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The Musielak-Orlicz Herz spaces

Baohua Dong, Yu Li and Jingshi Xu

ABSTRACT. Inspired by the fact that the boundedness of certain sublinear
operators on LP (R") implies their boundedness on the Herz spaces, we ob-
tain that the boundedness of certain sublinear operators on Musielak-Orlicz
spaces implies their boundedness on Musielak-Orlicz Herz spaces.
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1. Introduction

Herz spaces can be traced back to the work [3] where Beurling studied cer-
tain convolution algebra by introduced the space A,. It is the original version
of the non-homogeneous Herz space. The general Herz spaces are introduced
in [16] by Herz. Many researchers made their contributions to the theory of
Herz spaces at that time, for example, Feichtinger ([7]), Flett ([8]), and Baern-
stein and Sawyer ([2]), as well as Garcia-Cuerva and Herrero ([11, 12]). Before
presenting the definition of Herz spaces, we need the necessary notations. Let
By :={x€R": |x| <2*}and A, := B, \By_, for k € Z. Denote y, := XA,
fork € Z, ¥ = xx ifk € N\{0}and ¥, := xp,, where x,, is the character-
istic function of A. Let @ € R, p,q € (0, o0]. The homogeneous Herz space
K, ? (R") is defined by

Ko (R 1= { f € Lige R0 ¢ [Ifllgeaggny < °°}’
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where

a
= {Z 2’<“q||ka||§p(w)z :
kez
The non-homogeneous Herz space Kg’q (R") is defined by

Ky @) = {f € L (R < Ifllkgaan < oo}

I llgzacey == [{25IF 2o}

where
1

i q
ca = {Z Zk“q”f)?kngp(w)}

1 lgzaceny == [{25IF Zallor by )
=0

The usual modifications are made when p = oo or g = .

Herz spaces are quite useful in harmonic analysis. They can be used to
characterize the multipliers on Hardy spaces ([2]). They are natural spaces to
consider the problems related to multidimensional 6-summation and 6-means
of Fourier transforms ([9, 10, 23]), as in L? (R") spaces and Wiener amalgam
spaces W (L?,¢ ) (R™) ([37, 40]). When p = q,a = B/p,B € R, the Herz
space Kﬁ/ PP (R™) is exactly the weighted Lebesgue space LP (R", |x|#). One
of the motivations to study the boundedness of sublinear operators in Herz
spaces is due to the enlightening works of Stein ([36]), Hofmann ([17]), and
Soria and Weiss ([38]). These results show that the boundedness on the space
LP (R", |x|8 ) can be deduced from its boundedness on L? (R") for sublinear
operators T satisfying the condition (1):

10)
rreols [

Here and below the notation “<" means “< C" where C is a constant and may
change from line to line.

Because Herz spaces are generalizations of weighted Lebesgue spaces, it is
natural to have the following question.

Question 1.1. Does “the boundedness of some sublinear operators on LP (R")"
imply “the boundedness of the operators on Herz spaces Kg’q (R")and KZ’q (R™)"?
In [30, 32], Li, Yang and their collaborators obtained a positive answer about

the question with the help of size condition (I) :

ITfCOI S 1x ™" fllzrgey,  if supp f € Ay, [x
ITfCOl S 27 fllpmry,  if supp f C Ay, |x

and size condition (II) :

dy, f € L' (R™) with compact support, x & supp f.

k+1 kez

[ >2

| <22k ez,
TSNS X7 lzaenys

when supp f C By and |x| > 2 or supp f € A and |x| > 251 with k € N, and

ITFEI S 271 fllr s
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when supp f C Ay and |x| < 2572 with k > 2. The related theorems in [32] are
the generalized versions of the results in [17, 36, 38] because the size conditions
(I) and (II) are more general conditions than the condition (1).

They also generalized these results in [30, 32] to the cases of fractional inte-
gral operators T, (0 < o < n) satisfying the size condition (I), :

ITo(NE)] S X7l if supp f € Ap, x| > 2 k € Z,
ITo(/)X)]| S 27K fllpamny,  if supp f C A, x| <282k € Z,

and size condition (II), : let T, be a sublinear operator satisfying
ITo(/))]| S X172 f|,

when supp f € By and |x| > 2 or supp f C Ag and |x| > 2Kt with k € N, and
ITo(H)X)] S 27| f I,

when supp f C Ay and |x| < 2K72 with k > 2. The size conditions (I, and (II),,
contain the classical fractional integral sublinear operators which satisfies

1))
O =

for any integrable function f with compact support.

Besides, there are a lot of very important research works on the theories
of sublinear operators in Herz spaces, see [10, 15, 21, 22] and the references
therein. After that, many researchers paid their attention on these topics and
many function spaces related to Herz space appeared. We just list some but not
all the references about these function spaces here, such as Herz spaces with
variable exponents [1, 19, 20, 24, 28, 34, 35, 42], weighted Herz spaces and their
variable exponents cases [26, 27, 29], Herz type function spaces and their vari-
able exponents generalizations [4, 6, 14, 18, 31, 32, 33, 39, 41, 43, 44], and so on.
For more details, please see the above references and references therein.

It is well know that L? (R") is a particular case of Musielak-Orlicz spaces.
In detail, denote by L°(R") the set of all measurable functions f : R" — R.
A function ¢ : R" X [0,00) — [0, o] is said to be a generalized ¢-function if
(1) x = @(x,|f(x)|) is measurable for every f € LO(R"); (2) t — ¢(x,t)is a
convex and left-continuous function with ¢(x,0) = 0, lim,_,y+ ¢(x,t) = 0 and
lim,_ o, ¢(x,t) = oo, for almost every x € R". Denote by ®(R") the set of all
generalized p-functions. Let ¢ € ®(R") and f € L°(R"), the semimodular of
f is denoted by

dy,x ¢& supp f

ere(f) 3=f o(x, | f(x)])dx.
R~

Then the Musielak-Orlicz space is defined by

PR 1= {f € LR ¢ lim ers2f) = 0],
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The Musielak-Orlicz spaces are Banach spaces when they are equipped with
the norm

: f
I/ llzemny := inf {/1 >0 : or (I) < 1},

The Musielak-Orlicz space L?(R") is precisely the Lebesgue space L? (R") if
p(x,t) = tP,t € [0,0), p € [1, ). What is noteworthy is that the boundedness
of Calderon-Zygmund singular integrals operators and some fractional integral
sublinear operators on L? (R") can be found in [13]. Inspired by above works,
in order to consider a similar question like Question 1.1 in the new setting, we
need the Musielak-Orlicz Herz spaces.

Definition 1.1. Letp € ®(R"),a € R, p € (0, 0].
(1) The homogeneous Musielak-Orlicz Herz space K (R") is defined by

K3 R ={f € L (RNOD : [fllgzren < oo},
where

1 lkzreny = |21 el e

ep’

(2) The non-homogeneous Musielak-Orlicz Herz space K;’p (R") is defined by

Kg? R ={f € L{ R") : |Ifllgerqam < o},
where
1 llgeery = [[2°0S e

They are general frameworks of many generalizations of Herz spaces, such as
Herz spaces with variable exponents, weighted Herz spaces and their variable
exponents cases and so on. And we are interested in the following question.

Question 1.2. Does “the boundedness of some sublinear operators on L? (R")"
imply “the boundedness of the operators on the Musielak-Orlicz Herz spaces”?

In order to solve the question, one of the difficulties is to calculate

er’

”)(BHL(p(Rn) ”)(S”Lco(Rn)

1xsllLemm) lxElle@n)’

where B C R" isa ball and S C B is a measurable subset. It is the main reason
why we need some restrictions on the index ¢ (see Section 2 for details). Then
we give positive answers to Question 1.2 respectively by Theorems 1.2 and 1.3
for the sublinear operators satisfying the size conditions (I) and (II) .

Theorem 1.2. Let p € (0, ] and ¢, p* € A, N A be proper functions. Let
T be a bounded sublinear operator in L¥ (R") satisfying the size condition (I).
Then there exist 6,8, € (0,1) such that T is bounded on Kg’p (R™) for all
a € (—nby, ndy-).
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Theorem 1.3. Let p € (0, 00] and ¢, p* € A, N A be proper functions. Let
T be a bounded sublinear operator in L? (R") satisfying the size condition (II).
Then there exist 5¢, 6¢* € (0,1) such that T is bounded on Kg’p (R™) for all
a € (—nby, ndy-).

Many classical operators in harmonic analysis satisfy the condition (1) which
can imply size conditions (I) and (II), see [29, 32] and references therein. So the
following corollary is due to Theorems 1.2 and 1.3.

Corollary 1.4. Let p € (0, 00] and ¢, ¢* € Ay N A, be proper functions. Let
T be abounded sublinear operator in L? (R") satisfying the condition (1). Then
there exist 5¢, 5¢* € (0, 1) such that T is bounded respectively on K;’p (R")and

K;’p (R™) for all « € (—nd,, nd,-).

Next two theorems indicate that Question 1.2 are also correct respectively
for the fractional integral operators under size conditions (I), and (II), .

Theorem 1.5. Let p € (0, 0] and ¢,, 9] € Ajoc N Ay be proper functions.
Let 0 < o < n, ¢; and ¢, be o-connected, T, be a bounded sublinear operator
from L% (R") to L¥> (R") satisfying the size condition (I), . Then there exist
8, 0p: € (0,1) such that T, is bounded from K,P (R") to K P (R™) for all

a € (—nd,,, néﬁ).

Theorem 1.6. Let p € (0, 00] and ¢,, 9] € Ajc N Ay be proper functions.
Let 0 < o < n, ¢; and ¢, be o-connected, T, be a bounded sublinear operator
from L%t (R") to L#2 (R") satisfying the size condition (II), . Then there exist
8,04 € (0,1) such that T, is bounded from K,” (R™) to K;* (R") for all

a € (—nd,,, ”5%‘)'

The structure of the paper is as follows. Section 2 contain some useful lem-
mas and the proof of Theorem 1.2. Section 3 is the proof of Theorem 1.5.

2. The proof of Theorems 1.2 and 1.3

The aim of this section is to prove the Theorems 1.2 and 1.3. As mentioned
in Section 1, we need to calculate the following two fractions.

”XBHLv(Rn) ”XS”L?"(IRH)

”)(SHW(R") ”XB”L?’(R")’

where B ¢ R" is a ball and S C B is a measurable subset. So, we need the
following background knowledge.
Let Q be a family of pairwise disjoint cubes in R”. Define the averaging op-
erator To : L} (R") — L°(R") by
1
Tof 1= D, xoMof = D, Xo- 6] '/ lf)Idy.
Q

QeQ Qe
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The notation A denotes the set of all ¢ € ® (R") which have the property that
the averaging operators T are bounded uniformly in ¢ for all families Q. In
particular, denote A, by the set of all ¢ € ® (R") which have the property that
the averaging operators Tg are bounded uniformly in ¢ for all families Q only
contained a single cube, that is Q = {Q}. So, A C Aj,.. For more details, see
page 117 in [5].

Let ¢ € ®(R"). The associated space of L¥ (R") is defined by

(L? (Rn))l ‘= {g €L'(R") : ||g||(L¢(Rn))’ < 00}’
where
”g”(Lca(Rn))/ = sup f |fGOlgx)dx.
FeL?:||fllo<1 JRn

A generalized g-function is called a proper function if the set of simple func-
tions S (R") satisfies S (R") C L? (R™) n (L? (R"))'.

Let ¢ € ®(R"), for every x € R", denote by ¢*(x, -) the conjugate function
of p(x, -) which is defined by

@*(x,t) = sup(ut — @(x, 1))
u=0

for all t € [0, o). From Corollary 2.7.9 in [5], we know that a generalized ¢-
function is a proper function if and only if its conjugate function is a proper
function. Besides, we have the following two lemmas.

Lemma 2.1 (Lemma 2.6.5 in [5]). Let ¢ € ®(R"), f € LY(R") and g €
L? (R™). Then

f 1F11g1dx < 201 llzsnlgllis -

Lemma 2.2 (Remark 4.5.8 in [5]). Let ¢ € ®(R") be a proper function. The
following are equivalent.

(1) p e Aloc-
(2) 90* € Aloc

®) “XQHL‘P([R") XQ’

Let A, be the set of all ¢ € ® (R") which have the following property: for
every T € (0, 1) there exists § € (0,1) such thatif D C R" (measurable) satisfies

QN D| L 7|Q|forallQ € 9,

1+ @ ~ 1Ql, uniformly for all cubes or balls Q € R™.

then

<B
Le(R7)

Y. toxo

QeQ

Z toXonD
QeQ

LP(R")
for any sequence {t,} oco € R<. Here R? denotes the set of all real number se-

quences {tQ} 0o The smallest constant § for 7 = 1/2 is called the A, -constant
of . More detailed information can be found in [5] on pages 151, 159 and 160.
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Lemma 2.3 (Lemma 5.4.12 in [5]). Let ¢ € A, and Q be a family of pairwise
disjoint cubes in R”. Then there exists § € (0,1) and K > 1 which only depend
on the A -constant of ¢ such that

1°)
2. to /

— | Xo <K
QeQ MQf

Lo(R")
>0,andall f € L] (R")with Myf #0,Q € Q.

2. toxo

QeQ

Le(R7)

for all {tQ}QeQ Jto

The next main lemma solves the difficulty mentioned at the beginning of the
section.

Lemma 2.4. Let ¢ € A, N A be a proper function. Then there exists 6 €
(0,1) such that for all balls B in R"” and all measurable subsets S C B,
HXB”L‘P(R") < ﬂ ||XS||L¢([R;1) < (ﬂ>5
xslliewny ~ IS17 1l xsllewny ~ \IB]

Proof. Let B be a ball and S C B be a measurable subset arbitrarily, then

S| 1
Wxslle = = WXslle = | x8Oxs(y)dy.
L% |B| ¥ IB| Jgn
By Lemma 2.1 and 2.2,
S| 2
||)(B||L¢ E < ”)(B”an E ||)(B||Lgo* xsllze S llxsllze-
Hence
Ixslle _ |B|
llxsllze ™~ 15|

Next we prove the second inequality of the lemma. We take an open cube Q so
that BC Q C ﬁB. Putting f = x5 and Q = {Q} in Lemma 2.3 we have

15l <<ﬂ>5
”XQ”UON Il

By virtueof BC Q C ﬁB,

||XS||L¢ _ ”){S”pr . HXQHLCP < ”)(S”qu . HXWB L®
sl o, Txollee ~ Jxef,  Maslle

With the help of the first inequality in the lemma that we already proved, we
have

sl _ (ﬂ)a. NEI (ﬂf
”XBHUJ ~ |Q| |B| ~ |B| .
Thus we finish the proof of Lemma 2.4. O
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Now we turn to prove Theorem 1.2. We omit the proof of Theorem 1.3 be-
cause it is similar to the proof of Theorem 1.2.

Proof of Theorem 1.2. By the equation f = Zj <z fxj, wehave

— |1k
ITfllgze = [ 1Ty |,
\
o0
S22 D0 1Tl | x| ¢
Jj=—o
\ L?) kez £p
\
k=2
S22 D0 1Tl x| ¢
Jj=—o0
L? ) kezllop
3
k+1
+{R2k [ D ITU ) x| ¢
j=k—1 .
L kezllep
.
+12% M D5 ITU ! x| ¢
Jj=k+2 ¢
\ L#) kezllep
:(Il+12+13)
For I,, using the ¢-boundedness of T, we obtain
(
k+1
L 5|12 20 |[TCx x|,
j=k-1
keZllep
k+1
k
Sy 2% Z ||T(fXj)||L¢
j=k—-1
\ kezZllep
k+1
k
S Z ”f){f“m
j=k—-1
kezZll¢p
I llges

For I;, by the fact that j < k — 2, x € Ay, and Lemma 2.1, we have

T () QO S 27| f |0 S 27 x5llee || 28,

Lo’
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Then

k—2
I S|[{ 24 Z ILf xlle

j=—co

XB; Xk
Le
( 3
k—2
2 lls | 25 W xslles | xs, Lo*
j==oo J

Le*

keZllep

s

A

\
r

keZllep

k—2
> (25 xlle2 el 2klle )

Jj=—o0
\ kezZllep

Due to Lemma 2.2 and Lemma 2.4, there exists &, € (0, 1) such that

A

x5, |l Lo
—kn < 9—kn < J < 8y (j—k)
27 s e Nkl <2 ”XBJ L [sills = Ixp e ™~ S
Then
k—2
LS| 2 29 xjllpe 200
Jj=—o0
keZllep
If a € (—00,ndy),
I, < ||§2je . = ep .
VS @ s |, = e

For I;, we use j > k + 2 and Lemma 2.1, we have

T (F) Q) o) < 277 || x| S 277|285 e 206C0)-
It follows that
®
Lt 2 @ a0l |xs ], Ixele)
e keZll¢p
By Lemmas 2.2 and 2.4, there exists §,, € (0, 1) such that
277" |\ xs, o Wlle < 27 ”)(Bj Lo* X8| S % < 2%k,

Then

s 22 2 Hf%f“m 2ereli=D
=k+

J
kezllep
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Ifa € (—nd,, ),

I3§|

el o,

Combining the estimates on Iy, I, and I5, we obtain

ITfllger S 1S ke

This finishes the proof of Theorem 1.2.

3. The proof of Theorems 1.5 and 1.6

In this section we aim to prove Theorems 1.5 and 1.6. For 0 < o < n, we say

¢; and ¢, are o-connected if ¢, ¢, € ® (R") and

|B|a/n ”)(B”Lm(Rn) S ||XB||L¢’1(|Rn) .

The condition is reasonable because it is nearly a necessary and sufficient condi-
tion for the boundedness of fractional integral operators between two different

= I llgar
ep Ko

Musielak-Orlicz Hardy spaces, for more details please see [25].

Next, we prove Theorem 1.5 only, because the Theorem 1.6 is also similar to

the proof of Theorem 1.5.

Proof of Theorem 1.5. First of all we have

IToPliges = [Tl e

¢p

oo

SRkl D) 1T xp! [ xx

j=—co

k-2

DT (x| xk

j=—co

A

.
=

S

k+1

{12 D0 1Tl | x
j=k=1

o)

+{[ 2kl D) 1Tl | xe
Jj=k+2

\ L#2 J keZllgp

\ L#2 J kezZllgp

L2

LP2

Jkez

J kez

(24

£p
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For II,, using the fact that T,(f) maps L% (R") into L?2 (R"), we obtain

k+1

L 5 |112% 20 |1F 2 S I Mg

j=k-1
kezZllep

For I1,, notice that j < k — 2, by the condition (I), we have

1T, (F) 0] 1) £ 275072 £, 200

By Lemma 2.1,
I1; S||42k Z 27kn= U)”f)(J”Lm XB;j|| er [ Xk
J=—o L2
\ kezZllep
A
k—2
= |35 Z [2k(a_n+o-)||f)(j||L¢1||Xk||L¢2 XBJ' L‘PT:I’
Jj=—o
keZllgp
k=2 X8Il ¢
_ AUAS!
S Z (Zk(a n)”f)(j”L‘Pl”XBkHLwi‘”)(BkHL‘PIJ—*)
= Xeler
\ kezllep
Due to Lemma 2.4, we have
k=2
ja (nd, . a)(j—k)
m s\ 2 20 Xl 2
Jj=—o
keZllep
S|, = 170k

where the last inequality is due to a < nd,, -
For I1;, notice that j > k + 2, by the COl’ldlthl’l (I), and Lemma 2.1, we have

|Te (F27) G| o) S 27702 F x| o S 2770 [ £ o || || 1 20620
By Lemma 2.4 and a > —nd,, , we deduce that
(
1135 9 Z -zka_j(n_g)”f)(j“Lm XBJ- quf ||Xk||L§02]
j=k+2
\ kezll¢p
.
> . XB
<3 Z zka—m”f)(j”m x| o x5 ... “ k”mz
j=k+2 .)(Bj 192
keZllgp
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A

i 2% £ 25| (18, +a)(k—))
Jj=k+2 L

kezZllgp

< 122 (1 2| }kez = [1fligze

L’P

Combining I1;,1I, and II;, we obtain

ITFllgsr < I1fllges

This finishes the proof of Theorem 1.5. O
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