, ,)
to be the restriction of ¢,, ,,, (resp. of 7, ,) to “X,,, we obtain a double system X
which is a subobject of X. Moding out XX by *X defines the double system ,X.
The claim that "X is a double system which is a subobject of X such that s X =
X /7X (in the category DS,,) is analogous: the fact that the restriction 7, , to
X, takes values in 'X,, is automatic, and the relation ¢, 07, , = (T, : T},)
ensures ', ,('X,) C 7X,,.

Functoriality as well as the claimed exactness properties of X — *X and of
X + ;X are straightforward: given a morphism X' — X, the rightmost square
of the diagram (2.11) below is commutative for all n > 0, implying the existence
of the leftmost vertical morphism (making the whole diagram commute):

0 X, X, lim X,
Il e
0 X! b lim X,

This shows that X — X is functorial. Moreover, as discussed in [Gro57, §1.6],
a morphism of double systems is injective (resp. surjective) if an only if each of
its components has this property. Hence, if X < X’ is injective, (2.11) shows
that each component of the induced morphism *X — *X’ is injective, so *X <
2X is again injective. This is well-known to be equivalent to the exactness on
the left of the functor X ~ “X (since DS, is abelian), establishing the first part
of i). Analogously, a surjection X' » X’ induces a commutative diagram of
exact rows

l(iEX n )1 n i)j n 0
lim X}, — X, X, 0

showing that each component of the induced morphism X — X’ is surjec-
tive, finishing the proof of i).

To prove ii), observe that ,¢,  is injective for all m > n > 0 by construction:
indeed, for all [x] = x (mod “X,,) € ,X,, the definition of R Acpn,m[x] =
Pnm(x) (mod “X,,). Then @, , [x] = 0 implies ¢, ,,(x) € “X,,, which means
PmPum(X) = @,(x) = 0 and hence x € “X,, and [x] = 0, establishing the
injectivity of ,¢,, . The proof of the surjectivity of Tnmyn is analogous.

We are left with the proof of iii). Let X' = (X}, @}, Tp,,) be such that
®n.m is injective form > n > 0, and let f: X — X’. Write f : H_r)an -
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lim X, for the direct limit of the maps f,. The injectivity of all ¢}, ,,, implies

Jm ,

that ¢, : X}, — h_II)lX,’l is also injective. It follows that f,(*X,,) = 0, because
Pp(fn(X) = foo(@n(X)) = foo(0) =0=> fr(x) =0  forallx € °X,,.

In particular, for all n, there exists a unique map , f, : X,,/*X, = X, = X,
making the following diagram commute

X, L X/
Xn

We need to check that the collection , f, defines a (necessarily unique) mor-
phism , f € Hompg (,X, X"), namely that

TunOuf i = af nOuT (2.12)

PrmOnt n = af mOuPrm: (2.13)

This is tantamount to showing the commutativity of the right oblique squares
in the following diagrams:

X, I X! X I X/,
N N
TTm,n AXm ﬂ;n,n Pnm AXm qo;t,m
and
X, I X/ X, I X!
\l afn \ afn
. X

Since the left oblique squares commute, and so do the straight squares and
triangles, one obtains that (2.12) (resp. (2.13)) holds after composing with X,,, —
X, (resp. X, - ,X,). Since X,, - .X,, and X,, —» X, are surjective, the
required commutativity follows. The argument for the universal property en-
joyed by "X is analogous. This finishes the proof of the proposition. O

From now on, we drop the * from the transition morphisms “7,, , and “¢,, ,,
of *X, simply writing 7, , and ¢, ,, for their restrictions to “X,, and to X,
respectively. The same convention is adopted for the other three double systems
WX, and .

Remark 2.17. We are grateful to the referee for pointing out that the statement
of Proposition 2.16-iii) can be interpreted as saying that X + ,X and X ~ X,
suitably restricted to certain subcategories of DS, are adjoint to a forgetful
functor. Since we have no use for this in our work, we omit the details.
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Remark 2.18. If XX is a double system such that the morphism 7, ,, is injective
forallm > n > 0, then X' = *X; similarly, if ¢, ,, is surjective for all m >
n > 0 and X,, has bounded exponent for every n, then X = ;X. To see the
first implication, let x € X,, and pick m > n such that (T, : T,,)x = 0. Writing
Ty : Ty) = 7y 0@y, and using that 7, , is injective, we deduce ¢,, ,,,(x) = 0,
hence ¢,(x) = 0 and x € *X,,. This shows X' = *X. Similarly, suppose that the
morphism ¢, ,, is surjective for m > n > 0, and let x € 7X,,. Pick m > n such
that (I', : T',)X,, = 0 and let y € X,,, be such that 7, ,(y) = x, which exists
because x € TX,,. Surjectivity of ®,.m guarantees the existence of an element
z € X,, such that ¢, ,,(z) = y, and x = 7, ,09, ,(z) = (T, : T',)z = 0. Then
X =0and X =, X.

Before stating the next lemma, observe that if X = (X,,) is a double system
such that the exponents of X, are bounded independently of n, then

fxcex. (2.14)

Indeed, for n > 0 and x € 'X,,, one can write x = 7, (&) for some £ € LiEXV"'

The element £ is torsion, because every X, has bounded exponent, and we
pick m such that (T',, : T',,)é = 0. Then

gon(x) = §0m0§0n,m0ﬂ'm,n0ﬂ'm(§) = gomoﬂm((rn : Fm)f) =0
showing x € “X,,, and thus (2.14).

Lemma 2.19. Let X = (X, ®y.m> Tmn)m>nzo be a D-double system such that
the orders |X,| are bounded independently of n. The following conditions are
equivalent:

B,1) 7yt “Xim = “X,, is an isomorphism for allm > n > 0;
B,-2) $pm ' 1 Xn = X is an isomorphism for allm > n > 0;
B,-3) "X, = %X, or equivalently +Xp = Xy, foralln > 0.

When any of the above conditions is met, the orders |X,,| are eventually constant,
and both 7t , 0 "X,y = "X, and ¢, 0 X, — X, are isomorphisms for all
m2>n>0.

Proof. To prove that B, -1) implies B, -3), observe that it is enough to show
*X, C X, for all n > 0, in light of (2.14). By B,-1) we can find n such that

T - “Xm 5 2X, for all m > n, and let x € “X,,. For all m > n there exists a
unique x,, € “X,, such that 7,,, ,,(x,,,) = x. It follows that { = lim x,, € li(_me

exists and x = 7,(§), showing x € 'X,,.

Assuming B, -3), Proposition 2.16-ii) implies that ¢, ,, : X, = + X, is injec-
tive for all m > n > 0. It follows that n — |.X,| is an non-decreasing sequence
of bounded, positive integers and thus eventually constant. As an injection of
finite groups of the same order is an isomorphism, this proves the implication
B,-3)>B,-2).
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Finally, assume B, -2) and let n, be such that ¢, ,, is an isomorphism for all
m > n > ngy. Consider the shifted double system

! _ ! _ / _ / —
x _(XVI, - Xn+n0’ ¢n,m - ¢n+n0,m+n0’ ﬂm,n - ﬂm+n0,n+no)m>n>o'

Then X’ satisfies 'X), = 7X,,, and *X}, = *X,,, because limX}, = limX,
and limX,, = h_r)nX,’l It follows that ;X; = X, and X; = X, for all
n > 0, so X’ satisfies B,-2) forall m > n > 0. By Proposition 2.16-iii), the
natural surjection X" - ;X factors as

x’\ﬁ—» ix,
xl

On the other hand, the inclusion (2.14) induces a surjection ;X" - ,X’. Since
all groups ,X;, and .X, are finite, the existence of surjections ,X} - :X; and
+X;, > X, implies that these surjections are isomorphisms, proving B,,-3) for
the system X’. Upon reindexing, this implies B,,-3) for X.

To establish the statement concerning the stabilisation of the orders |X,,]|,
write |X,,| = [*X,| - [.X,|. Thanks to B,,-3) this coincides with [*X,| - [: X,
and both the orders |*X,| and |;X,| are eventually constant because of B, -1)
and B,,-2). Replacing in the isomorphisms in B,-1) and B,,-2) the equalities
of B, -3) yields the final statement. O

Definition 2.20. Let B, be the full subcategory of DS, whose objects are the
D-double systems of finite p-groups whose order is bounded independently of
n and that satisfy any of the equivalent conditions B,-1)-B, -3) of Lemma 2.19.
In particular, the order of the components of the system is in fact eventually
constant, independently of n > 0.

Remark 2.21. In Example 2.29, we construct a double system of finite p-groups
of constant order which is not an object of B,,.

Example 2.22. Suppose that T is filtered by I, = T'?" for all n > 0 and con-
sider the double system X = (Z/p,id, 0), where all components X,, coincide
with Z/p, the ascending morphisms are the identity and the descending ones
are the 0 map. One computes that 1(@36 = 0 and h_n)lx = Z/p, so that
*X, = "X, = 0, and conditions B,-1) and B,,-3) (and thus B,-2)) are satis-
fied, showing that Xt is an object of B, .

Similarly, one can consider the system Y = (Z/p, 0, id), that is again an ob-
jectof B, because Y, = Y, =Y,,s0,Y, = 0and conditions B p-3)and B, -2)
are satisfied (and so is B,-1), then).

Example 2.23. In this example, denote for simplicity the index ([, : T,,) by
h,.n and write h, for (I" : T',); similarly, write g for g(I'). In case the filtration
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{I'}n>0 coincides with {re" }ns>0, these become hy, ,, = p™™",h, = p*andg =0,
and the reader may keep this particular case in mind.
Consider the D-double system Z(I') (denoted simply Z if the filtered group T’
is understood) defined as
Z(0) =(Z/hys b = Z[ My & Z[hyspr)
Here, form > n, -h, ,, sendsx mod h,Ztoh,, ,,x mod h,,Zandpr: Z/h, —
Z/h,, denotes the canonical projection (we omit the indexes in pr to avoid no-
tation overload); all components have trivial action of D,. Let n, > 1: define

the shift 2y, 1(T') = Z,,) of Z as the double system whose components are

Z/h,p™™ foralln > g+ n,

2 =
Zing))n 0 foralln < g + ny

with transition morphisms ¢, ,41 = -p and 7,,,, = pr for n > n,, and the
trivial maps otherwise. Observe that the requirement n > g + n, ensures that
h,p™™ € N and h,,; = ph,. We intend to show that, although %, ; is not
isomorphic to Z (none of the components are, in fact, and since kernels and
cokernels are computed component-wise in DS,,, the systems cannot be iso-
morphic), their “difference” lies in B, in a precise sense.

Defineamapt : 2y, > Zbyt, =0ifn <g+ngandy, = -p™: (L[, n =
Z/h,p™™ < Z/h, = (2),ifn > g+ nyg. One easily checks compatibility
of ¢, with transition maps, so ¢ defines an injection ¢ : 2, | < Z in the category
DS,,. The cokernel of ¢ is the double system of the cokernels, hence

Z/p™ ifn>g+n,

Cokert), =
( On Z/h, ifn<g+n,

with transition morphisms

id: Z/p — Z/p"  ifn>g+n,

= and Ve =
Pnn+1 = P n+l,n {pr: Z/hyy — Z/h, ifn<g+ng

Since the cokernel is non-trivial, the morphism ¢ is not an isomorphism in DS,.
Yet, the direct limit li_n)l(Coker 1) is trivial, because for all n > g + ny and all
x € (Cokert),, ¢,2,(x) = p"x = 0. In particular, (*Coker ), = (Cokert), for
n > n, and thus condition B,,-1) is fulfilled, showing Cokert € B,

Rather than considering the injection ¢: 2, | — 2 one can look at the
morphism ¢ : Z — Z|, | defined component-wise by the projections (2), =
Z[h, = Z[h,p™™ = (Z[p,)n> for n > g + ny. One can verify that the double
system (Ker ¢, ¢’, ') satisfies l(iEKerqb = 0and ¢’ = id for all n > 0, showing
that Ker ¢ € B,, by condition B, -2).

The following proposition provides a class of double systems belonging to
the thick subcategory B, ,.
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Proposition 2.24. Let X' = (X, @p.m> Tm.n)msn>0 be a double system of finite
Z ,|Dy]-modules such that either ¢, , is an isomorphism form > n > 0, or 7,y
is an isomorphism form > n > 0: then X € B,

Proof. Observe thatif ¢, , (resp. 7, ,) is eventually an isomorphism, then the
orders |X,,| are bounded independently of n and the direct limit ¢,, (resp. the
inverse limit 7z,,) is also an isomorphism for n > 0. In particular *X,, = 0
(resp. ;X,, = 0) for n > 0 and condition B,-1) (resp. condition B,-2)) of
Lemma 2.19 is satisfied, so X € B, O

Remark 2.25. Proposition 2.24 shows that, for a double system of finite Z,[D,]-
modules, the condition of being in B, only depends upon the underlying direct,
or inverse, system. This will be useful for our arithmetic applications, especially
at the end of the proof of Theorem 3.8.

We recall the following result concerning quotient categories, for which we
refer to [Gab62, Ch. III,§1]:

Definition/Theorem. A full subcategory C of an abelian category A is called
thick (épaisse in French) if for every exact sequence

0—X —wX—X"—0

in A, the object X belongs to C if and only if both X" and X"’ belong to C. For every
thick subcategory C C A there exists a quotient category A/C, which is abelian
and comes with a full localising functor

A— A/C.

The objects of A/C are the objects of A. Given two objects X, X' in A and a mor-
phism f: X — X, its image (that is still denoted by f) in Homy /c(X,X") is a
monomorphism (resp. an epimorphism, an isomorphism)if and onlyifKer f € C
(resp. Coker f € C, Ker f and Coker f € C). If this is the case, we say that f is
a C-monomorphism (resp. C-epimorphism, C-isomorphism).

The main technical result of this section is the following proposition.
Proposition 2.26. The category B, is a thick subcategory of DSy,

Proof. Let0 - X’ — X — X" — 0 be an exact sequence in DS,,. For every n
we have |X,,| = |X},| - |1X]/|, so the order | X,,| is bounded if and only if |X/,| and
|X!/| are bounded.

By Proposition 2.16-i), for every m > n > 0, there are commutative diagrams

0 D.é “Xm ax 0
J{ﬂ,{n,n lﬂm,n J/Tf;,{l,n (2.15)
0 aX! X, .64 0

whose rows are exact, except possibly on the right.
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Suppose that X" and X" are objects in B,, and fix ¢ > g(T') such that p°X,, =
p°Xy, = pX; = 0forall n > 0. We claim that since X" € B,, rows of (2.15)
are exact on the right for n large enough. For any n > 0large enough, B, -1) en-
sures that n;”n ¢ ;’ — 2X!! is an isomorphism for all £ > n; we fix ¢ > n +c,
so (T, : Tp)X, = p“™"X, = 0. Let [x] € *X],. There exists [y] € “X// such that
[x] = ﬂ;’,n[y] and if y € X, is a lift of [y], then x = 7, ,(y) € X, satisfies x

(mod X}) = [x]. Moreover, @,(x) = ¢ @y x(y) = P¢(p’™"y) = 0 showing
x € *X,. It follows that X, — X,/ is surjective for all n > 0. In particu-
lar, (2.15) has exact rows and the snake lemma shows that since both 7}, , and
7, , are isomorphisms, the same holds for 7, ,. Hence, if both X/, X" are in
BD, then also XX is in Bz)'

Conversely, suppose that X' € B, and that n > 0 is such that 7, , : “X;,, =
2X, is an isomorphism for all m > n. Even when the rows in (2.15) are not exact
on the right, the restrictions 7, , : °X;, — °X, are injective. It follows that
n — |*X) | is a non-increasing sequence of positive integers and thus eventually
constant. As an injection of finite groups of the same order is an isomorphism,
this shows X" € B,,. In order to show that X" € B,, consider the following
commutative diagram, analogous to (2.15):

X +Xm +Xm 0
T@;l,m T(p”ym T(P;:,m (2.16)
X X X 0

Exactness of the rows follows from Proposition 2.16-i) and shows that ¢}, ,, is
surjective, since @, p, : X, — 3Xp, is an isomorphism by B, -3). Therefore,
the orders |;X}/| are non-increasing, which implies that ¢/, restricted to ;X
is actually an isomorphism for m > n > 0, yielding that X"’ € B,,. O

A consequence of the above proposition is that it is possible to form the
quotient category DS,,/B,, and to speak about double systems that are B,,-
isomorphic. For instance, the systems Z and 2|, from Example 2.23 are B,,-
isomorphic, two B,,-isomorphisms being the maps ¢ and ¢ constructed ibid. To
mark the difference between morphisms in DS,, and morphisms in DS,,/B,,
we denote the latter by dashed arrows, thus writing

f:x->x

foramap f € HomDSD/BD(LL’,LK’).

Gabriel’s theory of quotient categories provides an algebraic framework to
study objects, typically occurring in Iwasawa theory, whose sizes is “eventually
equal”. Since this notion is pivotal in our study, we single it out in the following

Definition 2.27. We say that two sequences {x,},cn and {y,},en of positive
natural numbers are eventually proportional if there exists n, > 0 and a rational
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number ¢ € Q, independent of n, such that
X, =cy, for all n > n,.
In this case we write x,, « y,. It is clear that « is an equivalence relation.
We isolate the following easy consequence of Lemma 2.19.

Corollary 2.28. Let X and X' be two double systems of finite Z ,[D,|-modules
which are B, -isomorphic, then |X,| « | X7

Proof. Since X' =p X ’, there exists a morphism f € Hompg (X,X’) such
that both Ker(f) and Coker(f) are in B,,. Lemma 2.19 implies that |X,| «
X0l O

Example 2.29. A slight modification of Example 2.22 yields the following. Sup-
pose, as ibid., that 'is filtered by I',, = I'?" for all n > 0 and consider the double
system X = (Z/p,0,0), where all components X,, coincide with Z/p and all
transition morphisms are the 0 map. In particular, 1(@% = h_r)nx = 0 and
therefore X,, = *X,, = ;X,,. It follows that both “X,, and ;X,, are non-zero, but
the transition morphisms 7, ,,, : *X,,, = *X,, and @, ,, : +X,, = +X,, are the
zero map. Thus, neither of conditions BD-I) nor Bﬂ-z) is satisfied, showing
that X is not an object in B,,, and in particular it is not B, -isomorphic to the
zero system O = (O, = 0,0,0) (since B, is thick). Yet, their orders are eventu-
ally proportional, showing that being B, -isomorphic is a stronger notion than
having eventually proportional orders.

For the arithmetic applications relevant to this work, it is enough to restrict
to a certain subcategory of DS,,, which we now define. Observe that every Z -
torsion Zp,[Dy]-module M can be decomposed as M = Mg, © M4, Wwhere
Mgy, is the maximal Z ,-divisible submodule of M and M, is the maximal Z ,-
reduced submodule. This decomposition is in fact one of Z,[Dy]-modules, be-

cause Dy acts by automorphisms on the Z,-module underlying M.
. . co-f.g.

For a finite group H, write ModZP[H]
Z,[H]-modules M such that M, is finite and such that My, = (Q,/Z p)’1
co-f.g.
Zp|H]
(those with 4 = 0) is clearly a thick subcategory, so that the quotient category

Modczofg'] /Modgz[H] is well-defined. When H is the trivial group, we drop it
p

for the abelian category of Z ,-torsion

for some 4 € N. The subcategory Modgz[H] € Mod of finite modules

from the notation and simply write ModCZO'f'g' and Mod%.
p

Definition 2.30. For a torsion Z p-module M, we set
corkM = dimgq, (HomZP(M, Qp/Z,) ®z, @p) .
The function cork is well-defined on objects of the quotient category

co-f.g. fin
Modzp Dol / Modzp[ Dol
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co-f.g.
Zp|Dol’
Ch. III, §1, Corollaire 1], one sees that it is multiplicative in short exact se-
quences because cork M = 0 for every M in the thick subcategory Modgi[Do].
We will refer at the number cork M as the corank of M.

We can finally define the subcategory Dsg'f'g' C DS, mentioned in the In-
troduction:

because they coincide with objects of Mod Moreover, by using [Gab62,

Definition 2.31. Let DSc;'f'g‘ be the full subcategory of DS, whose objects X' =
(X Prms Tmn)m>n>o satisfy the following conditions:
(co-f.g. A) Every X, is a finite group such that (I" : T',)X,, = 0 for all n > 0;

. . co-f.g.
(co-f.g. B) h_r)nx belongs to Mode[DO].

Similarly, let B;)'f'g' be the full subcategory of B, consisting of objects satisty-
ing (co-f.g. A).

Observe that Ds;"f'g' is an abelian category because it is an additive full sub-
category of the abelian category DS,, which is closed under kernels and cok-

fg. . . f.g.
;’ ® is a thick subcategory of DSZ;) & That

every object in B;"f'g' lies in DSCDO'f'g' is obvious, because condition (co-f.g. A)
holds by definition and condition (co-f.g. B) follows from condition B,,-2) of
Lemma 2.19 (which shows that the direct limit is actually finite). This im-

plies, in particular, that objects in B;)_f'g' can equivalently be defined as those
in Dsgj'f'g' which moreover satisfy either of the conditions of Lemma 2.19. The
claim that it is thick is also immediate: given an exact sequence

0—X —->2X—X"—0

ernels. Moreover, we claim that B

in DSZ;)'f'g', each of the elements X/, X, X"’ liesin Bg"f'g' if and only itliesin B,,

because (co-f.g. A) is satisfied automatically by the requirement that the objects

in the sequence be in Dsg"f'g'. Therefore B;}f’g' C DSZ;)'f'g'

B,, C DS, is thick, and we can consider the quotient category DSCDO'f'g' /B
which is again abelian.

We now introduce the step-torsion functor . : Mod;'g')g'] - DSCDO'f'g'. As
pl~0

in Example 2.23, denote the index (I', : T',) by h,,, and simply write h,, for
(T : T,); similarly, write g for g(I'). Givena Z ,-module M and n € N, denote by
M{[h,,] the submodule of M consisting of elements annihilated by h,,. Define .

to be the functor that associates to every Z,[Dy]-module M € Mod;'ﬁ)g'] the
pL~0

is thick because
co-f.g.
D b

D-double system
y(M) = (Mn = M[hn]’ Pnm> 7Tm,n)

m>n>0
where ¢, ,, is induced by the identity map and where 7, ,, is induced by the
multiplication by h,, ,,,; and to every morphism u : M — M’, the morphism

S () = (u, = ulM[hn] : Mlh,] - Ml[hn])
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The fact that .7 takes values in DS';;)'f‘g’ is immediate: condition (co-f.g. A) in
Definition 2.31 is satisfied by construction, and condition (co-f.g. B) follows by
writing h_r)n S (M) = H_II)IM [h,] = M (since M is Z ,-torsion).

co-f.g.
Z,[Dy]
of finite modules to BZ;)— : indeed, given a finite module M € Mod LD, > ONe

has M[h, ] = M for all n > 0, and therefore the transition morphlsms ®p.m are

the identity idy; : M — M for all m > n > 0. Proposition 2.24 shows . (M) €
B,,, and since /(M) € DSCO te by construction, we obtain . (M) € BCO . & as
claimed. It follows that .7 1nduces a functor between quotient categorles st111

denoted by the same symbol
f. fi f.g. f.g.
7. Mo d°° & " /Mo dZ‘n | — DS /BT E (2.17)

It is easy to see that . sends the thick subcategory Modgn[D ) € Mod

Related to .7 is the limit functor

co-f.g. co-f.g.
hm DS, * — Mod, (D]

taking a double system and associating to it the direct limit of the underlying

direct system: it takes values in Modczo'l[cbg | cote.
P

By composing it with ., we obtain the endofunctor

# = Folim: DSy ¢ — DL,

by definition of the category DS,

D

Given any object X in B;"f'g', the direct limit h_n)qx is finitely generated and
of finite exponent, by Lemma 2.19; it is therefore finite, and the direct limit
functor factors as

1111'1 Dsco -f.g. /Bco -f.g.

co-f.g. fin
2 Dy /Mody’ (2.18)

(see [Gab62, Ch. III, §1, Corollaire 2]). Combining (2.18) with (2.17) shows that
% extends to an endofunctor, still denoted by the same symbol,

-f.g. -f.g. -f.g. -f.g.
Z: DSy /By ¥ — DS g/ng’ g,

— Mod

Corollary 2.32. Let X be a double system in DS ", and suppose that X' =

L(X). Then |X,| « p*c", where A is the corank ofh_r)n X. Moreover, given an
exact sequence
0> X <> X > X" >0

in DS(;_f'g' / Bcﬂo'f'g' of double systems satisfying the above assumption, the relation
Ax = /13(/ + /135/!
holds.

Proof. As observed in Corollary 2.28, the existence of a B,-isomorphism as in
the statement implies that | X,,| o |(li_rr)1 X)[h,]]. On the other hand, the explicit
structure of the direct limit of the groups X, yields

. Ax
|(tim 2)[ ]| ox pe”
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Given an exact sequence as in the statement, [Gab62, Ch. 11, §1, Corollaire 1]
yields an exact sequence

0—>y’—>y—>y”—>0

in DSZ;)"f‘g' such that the diagram

O-——=2Y -3 Y- =5 Y - —— 50
| | |
=B, | =B, | =B,
+ + +

0—-—— =3 X -3 X === X" === =50

commutes. It yields, again through Corollary 2.28, the chain of eventual pro-
portionalities

PHM o Xy | o [V = |Yp] - Y]] o |XG| - |XG| oc plarthan
finishing the proof. O
We conclude this section by analysing the exactness of the functor .Z.

Proposition 2.33. Given an exact sequence
v u
0—M —M-—M'—0

. co-f.g.
in Mode[DO], the sequence

A O) S (w) "
0--> M) - SM) - SM")-->0 (2.19)
is exactin DS%}f’g' / Bg)_f'g'. In particular, £ is an exact functor when regarded as
. co-f.g. ;yco-f.g. co-f.g. ,pco-f.g.
Z: DSy /By E — DS, 8 /B E
Proof. Observe first that . is left exact, since so is the functor M — M|[h,, ] for
all n > 0. Therefore we have an exact sequence
Z(v) S (w)
0— SM') — S (M) — S(M") — Coker.”(u) — 0.

We claim that Coker . (u) € Bg"f'g': this will imply that (2.19) is right exact.

Forn € N, let§, : M"[h,] - M’'/h,M’ be the connecting homomorphism
of the snake lemma corresponding to multiplication by h,. The formation of
the snake exact sequence being natural, for m > n we get commutative dia-
grams

Sm Sm
M"[h,] ————— M'/h,, M’ M"[h,| ——— M'/h, M’
Pnm="hnm and hym T n=mod h, M’
Sn Sn
M"[h,] ———— M'/h,M’ M"[h,]| ———— M'/h,M’

(2.20)
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The commutativity of (2.20) together with the exactness of the snake sequence
shows that the cokernel Coker.#(u) is a subobject of the double system X =
(M [hyM', @py 1> T ). Writing M" = M, @ M/, we obtain

div

X = (M’/hnM, = M;ed/h”M;ed’ Prnm = .h”’m’ ﬂm’”)mZnZO

ed’

where
Tmn - M;ed/hmM;ed > M;ed/h”M;ed'

is the obvious projection. Since, by assumption, M ;e 4 is finite, the quotient
M/ ,/h,M! , coincides with M . for all n > 0 and the projection 7,, , is the
identity. Thus, this system satisfies the assumptions of Proposition 2.24, show-
ing that X' € B, and therefore Coker ./ (u) € B;)'f'g'. This concludes the proof
of the exactness on the right of (2.19).

The final assertion concerning .Z : DSZS'f'g' /Bco'f’g' - Dsg"f'g' / Bcﬂo'f'g’ fol-

D
lows from the previous point, combined with exactness of

.. co-f.g. ;yco-f.g. co-f.g. fin
h_II)l . DSZ) /BD = MOde[DO]/MOde[DO].

O

Given any double system X' = (X, @y, yy, Ty ) i DSZ;)'f'g', foreachn > 0 the

map ¢, : X, — h_n},’/r factors through @, : X,, = (li_rr)lx)[hn] = 2(X),. We
claim that the diagrams

q)l‘m ‘Dxm
Xm—,>g(x)m Xm—’%:g(x)m
<0n,m[ J and ”m,nl lhn,m
:DJCn (I)In
Xy —— Z(X)y Xy —— LX)y
(2.21)

are commutative, and hence determine a morphism @, : X - Z(X) of dou-
ble systems. The commutativity of the left square in (2.21) follows from the
fact that the direct limit is taken with respect to the morphism ¢,, ,,,. Concern-
ing that on the right, let x € X,,;: we need to show that, in the direct limit, the
equality
hymx =y nx € h_r)nx

holds. By definition of direct limit, this follows from the equality h, ,,x =
®mn(7Tm.nX), which is a consequence of the relation ¢,, ,07,, ,, = hy,,. The
next corollary shows that this construction is functorial:

Corollary 2.34. The collection ® = (). _peote defines a natural transforma-
D
tion
(1 idDScI;)—f.g/B;)—f.g. s $

co—f.g./B;)-f.g..

of endofunctors of the abelian category DS,
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Proof. Let f: X — X’ be a morphism of double systems. We need to prove
the commutativity of

x—f>x’

@xl }px, (2.22)
2(0) —Z2L s ()

Fix n > 0: by construction, .Z(X),, = (li_r)n X)[h,]and £Z(X"), = (li_r)n XNh,].
Thus, commutativity of (2.22) translates in the requirement that the following
diagram commutes, for all n > 0:

X, L X!
(Dx,nJ( lcbx’,n
H_r)nf
h_r)nx,[hn] —_— h_r)nx,[h'n]
This is clear. O

Example 2.35. We show that the hypothesis of Corollary 2.32 holds for the dou-
ble systems Z and Z,, | from Example 2.23, where we fix n, > 1in what follows.
Since h_II)l % = Q,/Z, and each component (Z),, is finite, the system Z actually
lies in the subcategory DSZ;)'f'g'. We start by computing .2 (Z). By definition,
L) = fli_r)nz, and we find

L), = Qp/Z, 1] = (-2)/2 2 2/, = (2,

with the obvious transition morphisms. In particular, the evaluation @ of the
natural transformation ® at Z is actually an isomorphism in DSCDO'f'g', not only
. co-f.g. ,co-f.g.
in DS, / B, ~. .

Concerning 2, | we have seen in Example 2.23 that Z,, | =g, Z, and clearly

Z[n,] 1s an element of Dsg_f'g' as well. By first applying . to this isomorphism
and then composing the resulting isomorphism with @, we find

. -f.g. f.g.
X(Z[no]) gB@ ZL(2) EBD Z EB@ Z["o] n DSCDO § /BC; &

showing that CIDz[nO] is an isomorphism as well. Note, though, that this is not

an isomorphism before taking the quotient by Bz;)'f‘g‘. Indeed the direct limits
li_n)l Z and h_r)n Z[n,) are both isomorphic to Q,/Z,, showing that

co-f.g.

g(Z[no]) > Z[no] in DSQ .
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3. The double system of the cohomology of units

3.1. Arithmetic set-up. In this section, we apply the algebraic results from
Section 2 to an arithmetic setting arising in Iwasawa theory. Fix a number
field k and a finite normal extension F /k, and set D, = Gal(F /k). Consider
a Z p-extension L, /F, which is also normal over k: set D = Gal(Ly,/k) and
I' = Gal(L,/F), so that there is an exact sequence

1—-T'—2D—D,—1 (2.1)

as in Section 2.2. Endow I' with the filtration I',, = TP" for all n > 0, so that,
with notation as in loc. cit., g(I') = 0 and define the groups G,, G, , and D,
accordingly. Denote by L, the subfield of L, fixed by I',,, so that L, = (J L,,
F=Lyand|[L,, : L,] =p™ "

We refer the reader to [Tat67] and to [Ser67] for the global and local class
field theory results that we use. Consider the following commutative diagram
of Galois modules with exact rows and columns:

1 1 1
1 o5 Ly Pry, 1
1 U, A} Id, 1 (G.1)
1 Qr, Cr, Ap, 1

1 1 1

Here we use the following notation for a number field M: M* denotes the group
(M \ {0}) ® Z,, 1d); is the group of fractional ideals tensored with Z,, Pry; is
the group of principal ideals tensored with Z,, Ay, is the quotient Id,,/Pry,
(i. e. the p-Sylow of the class group of M), AY is the ideéle group tensored with
7, Cyy is the quotient A¥ /M (i. e. the idele class group tensored with Z,,), Oy,
is the group of units tensored with Z,, U, is the group of ideles of valuation 0
at every finite place tensored with Z, and Q, is defined by the exactness of
the diagram. Every term in (3.1) belongs to a D-normic system, in the sense of
Definition 2.2, where the transition maps are induced by the inclusion

[Lm/Ln : Ln — Lm
and the (arithmetic) norm

NLm/Ln . L;(n - L%
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The collection of all diagrams (3.1) for n > 0 is a commutative diagram in the
category NSy. All these normic systems satisfy (Inj), except for the system
(Ap, ). As for (Gal), it only holds for the four normic systems in the upper left
square and for the idéle class group.

Together with the global objects introduced above, two local normic systems
will be needed. For every prime p of F, fix a prime B, in L, above p. This
choice determines a decomposition group D(p) C D as well as a decomposition
group I'(p) = T'n D(p) C I. The prime P, N L, of L, will be denoted *B,, and
its decomposition groups in G,, and in D,, will be denoted by G,,(p) and D, (p),
respectively. When there are only finitely many primes above p in L, (this will
be the only case of interest to us), T'(p) is isomorphic to Z, and we can endow
(L;;}n) and (Oz(mn ) with a structure of D(p)-normic system as follows (for a local

field E we follow the same convention explained above, so E* := (E\{0})®Z,
and (92 is the group of units tensored with Z,). Endow I'(p) with the filtration

(F(p)n =T(p)n Fpn)neN so that T'(p)/T(p), := G(p), = G,(p): this filtration

satisfies the condition of §2.2 with g(T'(p)) = g, where p# is the (finite) number
of primes in L, above p—in other words, L, /F is the maximal subextension
in L, /F where p splits completely. The collections (L;}n) and ((921D ), endowed
with the natural extension and norm maps, denoted Ip,. /B, and lrl\Igpm /B, are
then D(p)-normic systems. We denote these normic systems by O%. and L‘>l<3.’
respectively. They satisfy both (Inj) and (Gal). Before passing to the analysis
of double systems arising from Tate cohomology, we establish one lemma on
the residual action on the cohomology of local units. First, we introduce the
following notation.

Notation 3.1. Given a number field M, and an extension M, /M,, denote by
T(M, /M,) the set of primes of M, which ramify in M; /M,. Given any prime
p C O, denote by p the prime p = pN Oy, of k and by p# the number of primes
in Ly, above it. Finally, let e/, (tesp. fyu/n> dm/n = €m/n * fm/n) denote the
ramification index (resp. the inertia degree, the extension degree) of Ly /Ls .
To lighten the typesetting of some formule we also introduce the notation ¢ , to
denote In,(f,) where f, is the inertia degree of p in L., /F. When the prime p

needs to be specified, we write ¢ f; instead.

The following general lemma will be useful to analyse the action of D, on
the G,,-cohomology of the idelic units.

Lemma 3.2. Let D be a finite group and let G < H < D be subgroups of D. For
every H-module M and every i € Z, there is an isomorphism

HY(G,M Q) Z[D)) = H(G, M) ®z(i) Z[D]

of D-modules.
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Proof. Given any Z[G]-module P, consider the Z[D]-homomorphism
7 Homyg(P, M) ®z[x) Z[D] — Homgy (P, M Q7] Z[D])

21 ®m)) (2 — X (fi(@) ® m)).

Since Z[D] is Z|H]-free, [Bou61, Chap.I, §2, n°9, Proposition 10], shows that t
is an isomorphism whenever P is projective and finitely presented. Now let
P* — Z be resolution of the trivial Z[G]-module Z made of finitely presented
projective modules. Then

H'(G,M ®z ZID]) = H'(Homzj)(P*, M ®zi) ZID]))
=~ H'(Homgy(g)(P*, M) @z Z[D]) (3.2)
~ H'(Homz)(P*, M)) ®zm) ZID] (3.3)
= H'(G,M) Qz[u Z|D].

The isomorphism (3.2) is induced by 7 and (3.3) is an isomorphism because
Z|D]is Z[H]-flat. In particular, we get an isomorphism of Z[D]-modules

H'(G,M Qgzp; Z[D)) = H'(G,M) @z Z[D].

To conclude the proof we argue inductively by backward dimension shifting.
We start the induction at i = 1: we have just proved that for every Z[H]-
module N there is a Z[D]-isomorphism

ﬁl(G,N ®Z[H] Z[D]) = I/‘\II(G,N) ®Z[H] Z[D]

To go from i to i — 1, apply the functor — ®, M to the augmentation map
Z|H]| - Z. We obtain an exact sequence of Z[H |-modules

0—M —>MQ®yZH —M—0

for a suitable M’, where M ® ; Z|H]| is induced, hence cohomologically trivial.
We deduce that there is an isomorphism H"}(G,M) =~ H(G,M’) of Z[H]-
modules,inducing a Z[D]-isomorphism

a-YG,M) ®zm) Z[D] = H(G,M") ®z(m Z[D].
We also have an exact sequence of Z[D]-modules
0 — M’ Qzy) ZID] — M ®z Z|D] — M gz Z[D] — 0
yielding an isomorphism of Z[D]-modules
A=Y(G,M ®zu) ZID)) = H'(G, M’ Q1) Z[D)).

Since, by the inductive hypothesis, (G, M’ ®zim) ZID]) = Ai(G,M") ®zH]
Z|D] as Z[D]-modules, we obtain a Z[D ]-isomorphism

H7Y(G,M ®z ZID]) = HY(G, M) ®z;1 ZID],
concluding the proof. O
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Lemma 3.3. Fixn > 0. The decomposition
w, = [ of
8,CcOr,
together with Shapiro’s lemma induce isomorphisms of Dy-modules
AGni)x B DAGW®.05) (3.4)
PET(Les /K) plP
foralli € Z. In particular, there are Dy-isomorphisms
AY(Gy, Up,) = (Z/en o)™ E=/P) fori=1,2 (3.5)
where Dy acts on (Z /e, o)™ /") through its action on the set T(L, /F).
Proof. We start by analysing the cohomology of local units. Let p € T(L,/F)

be a prime. Denoting by vy the *B,-adic valuation, we have an exact sequence
of D,,(p)-modules

U,
0— O%n — L%n — Z, —0. (3.6)

Taking cohomology of the sequence we get, through Hilbert Theorem 90, a
D, (p)-equivariant identification

5533 D Z/enso = H'(Gy, 2)/ Tm(vy ) = A (Gp(P), O ). (3.7)

A similar result holds for i = 2: local class field theory shows that the cup-
product with the fundamental class induces a D, (p)-equivariant isomorphism
Z/d, o = H%G,(p), Z) = A*G,(p), L;}n). This restricts to a D, (p)-equivariant
isomorphism
(Uu, i) 2 Z[eyjo = H*(Gy(p), OF ). (3.8)

Observe that (3.7) and (3.8) show that D, (p) acts trivially on A 1G,(p), (921(3 ) for
i=1,2.

We now proceed with the proof of the lemma. For a prime p of F (resp. a
prime p of k), set

v =11 Oy (tesp. v{‘n =11 0%)
2,lp ,.p

where the product is taken over the prime ideals of L, dividing p (resp. divid-
ing p). Then U; decomposes as

w, =11 v
by

as D,,-modules and, since the local units in unramified extension are cohomo-
logically trivial, this induces an isomorphism of D,-modules

H (G, U)= @ H(GH V).
PET(Ls, /K)
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In particular, to establish (3.4) it suffices to work component-wise, and we focus
on H(G,, V}j ) for a fixed prime p € T(L,, /k) from now on. Note that

-Dv,

vy
as G,,-modules and this gives a G,,-isomorphism
aiaG,, vfn) =P aG,. vfn). (3.9)
plp

To analyse the D,-action, observe that V; is in fact a H,(p)-module where
H,(p) =(G,,D,(p)) C D, is the subgroup generated by G,, and D,(p), and

V] =V} ®ziu,p) ZIDa]
as Z[D,]-modules. In particular, Lemma 3.2 yields an isomorphism of D,,-
modules
H(Gy, V] ) =BG, V! ) @211, ZIDa] = D H(G,, V)
»lp

that coincides with (3.9).
Now observe that Shapiro’s isomorphism factors as

A(G,, v} ) = H(G,, [ [ 0 ——= A G0, ][ 0%
gl £lp

SGn ()

=D, TG, %) 2% Bi(Gy(p), 03)
(see [Tat67, §7.2]) and thus it is D, (p)-equivariant. Since D,,(p) acts trivially on
H(G,(p), O% ) in light of the discussion in the first part of the proof, the same

holds for H(G,, V; ) and therefore the whole H,,(p) acts trivially on H(G,, VLP ).
Hence we have

H(G,, an) ®z(#, )] ZIDy] = H(G,, an) ®z Z[Dy/Dy(p)]
(G, (p), O%H) ®z Z[Dy/Dy(p)]

as D,-modules, because D, /H,(p) = Dy/Dy(p). This concludes the proof of
the first assertion of the lemma.
The existence of the isomorphisms (3.5) follows from (3.7) and (3.8). O

R

3.2. Double systems of Tate cohomology. Given any D-normic system B =
(Br,) as in §2.2, we equivalently denote its direct (resp. inverse) limit as h_n)q B
or li_r)nBLn or By (resp. I(E B or l(iEBLn), according to convenience. If B satis-
fies (Inj) (resp. (Inj) and (Gal)), then for all odd i € Z (resp. all i € Z) we can
consider the collection

F(B) = (G, B ), H' (), H (k)

m>n>0
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which is D-a double system in the language of §2.3 by Proposition 2.14. Since
any cohomology group of G,, is annihilated by p", for every D-normic system B
satisfying (Inj) (resp. both (Inj) and (Gal)), condition (co-f.g. A) is satisfied for
}/(\‘(B) for i odd (resp. for all i). Moreover there are canonical isomorphisms

H{(T,B; ) = li_rr)lﬁi(Gn,BLn) fori > 1,
where the limit is taken with respect to the maps Inf oj*. In particular, when

i > 1, condition (co-f.g. B) for the system HUB) is equivalent to the condi-

tion that H'(T, B;_) is an object of the subcategory ModZ [D P because the

two direct systems (H(G,,, By, ), H'(j)) and (H'(G,,, By, ), Inf 0 j*) coincide by
Lemma 2.7. Hence, when this is the case, the double system FC(B) lies in
DSZ;)'f # and can be viewed as an object of the quotient category DSCO Te / BCO te

When considering a local normic systems By € {OX. LY .} the cohomology

we consider is relative to the decomposition groups Gn(p). To stress this differ-
ence, we denote by a subscript p the corresponding D(p)-double system

:]-/E;(Bs'p-) = (ﬁl(Gn(p)’ an)’ me/mn ’ Nmm/mn )mZnZO-
The starting point of our study is the exact sequence of double systems
FOY ) — FOUL,) — FHUQp) — FA(OF) — H2(Uy)  (3.10)

whose existence follows from Propositions 2.10and 2.11. Let B € {07 , U , Q. }
be any of the normic systems occurring in (3.10). It is well-known that

HYT, hm B) belongs to ModZ D, ]whenl =1, 2 (see, for instance, [Iwa83, §2]),

s0 (3.10) is an exact sequence in DSD'
We first analyse the D-double systems F (Uy, ), and we single out their rela-
tionship with the D(p)-double systems ??;(O% ) in the following proposition.

Proposition 3.4. For each prime p € T(L,/k), the sum ®p|p Wz ((9>< )isa

D-double system, with the Dy-action discussed in Lemma 3.3. Moreover the iso-
morphisms (3.4) induce isomorphisms of D-double systems

) @ P W(O3)  forallieZ. (3.11)
PET(Loo/k) plp
Proof. To prove the first assertion we need to show the relation
B'(pm)oH (k) = Hi(kpp)oH (jum) = (Tp : Tp)y, m>n>0, (3.12)
pn,Hl(Gn(P) OX ) Letn be the

first index above which any of the local Z ,-extensions Lyy_/ Fp (for anyp | p)is
totally ramified. For every natural numbern > nﬁ, wehave (T, : T,,) =p™ ™" =

(T(p)y : T(p)m), and (3.12) is satisfied since every }@(0;} ) is a D(p)-double
< n/, the group D, H'(Gu(p), Og, ) vanishes because the

for the transition morphisms of the system

system. When n
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cohomology of local units in unramified extensions is trivial. Therefore in this
case both H'(j, )oH!(k, ) and H!(k,, ,)oH!(j, ) are trivial endomorphisms
and (3.12) is equivalent to saying that the index (I, : T,,) annihilates both
GBPIE H(G,(p), (9%) and @pli H(G,,(p), O%m). This is obvious for the group

GBPIE H(G,(p), 0;3 ) = 0. As for the groups at level m, observe that each
group A1(G,u(p), 05 ) is annihilated by |G,, »(M)| = T(®)p = T(P)) =
P = €p/ot We have shown this in Lemma 3.3 for degrees 1'and 2, and pe-

m/ n
rlOdlClty of Tate cohomology y1e1ds the same result for alli € Z. Thus, since
(r'tp),, b I'(p),,) divides (T, : T,,) because n < ntr, it follows that (T',, : T},)

also acts asOon @, H’(Gm(p) O% )

Having estabhshed that the right-hand side of (3.11) is a D-double system,
the fact that (3.11) is an isomorphism will be an immediate consequence of
Lemma 3.3 once we prove that the isomorphisms (3.4) are compatible with the
ascending and descending morphisms, hence defining isomorphisms of double
systems. Since both the ascending and descending morphisms are relative to
the extension L, /F (rather than L., /k), we can and do fix a prime p C O and
check the compatibility for the relevant component. Given the explicit defini-
tion of Shapiro’s lemma in Tate cohomology, the required compatibilities cor-
respond to the commutativity, for all i € Z, of the diagrams®

€SG, Py, A
Gy, T 0 22 T] A G(9), 0) — 2 MG, 05 )

Ly Ly
A1ty /1,) Hpprma)  (3.13)
i xy R€SGn(p) i xy Py x
A(Gy ] 079~ TT BHGal), 07) ——2 AHG, (). O )

Iy Ip

3We adopt the typesetting convention of denoting by & the generic prime dividing p in L,,,
and denoting by [ the generic prime dividing p in L,. We adopt the notation Ng, and tg/ to
denote the corresponding norm and extension maps. Moreover, in the first (resp. second) line of
both diagrams, we tacitly identify the two members of the identity

G, [[0) =] A G, 0% Gesp. A G, [[ 09 =] H(G.®).0))

p Qp Ip [y
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and

P ResG,(p) o~ PIp,
(G, [ [ 09— [ H'Gn(®). 0) — H'Gn(9). O3 )
p 2p

AWy, ) H Ny, ) (3.14)

Resg,(p)

N A Prs n A r
Ai(G,, 1”'[ 0 —= g[Hl(Gn(m, 07) — A (Ga(p), O )
p p

All terms in the bottom lines of (3.13) and (3.14) vanish if n < g,,, and there is
nothing to check: hence we assume, from now on, that m > n > Zp- Observe

that Shapiro’s isomorphism is compatible with the cup-products defining A(j)
and Hi(k) for arbitrary i. More precisely

Resg, (p)(X Ux,) = Resg, (4)(X) U Resg () (%)

and Resg (y,(%,) corresponds to the element of Hom(G,(p), @,/Z,) defined by

Resg,p)(xn) : Vé’gv — p& /(T : Tp) = (T : T(p))/(T : Tp). (3.15)

On the other hand, by definition of H'(j) and H(k) for the local system, they

coincide with cup product with the class x,'i e H*(G,(p). Z p) that corresponds
to the element of Hom(G,(p), Q,/Z,,) defined by

xb s yET 1) : ). (3.16)

Since n > gy, we have I',(p) = T, so that (3.15) and (3.16) agree. Therefore it is
enough to check commutativity of both (3.13) and of (3.14) for i = —1 and for
i=0.

Starting with i = —1, let £ € H(G,,, I1y, O)and E € AY(G,, I1g, Og)-
By [AW67, Proposition 7], restriction in degree —1 is represented by multi-
plication by the algebraic norm, hence commutativity of the diagrams (3.13)
and (3.14) are equivalent to the equalities

AV, ) Py, (NMg, 16, €) = Pryy (Nmg, /6,0 (A0, 1,)8))  (317)
and
ANy, p,)pry, (NmG, 16,9E) = Pry, (NG, 6, (A7 (N, 1,)8)). - (318)

To check (3.17), suppose that £ can be represented by (&) € qu Of. Thanks
to the assumption n > g, the restriction of Galois automorphisms induces a
bijection between the sets G,,/G,,(p) and G, /G,(p): denote this bijection by
a bar, writing o for the generic element of G,,/G,,(p) that is the restriction of
o € G,,/G,(p). Then, with a slight abuse of notation consisting in identifying &
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with the tuple of &’s,

AV, ) PPy, (NmG, /6,0€) = A7 e, )prg [ (- TT 56))

TEGy [Gulh) t
=07 p,p) ] 9Cy)
5EG, /Gu(p) !

= _ H lmm/mno(5871$n)

GE€G,/Gr(P)
= H O'(ga*“,p,,)

0€Gy/Grm(P)
= prs,pm(( H 0(10—12/0—1150—1[))2 )

GEGr/Grm(P) I»

= Py, (chm/cm<p> (A Yy, j1,)§ ))

establishing (3.17).
The computation for (3.18) is analogous, by replacing the equality

O0ls-13p,, /o1, = p,,/B, 00
with
goNg-13, /o-1p, = N, /3,00

forall o € G,,/G,,(p) corresponding to g € G,/G,(p).
The case i = 0 can be handled similarly. This time, restriction reduces to pro-
jecting a class modulo Nmg, (resp. modulo Nmg ) to the class modulo Nmg

(resp. modulo Nmg, (1)) Given an element b mod Nmg_ € A°G,, 1_[“p op)
(resp. an element B mod Nmg € H°(G,,, Hﬂlp 02), the commutativity of
diagrams (3.13) and (3.14) can be written as

H°Gsp,, /p,) Pryg (b mod Nmg, ) = pryy (H%(y,,/,)(b mod Nmg, ,)))
(3.19)

and

H(Ng, /) Pryg (B mod Nmyg, () = pryy (H°(Ny, /;, )(B mod Nmg, ))).
(3.20)

Thanks to the assumption n > gy, the sets {& | p} and {[ | p} are in bijection;
moreover, the index (T, : T,,) equals p™™". Thus, writing b = (by)y,, the
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relation (3.19) reduces to the chain of equalities
Hcyp,, /) Pry, (b mod Nmy, ) = H%(yp,, sp,)(by, mod Nmy, ()
= (1, /mnb%j_n mod Nmg_(,))
=Ppry (Lg/[bfm_n mod NmG’"(p))fllv
= pry (A%, s1,)(b mod Nmg ().
Equation (3.20) can be checked similarly. O

We will use the above proposition to obtain an explicit description of the
double system of the cohomology of local units. First, we need a lemma.

Lemma 3.5. Let p € T(Ly,/F) be a prime of F and set E = F),. For every s € N,
set Eg = Ly and let ug g € H?(G,(p), EY) be the fundamental class of E/E.
Then, for m > n > 0, the diagrams

Uug,, /5)

AGn($), Z) —— s F2(G (), E)

T'dm/n Tﬁz([Em/En)

~ (Vug, /E) ~
A°(G,(p), Z,) B B%(G, (). EX)

and

Vug,, /&)

AOG($), Z) —— s F(G (), E)

l lﬁ %(Ng,,/E,)

A~ Vug, ) A~
A%G,(p), Z,) ——L— B2(G,(p), EX)

commute, where the map PAIO(Gm(p), Z,) — ﬁO(Gn(p), Z,) is the canonical pro-
jection and d,,;, = [E,, : E,] is the degree of the local extension.

Proof. For the first diagram, the proof is similar to that of Lemma 2.7 fori = 2,
replacing x by the fundamental class and using that

~ 2
H*(1p, /5, ug, /p) = Inf OLZm JE, (ug,/g) = dm/nlUE,, /5
(see [Ser62, Ch. XI §3], note that Serre’s Inf is our Inf °‘Z P ).

To analyse the second diagram, let )(f e HY(G,(p), Q »/Z,) be the element

introduced in (3.16) and set x¥ = §MWy? e A2(G,(p), Zp), for s > 0. As dis-
cussed in §2.2.3, the relation

xn(Pr,, , ) = xh(0)inin (3.21)

holds for all 0 € G,,(p)*® ® Z, = Gy(p) where pr,.,: Gn(p) — G,(p)is
the surjective map induced by the restriction to E,. Givena € Zp, sety =
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(Ux2)((@ mod |G,,(p)|) U ug, /) € H(G,,(p), EX) so that
YUy =(a mod |Gpu(P)) Uug, z. (3.22)

If y € (E))°® = EX represents y, then it also represents A'(Ng,_/z )(¥) €
H(G,(p), E}). Denote by ( - ,E,/E): EX = Gu(p)® ® Z, the reciprocity
map of local class field theory. Then, with notation as in [Ser62, Ch. XI],
invg [ﬁZ(NEm/En)((a mod |G, (p)|) U uEm/E)] = invg [(UKE)OﬁO(NEm/En)(ym)]
= invg [ﬁO(NEm/En ) u 5(1))(5]
(by [Ser62, Ch. X1, Proposition 2]) = (x¥, (v, E,/E))
(by [Ser62, p.178, ()]) = (x7.Pr,, ,((, En/E)))
(by 3:21) = (% (0. B /E) )
(by [Ser62, Ch. XI, Proposition 2]) = d,,, invg [y U 6D x} |
(by (3.22)) = d,yjn invg[(a mod |G,,,(P)I) U ug,, /|
=invg[(a mod |Gy(P)D) U (dpynits,, /)]

(by [Ser62, Ch. XI, §3]) = invz[(a mod |G,,(p)]) U Inf’ ot o (ug, /)]
= invg[Inf’ o: - ((a mod |G, U u, /)]
= invg [(a mod |G, (p)|) U uEn/E]

where the last equality follows from the definition of the absolute invy as the

limit, relative to inflation, of invy at finite levels. Since invyg is injective, we
conclude that

H*(Ng, /5,)((a mod |G(P)) Uug, /p) = (@ mod |G,(p)) U ug, /p
showing that the second diagram is commutative. O

Remark 3.6. Consider the normic system Z, = (Zp,id,d,, /”)m>n>0' Then in

the left (resp. in the right) diagram of the statement of Lemma 3.5, the left ver-
tical map is in fact A%id) (resp. i °d,, /n))- In particular, the lemma can be

reformulated as saying that the double systems :ﬁg(Z p.)and }/[\;(Lff} ) are iso-
morphic, an isomorphism being the cup-product with the fundamental classes.

Corollary 3.7. Theisomorphisms (3.5) define isomorphisms of D-double systems
FU) zp RTE/F) fori=1,2 (3.23)

where Z = Z(T') denotes the double system introduced in Example 2.23 and where
Dy acts on 2T L/F) through its action on the set T(L., /F). In particular, there are
B,,-isomorphisms

FOUy,) =g L(ICQU)) 2 "D fori=1,2.
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Proof. For a prime p € T(L,,/k), the maps (3.5) arise from isomorphisms of
Dy-modules

DA G, 05 ) = D Z/eno (3.24)
plp plp
induced by (3.7) and (3.8). Considering the groups on the right-hand side as
the terms of the D-double system GBPIEZ(F)[ngm]’ we are going to prove that

EB I (05 ) = EB Z(D)(g,+¢.] (3.25)
plp plp
as D-double systems: this is enough to prove the main assertion of the corollary
because, arguing as in Example 2.23, we see that

D 2O)ig, e =5, D 2D
ply plp
where D, acts by conjugation on the set {p | p}.

To prove (3.25), we need to check that isomorphisms (3.24) are compatible
with the transition maps of the double systems. Since transition maps are de-
fined component-wise, we can perform this check on the components corre-
sponding to a fixed prime p above p.

The sequences (3.6) induce a short exact sequence of D(p)-normic systems

0— 0y — Ly — (Zpsnm = Cmn-kmn = fnjn) — 0. (3.26)

The first two normic systems in (3.26) satisfy both (Inj) and (Gal), and the
third satisfies (Inj). By applying Propositions 2.10 and 2.11 to (3.26) we obtain
commutative diagrams

50 A~

HO(Gm(p)’ Zp) — Hl(Gm(‘p)’ Ogm)
Tﬁo(jﬂ,iﬂ) Tﬁz(tmm/mn)

H(G,(p). Z,) G (9). 03 )

and
0 5 32 X
lﬁo(k"vm) lﬁz(Nmm/mn)
50)

HO(Gy($). Zp) ——— H*G,(»). 0 )

Observe that the cohomological connecting homomorphisms are precisely the
maps inducing the isomorphisms (3.7), so we have shown the required com-
patibility for i = 1.
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Concerning the case i = 2, (3.26) induces an injection }/CE(OQ ) & }/(\g(L;f}L )

of double systems. The isomorphisms (3.8) are the restriction to H%(G,(p), O>’1<3 )
of the reciprocity isomorphisms

01 H(G(P). Ly ) = H(G($). Z)). (3.27)

Hence, it is enough to show that the isomorphisms in (3.27), commute with the

transition morphisms for arbitrary m > n > 0, which is precisely Lemma 3.5.
The final statement concerning . follows from the first combined with Ex-

ample 2.35. (|

The following theorem is the main result of this section.

co-f.g.

o o/ Bg)'f'g‘ the following sequence is

Theorem 3.8. In the quotient category DS
exact

0 > FCHOF) = FOU) > FHQy) = FA(OF ) = FCA(Uy,).  (3.28)
By applying the functor £ = .o h_r)n it gives rise to the exact sequence

0> L(H(0])) - L(F(UL)) — L(FH'QL)) — L(H0))) - L(FHXUL))

(3.29)
and there is a commutative diagram of exact sequences
0- =+ H(O) - = =+ FU ) — — =+ F(QL) — — — + FHOL) - — = + F(U,)
| | " | |
| | = | | | =
+ + + + +
0=+ 2Z(F(0;)) -+ LT ) - + L(FQL)) - + L(F(OF ) -+ L (I, )
(3.30)

Proof. Since the sequence (3.10) is already exact in Dsg"f'g', exactness of (3.28)
amounts to

Ker(ﬂfﬁ(of ) —> fcl(uL_)) €B,. (3.31)
To show this, observe that the ascending transition morphisms of this system
are the restriction of

H'(j): H'(Gy, 0F ) — H'(Gp, OF ).

Lemma 2.7, together with injectivity of inflation in degree 1, implies that A(j)
is injective, because j* is the identity in this case. Moreover, for every n > 0,
the kernel Ker(H'(G,, 0f) HY(G,, Uy,)) is isomorphic to the capitulation
kernel Ker(AF - ALn) (see, for instance, [Nuc10, Proposition 2.2]), and there-
fore its order is constant for n large enough. It follows that the maps H(j)
are isomorphisms for n > 0, and Proposition 2.24 yields (3.31). Since . is an
exact functor when restricted to DSCQO'f'g' / B;)'f'g' by Proposition 2.33, exactness
of (3.29) follows. By applying Corollary 2.34 to (3.29), we find the commutative
diagram (3.30), where the second and fifth vertical maps are isomorphisms by
Corollary 3.7. What remains to be proved is that the third vertical morphism
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of (3.30) is injective. To check this, recall that by Lemma 2.7 the following tri-
angle commutes

~ A Gon) -~
Hl(Gn: QLn) Hl(Gm’ QLm)

)

£y Gm,n
16, Q"

for all m > n > 0. In particular, Ker(A'(j,,.)) = Ker( j,";:;), because inflation
is injective in degree 1. Taking G,-cohomology of the exact sequence

Gm,n Gm,n
0_)QLn_)QLm _)QLm /QLn_)O

; . . Gmn . .
shows that Ker( J;:in) is a quotient of a submodule of Q, ™" /Q;, . Taking direct
limits, the naturality of the connecting homomorphism guarantees that in fact

Ker(7'(Q.) — -Z(71(Qy)))

. . G .
is a quotient of a subsystem of (Qg" /Qr,> 10, /L,> NLm/Ln)- Now, Q, ™" /Qy, isiso-

morphic to Ker(A;, — A;,),asshown in [Nuc10, proof of Proposition 2.2], the
isomorphism ibid. being the connecting homomorphism of the snake lemma.
Again these isomorphisms give rise to an isomorphism of double systems

(QEZ, /Qr, /1, Nr,r,) = (Ker(Ar, > Ar )i, 12N, 1,

thanks to the naturality of the snake lemma. Hence, in order to prove that
jel=( j,’;:in) is a B,,-monomorphism, it is enough to show that the double sys-
tem (Ker(A,, — Ar_),tr,,/1,.Nz, /1,) belongs to B, . This follows from Propo-
sition 2.24, because the norm is eventually an isomorphism on capitulation ker-
nels as shown, for example, in [0za95, Proposition]. O

Remark 3.9. In the Introduction we mentioned that two morphisms in (3.30)
become injective in the quotient category Dsg)'f‘g’ / Bcﬂo'f'g‘ but their kernels do
not belong to the corresponding thick subcategories when regarded simply as
direct (resp. inverse) systems. The morphisms in questions are G/C\I(QL_) -
<z (?/[\I(QL.)) and }/C\l(O)L< ) — }/C\I(UL.), respectively. This is the main reason
that led us to introduce the notion of double systems.

We now move forward to the study the global counterpart of Corollary 3.7.
Before, we need the following technical lemma:

Lemma 3.10. Let Ay, ..., As, By, ..., Bs be objects of an abelian category and let
f1, -, f5 be morphisms in the category making the following diagram with exact
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rows commute:

A A, As A, As
lfl lfz lfz lﬁ lfs
0 B, B, B, B, Bs

Suppose that f, is an isomorphism and f is injective. Then there is an exact
sequence

0 — Coker f; — Ker f3; — Ker f, — 0.
In particular, if f5 is injective, then f, is injective as well and f is surjective.
Proof. Completing with 0 the rows of the diagram of the statement, we obtain
cochain complexes, which we denote by o7 and % respectively, satisfying o7, =
A;and %; = B;for1 < i < 5. Thus we have amap f: &/ — % of cochain

complexes and we consider the cochain complexes .# = Ker f, .# = Im f and
% = Coker f. We obtain two exact sequences of complexes

0—H —od— >0 and 0— I —>HAB— % —0.
(3.32)
The exactness of the rows of the diagram in the statement can be recast as
Hi(e/) = 0foralli # 1,5and H(%) = 0 for all i # 5. In particular, the
zig-zag lemma applied to the exact sequences in (3.32) yields isomorphisms

HY (¢)=H*(#)=H %) and  H*¥)=H*S)=HYX). (333)
The exact sequence of the statement can be obtained from the exact sequence
0 — Ker(# — #,) — A5 — H#, — H,/Im(#5) — 0 (3.34)

as follows. The assumptions on f, and f5s mean that 7, = %5 = 0and %, = 0:
in particular, H*(¢) = 0 and (3.33) implies H*(.#") = 0. Therefore the fourth
term %,/ Im(.%#3) in (3.34) is also trivial since it is isomorphic to H*(.¥), since
s = 0. Similarly, %, = 0 implies H3(.#¥") = Ker(.#; — %), and invoking
again (3.33) we can rewrite (3.34) as

0 — HY¥¢) — #; = Ker f; — %, = Ker f, — 0.

The fact that H'(%) coincides with 4; = Coker f; follows again from %, = 0,
finishing the proof. O

Corollary 3.11. The D-double systems
FOF)  and  ZL(FH(O))) = LH(T,0F))
are B, -isomorphic fori = 1,2.

Proof. Apply Lemma 3.10 to the commutative diagram (3.30) of Theorem 3.8:
we obtain a surjection

FHOF) - Z(F(0])) (3.35)
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as well as an injection
F(OF ) < L(FHHOY)). (3.36)

The morphism in (3.35) is clearly also injective (and therefore an isomorphism),
because so is the composition

iﬂ(o;_) - g(iﬂ(o; ) Z(FHNUL)),

as shown in Theorem 3.8.
Passing to cohomology in degree 2, consider the morphisms, for m > n > 0,

A%, /1) 7 O /Ny, ipOf, — OF/NL, O
x '_) xpm—n
Set
T = Um A%y, 1) 0 OF/Np pOF — (lim OF /Ny, /pOF )[p"] = (L (H°(0]))),-

m m

By definition of A (1, /1,) aS

ﬁz(‘Lm/Ln) = (U%m)O?IO(le/L,,)O(U}fn)_1

(see §2.2.3), B, -surjectivity in (3.36) is equivalent to the claim that the double
system C with components (€),, = Coker(z,,) is in B,, or also that the image of
T = (7,) in the quotient category DS,,/B,, is a surjective morphism. Consider
the D-double system

OF (0P = (OF /(0" , @rms ﬂm’”)man o (3.37)

where @, ,, is the map x = xP" mod (O;)pm and 7, , is the map sending x

to x mod (O;S)P". Let O} be the double subsystem of OF/(OF)P" whose
components are

Nz, /F Ofn/(oﬁ)pn~

By the structure theorem of units in number fields, one immediately sees that
co-f.g.
D

(and the same holds for N Oi‘.). We can therefore apply Proposition 2.33 and

O3 /(OF)F" is B -isomorphic to 2%2, % and in particular belongs to DS

Corollary 2.34 to the tautological exact sequence 0 —» N OF — OF/(OF)F —

co-f.g. /B:cl;)—f.g,

}/(\O(Oz‘ ) = 0 and obtain a commutative diagram in DS,

0- ==+ NOf —— ==+ OF (O = - — - ﬁ’ﬁ)(o;)— - —50
I I I
| | | T
+ + +

0- -+ 2(NO}) - -+ L(OF/(ODP") - - - z(y?o(og_)) ——30
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Example 2.35 shows that the middle vertical map is an isomorphism. The snake
lemma implies that the right vertical morphism is surjective, concluding the
proof that (3.36) is an isomorphism. O

Remark 3.12. In [Iwa83] Iwasawa obtains a general description of the coho-
mology groups H'(T, @5 ) “up to finite groups”, which becomes explicit under
the assumption that F is totally real and that it satisfies Leopoldt conjecture
(see [Iwa83, Proposition 5 and Section 4]). His analysis is performed only at
the limit, and conveys no information on the full “double system” (a notion
which does not appear ibid.).

One of our motivations for the present work was to unravel the purely group-
theoretical content of his results so that it could be generalized to other settings
and other normic systems. More precisely, in order to obtain an Iwasawa-like
formula describing the growth of the orders of cohomology groups of units re-
lying only on the description of the cohomology groups H'(T, O;fw ), one is nat-
urally led to consider the morphisms 4,, and y,, defined in [Iwa83, p. 199]. It is
easy to see that these morphisms actually coincide with our maps ?/(\1(02(.) -

% (}/(\l((?f' )). From this, one obtains that the finite groups H'(T', OF )[p"] =
(¥ (}/C\’(Of.))n follow an Iwasawa-like formula, since

H(T, (92‘00) ~ (Q,/Zp)" & (finite group)

by Iwasawa’s description. One can deduce from this that the cohomology groups
of units at finite levels also follows an Iwasawa-like formula if both kernels and
cokernels of 1,, and u, are eventually constant: Corollary 3.11 makes this pre-
cise. Formula for the cohomology groups of units at finite levels will be made
explicit in the next section.

4. Fake Z ,-extensions of dihedral type

4.1. Definitions. In the rest of the paper assume that p > 3 is odd, and that
the group D is pro-dihedral: by this, we mean that D, has order 2 and the split
exact sequence

1—-T—>D—Dy—1 (2.1)

induces a non-trivial action of D, on I'. Many results we obtain are likely to
easily generalise to the case where D, is a finite group of order prime to p whose
characters are Z ,-valued.

The image of a fixed splitting Dy — 2 is asubgroup Z, C D, which intersects
each I, trivially. It is hence isomorphic to its image ¥, C D, still denoted by
the same symbol by a slight abuse of notation. For n < o0, let K, be the subfield
of L, fixed by Z, and write k = K,,. The corresponding diagram of fields is the
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following:

D=DyKT

(4.1)

The collection of fields {K},>, share some similarities with a Z ,-extension:
indeed, each extension K,,,; /K, has degree p and the only possible ramified
primes lie above p, because so is for the extension L, /F. Yet, a crucial differ-
ence is that none of the extension K, ; /K,,, let alone the whole K, /k, is Galois.
This motivates the following

Definition 4.1. Assume that p > 3 is odd and consider the setting of dia-
gram (4.1). The extension K, /k is a fake Z,-extension of dihedral type, the
field L, is the Galois closure of the fake Z,-extension and F/k is called the
normalizing quadratic extension.

If B is a Z,[D]-module, then it is uniquely 2-divisible. By restriction, it
admits an action of X, which we can see as an action of D, via the splitting
Dy — D. Accordingly, it admits a functorial decomposition B = B* @B~ where
we denote by Bt (resp. B~) the maximal submodule on which D, acts trivially

(resp. as —1). Such decomposition is obtained by writing b = HTob + I_Tab for
b € B, where o generates D,. Then
B% = B* ~B/B”~ =By, 4.2)

This applies in particular to Z,[D,]-modules and their G,-cohomology. In fact
we can say a bit more in this case, as explained in the next proposition which is
[CN20, Proposition 2.1] (the final statement about I'-cohomology follows from
the result at finite levels by taking direct limits):

Proposition 4.2. Let B be a uniquely 2-divisible D,,-module. Then, for everyi €
Z, restriction induces functorial isomorphisms

AYD,,B) = H(G,,B)*.
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Moreover, the Tate isomorphism H'(G,,, B) = H'*%(G,, B) is Dy-antiequivariant.
In particular, for every i € Z, there are isomorphisms

HYG,,B)” =~ H**(G,,B)* ~ A**(D,,B)

AY(G,,B)* =~ A*%G,,B)” =~ H(D,,B)
of abelian groups. In particular, given any D-normic system B = (By, ), there are
functorial isomorphisms

H(T,B, )* =H'(D,B;_) fori>1.
Proposition 4.2 induces a decomposition of double systems
F(B) = I(B)* @ H(B)™,

where, for every n, (,’}/(\‘(B)i)n= g WG, BLn)i; an entirely analogous argument
applies to the double system of the cohomology of a local normic system, in-

ducing a decomposition }/C\;(B) = }/C\;](ZS)J“ @ }/C\;(B)_ whenever D(p) is pro-
dihedral.

4.2. An Iwasawa-like formula. In this section we will state and prove The-
orem 4.6, which is one of our main results. Fix a fake Z p—extension of dihedral
type K, /k and adopt the conventions introduced in §4.1. For future reference,
we add the following piece of notation to Notation 3.1:

Notation 4.3. Denote by T(L, /k); C T(L,/k) the set of primes of k that ram-
ify in L, /k and splitin F /k. Also, denote by 7(L., /k) and by t(L, /k)s, respec-
tively, the number of primes in T(L,, /k) and in T(Ly, /k);.

The first step is Corollary 4.4 below, which is a signed version of Corollary 3.7
and of Corollary 3.11. Here, Z = Z(T') again denotes the double system intro-
duced in Example 2.23.

For a group H and a H-module B, we denote by hi(H, B) the order of H(H, B),
whenever this group is finite.

Corollary 4.4.
i) For i = 1,2, there are By-isomorphisms FC'(Uy )* ~g 2Tw/0) qnd
F(UL )™ = 2T /Bs that induce Modgg-isomorphisms

A~ T(Leo /K)
HY(D, Uy ) =pyoqm (Qp/Z) (4.3)
p

and

. ~ T(Loo /K)s
HI(T, Uy )™ Sypoqm (Q,/2,) . (4.4)
p

it) For each choice of a symbol x€ {0, +} and everyi € Z, there exists integers
A(i, OF )* € Zyq such that

h(G,, OF )* pAEOLY,
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iii) For everyi € Z these invariants satisfy

A, O>L‘. =01 +4, (9>L<’ )* (4.5)
aswell as
A, O>L<‘) = A(, (9>L<')Jr + A(i, Of.)_ (4.6)
A, (92‘. F=20+2, (9>L<. )* 4.7)
]’,l\i(Dn, O>L< ) x pn-l(i,(?f. " (4.8)
A(2i, oi) =AQ2i+1,07) -1 (4.9)
In particular,

AQ2i -1, Of_)+ — A(2i, OZ‘-)JF = A2i — 2, (92(.)+ —-2Q2i+1, Of_)+ +1. (4.10)
Proof. i) Recall that Corollary 3.7 yields B, -isomorphisms
FHUy) >p, 2T /F) fori=1,2
where D, acts by permutation on the set T(L,,/F). We are thus reduced to
analyse the objects (ZT(F«/F ))i. Starting with the plus component, let

x = (xy[P1) BT /) with xq € 2 (4.11)

be an element of (ZTL«/F ))+. For primes B above a non-split prime in F /k we
have o8 = *B, while for primes in T(L, /F) dividing a prime that splits in F /k
we have o8 # . The condition ox = x translates into

X = Xgop for every B € T(L,,/F) dividing a split prime in F/k (4.12)

and no constraint on the coefficients xsq; when ‘B lies above a non-split prime.
Let p € T(L, /k) denote the prime below B € T(L,/F): the surjection send-
ing x to the element

CoplPD)perasm)

+
is injective thanks to (4.12), so defines an isomorphism (2T¢ /D))"= ZTEe/k),
Concerning the minus component, the same analysis as above shows that an
element x as in (4.11) satisfies ox = —x if and only if

0 if 9B lies above a non-split prime in F /k;

X =
» —Xgp  if P divides a prime that splits in F /k.

Therefore, the morphism sending x € (ZT®=/)) " to the element

CoplPD) v m,

defines an isomorphism (27(¢«/F)) =~ 2T(«/k);  This concludes the proof of
the first part of i), and (4.3)—(4.4) follow by taking direct limits.
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ii) When %= {J, Corollaries 2.32 and 3.11 imply the statement for i = 1,2: the
case for general i € Z follows by periodicity of Tate cohomology. For the signed
invariants, let i = 1, 2 and take +-parts for the action of D, on the isomorphism
iﬁ((?i) ~p, 3(}/6\1((92)) of Corollary 3.11: we obtain
T~ — t
FC(OF )y = L(FH(OF))
= 7 (im H(G,, %))
AN, i
= 7 ((lim 4Gy, 07))")
= (lim(H'(Gy, 05 )*))
= 2(T(O} ).
Corollary 2.32 implies that there exist A(i, (9:. )* € Z such that
|H (G, OF )*| pAOL)* fori=1,2.
Combining Proposition 4.2 with the periodicity of Tate cohomology permits to
extend the definition to all i by setting
A2, (92(_ ¥ ifi=0 (mod 4)
AQ1, Of,)i ifi=1 (mod 4)
AQ2,07)* ifi=2 (mod4)
AL, 07)F ifi=3 (mod 4)

AG, 07 )% = (4.13)

iii) The equalitiesin (4.5) and (4.7) follow by (4.13). That in (4.6) is a direct con-
sequence of the decomposition H(G,,, O>L(n) = H(G,, O>L<n)+ ® H(G,, (9>L<n)‘,
while (4.8) follows from Proposition 4.2. As for (4.9), it comes from the fact
that the Herbrand quotient of global units satisfies

h2(G,, 07 ) hAGh0F)

R#1(G,, 0F ) RAG,, 0F) P

together with the relation

1720 X

h (G”’OLn) n(A(21,05 )=A2i+1,05.))

h2i+1(G,, 0)
which has been shown in the first part of the proof. The last relation (4.10)
follows by combining (4.9) with (4.6) and (4.7). O
Remark 4.5. Observe that HY*3(T, OF ) = 0 for all j > 0 because I' has strict
cohomological dimension 2. Nevertheless, 1(2j + 3,07 ) = A(1, 0} ) is non-
zero, in general, showing that the B, -isomorphism between }/(\’(OE) and
Z(F(OF)) of Corollary 3.11 does not hold for i > 3.
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Recall now [CN20, Theorem 3.14| which, applied to the dihedral extension
L, /k, says that

Ak, PlAp| ROy OF)
" [Akl> h-1(D,, 0F )
For every number field M, let €), be the p-power of the order of the p-Sylow
of its class group, so that

(4.14)

|Am| = p™.
Building upon Corollary 4.4, we find the following
Theorem 4.6. Let K, /k be a fake Z ,-extension of dihedral type with Galois
closure L, /k and normalizing quadratic extension F /k. There exist constants
Mgares Viake € Z[%] and ,,, . € Z such that

€k, = Mol T Apgelt T Viake foralln> 0. (4.15)

Moreover, if we denote by p, A, the Iwasawa invariants of the Z ,-extension

L. /F, then
Ao+ A(=1, 0% Y — A0, 0% )*
MIW Iw ’ L. ’ L-
/'{fake = T and Afake = 2 € ZZO

where (-1, OF )* and (0, 07 )* are as in Corollary 4.4-ii).

Proof. By taking p-adic valuation in (4.14) and rearranging terms we obtain
2ex =ep, + 2 —ep + vp(iz\‘l(Dn, o05)) — vp(iz\O(Dn, O%)).

By Iwasawa’s theorem quoted in the Introduction, the growth of ¢; is con-
trolled by the three invariants w;, 4, , Vrw- Formula (4.15) follows from Corol-
lary 4.4-(4.8).

The only thing which is left to be checked is that 4, is an integer: this
follows by computing the difference eg, — ¢, for any n big enough so that
the (4.15) holds. We find

€K1 T EK, T '[’Lfakepn-‘-1 + Afake(n +1) + Vrake — 'ufakepn - /lfaken ~ Vfake
= 'ufakepn(p - 1) + Afake S

and since (p — 1) is even we have ., p"(p—1) € Z, whence 4, € Z. [

fake
Remark 4.7. Under the hypothesis that F/Q is an abelian extension such that

Gal(F/Q) is killed by (p — 1), and that L., /Q is Galois, the above result is a
particular case of [Jau81, Théoréme 3].

In [CN20], explicit bounds for the ratio of class numbers are determined.
Such bounds can be translated into bounds for A as shown in the next corol-
lary. For a number field M, set

fake’

0 if M does not contain any primitive pth root of unity

By =

1 otherwise
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Corollary 4.8. The following inequalities hold
A, +a A, —Db
Tw Iw
2 2 Afake 2 2
where a = tkz(O7) + fp + 1 and b = tkz(O7) + B

Proof. By [CN20, Corollary 3.15], we have

|AL, |- [Ak]?
—an < v, (L”— <bn (4.16)

|AF| - 1Ak, |2

where v D denotes the p-adic valuation. When n > 0, using Theorem 4.6 we can
write the central term of the above chain of inequalities as (/1IW - 2/1fake)n +x
where x is a constant independent of n. We deduce that

(2/1fake Ay, —on <k <(b+ 22 e — A in
and, since these inequalities hold for every n > 0, we must have
(2 e = Ay — <0 and b+22,, . —4,)20
which is equivalent to the statement. O

We end this section by showing that the constant (-1, OZ.)+ appearing in
Corollary 4.4-ii) and in Theorem 4.6 has a more direct description in terms of
arithmetic invariants of the extension L, /k. In what follows, adopt the nota-
tion introduced in §3.1 as well as those of Notation 4.3.

Definition 4.9. For every n such that every ramified prime in L, /L, is totally
ramified, denote by TI; C A; the subgroup generated by the classes of the
form

[Nmg, /6, Bl € A,
for p running through the set T(L,/F). One sees immediately that IT; is in
fact a D,-submodule of A; , so that the plus and minus components wa are
well-defined.

According to the above definition, the subgroups I1; are defined only for
n > 0. This shall cause no harm to our arguments, because we will be inter-
ested in the behaviour of their order for n — +o0: in particular, they do not
directly give rise to a normic system, although the relations of Definition 2.2
are satisfied form > n > 0.

Proposition 4.10. There exists AH,Aﬁ € Zsq such that I | o p’lH” and
|HZ—L | o p’lﬁn. They are related to the invariants obtained in Corollary 4.4-ii)
as follows:

AQ1, O’Li) =T(Le/F) = Apys AQ1, Oi)‘” =1(Ly/k) — /1;[
and

A=1,00)" = (Lo /K)s — A7
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Proof. Let Y = (Y, 9y m, T ) be the cokernel of the first map in (3.10), so
that, by Theorem 3.8, there is a short exact sequence

0 > FCHOY) > FHUL) > Y = 0 (4.17)

in DSCI(;'f'g' / Bg)'f'g'. The first two terms satisfy }/51(02‘.) > L (}/C\l((?f.)) and
F(UL) =3 & (F'(Uy)), by Corollary 3.1 and by Corollary 3.7, respec-
tively. Since the functor .# is exact, we obtain J =g _.#(¥). Thanks to Corol-
lary 2.32, there exists /1y such that |Y,,| « p’lH" and Corollary 3.7 implies

A1, O>L<.) =1(Ly/F) — Ay. (4.18)
Moreover, given any D-double system X satisfying XU =g, Z(X), we deduce
X+ =g Z£(X*)because the functor . commutes with the action of Dy: hence,
(4.18) admits the signed versions
AL, 07 ) =1(Leo [K) — /1;; and A1, 07 ) = t(Leo /K)s — Ay (4.19)
To conclude the proof we show that
|H]’im| x |Y7| (4.20)

for all choices of a sign *€ {@J, +}: one obtains the sought-for constant 1, by
setting A, = 4;,. We give the proof of (4.20) for #= @; the other cases follow
since all morphisms considered in the proof are Dy-equivariant.
Form >n > 0,let
Sim : H'Gnns Ar,,) = B G Qs 8t BGnns Ar,,) = BY Gy Q)

respectively, be the connecting homomorphisms induced by the bottom row
in (3.1) for regular A((r?sp. Tate) cohomology. For brevity, write 5,(,[0) (resp. 3\,(10)) to
5

(0) .
denote & n0 (resp. n. ). Observe that, for all m > n > 0, the equality

Spn(TIL,) = 8n(ITy,,)
holds, where IT; denotes the image of IT;, C H%(G,, ,, Az, ) in H%G,, 0, A, )
In particular, [Nucl0, Proposition 2.1], yields an isomorphism
Y, & 3,(,[0)(1‘[_%) = 5510)(1'1%) foralln > 0. (4.21)

Therefore, to prove (4.20) we are left to show that Ker(éﬁlo) I, ) has constant or-
der for n large enough. Let n,_ be the first index such that all ramified primes in
L./ L, _are totally ramified and consider, for n > n, , the commutative diagram

ﬁo(Gn,ntr ) uLn )

| >

oS oS oS nn, T £
HO(Gn,nlr: QLn) — HO(Gn,ntr: eLn) — HO(Gn,nlr: ALn) —t> Hl(Gn,ntr: QLn) —0
(4.22)
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The compatibility of local and global class field theory shows that « is surjective:
indeed, its image is the product of all inertia subgroups in Gup,» and this is the
whole G, , since L, /Lntr is totally ramified at all primes where it ramifies. It

follows that 3,(221t is injective and therefore, for alln > n_,
Ker(8yn ) =Nmg, (A;,) and Ker(dyy NI, =Nmg, (A,)NTI,. (4.23)
T My Sy n [ n n

Since L,/ Ly, is totally ramified, the arithmetic norm is surjective on ideal class
groups and we obtain

NmG"-"tr (Ap) =1y, /L, oN, /L, (A) =y, /L, (ALn[r)- (4.24)

This already shows that the order [Nmg  (Ag )| is bounded independently
tr
of n; the same holds, a fortiori for the order [Nmg (A ) N 11 |. Moreover,
Ttr

form > n > n_, (4.24) yields identifications

tr
l, /L, (NmG"’"tr Ar) =1, 1, (u, /L, (ALntr)) = UL, /Ly, (AL,,“) = Nme'"u (Ag,)-

It follows that, for all m > n > n,, the maps ¢;_,; are surjections between

groups of bounded orders: they are therefore isomorphisms. In particular,

through (4.23), they induce injections ¢,/ Ker(é,(fnt NI, < Ker(ég,?’),,[l n

©)

I, ; again, since the orders |Ker(5n,nt )NI; | = [Nmg (Ar ) NI | are
r n nng n n
bounded, this shows that the extension maps are actually isomorphisms
0 0 = 0
1,0 Ker@y) )T, = Ker(6%) |n, ) — Ker(8%, )NTI;,
0
= Ker(3yy I, ) (4.25)

for all m > n > n,.. Observe now that, for all n > n,, there is a commutative
triangle

I1;,
' 50
o
©) ReSGnn ©)
tr
5}1 (HLn) 5n’ntr(nL")

It induces an inclusion

Ker(8\ I, ) € Ker(85n I, ).

n,ntr
This implies that [Ker(5” Im,, )| is bounded independently of n, a bound being
the order |Ker(c3§3,)1t |HLn)|, which is independent of n > n,_ by (4.25). More-

over, restricting the isomorphism in (4.25) to Ker(5,(,lo) |, ) induces inclusions,
form>n>n,

i, /L, - Ker(c?,(qo)lnLn) — Ker(5$)|an).
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Once more, these are inclusions among groups of bounded order, and are there-

fore isomorphisms, showing that |Ker(5§lo) |HL,, )| is constant for n large enough.
O

Remark 4.11. For later reference, we extract from the above proof the fact that

Ker(g,(10)) is bounded independently of n (and actually eventually trivial, al-
50

though we will not need this). Indeed, we have shown that nn,,

forall n > n_, and the commutative triangle

is injective
tr?

I:\IO(Gna ALn)

gO)l M
n
Resg, ,

I/_\Il(Gn’ QLn) . I/_\Il(Gn,ntra QLn)

yields an injection Ker(g,(qo)) c Ker(g,(f,)ql ). In particular, Ke1r(3%,,231t ) = 0 for all
n>n_.
= M

4.3. Formulz for A(0, (92_)+ in special cases. In this section, we fix a fake
Z ,-extension of dihedral type K, /k and we place ourselves in the setting in-
troduced in §4.1. The invariant 4, = of Theorem 4.6 is explicitly related to the
constants A(—1, (92‘)+ and A(0, (92‘.)+, and we have provided an arithmetic de-
scription of the former in Proposition 4.10. In this section, we show that in
some cases also the latter can be interpreted in more explicit arithmetic terms.
In the next proposition, write r; (k) and r,(k), respectively, for the number of
real embeddings and of pairs of conjugate complex embeddings of k, respec-
tively.
Proposition 4.12. Suppose that one of the following conditions holds:
(a) F/k is totally imaginary and k is totally real, so that F is a CM field with
k as totally real subfield;
(b) k is either Q or an imaginary quadratic field;
(c) pistotally splitin F /Q, all primes of F above p ramify in L, /F and the
Leopoldt conjecture holds for F (and p).
With the same notation introduced in Notation 4.3 and in Proposition 4.10, we
have
(Lo /F) =2y —1 incase(a)
(0,07 )t =10 in case (b)
rik)+ryk)—1 in case (c)

Proof. (a) By [Was97, Theorem 4.12] we know (recall that all abelian groups
under consideration are Z,-modules) that Of = O = (Op)*: it follows that

A°G,, OF )~ = 0,s0that1(0, 07 )~ = 0. Corollary 4.4-(4.6) yields (0, Of )* =
(0, (92(.) and Corollary 4.4-(4.9) finally gives

A0, 0 ) = A(1,07) - 1.
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The result follows from Proposition 4.10.
. . . . . X . .
(b) When k is Q or imaginary quadratic, the unit group Oy is finite, so that
(0, (9>L<_)+ =0.
(c) To prove the statement, we first define an ancillary normic system. For ev-

eryn > 0, let
Van H OIX

IgOLn
Ip

be the Z,-module of semi-local p-adic units of L,. Clearly, this gives rise to
a D-normic system V whose nth component is V, . The diagonal embedding

Of < V, induces a morphism of normic systems (9’L< < V, which givesrise,
through (2.6), to a morphism FHO (07) 530 (V,)in DSZ;)'f'g' / B;)'f‘g'. Consider

now the D-double system (9;5 / (O;)P' introduced in (3.37) together with the
semi-local counterpart

VF/(VF)p. = (VF/(VF)pn > Pnm> 7Tm,n)
the maps being defined as ibid.; the diagonal embedding induces a morphism
O%J(OX)P" = V, /(V)P inDSe & /B # . Theinclusions (03)P" € N, JFO%

(resp. (V)P €N /p V, ) giverise to a commutative diagram in pscote B‘;”f'g‘

m>n>0"

D

1 1 1

I I I

I I I

4 4 3
l1-->Kerw— - —-->Kerv—--—->Keru

I I I

I I I

+ 1 1 (4.26)
1- =+ NOf === OF /(0P - =+ H(O] ) - - +1

I I I

| w |v lu

4 4 +

1= =NV, ===+ V/(VP ==+ F(V, ) - -1

where V'O and N'V, denote, respectively, the double system whose compo-

nentsare N rOf / (O;)P" andNp pV, / (VF)P". We now make the following
claims:

Claim A) When p is totally split in F/Q and all primes above p ramify in
L. /F, the double system V' V, belongstoB,;

Claim B) Assuming the Leopoldt conjecture for F and p, the morphism v is a

B,,-monomorphism.
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Assuming the claims, let us derive point (c). Claim B) implies that Kerw = 0,

so Claim A) yields O>L<. =g, 0: we get an isomorphism
OF/(OR)P =g HO(OF) (4.27)
and, taking plus parts,
OF /(0P =g FO(OF )*. (4.28)

The structure theorem of global units gives O: / (O:)P' =g, Znk+r(-1and (c)
follows, by combining Example 2.35 with Corollary 2.32. We are therefore left
with the proof of the claims.

Concerning Claim A), fix n > 0 such that all primes above p are totally ram-
ified in Ly, /L,: for every p | pin F and every [, | p in L,, the extension L /F,

is a cyclic extension of Q,, with ramification degree p"~fe (where ¢ Eo isasin

P
Notation 3.1), and local class field theory implies that Ny ,,Of = (Z)P Tt
follows that

n—fgo
NV = T @
[,,Q(?Ln
lp

and thus the double system V'V, coincides with the “constant” double system
fﬁo : m—n
H (Z/p id, p ))mZnZO

I,,gOLn
Ip

which lies in B, by Proposition 2.24.
Concerning Claim B), [Mik87, Lemma 2] shows that the Leopoldt conjecture
is equivalent to the existence of v > 0 such that
OxNn (VP = (0Fn (VF)P"_l)p foralln > v

or, equivalently, such that

n—v

0N (V)P = (05N (VF)PV)p i foralln > v. (4.29)
On the other hand, the nth component of Ker v is (Ox n (VF)P") / (O;)Pn which
can be rewritten, using (4.29), as

(Kerv) = (@nP) J(@Y7) foralln> v,

Set M = OF N (V)P and N = (OF)P": then N C M are two finitely generated
Z ,-modules such that M /N = (Ker v)o is finite. It follows that they have the
same rank, and this shows that

(Ker v)n = MP" /NPT has order bounded independently of n > 0.
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To conclude the proof, we show that the D-double system Ker v satisfies condi-
tion B, -3), namely that "Kerv, = “Keruv, for all n > 0. We need to compute
the direct and inverse limits of the D-double system

(MP" /NP @yt x —> xP"" mod NP", 7, x — x mod NP").

Since both M and N are finitely generated Z ,-modules, the inverse limit functor
is exact and

lim(Kerv) =1lim(MP"/NP") = limMP"/lim N?" = () M?"/ | NP" = 0.

n>0 n>0

In particular,

Kerv, =0  foralln >0. (4.30)

On the other hand, the torsion submodule of M is finite, say M[p>®] = M|[p'].
It follows that the morphism ¢, : MP"/NP" — li_r)nMP" /NP" is injective for
n > t: to see this, suppose X € Ker(gp,) is represented by some x € MP" and
let x, € M be such that x = xé’ . To say that ¢,(X) = 0 means that there
exists m > n such that ¢, ,,(¥) = 0 or, equivalently, x?" € NP". Hence,
there exists y € N such that xé’ "= xP" = yP": therefore x, = y - ¢ for some
¢ € M[p®] = M[p']. Since n > t, this yields x = xgn = yP" € NP", so that
X = 0. In particular,

*Kerv, =0 foralln >0 (4.31)

and combining (4.30) with (4.31) establishes condition B,,-3), concluding the
proof of Claim B). O

Before proceeding, we need a small digression concerning the Gross conjec-
ture. Retain the same notation as in the rest of the paper but suppose that F is
a CM number field* and write Ly for its cyclotomic extension. Denote by M,
the maximal p-extension of L. which is unramified everywhere and abelian
over F, and by M C M, the maximal p-extension of L., which is totally split
at every prime above p in L, and abelian over F. Denote by k = F* the max-
imal totally real subfield of F and by c the non-trivial element of Gal(F /k). It
acts upon Gal(M; /F), decomposing it as a direct sum

Gal(M(/F) = Gal(M/,/F)*=' @ Gal(M/,/F)*="".
The Gross conjecture is

Conjecture (Gross). The group Gal(M (’) JF)="Lis finite.

“The Gross conjecture can actually be stated in greater generality, but we will not need this.
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The original formulation of Gross conjecture as in [Gro81, Conjecture 1.15
and (1.21)] is proven to be equivalent to the above formulation® in [FG81, (6.6)
and p. 457].

Lemma 4.13. Let F be a CM field which is Galois over Q and which satisfies both
the Leopoldt and the Gross conjectures. Suppose that Ly, /F is a Z ,-extension
which is Galois over Q and is different from the cyclotomic Z ,-extension Ly /F:
write L for the compositum L = Lo Leyc. Assume that a prime of Ly, above p is
unramified in~f/Loo. Then every prime &' of L, above p is unramified in L/L
and Frob(®', L/Ly,) has infinite order in the group Gal(L/L,).

Proof. Let & be a prime of L., above p that is unramified in L/L,, and let Lbe
a prime of L above ¥; set Leye = 8N Ly, forits restriction to Ly and [ = 8NF
for its restriction to F. Let £, = 538/1, s szﬁ_f)c be all the primes in Ly above p.
The diagram of fields and primes is as follows:

/\
\/
|

p—Q

The assumption that L, is Galois over Q implies that & is infinitely ramified
because L, /F must eventually ramify at one, and hence at all primes above
p in F. It also implies that L/Q is Galois and therefore each prime ' of L,
dividing p is unramified in L /L, establishing the first part of the lemma. For
the same reason, if we can prove theg Frob(%, L/L,) hasinfinite order, then the
same is true for all other Frob(%',L/L,). A similar argument shows that the
splitting behaviour of ﬁcyc inT /Lcyc is the same as that of &, forall1 <i <.

Suppose by contradiction that Frob(, L /L, ) has finite order or, equivalently,
that it is trivial in the group Gal(L/Ly,) = Z): in particular, (Lyc)g,, (Loo)e =
(Loo)g orequivalently (Leyc)g, € (Loo)g- This meansin particular that (Leyc)g,
= (L )g since Gal((Ly,)g /Fy) = Z,, does not have any non-trivial quotient iso-
morphic to Z,. Then the extension L/Ly. is totally split at Scyc and hence, by

g —

1
— {8 = Lo, 2

the above considerations, it is totally split at each of the ﬂcyc This implies that

>We have made a small change of notation with respect to [FG81]: in particular, the field that
we call M, is called L, in loc. cit. and the superscript (—)=~! is simply denoted (=)~ in loc. cit.
These changes were forced by the fact that L, = F already has a meaning in our work, and the
(=)"-notation is normally used for D,-modules rather than for Dy X Gal((Leyc),/Lo)-modules.
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LC M(’) (we follow the same notation as in the above formulation of the Gross
conjecture). By hypothesis, the totally real subfield k of F satisfies the Leopoldt
conjecture and hence admits a unique Z,-extension, so that Gal(L [Leye) =
Gal(L/Leyc)*="". The inclusion L € M) then implies that Gal(M]) /Lcyc)cz_1
is infinite, because Gal(L /Leye) & Zp, violating the Gross conjecture. This pro-
vides the required contradiction and establishes the lemma. O

In the remainder of this section, we focus on some special cases to relate the
invariant 4, appearing in Theorem 4.6 to the classical invariants 4, .

Corollary 4.14. Suppose that k = Q, so that F is an imaginary quadratic field
and Ly, /F is the anticyclotomic Z ,-extension of F. Then, with notation as in
Proposition 4.10,

A(-1, (92‘.)+ = =} = 1(Lo,/Q)s €{0,1} and A(0, O}i)+ =15 =0.
In particular,

AIWTH if psplitsin F/Q

Afake =

% if p does not splitin F/Q

and therefore A, , is odd if p splits in F and it is even if p does not split.

Proof. Once the formula for 1(0, (9>L<-) and A(-1, Of-) are established, the for-
mula for 4, and the claim about its parity follow readily from Theorem 4.6.

In the setting where k = Q and F is imaginary quadratic, both conditions (a)
and (b) of Proposition 4.12 are satisfied. The equality 1(0, O )* = 0 is proved
Proposition 4.12-(b) and Proposition 4.12-(a) implies that .

T(Loo/F) = Ay + 1. (4.32)

Assume first that p does not split in F/Q, so (L, /F) = 1. Then (4.32) reads
1=2;+1,s0A; =4 =15 =0 = 7(L,/Q), and Proposition 4.10 gives
A(-1, 02(')*' = 7(Ls/Q)s — A = 0, establishing the corollary in this case.

If p splits in F/Q, write pOr = pq and let P = PWD, ..., P (resp. Q =
QW, ... Q) be the prime ideals of L, that lie above p (resp. above q). Let
Ly be the cyclotomic Z ,-extension of F = L, and set L = Ly L. Since
F/Qisabelian and totally imaginary, it satisfies the assumptions of Lemma 4.13
by [Gro81, Corollary 2.14] and [Was97, Corollary 5.32]. Now, observe that 8 is
unramified in L/L,, because F p = Qp and Q, admits no totally ramified Zf)—
extension. Lemma 4.13 implies that the global extension L/L,, is unramified
everywhere, because it is clearly unramified outside of p. Denoting by M, the
maximal abelian p-extension of L., which is unramified everywhere, we find
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the following diagram of fields and of Galois groups:

M,

E
7

AN
.,

N
Q
For all 1 £ j < s, consider the Frobenius elements Frob(‘,B(j),Moo /L) and
Frob(QY, M, /Ly,) in X = Gal(M, /L,). The group D acts on the set

{Frob(PY), My, /Lo,), Frob(QY), My, /Lo,)} i

L

cyc

..... S

by conjugation: given 1 < j < s, for each r € D and a lift € Gal(M,/Q) we
have
# Frob(PYP, M, /L)~ = Frob(rpY), M, /L)

and similarly when replacing B’ by QU). On the one hand, this action be-
comes trivial on the classes

Frob(Pp, M, /L) (mod H) and Frob(QY, M, /L,,) (mod H)

in Y, because Gal(L/Q@) = D X Gal(L.y./F) with D acting trivially on Y. On
the other, the action factors through D,, = Gal(L,_/Q), where L, is such that
L /Lntr is totally ramified at one (and hence all) primes above p, because Ly,

acts trivially on all P&, Q). Since
Frob(pY), M, /L,,) (mod H) = Frob(p"),L/L,,)
and similarly when replacing B’ by QU, it follows that, in Y, the equality

] ] Frob(BY,L/Ls,) Frob(QW,L/Ly,) (mod H)
J

= J] Frob(@*B,L/Ls) = Frob(P,L/L)* (4.33)

‘[GDntr
holds. Having set this up, consider the element
x = [ [ Frob(BY, My, /Ly,) Frob(QW), M, /L) € X.
J

Lemma 4.13 and (4.33) imply that x (mod H) is the (2s)th power of an element
of infinite order, so it again has infinite order: in particular, x has infinite order
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as element of X. Via the Artin map of global class field theory, x corresponds to
the inverse limit of the generators of IT;': in particular, the orders |IT;} | cannot
be bounded, showing that A > 1. Since 7(L,,/F) = 2, (4.32) yields 1, =

/1;[ + /lﬁ = 1, and therefore we must have /1}“I = 1, finishing the proof of the
corollary. O

Remark 4.15. 1t has been shown in [HW18, Corollary 26] that, in some special
cases, u;,, = 0 for the anticyclotomic extension of an imaginary quadratic field:
in particular, in these cases, Meae = 0. Finis and Hida (see [Fin06, Hid10]
and the references therein) prove that, under mild assumptions, the analytic
anticyclotomic invariant u vanishes. As Hida and Tilouine observe in [HT94,
§1, Comment 4] the fact that their proof of the anticyclotomic main conjecture
requires tensoring with Q prevents a direct comparison between ;7 and u;_ .

Asi it is clear from the proof of Corollary 4.14, the situation where p does not
split in F/Q is significantly easier to consider. In particular, the full assump-
tions that F/Q is imaginary quadratic is not needed, and we single out this case
in the next corollary:

Corollary 4.16. Suppose that F is a CM field and that k is its totally real subfield.
Assume that there is a unique prime above p in F/Q. Then

A’IW

Af ake — T

so that AIW is even.

Proof. By Proposition 4.12-(a), we have A(0, Of ¥ =1(Ly/F)—24;—1. Onthe
other hand, since there is a unique prime above p in F, the constant 7(L., /F)
equals 1 and from the trivial bound A(0, Of_ )t > 0 we obtain

20,05 =2, = 0.

In particular, 1; = 0. Moreover, since the unique prime in k above p does

not split in F /k, we also have t(L,,/k); = 0, so that Proposition 4.10 yields
A(-1, (9’L< )* = 0. The result follows from Theorem 4.6. O

Remark 4.17. The parity result concerning the Iwasawa invariant 4|, of the an-
ticyclotomic Z ,-extension of an imaginary quadratic field F obtained in Corol-
lary 4.14 is not new: it has already been found by Gillard in [Gil76, Théoréme 2
and Théoreme 1-Corollaire], and by Carroll and Kisilevsky in [CK82, Theo-
rem 5]. Moreover, Carroll and Kisilevsky obtain ibid. a result similar to Corol-
lary 4.16, which holds for more general semi-direct products beyond the pro-
dihedral case, although under the additional assumption that F/Q is abelian
with Galois group of exponent divisible by (p — 1).

The next corollary improves Corollary 4.8 under the assumption that F is
a CM field, generalizing Corollary 4.14 to more general number fields beyond
the imaginary quadratic case. As observed in Remark 4.19, its assumptions are
satisfied when F /Q is abelian.
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Corollary 4.18. Suppose that F/Q is a CM field of degree 2d, and that k is its
totally real subfield. Assume that p splits completely in F /Q and that L, /Q is
Galois. Then, with notation as in Proposition 4.10,

@W+1—d

/lf ake 2 2

(4.34)

If, moreover, F /Q is Galois and satisfies both the Gross and the Leopoldt conjec-
tures, then Ay, = d, A; <d — 1,1} > 1and

@W+2—d

/lf ake 2 2

(4.35)

Proof. The hypotheses imply that (L, /F) = 2d and t(Ly /k); = [k : Q] =d.
Moreover, condition (a) of Proposition 4.12 is satisfied: we find

20,07 ) =1t(Leo/F) = Ay —1=2d = A — 1. (4.36)
The formula of Theorem 4.6 becomes, through (4.36) and Proposition 4.10,

22 =A, +(d—27)—@d-A;-1) =2, —d+ A} +1.

fake

Since A} > 0, the estimate (4.34) follows.

Assume the Gross and the Leopoldt conjectures for F and that F /Q is Galois:
the estimate in case (c) of Proposition 4.12 reads A(0, Of_ )t = d—1, whichyields
Ay = d through (4.36). We now proceed to prove that A+ > 1: this will imply
both estimates A; < d — 1 and (4.35). The proof goes along the same lines as
those of Corollary 4.14. Denote by G the Galois group Gal(L,,/Q) and set L =
Lo Leye, where Ly is the cyclotomic Z ,-extension of F. Since F/Q is Galois, so
is Loy /@ and the Galois group Gal(L/Q) is the direct product G X Gal(Lcy./F).
Write pOy = q; -+- 44 and q;0 = q;qq4;: €ach prime q; is divided by the same
number of primes in L, /F, so let q;0; = QED Dg.s) be its factorisation in
Ly, for1 < j < 2d. The localisations F,, are all isomorphic to @, and hence
admit no totally ramified Zf,-extension, showing that Q = Q(ll) isunramified in

L/Le and so Lemma 4.13 guarantees that L C M, where M, is the maximal
p-extension of L, which is unramified everywhere. The diagram of fields is as
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follows:

®
J

The group G permutes the ideals Q' and acts trivially on Gal(L/L,,), so the

equivalent of (4.33) reads
[T Frob(QY, My /Ly) (mod H) [ FrobeQ,I/Ly)

i,j 1:6Gal(L,,tr /Q)

= Frob(Q,L/L,)**eY (4.37)

where, as ibid., Ly, issuch that L,/ Ly, is totally ramified at all primes above p.
The element
x = [T Frob(R, M, /Le) € X
L,j
has infinite order by Lemma 4.13 and corresponds, via the Artin map of global
class field theory, to an element in @ H;. This shows ’1n+ > 1, finishing the
proof. O

Remark 4.19. In the proof of (4.34), the hypothesis that L, /Q is Galois is only
needed to ensure that all primes in F above p ramify completely in L, /Q, in or-
der to apply Proposition 4.12-(c). In particular, the inequality holds also under
this weaker assumption.

One condition that guarantees that all assumptions of Corollary 4.18 are sat-
isfied is that the group Gal(F/Q) is abelian with exponent divisible by (p — 1):
this is shown in [CK82, Theorem 1], together with the result that both the Gross
and the Leopoldt conjectures hold for abelian number fields.

4.4. The structure of the limits of class groups. Asin the previous section,
fix a fake Z ,-extension of dihedral type K, /k and adopt the conventions intro-
ducedin§4.1. Let B = (B ) € {OX‘ ,Up ,Qr.,Cr, Ay }beany of the five normic
systems occurring either in the left column or in the bottom row of (3.1). As
in §3.2,set By = h_r)nBLn (resp. By = li_n)lBKn, letting By = an) where the
limit is taken with respect to ¢; /7 (resp. with respect to g /g ).



1264 L. CAPUTO AND F. A. E. NUCCIO

In this section we make no use of double systems: only direct and inverse
systems will appear. Indeed, the focus will be on the structure of direct and in-
verse limits, which are coarser invariants. Moreover, one easily realises that the
direct system of class groups with ideals extension as morphisms satisfies nei-
ther (Inj) nor (Gal), and the assumptions of Proposition 2.11 are not fulfilled,
so its G,,-cohomology does not give rise to a double system fitting in a cohomo-
logical long exact sequence. In fact, the analysis of the direct and inverse limits
of class groups relies on our previous work [CN20], and we need to consider
morphisms between Oth Tate cohomology groups which are different from the

map H O(th /1,) defined in §2.2.2, because of the factor p™™" appearing there.
To define these morphisms, observe that, form > n>0,Ny ,; @ Ay — Ap,
is surjective and so, by the arguments of Remark 2.8, we have maps

T, sr, t A%Gn AL) = H%Gp. Ar,) and T 2 HYDy, Ar,) = Dy, AL,).

We can therefore take direct limits with respect to these maps, and define the
groups®
Ao, Ap )= 11_11)1 ﬁO(GnaALn) and H°(D, Ap ) = h_r)n ﬁO(Dn:ALn)-

~ ~
L
Lm/In LLm /Ln

Being direct limits of finite Dy-modules, these are Z ,-torsion Z ,[ D, ]-modules;
moreover, via Proposition 4.2, they satisfy H°(T, A )t H(D, Ay _), extend-
ing the isomorphisms ibid. for i > 1. More generally, in this section, we tac-
itly identify plus parts of all G,,-cohomology groups (resp. of all I'-cohomology
groups) with D,,-cohomology (resp. D-cohomology).

4.41. An Euler-Poincaré formula for fake Z,-extensions of dihedral
type. The main result of this section is Theorem 4.22, which can be seen as
a relationship between dihedral versions of Herbrand quotients of class groups
and of units, at least in the limit. This theorem will also be pivotal in the next
section to interpret the invariant A, as the dimension of a Q,-vector space.

We begin by relating H'(D, A;_) to H*(D, Q;_) on one hand, and HO(D, Ar)
to H'(D,Q;_) on the other.

Proposition 4.20. There is an isomorphism of Z ,-modules
H(D,A,) = H(D,Qp)
and an exact sequence

0-> H(D, AL ) — HXD,Q. ) — HX(D,Cp) > 0

in the category Mod;'f'g' / Modgi. Moreover, HX(D,C; )~ Q,/Z,.
p

In [NSWO08, Definition 1.1.9.3], the notation Ho(g, M) denotes a different construction,
which we do not need, hence we allow ourselves this inconsistency.
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Proof. By Proposition 2.10, we have a commutative diagram
0 8O m
H (Dma ALm) —H (Dma QLm)
[ [ (438)
HO(Dn’ALn) Hl(Dn’QLn)

The definition of A 1(‘Lm /1,) given in Remark 2.8 makes it clear that (4.38) in-
duces the commutative diagram

770 & m
H (Dm’ALm)—>H (Dm’QLm)

T/L\Lm/Ln )‘\ﬁl (le/Ln)

AD,, Ar) a2'(D,, Q)

From [CN20, Proposition 3.4], the rows of the above diagram are isomorphisms,
and so by taking limits we obtain the first statement of the proposition.
Arguing as in the proof of [CN20, Proposition 3.4], we get an exact sequence

0— I/_\Il(GnaALn) — H%(G,, Qr,) —H%G,, Cr,) —
H*(G,, Ar,) — H*(Gp,Qp,) — 0
with its plus counterpart
0 — H'(Dy, A1) — H*(Dn, Q1) —H*(Dy, €1,) —
H*(D,, Ay,) — H*(D,, Q) — 0.
By Proposition 4.2, this exact sequence can be shortened as
0 — AY(D,, A ) — HA(D,,Q; ) — AA(D,,€, ) — Ker(6) — 0
(4.39)
where 3\510) - H %Gy, AL) - AvaG,, Q) is the morphism analysed in Remark

4.11. Asshown ibid., Ker(gflo)) isbounded independently of n, and taking direct
limits of (4.39) we obtain the exact sequence of the statement.

Concerning the final isomorphism, an argument similar to the one used to
prove the commutativity of the left-hand diagram of Lemma 3.5 shows that the
direct system (H2(D,,, €;, ), H2(1;, /1)) is isomorphic to

73 50/ s 1 )
(H'(Dp, Z ), H(jp ) = (ﬁzp /Z,,incl)
(where incl denotes the inclusion ﬁZ < pimZ), finishing the proof. (]

Remark 4.21. The proof of the above proposition actually shows that there is
an exact sequence

0 — HY(D,AL ) — H*(D,Q, ) — H*(D,€, ) —V —0
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in the category Mod;_f'g‘ with V in Modgj Since we are only interested in
p
comparing coranks of divisible Z p-modules, here and in what follows we con-

tent ourselves to work in Modczo—f’g' / Mod%?.
p

We can now proceed to the proof of the main result of this section, that we
regard as an Euler-Poincaré formula:

Theorem 4.22. Given a fake Z ,-extension of dihedral type K, /k with normal
closure L, [k, we have

cork HO(D, Ar_)—cork HY(D, Ar_) = cork H*(D, (92;) —cork HY(D, (92;) +1.
Proof. Taking direct limits in (3.28) we obtain the exact sequence in
ModCZ‘:f'g' /Modj"
as follows:
0->HY(T,0p )-» H'(T, Uy ) > H'(T, Q) > HA(T, o7 ) % HA(T, U ).

By construction, the morphism v, : H*(T, OF ) -» H*(T, U;_) is the image,
in the quotient category, of the direct limit of the morphisms H*(G,,, of) =
H?*(G,, Uy, ). It follows that we can complete the above sequence as

0> H(I, 05 ) = HY(T, ;) > HY(T, Q; ) ~ HX(T, 0% ) -
HX(T, Uy ) > HA(T, Qg ) > 0

where the final 0 is a consequence of I" having strict cohomological dimension
equal to 2. By taking plus parts we get, through Corollary 4.4-(4.3),

cork HY(D,Q;_) — cork H*(D, Qy, )
= cork H'(D, U;_) — cork H*(D, U;,_) + corkH*(D, Ofm)
— cork H(D, Ofm)
= cork H%(D, O>L<m) — cork HY(D, 0>L<°o)'
Moreover, by Proposition 4.20,
cork H*(D,Q;_) = cork H'(D, A, ) +1
and
cork H'(D,Q;_) = corkPAIO(D,ALw),

finishing the proof. O
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4.4.2. Interpretation of 4, , . Let A = Z,[[T'] denote the Iwasawa algebra
of the group I' = Gal(L, /F). In this section we show that the invariant 4., _
obtained in Theorem 4.6 is also the dimension of the Q ,-vector space Xy ®z,
Q,, where
Xfake = l(iEAK,,’
the inverse limit being taken with respect to norms. The analogous result for
Xpw (with 4 replacing 4., ) is well-known and comes from the structure the-
orem for finitely generated torsion A-modules together with a classical descent
argument (see [Iwa73, §1.2 and Theorem 7]). Since Xy, is not stabilized by T,
and hence it is not a A-submodule of X7y,, we argue in a different way. Our ap-
proach is to work with direct, rather than inverse, limits because they are easier
to analyse in our setting. We then recover the result about inverse limits via a
purely algebraic argument due to Yamashita.
Tensoring the exact sequence [CN20, (3.1)] with Z ,, we obtain
1 — Kern, — Ak, @® Ax’ SR Ap, — Cokern, — 1 (4.40)
where the map 7, is defined via the formula
na (e, ') = i, /x, (O, k7 (") forc € Ag ,c’ € Agr.
The explicit definition of 7,, makes it evident that, for m > n, the relations
Nmo(ix, /x, ® tk: k1) = UL, /1, °n (4.41)
hold. We can therefore take direct limits with respect to the extension maps to
obtain an exact sequence
1 — Kerny, — Ag_ ® Ag’, T, Ap_ — Cokern, — 1 (4.42)

where 1., = H_H)l?’)n.

The first step of our strategy is to interpret, in Lemmas 4.23 and 4.24, Ker 1,
and Coker 7, in terms of the cohomology groups of A; . We then invoke The-
orem 4.22 to compare their coranks.

Lemma 4.23. The modules Kern,, and H(D, Ap )are Modgg-isomorphic.
Proof. Recall from [CN20, Proposition 3.2] that
Kern, = H(D,, Ay,)
and the isomorphism, called 6 ibid., is defined by sending
(x,x") € Kern, C Ag, @ Ay’

to 7, /k, (x). Hence, the diagram form > n > 0

Ker7,, ———— H(D,,, A, )

Ko /Kn B! k! I T‘Lm /Ln

Kern, ——— H°(D,, Ar)
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commutes, showing that
Kern,, = H (D, Ar). (4.43)

The definition of Tate cohomology groups gives another commutative diagram

0——Nmp A, — H(D,p, Ay ) —— H(Djp, AL, ) —— 0

‘Lm/LnA‘\ [Lm/LnT /I\Lm/LnT

0——Nmp A, —— H(D,,A;, ) —— H(D,,A;,) ——0
yielding the exact sequence
00— li_I)nNmDnALn — HO(D, Ap ) — AHO(D, Ap ) — 0.
The groups Nmp _A; have bounded order since
INmp Ap | = |, kN, 1AL, | < i, Akl < 1Ak,
so their direct limit is certainly a finite group. We conclude using (4.43). O
Lemma 4.24. The modules Coker 7., and H'(D, Ap )are Modgz-isomorphic.

Proof. As in the proof of [CN20, Proposition 3.2], Remark 3.1 ibid. yields the
exact sequence

Nm,
0— A, [Nmg 1/(4;, [Nmg ]nImz,) — Cokery, - Nmg, A;, /Nm, A, — 0.

We actually have commutative diagrams, form > n > 0,

Nm
0— A;, [Nmg 1/(AL, [Nmg ]nImp,,) — Cokern,, —G>mNme (AL,)/Nmg (Imz, )—0

L /Ln T Ly /LYI PVHLLM /Ln

Nm,
0— A, [Nmg 1/(A;, [Nmg ] nIm7,) — Coker, o Nmyg (A4, )/Nmg (Im7,) — 0

By [CN20, (2.7)] and by definition of H _l(le /1,,) (see §2.2.1), this can be rewrit-
ten as

0— H (G, A, )~ — Coker,, —n Nmg (Ar, )/Nmg (Im7, ) —0

ﬁ_l(LLm/L”)T ‘Lm/LnT Tpm"le/Ln

P Nm n
0 — H (G, AL, )~ — Coker, o, Nmg (Ar, )/Nmg (Im7,) —— 0
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Moreover, the cup product with x,, induces an isomorphism A _1(Gn,ALn)_ =
AY(D,,Ap,), and by definition of A(i;, /; ), together with Lemma 2.7, the di-
agram becomes

0 — H'(Dy,, Ay,) — Cokern,, o Nmg (Ar, )/Nmg (Im7, ) — 0

Inf Olzm/Ln T /Ly T Tpmn‘Lm/Ln

~ Nmg,
0 — AY(D,, Ay, ) — Coker 7, —+ Nmg (A, )/Nmg (Im7,,) —s 0

The groups on the right have bounded order since [Nmg Ay | < |Ap|, by the
same argument as at the end of the proof of Lemma 4.23. Taking direct limits
we obtain the statement. O

Combined with Theorem 4.22, the above lemmas yield the following

Corollary 4.25. We have
2cork Ag  —cork A = cork Ker7,, — cork Coker7,,
= A2, (9>L<')Jr — AQ1, (92(. +1
where A(1, (9;.)+ and A(2, (92")+ are the invariants defined in Corollary 4.4-ii).

Proof. From the exact sequence (4.42), we obtain
2cork Ag  —cork Ay = cork Ker 7, — cork Coker 7,
(Lemmas 4.23 and 4.24) = cork (D, A, ) — cork HY(D, A )
(Theorem 4.22) = cork H*(D, Ofm) — cork HY(D, Ofm) +1
(Corollaries 2.32 and 4.4-ii) ) = 1(2, O>L<')+ -1, O>L<.)+ + 1. O

We are now in shape to relate the invariant 4,
of X¢,xe, but we first need a final lemma:

(e 1O the Z p-module structure
(S

Lemma 4.26. The equalities
cork A = dimQP Xiw ®Zp Q, and corkAg = dimQP Xtake ®Zp Q,
hold.

Proof. The first equality can be deduced from [Iwa73, Theorem 11]. Here we
give an alternative proof, following that of [ Yam84, Lemma 2|, which also yields

the second equality.
Since Xy, is a finitely generated torsion A-module, we know, by the structure

theorem of such modules, that there exists 8 € N such that pfXy, is a finitely
generated torsion A-module with trivial u-invariant. Since p#Xy, = lim PPAL
we deduce that the Z,-ranks of pBALn are bounded and thus so are those of
pﬁAKn. As arithmetic norms are eventually surjective on A;_, their restriction
to pﬁALn is also eventually surjective, and likewise when restricting to pﬁAKn.
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Similarly, the kernel of the extension map restricted to pﬁALn has bounded or-

der and, again, the same holds when restricting to pﬁAKn. We can therefore
apply [Yam84, Lemma 1] to obtain that

Cork(pﬁALoo) = dime(pﬁxlw ®ZP @p), COfk(PﬁAKm) = dime(pﬁXfake ®Zp Qp)

This concludes the proof because, for every Z,-module M, dim@p (pPM ®z,
Q,) = dimg (M ®z, Q,) and cork(pPM) = cork M. O

Finally, we obtain the main result of this section.

Theorem 4.27. Given a fake Z ,-extension of dihedral type K, /k, we have that
/‘lfake = dim@p Xiake ®Zp Qp.

Proof. By the structure theorem of finitely generated A-modules, we know that
dimg, X1y ®z, Qp = 4y, (4.44)
Now, using Theorem 4.6, we deduce
2246 = Ay T AL, Of_)+ — (0, (92(_ )+
(Corollary 4.4-(4.10) and -(4.5)) = 4, + A(2, of_)+ —-2Q, (92(_ *+1
(by (4.44)) = dimg, X1 ®z, Q) + (2, Of ) =21,07 )" +1
(Lemma 4.26) = cork Ay +A(2, 0F )* — (1, 07 )* +1
(Corollary 4.25) = 2 cork Ag_
(Lemma 4.26) = 2dim@p (Xfake ®z, Qp>. O
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