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The de Rham cohomology
of soft function algebras

Baskov Igor

ABSTRACT. We study the dg-algebra QAlR of algebraic de Rham forms of a
real soft function algebra A, i.e., the algebra of global sections of a soft sub-
sheaf of Cy, the sheaf of continuous functions on a space X. We obtain a
canonical splitting H”(Q;”R) ~ H"(X,R) @V, where V is some vector space.
In particular, we consider the cases A = C(X) for X a compact Hausdorff
space and A = C*(X) for X a compact smooth manifold. For the algebra
PPolg(|K]) of piecewise polynomial functions on a polyhedron K the above

splitting reduces to a canonical isomorphism H*(Q;,Polk (leR) ~ H*(|K|, R).

We also prove that the algebraic de Rham cohomology H"(Q'C(X)‘R) is non-
trivial for each n > 1 if X is an infinite compact Hausdorff space.
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1. Introduction

All algebras are assumed to be commutative and all dg-algebras are assumed
to be graded-commutative. To an algebra A over a field k one associates a dg-
algebra 9:4' . With le , = A, called the de Rham dg-algebra, in a standard way
(see Subsection 2.4 or [Kun86, §3]). Our main focus will be the cases of R-
algebras A = C(X) for a compact Hausdorff space X, A = C*(M) for a smooth
manifold M (possibly with boundary) and A = PPolg(|K|), the algebra of piece-
wise polynomial functions on a polyhedron K. Here all functions are assumed
to be real-valued, but our results will hold for complex-valued functions also.

We study the cohomology groups H*(Q:4| -

There is a canonical morphism of dg-algebras 7 : QF R Q' (M),
where Q* (M) is the dg-algebra of smooth differential R-forms on M (see Subsec-
tion 4.2). The morphism 7 is the identity in degree 0. It is not an isomorphism.
For example, the equality df(t) = (6f/dt)dt holds in Qf, (r f and only if
f(t) is an algebraic function of ¢ ([Osb69, Corollary of Proposition 1]). More-
over, if M is of dimension > 1, then the cardinality of any set of generators for
Qlcw R 252 C*®(M)-module is at least that of R ([Gom90, Corollary 15]). The
map on cohomology, induced by 7, is not an isomorphism either, see [Osb69]
for the proof that the closed form dt /(1 + t?) is not exact in Qb RR’ On the
other hand, consider the algebra A of regular functions on a smooth affine vari-
ety V over C. It is a subalgebra of C*°(V, C) with inclusioni : A & C®(V,C).
Consider the composition

Q c .,

e = Qeamye — V-0

where 7¢ is the analogue of 7 over C. Grothendieck’s comparison theorem
states that the induced map H*(QI‘4| o) — HY(Q(V,0)) is an isomorphism
([Gro66, Theorem 1']).

For a soft sheaf of k-algebras & on a compact Hausdorff space X we construct

(see Section 3) a linear map

Ayt H* (X, k [0]) — H*(Q;—”(X)lk)'
Here the domain is the cohomology of X with coefficients in the constant sheaf
EX. This map is natural with respect to morphisms of ringed spaces (see Propo-
sition 3.4). We are mostly interested in the case k = R.

We prove (see Theorem 4.1) that for the sheaf of smooth functions C3; on a
smooth manifold M the following diagram is commutative:

&

(€]

(m
where O is the canonical isomorphism (see Subsection 4.1). In particular, the
map

H(7) @ HY(Q ) = H(Q (M)
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is surjective for n > 0. This is a generalization of a result obtained by Gémez,
namely that H(7) is surjective for n even (see [Gom92, Section 4]).

Next, for an arbitrary space X and a subalgebrai : A & C(X), we construct
a linear map (see Section 6)

v, : H*(Q;”R) - H*(X, R _[0]).

Our construction of ¥4 relies on local Lipschitz contractibility of algebraic sets
(Theorem 2.4) due to Shartser ([Shall, Theorem 4.18]). This map is natural
with respect to continuous maps of spaces covered by a homomorphism of al-
gebras (see Proposition 6.6); in particular, ¥4 = W (x)0€;. We prove (see Theo-
rem 8.4) that for a compact Hausdorff space X and a soft subsheaf # of Cy, the
sheaf of continuous functions, the composition W4 x)oA4 coincides with the
identity map. Thus, the groups H*(X, R, [0]) canonically split off of H*(Q2}, (X)).

We also check (see Theorem 7.10) that for a smooth manifold M the follow-
ing diagram is commutative:

(O FYewap oy
H* Q) — HMLR, 0]

o~ b

H*(Q"(M)).

For the sheaf of piecewise polynomial functions PPolx on a polyhedron K
(see Section 9) we prove that the morphisms Appg), and Wppqy, (|x|) are isomor-
phisms (see Theorem 9.11).

In Section 10 we describe the group HO(Q:4|k) for a general function alge-
bra A over a field k of characteristic 0 (Corollary 10.5) calculated by Gémez
in [Gom90]. The related result is [Osb69, Proposition 5] (note that the coho-
mology considered there is, in general, different from ours). We show that
for a soft subsheaf of algebras & C Cx on a compact Hausdorft space X the
morphisms Ay and W4 (x) are isomorphisms in degree 0 (Proposition 10.6 and
Corollary 10.7). We also prove that for an infinite compact Hausdorff space X
the maps Ac, @ H"(X,R [0]) — H"(Q'C(X)lR) and Wy - H"(Q'C(X)lR) -
H* (X ,BX[O]) are not isomorphisms in degrees n > 0. The same is true for the
algebra of smooth functions on a smooth manifold, see Subsection 10.2.

From our results one can deduce the similar results for C-algebras.

In the paper we only consider algebraic structures, however one can consider
topological algebras. Using projective tensor products, one can define the dg-
algebra Q;‘II ¢ for aFréchet C-algebra A (denoted by Q) A in [GVFO01, §8]). This
dg-algebra is a topological analogue of the de Rham dg-algebra.

Consider the Fréchet algebra A = C*(M, C) for a compact smooth mani-
fold M. The dg-algebra Q;‘II ¢ is isomorphic to Q°(M, C), see [GVF01, Proposi-
tion 8.1].

Consider the Banach algebra A = C(X, C) for a compact Hausdorff space X.

Then QZH c=0 for n > 1. To see that, first note that by [Joh72, §8] or [Con85,
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Remarks 47, d], the continuous Hochschild cohomology HH"(A, .A*) is zero
for positive n. Then, by [Joh72, Corollary 1.3] the continuous Hochschild ho-
mology of A is zero in positive degrees, in particular, HH,(A) = 0. By [GVF01,
p. 346], we have HH, (A) Q}ql <~ Hence, by the construction of QZI . this space
is zero for n > 1.

Acknowledgement. I would like to thank Dr. Semén Podkorytov for his pa-
tience, numerous fruitful discussions and help drafting this paper. I am grateful
to the St. Petersburg Department of Steklov Mathematical Institute of Russian
Academy of Sciences for their financial assistence.

2. Preliminaries

2.1. Sheaves. Here we outline the basic definitions and facts of sheaf theory
needed in the paper. For this we follow the books of Godement [God58], Wed-
horn [Wed16] and Bredon [Bre97].

We refer to [Wed16, Definition 10.2] for the definition of the hypercohomol-
ogy groups H*(X, #°) of a complex of sheaves #* on a space X. By a complex
we always mean a non-negative cochain complex. For a sheaf & we denote by
F[0] the complex of sheaves with # in degree 0 and other terms zero.

Let #* be a complex of sheaves on X. Then there is a canonical homomor-
phism

Y : H*(F (X)) » H*(X, F°),
natural with respect to morphisms of complexes of sheaves. The map Y is an
isomorphism in degree 0. If the sheaves " are acyclic then Y is an isomor-
phism, see [Wed16, Theorem and Definition 10.4, Proposition 10.8].

Lemma 2.1. Take complexes of sheaves ¥* and G° on topological spaces X and
Y, respectively. Suppose f : X — Y is a continuous map and ¢ : G — f,F°
is a morphism of complexes of sheaves. Then there is the induced map on hy-
percohomology f* : H(Y,G") - H(X,F*). Moreover, the following diagram is
commutative:

(X, 5) 4 HI(E(0)
T )|
H*(Y, §") 4~ H*(G(Y)).
Proof. See [Sta]. O

For a sheaf # on X and a closed subset Z C X define
F(Z2):= lim FU).
openUDZ

For a sheaf # we fix the notation for the restriction map resy, y : F(W) =
F(W') for sets W’ C W open or closed.

A sheaf 7 is called soft if for every closed set Z C X the restriction map resy
is surjective. Any soft sheaf on a compact Hausdorff space is acyclic [Wed16,
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Proposition 10.17]. A sheaf ¥ is called flabby if for every open set U C X the
restriction map F(X) — F(U) is surjective. A flabby sheaf is acyclic.

For a presheaf F denote by *F the sheafification of F. Letsh : F - *F
denote the sheafification map, i.e. the canonical map from a presheaf to the
associated sheaf.

2.2. Algebraic sets. An algebraic set in R™ is the set of solutions of a system
of polynomial equations in R™.

Definition. Take B a finitely generated R-algebra. Following [Nes03, 3.4], we
define the real spectrum specy B of B as the set of algebra homomorphisms ¢ :
B - R.

A set of generators by, ..., b, of B gives rise to an injective map i : specp, B <
R™,i(p) := ((by),...,1(b,)). We call such a map a distinguished embedding.
The image of a distinguished embedding is an algebraic set. Equip specy B with
the induced topology under some distinguished embedding. This topology does
not depend on the choice of a distinguished embedding because for any two
distinguished embeddings i : specykB < R™ and j : specyB < R! there
exists a polynomial map p : R™ — R! such that the following diagram is
commutative

A polynomial map is smooth, hence, we can talk of maps into spec, B being
smooth or locally Lipschitz. Hence, specy B becomes a predifferentiable space
(see [Che75, §1] for the definition).

If p : B - B is a homomorphism of finitely generated R-algebras, then
define specp ¢ : specyB — specy B’ as (specp)(¥) : = pog. For b € B define
the function b € C(specgB) by b(1) := 1(b). We have qo/(c\) = Co(specp @) in
C(specpB) forc € B'.

Now, let’s assume that B is a finitely generated R-subalgebra of C(X) for some
topological space X. To each point x € X we associate the homomorphism
B — R, b — b(x). We get a continuous map I'y : X — specyB. If Misa
smooth manifold and B is a finitely generated subalgebra of C*°(M) then I'p is
smooth.

For b € B we have

boTy = b. )

Take f : X — Y a continuous map of topological spaces. Suppose that
B C C(X) and B’ C C(Y) are finitely generated subalgebras and ¢ : B’ — Bis
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a homomorphism such that the following diagram is commutative:

C(X) —— B

T q
C(Y) —— B.

Then the following diagram is commutative:

r
X —= specyB

I

Ty
Y —= specyB’.

2.3. Sheaves of singular cochains. For a topological space X let S,(X) de-
note the space of singular R-chains in X and let S*(X) denote the dual space,
the space of singular cochains. We will need the following presheaves S for
n20:

U~ S*U).

The standard differential on cochains gives rise to a complex of presheaves S},
on X. For a smooth manifold M (possibly with boundary) let Sy, ,(M) denote
the space of smooth singular R-chains in M and let S (M) denote the dual
space. We will need the following presheaves ng,M forn > 0:

U~ SE,(U).

The standard differential on cochains gives rise to a complex of presheaves
Simy O M. More generally, the complex of presheaves Sem.0 is well defined
for Q a predifferentiable space and functorial with respect to smooth maps be-
tween predifferentiable spaces. In particular, S are well defined.

.
sm,specy B

For a set V. C R™ let Sy, ,(V) denote the space of Lipschitz singular R-
chains in V and let SI’fip(V) denote the dual space. We will need the following

n .
presheaves SLip’V forn > 0:

U Sfip(U).

The standard differential on cochains gives rise to a complex of presheaves
S; ., on V. The complex of presheaves S .  is well defined and functorial

b, ip,specy
with respect to algebra homomorphisms.

The sheaves +S§( are flabby by [Wed16, proof of Theorem 11.13] and, hence,
are acyclic. Similarly, one can prove that the sheaves +ng,Q and +Sﬁpy are
flabby.

For the complex of sheaves *S; we define the morphism of complexes of
sheaves, called coaugmentation, € : BX[O] — *S5 by €(1) := 1. For the com-

plexes +S;m’Q and +S£,ip,V the coaugmentation is defined similarly.
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Lemma 2.2.
(1) For a topological space X the morphism of complexes

sh @ S3(X) — *S;,(X)

is a quasi-isomorphism.
(2) For a predifferentiable space Q the morphism of complexes

sh g o(Q) = ] ,(Q)

is a quasi-isomorphism.
(3) For a subset V C R™ the morphism of complexes

sh : Siip’V(V) - +Siip’V(V)
is a quasi-isomorphism.

See [Bre97, p. 26] for the proof of the first case. For the other two a similar
proof applies.

Lemma 2.3.

(1) For a locally contractible X the coaugmentation ¢ : BX[O] - *Syisa
quasi-isomorphism.

(2) For a smooth manifold M the coaugmentatione : R [0] — *S;  isa
quasi-isomorphism.

(3) For a locally Lipschitz contractible set V- C R™ the coaugmentation € :
R, [0] - +Siip,v is a quasi-isomorphism.

See [Bre97, Example I1.1.2] for the case of +S;(, the rest is analogous.
An important result needed in this work is the local Lipschitz contractability
of algebraic sets due to Shartser [Shall, Theorem 4.1.8].

Theorem 2.4. Take an algebraic set V. C R™ and a point vy € V. Then there
exist an open set U C R™ with vy € U and a Lipschitzmap F : U X [0,1] - U
such that

(1) F(u,0) = uforu € U;
(2) F(u,1) = vy foru € U;
(3) F(v,t) eV forallv e VnUandt € [0,1].

Corollary 2.5. The coaugmentatione : R_[0] —» *S:

R, Lipy 5@ quasi-isomorphism
forV an algebraic set in R™.

Proof. Follows directly from Lemma 2.3 and Theorem 2.4. O

2.4. The de Rham dg-algebra Q) of A. To a k-algebra A one associates the

dg-algebra 0, ([Kun86, Theorem 3.2]) with Q?‘ll . = A. It has the following

universal property: for any dg-algebra E and any algebra homomorphism f :
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A — E° there exists a unique morphism of dg-algebras F : Q:4| , — E such that
Fla=f:
A — Q:4| i
|7

¥

E.

The elements of Q') are called algebraic n-forms. The dg-algebra Q’,
variant in the algebra A.

Ik 1S CO-

Lemma 2.6. Suppose A and B are k-algebras and ¢ . A — B is a surjective

homomorphism of algebras. Then the induced morphism Q, : Q:4| r = Q;Bl IS
surjective and its kernel is the ideal of Q:4| . generated by Ker ¢ and d(Ker ).

Proof. Set T := Ker ¢, then it is enough to consider the case B = A/T and
@ : A — B being the canonical projection. Take the ideal I of ‘Q:4|k generated
by T and dT. I is a dg-ideal, hence, Q:4|k /I is a dg-algebra and the canonical
projection 7 : Q:4| > Q;n /1 1s a morphism of dg-algebras. By the universal
property there exists a unique morphism of dg-algebras £ : Ql'ﬂ = Q:4|k /I
such that £| is the identity map. On the other hand, the kernel of Q, contains
T and dT. Therefore, the morphism Q, decomposes as the composition of dg-

M
algebra morphisms Q:4|k 5 Q:4| ST — Qiu x- The composition

. L . M .
QBlk — QA|k/I — QB|k

is clearly the identity map by the universal property of Ql'ﬂ .- Consider the dia-
gram

T
Qe —a, 7 Qg —7 7 Qap/!

N

/1T

The projection map 7 is surjective and the left triangle is clearly commutative.
The upper triangle is commutative by the universal property of Q:4| .- Hence,
the right triangle is commutative. Therefore, the morphisms £ and M are mu-
tually inverse. As the morphism 7 is surjective and its kernel is generated by T
and dT, we have Q is surjective and its kernel is generated by T and dT. U
Lemma 2.7. Suppose a k-algebra A is the filtered colimit of k-algebras A;. Then
QZ“C =~ lim QZ-|k'

The proof can be found in [Kun86, Proposition 4.1].
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We can generalize the notion of algebraic forms to the case of sheaves. For
a topological space X and a sheaf of k-algebras # on X consider the following

presheaf QZ”I , of F-modules:

n
U Qf(U)|k'

For every open U we obtain the complex Q FO)Ik and, hence, we have the com-

plex of presheaves Q;-"I .- The associated sheaves form the complex of sheaves

+Qr
Flk*
For sets W/ C W open or closed we fix the notations for the restriction map
. . . . + . + . AN
resy o - Q?(W)Uc - Q?(W,)lk andresy y» - Q&"lk(W) - Qﬂk(W )induced

by the restriction map resy, y : F(W) - F(W').
Consider the morphism of complexes of presheaves Ry [0] — Q:fl el
where Ry is the constant presheaf. The sheafification functor gives rise to a

morphism of complexes of sheaves, the coaugmentation, € : BX[O] - +Q:f| .

Lemma 2.8. For a soft sheaf of algebras & on X the sheaves +Q;| , are soft.

Proof. The associated sheaf +Q;| ' has the natural structure of an #-module.
So it is a sheaf of modules over a soft sheaf and, therefore, is soft by [God58,

Theorem 11.3.7.1]. U

3. The map A, : H'(X,k_[0]) —» H*(Q )

3.1. The global sections of +Q’;| . 1n this subsection we take ¥ to be a soft

sheaf of k-algebras on a compact Hausdorff space X.

Lemma 3.1. Suppose that S,F C X are closed sets such that SN F = (. Then
there exists a section g € F(X) such that resy 5(g) = 0 and resy p(g) = 1.

The proof can be found in [God58, Theorem 11.3.7.2].

Lemma 3.2. Suppose that U C X is an open set. Take w € Q;(X)lk such that

Take also a section ¢ € F(X) such that suppe C U. Then

n

w|y =0in Q?(U)lk.

pw = 0.

Proof. Put S := suppg. The restriction homomorphism resy s : F(X) —
F(S) is surjective as ¥ is soft. By Lemma 2.6 the kernel of resy g : Q. ok~

Q;”(S)l . 18 the ideal generated by Kerresy ¢ and d(Kerresy g). By assumption
w € Kerresy s and, hence, it is enough to prove the statement for w of the form

w=dt AL+ un,

where t,u € F(X),1,n € Q;"(X)lk and resy s(t) = resy s(u) = 0. We have

pw = (pdt) AL+ (pu)n.
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We have pu = 0 as the supports of ¢ and u do not intersect. It remains to
prove that pdt = 0. By Lemma 3.1 there exists a section g € F(X) such that
resy s(g) = 0 and resy gupp(g) = 1. We have

pdt = @d(tg) = (pt)dg + (pg)dt = 0

ast =tg,pt =0and pg = 0. O
Lemma 3.3. Suppose F is a soft sheaf of algebras on X. Then the sheafification
sh : Q;(X)uc = lek(X) - +Q;|k(X) is an isomorphism.

Proof. First we prove injectivity. Take an n-form w € Q;l (X) such that its
image in +Q;| (X) is 0. Then there is a finite open cover (U;) of X such that
the restrictions w|y, are 0 for all i. Choose a partition of unity (¢; € F(X)) sub-
ordinate to the cover (U;). It can always be done by [God58, Theorem I1.3.6.1].
By Lemma 3.2, p;0 = 0 for all i. Now, w = 3. ¢;00 = 0.

For surjectivity, take a global section of the sheaf +Q;| .- Itcan be represented
by a set of pairs (U;, w;) where the sets U; form a finite open cover of X and
w; € Q;(Ui)l .. such that the germs of w; agree at every point. We seek a form
w € Q’;(X)l . such that w, = (), in Q;xlk for each i and x € U;. Take a
partition of unity (¢;) subordinate to the cover (U;) and denote F; := supp ¢;.
The restriction map resy s : Q,’;“(X)lk - Q;(s)uc is surjective for any closed
S by Lemma 2.6. Hence, we can extend the forms resy r.(w;) to some forms
@; € Q;(X)lk. Now, putw = . ¢;@; € Q;‘(X)lk' Take i and a point x € U,.
Introduce J :={j | x € F;}. We have

Wy = (Z Pjdj)yx = (Z Pjdj)yx = (Z Pjwj)x = (Z Pj)x(w)y = (@)x-
J jel jel JjeJ

O

3.2. The construction and naturalityof A; : H*(X, EX[O]) - H*(Q;:(X)| k).

Definition. For a soft sheaf of algebras # on a compact Hausdorff space X we
define the map A4 by the following diagram:

(X, k, [0]) —2% HA(X, Q)

N
AN ETY
\\
A HC0,00)
BN S ETH(sh)

H*(Q;’(Xﬂk)'

Here the map H(sh) is an isomorphism by Lemma 3.3 and the map Y is an
isomorphism as the sheaves +Q}| .. are acyclic by Lemma 2.8.
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A morphism of ringed spaces (f, ¢) : (X,¥F) — (Y, 9) consists of a continu-
ousmap f : X — Y and a morphism of sheaves ¢ : G — f,.F

Proposition 3.4. The linear map A_ is natural with respect to morphisms of
ringed spaces in the following sense: for a morphism of ringed spaces (f,p) :
(X,F) - (Y, G) the following diagram is commutative:

MO ke [0D) —55 HA (@ )

f T TH(Qq:(Y))

H*(Y, k, [0]) —) H*(Qg(y)lk)

Proof. The morphism of sheaves ¢ : G — f,.F defines the morphism of com-
plexes of sheaves *Q, : +Q'9|k - f*+Q:f|k
Consider the diagram

Ay

IH](E)/_\

(X ke [0]) =25 HPCX,*Q,) 4 HA(PQ,(0) 45 HY@j )

f*T f*T H<+Q¢<Y))T H(Q@pm)T

HU(Y Ky [0]) 25 WA(Y, 705, 45— HICTQp, (V) 45 HI(Q)

g

>

The middle square is commutative by Lemma 2.1. The other squares are com-
mutative for obvious reasons. O

4. Splitting for the algebra of smooth functions

In this section M is a compact smooth manifold. We prove that for a smooth
manifold M the groups H*(M Ry [0]) canonically split off of H*(Q; oo (M)|[R<)
4.1. Canonical isomorphism @. Denote by Q; the complex of sheaves of
smooth differential forms on M. We often denote by Q* (M) the complex Q; (M).
Consider the morphism of complexes, the coaugmentation, € : BM[O] - Qy
defined by €(1) := 1. We define ® by the following commutative diagram

(C]
e/\
H (M, R, [0]) —= H¥(M,Q;,) 4=l HA(Q"(M)).

The map H(e) in this case is an isomorphism (as ¢ is a quasi-isomorphism) and
Y is an isomorphism and so © is an isomorphism.
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4.2. Morphisms 7 and 7.

(1) Takeanopenset U C M; theidentitymap C®(U) — Q°U) can be uniquely
extended to a morphism of dg-algebras 77 : Q. IR — Q*(U) by the uni-

versal property of Q. R The following diagram is commutative:

C*U) —> Q.Cm(U)|R

J/?T
Q (U).

(2) This way we obtain a morphism of complexes of presheaves 7 : Q'
Q;,.
(3) By the universal property of sheafification we have the morphism of com-

.+ .
plexes of sheaves 7 : QC°°|[R - Q.

The following diagrams are commutative:

— QC°°|[R C°°|R — Qy

N & A e

C°°|R

2R T

4.3. Main splitting theorem.

Theorem 4.1. The following diagram is commutative:

[S)

* # S (CING.
H*(M, R, [0]) 2y Qo) —— H(Q (M),
Proof. Consider the diagram

H(e)

m

\T
He (mcwm H*(Q ()
Thew %

C°°(M)IR)

Ac
CM

H*(Q

The left quadrangle is commutative by the definition of Acs. The upper triangle
and the bottom right triangles are commutative by Diagrams 2. The upper right
square is commutative by the naturality of Y. The upper triangle with © is
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commutative by the definition of ®. As the right arrow Y is an isomorphism,
the whole diagram is commutative. O

5. Simplicial dg-algebra of flat cochains Q' (A7)

5.1. Flat cochains. We present the dg-algebra Q;(A”) of flat cochains on the
closed n-simplex. We follow [Whi57], see also [Hei05]. The dg-algebras Q (am),
n 2 0, will form the simplicial dg-algebra Q; (A™).

For a convex set V' C R™ we denote by affV the affine hull of V. We denote
by relint V' the interior of V relative to affV'.

Definition. For a convex set V' C R™ denote by Sff(V) the vector space of
affine singular k-chains in V' with coefficients in R. The boundary map J :
Siff(V) - Siffl(V) is defined in the usual manner: we denote byy; : AK=1 — Ak
the i-th face embedding, then for a simplex o : A¥ — V we denote by d;0 :
A1 - V the composition ooy; and by do the singular chain Zfzo(—l)idia.
The vector spaces Siff(V) together with the boundary map form the chain com-
plex S¥(V).

An affine map f : V — V' induces the morphism of complexes
Sat(f) @ SHi(v) — sy,

Hence, the correspondence V ~ S2(V) is covariant with respect to affine
maps.

Define the mass |a| of an affine k-chain a = )| 1;0;, where o; are distinct
singular simplices, as

| 2= Z 12;1lo L
where |o;|;, denotes the Lebesgue k-measure of g;. Define the flat seminorm
|- > on S¥(V) as
jal’ 1= inf {la— 36| + |6}
aj V)

’6’6 k+1

Lemma 5.1. The map Szﬁ V) - Szﬂ (V') induced by an inclusion of convex sets
V < V' preserves the flat seminorm.

Proof. Follows from [Whi57, Lemma V.2b]. O

Lemma 5.2. Let V be a convex set. The map Szﬁ (relint V) — Szﬁ (V) induced by
the inclusion relint V' & V has image dense with respect to the flat seminorm.

Proof. Anysingular affine simplexin V' can be approximated by oneinrelint V.
Cf. [Whi57, VIIL.1(h)]. O
Definition. If V is a convex set we define QII:(V) as the vector space of linear

functionals Siff(v) — R bounded with respect to the seminorm | - °. We call
the elements of QE(V) flat cochains on V. We define the differential dX of a
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cochain X by the formula (dX, a) := (X, da). We obtain the complex Q;(V).
This definition is equivalent to the one given by Whitney in [Whi57, VIIL.1(b)
and VIIL.10].

The complex S¥T(V) was covariant in V with respect to affine maps, so the
complex Q;(V) is contravariant in V with respect to affine maps.

We refer the reader to [Whi57, IX.14] where Whitney defines the graded-
commutative multiplication of flat cochains in open sets. The multiplication
is natural with respect to affine maps [Whi57, X.11]. For an open convex set V
the complex Q (V) becomes a dg-algebra, which is contravariant with respect to
affine maps. Hence, the multiplication is well defined in relatively open convex
sets. Next we wish to define the product of two flat cochains on a closed convex
set V. For this we need the following lemma.

Lemma 5.3. Fora closed convex setV C R™ the inclusion relintV < V induces
an isomorphism p : QI;(V) - Qb (relint V).

Proof. Follows from Lemmas 5.1 and 5.2. O

For a closed convex set V' C R"™ we introduce the multiplication in Q;(V)
in the way that the isomorphism of complexes p : QI;(V) - Q;(relint V) from
Lemma 5.3 becomes an isomorphism of dg-algebras. This multiplication and
its naturality are implicit in [Whi57, VIL.12]. In Proposition 5.6 we show that
the multiplication is natural with respect to affine maps.

Take V a closed convex set. The inclusion V' < affV induces the map 7 :
Q, (aftv) — Q (V).

Lemma 5.4. Themap 7 : Qg(aff V) — QI;(V) is surjective.

Proof. Follows from Lemma 5.1 by the Hahn-Banach theorem. Alternatively,
see [Whi57, VIII.1(h)] and apply Lemma 5.3. O

Lemma 5.5. Themap 7 : Q;(aff V) - QG(V) is a morphism of dg-algebras.

Proof. Consider the following diagram
Q;(affV) —> Q;(V) — Q;(relint V).

The composition por is induced by the inclusion relint V' < affV and, hence,
is a morphism of dg-algebras. Since p is an isomorphism of dg-algebras, 7 is a
morphism of dg-algebras. O

Proposition 5.6. Consider f : V — V' an affine map of closed convex sets.
Then the induced morphism Q,(f) : Qg(V’ ) > Qg(V) preserves multiplication.
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Proof. Consider the following commutative diagram:
Q, (aff f)

Q; (affV') ——= Q;(affV)

vy —L 5 o).

Here afff : affV — affV’ is the affine extension of f. The left vertical arrow
is surjective by Lemma 5.4. The vertical arrows are morphisms of dg-algebras
by Lemma 5.5. The map Q,(aff f) is a morphism of dg-algebras as it is induced
by an affine map of relatively open sets. Therefore, Q,(f) is a morphism of
dg-algebras. O

An order-preserving map [n] — [I] induces an affine map A" — Al. Hence,
we obtain the simplicial dg-algebra Q;(A_) defined as [n] — QI;(A”). In partic-
ular, there are face maps 9; : Qg(A”) - Qg(Ak_l) induced by the face embed-
dings y; : AK"1 — A",

5.2. The attributes of the simplicial dg-algebra .Q;(A‘). (1) We define the
linear maps , : Q(A") - Ras

Sn(@) 1= (w,idan).

Proposition 5.7 (Stokes’ formula). For everyn € Qg_l(A”) the following for-

mula holds
n

Fn(dn) = D (=1)'F o1 (Gim).

i=0
Proof. We have
n
Su(dn) = (dn,idpn) = (9,81dan) = (-1 (1, 7;) =

i=0

n ) n )

= D (=D (3m,idan1) = D (1) Frr (i)
i=0 i=0
O

(2) The Lipschitz functions on A" form the algebra Lip(A™). The correspon-
dence [n] — Lip(A") gives rise to the simplicial algebra Lip(A~™). Every Lips-
chitz function f € Lip(A™) defines a flat 0-cochain {(f) on A" in the following
way. Take an affine simplex o : {v,} = A — A" and set

(¢, o) := flo(wo)).

It is easy to check that 0-cochain ¢(f) is flat (see [Whi57, Theorem VIIL.4B].
We obtain the linear map ¢ : Lip(A") — Q;(A") with image in QE(A”). The

composition po¢ : Lip(A") — Q;(A”) it Q;(relint A") is a homomorphism
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of algebras (by the definition of multiplication on open sets [Whi57, 1X.14]).
Hence, ¢ is a homomorphism of algebras. The map ¢ clearly preserves the sim-
plicial structure and we obtain the morphism of simplicial algebras

¢ @ Lip(AT) — Q‘;(A—).

(3) Consider the simplicial dg-algebra Q°(A™) of smooth differential forms.
Every smooth form 8 € QK(A") gives rise to a flat cochain V(8) € Q{)‘(A”) by

(V(6),0) :=f fol?]
Ak

for affine o : A¥ — A™. The flatness can be easily checked (see [Whi57, V.14
and Theorem V.10A]). This correspondence gives rise to a simplicial linear map

V QA7) - (an).
By Stokes’ formula for smooth forms the differential is preserved. The compo-
sition
Q' (A" 5 Q; (A" LA Q; (relint A")
preserves multiplication by the definition of multiplication of flat cochains [Whi57,

X.14]. Hence, by the definition of multiplication in QI;(A”) the map V preserves
multiplication. Therefore, the map

V:(aT) - QA7)

is a morphism of simplicial dg-algebras.
(4) We define the linear maps €, : Q"(A") - R as

T, (w) :=f w.

QA" 1y R

b A

Q7 (an

The diagram

is commutative by construction.

(5) The smooth functions form the simplicial algebra C*(A~). It embeds
viai : C®(A7) & Lip(A™) in the simplicial algebra Lip(A~™). The following
diagram of morphisms of simplicial algebras is commutative:

C®(A7) —— Q(A7)
(b

Lip(A™) —— Q:(A7).
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6. The map ¥, : H*(Q;”R) — I]-I]*(X,BX[O])

6.1. The pullback of an algebraic de Rham form. Take B a finitely gen-
erated R-algebra. We construct a morphism of dg-algebras u(o) : Ql.auR
Q (A") for every singular Lipschitz simplex o : A" — specB. For such o

-

we define an algebra homomorphism 6(c) : B — Lip(A")asb — boo. By
the universal property of Q;BlR there exists a unique morphism of dg-algebras
u(o) : Qr — O, (A") making the following diagram commute:

u(o)

Qe 27> Q4
T
6
B 22 Lipan).
Lemma 6.1. The following diagram is commutative:
Qpir
u(@d;0)
M(G)\L

Q:(A") L> Q;(A"‘l).
Proof. Consider the following diagram:
u(d;0)
/\
. . . -1
QB|R —)ﬂ(a) Qb(A”) _aﬁ Qb(An )
T ) T

6(3;0)

The right square obviously commutes. By the definition of u the left square and
the outer contour commute. The bottom triangle commutes by the definition of
6. Hence, by the universal property of Q;BlR the upper triangle also commutes.

O

The map u(o) is natural in algebra, namely:

Lemma 6.2. Suppose ¢ : B’ — B is a homomorphism of finitely generated
R-algebras. Consider a commutative diagram

A 2 specy B

x \LSPECRGO

specg B/
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with o and ¢’ Lipschitz. Then the following diagram commutes:

u(o)

Qi?|[R{ —_— Qé(An)
Q

¢T 4:(’)
Q-

Proof. Consider the following diagram:

u@)
— 4
. . . n
QB’IR Tﬁ QBIR W Qb(A )
T T T
B w Lip(A™).
8(c")

The left square obviously commutes. By the definition of u the right square and
the outer contour commute. The bottom triangle commutes: for ¢ € B’

8(0)(p(c)) = (c)oa = éo(specyp)oa = Coa’ = B(a’)(c).

Hence, by the universal property of QB,lR

the upper triangle also commutes.
O

6.2. The map & : Q;glR - Siip(specRB). Let B be a finitely generated R-
algebra. To an algebraic n-form w € Q]’;lR we associate a Lipschitz singular
cochain {g(w). On a Lipschitz singular simplex o : A" — spec, B we define

§p(w) as
(€p(w),0) := Fn(u(o)(@) € R.
Proposition 6.3. The above gives a morphism of complexes
ép: Qp ~ S'Lip(specRB).
Proof. The only part that needs to be checked is that the map preserves d. Take
a Lipschitz singular simplex o : A" — specpBand 7 € QIZI_R}’ then

(£5(dn), o) = Fp(u(@)dn) L Fu(d@mMN L 3(=1)'F 01 (B (u(@)m))) =
i=0

@ Z(—l)iSn—1(#(aiG)(U)) = Z(—l)i (&3(m), 8i0) = (£p(), d0) = (dép(n), o).
i=0 i=0

The second equality follows from the fact that u(o) is a morphism of complexes.
The third equality follows from Proposition 5.7. The fourth equality follows
from Lemma 6.1. O

Lemma 6.2 allows us to prove the naturality of £ in algebras:
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Lemma 6.4. Suppose ¢ : B’ — B is a homomorphism of finitely generated
R-algebras. Then the following diagram is commutative

. 3 .
Qi — > S} ip(sPecgB)

o!] P

. Epr .
Qi — S} ;p(Specy B).

6.3. The map &5 : H*(Qbm) — H*(specyB, Bspec B[0]).
R
We define the homomorphism @5 as the vertical map making the following

diagram commutative:

H(e)

H* (specy B, R , 510D —> H*(specgB, +SI._,ip,specRB)
A
(I)B | ETYOH(Sh)
|

P H(¢p) wrae
H (QBlR) — = S H (SLip(specRB)).

Here H(e) is an isomorphism by Corollary 2.5.

Lemma 6.5. Let ¢ : B’ — B be a homomorphism of finitely generated R-
algebras. Then the following diagram is commutative:

@
H*(QEHR) —= % H*(specgB, BspeCRB [0

H(pr)T\ /]\(specR(p)*

H*(Qéqu&) q)—y) H*(specgB’,R

Proof. It follows directly from Lemma 6.4 and naturality of YoH(sh). O

Remark. There are other ways to define a map, analogous to ®5z. One way is
to consider semi-algebraic cochains, instead of Lipschitz ones, see [HLTV11].
Another way would be to use the filtered de Rham complex, see [PS08, Proposi-
tion 7.24]. Our construction of @ allows us to relate it to the classical de Rham
complex Q' (M) in the case B ¢ C®(M), see Lemma 7.9.

6.4. The map ¥, : H*(Q:am) - H—I]*(X,BX[O]). For a topological space X
and a subalgebra A C C(X) write A as the filtered colimit of its finitely gener-
ated subalgebras: A = lim B. The functors Q and H preserve filtered colimits.

—

For an inclusion of finitely generated subalgebras i : B’ < B of C(X) consider
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the diagram
@ , I
H*(Qyp) —> H(specgB,R_ ,[0)) —— H*(X,R[0])

H(Qiﬂ\ (specRi)*/r /
B/

Dpr "
H*(QB’|R) HB H (SpeCRBla BSPQCRB, [0])
The left square is commutative by Lemma 6.5 and the right triangle is com-
mutative by the naturality of 'y (see Subsection 2.2). We pass to the colimit of
[;o®p over all finitely generated subalgebras B C A and obtain the map

W, L HA(Q) ) — H (X, R, [0]).

Proposition 6.6. Take f : X — Y a continuous map of topological spaces.
Suppose that A C C(X) and A’ C C(Y) are subalgebrasand ¢ : A’ - Aisa
homomorphism such that the following diagram is commutative:

CX) < A

A7
C(Y) < A

Then the following diagram is commutative:
v
H Q) —— H* (R, [0

o 1

Wy

Proof. It follows directly from Lemma 6.5 and naturality of T. O

7. Identifying the map W«

7.1. The map &™ : Qpp — Ssm(specyB). This subsection mirrors the Sub-
sections 6.1 and 6.2, so the proofs will be omitted.

Take B a finitely generated R-algebra. We construct a morphism of dg-algebras
w(o) : QiﬂR — Q°(A") for every smooth singular simplex o : A" — spec,B.
For such o we define an algebra homomorphism 6%"(g) : B — C*®(A") as

b - boo. By the universal property of Ql'glR there exists a unique morphism of
dg-algebras u™ (o) : QJ'E”R — Q°(A") making the following diagram commute:

. “Sm(o- .
Q£ ar@an

T

LR (o)

B — 2% coo(Am).
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Lemma 7.1 (cf. Lemma 6.1). The following diagram is commutative:

Qr

w™(8;0)
sm(o.)l

Q(am) 2 r @,
The map u¥ (o) is natural in algebra, namely:

Lemma 7.2 (cf. Lemma 6.2). Suppose ¢ : B’ — B is a homomorphism of
finitely generated R-algebras. Consider a commutative diagram

n —Z % specyB

N \LSPBCR@

specg B/
with o and ¢’ smooth. Then the following diagram commutes:
0 £ 954
IR
T ﬂ(a')
B’|[R

Next we construct the map §3™ : QU — Sim(specy B) for a finitely gen-

erated R-algebra B. For an algebraic n-form w € QBlR and a smooth simplex
o . A" — specy B we set

(&3 (w),0) 1= T,(1™(0)(@) ER
(the map ¥, was defined in Paragraph 5.2(4)).

Proposition 7.3 (cf. Proposition 6.3). The above gives a morphism of complexes

P Q;BHR — Sim(specgB).
Lemma 7.2 allows us to prove the naturality of £5™ in algebras:

Lemma 7.4 (cf. Lemma 6.4). Suppose ¢ : B’ — B is a homomorphism of
finitely generated R-algebras. Then the following diagram is commutative:

Qg ———% Sim(specyB)

94\ Tssm(swcw)
gsm

Qi — 2 Sem(specpB').
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7.2. Comparing &g and ™. Take B a finitely generated R-algebra.

Lemma 7.5. Take o : A" — specyB a smooth simplex. Then the following
diagram is commutative:

Qe £ Q0(A7)
Iy
Q; (A",
Proof. Consider the following diagram:

u(o)
A
Qs g @O —— (4

T 1 i

B 9 coo(am) < Lip(a”).
\/f

6(0)

The left square and the outer contour commute by the definitions of u and
©5™. The right square commutes by Paragraph 5.2(5). The bottom triangle com-
mutes by the definitions of & and 65™. Hence, by the universal property of 'Ql.%HR

the upper triangle also commutes. O

Lemma 7.6. The following diagram is commutative:

Q;BlR SRCEEN Ssm(specyB)

m Tres ®)

S‘Lip(specRB).
Here res is the restriction of Lipschitz cochains to smooth chains.

Proof. Consider the diagram:

QG K geany 2oy R
m Vl %‘ @
@),

The left triangle is commutative by Lemma 7.5 The right triangle is commuta-
tive by Paragraph 5.2(4). Hence, the statement follows by the definitions of &
and &5™, O
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7.3. Morphisms x and x. Let M be a smooth manifold. Take an open set
U C M, a smooth simplex o : A" — U and a smooth n-form w € Q"(U). We
define (x(w), o) := T, (c*(w)). By Stokes’ formula we obtain the morphism of
complexes
x Q' (U) - S;,(U).

This way we obtain a morphism of complexes of presheaves x : Q; — Sem.-
Taking the composition with the sheafification map we get the morphism of
complexes of sheaves

X Q= S
The following diagram is commutative:

€ .
\ l_ (5)
€
+S;m,M :
The following diagram is also commutative:

H (St (M) % H*(*Si(M)) ——% H*(M,*S],.,)

6

$ TH(z(M)) TH@ (6)
H(Q" (M) —— H'(M, Q;))

7.4. Identifying the map W5. In this subsection we take M a smooth mani-

fold.

Lemma 7.7. For the inclusion of a finitely generated subalgebrai : B & C*®(M)
and a smooth singular simplex o : A" — M the following diagram commutes:

Qz.am

o]

Qe —77 X M)

u(Tgoa)

Proof. Consider the diagram:

W (Tp00)

QU 57 Qeoppr —7 7 W) — = (A7)

T T 1 T

B« C°(M) =—— C™(M) —Z5 C®(A").

\/

65T poo)
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The left and right squares clearly commute. The middle square commutes
by the definition of 7. The outer contour commutes by the definition of u5™.
For b € B we have

6S™(T'zoc)(b) = bol'yoo = boo = o*(b)

by the definition of 8™ and Equation 1. Hence, the bottom quadrangle com-
mutes. By the universal property of QélR the upper quadrangle commutes. [

Lemma 7.8. For the inclusion of a finitely generated subalgebrai : B & C*®(M)
the following diagram is commutative:

QI.3|R £ > Ssm(specyB)

Ql\l/ \Lssm (Tp)

Qe — > QM) —— Sin(M)

Proof. Foraformw € Q]'glR we have
(SsmTBEF (@), 0) = (§5™(@),Too) = T, (™ (Tpoo)(w)) @

Q g, (" (T Q@))) = (T Q@) 7).

The equality (3) follows from Lemma 7.7. O

Lemma 7.9. For the inclusion of a finitely generated subalgebrai : B & C*®(M)
the following diagram is commutative:

. cDB
BIR) 7 H(specgB,R . 5[0

H(Ql-)\L \Lr;;

H(7),

H Q) o HA(Q (M) 45— H'(M, R, [0]).

Proof. Consider the diagram:

. YoH(sh) .
H*(SLip(specRB)) 4; H*(specy B, +SLip,SpeCR 9] HGE)
H(res) I]-I](res)\l/ =
~ YoH(sh) .. HE) .,
H*(Sim(specy B)) —— H*(specyB, +S;m’specRB) <—— H*(specgB, BspecRB[O])

H(Sem(T'5)) F;\L \LFE
~

YoH(sh) H(e)

H(Sm(M)) — 2 WA (M, *S3, ) 4 H* (M, R, [0])

T \
H ~
() HGD) _\L[I-[I(e)
Y

H*(Q"(M)) > H*(M, Q;))
(7)
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The diagram without the bottom row commutes for obvious reasons. The bot-
tom left quadrangle commutes by Diagram 6. The bottom right triangle com-
mutes by Diagram 5. We do not know if the morphism H(e) in the middle row
is an isomorphism.

Next, we consider the following diagram:

S rae H(e)"toYoH(sh)
H(Sin(M)) — > H*OM, R, [0])

H(K)T y E\L[H](e) (8

H (@ (M) ————— WM, ;).

By the bottom stage of the previous diagram the outer contour commutes. The

bottom triangle commutes by the definition of ®, Subsection 4.1. The vertical

map H(e) is an isomorphism. Therefore, the upper triangle is commutative.
Consider the following diagram:

Op
Qs ) — 2§ (st (specy B)) H*(spec, B,R___[O])
3R Lip(SPeCrB)) Tomo o Wspece B R, 5
H(é‘;m) \LH(res)
H() H*(Sg(specy B)) T
Jpmmsy
% . % . \ ES
H (QC‘X’(M)“R) H (Ssm(M)) I]-I](e)‘loYoH(sh) 4 H (MyBM[O])
m H(%ﬂ\ /
H*(Q*(M))

The upper triangle is commutative by the definition of ®5. The left pentagon
is commutative by Lemma 7.8. The left triangle is commutative by Diagram 3.
The right pentagon is commutative by Diagram 7. The bottom right triangle
commutes by Diagram 8 and © is an isomorphism. Thus, the whole diagram is
commutative. Therefore, the claim follows. (]

7.5. The calculation of W« (pp). In the previous section we have constructed
amorphism ¥, : H*(Q;”R) - H*(X, BX[O]) for every topological space X and
subalgebra A C C(X). In case X = M a smooth manifold and A = C®(M) we
would like to calculate this map explicitly.

By passing in Lemma 7.9 to colimit over all finitely generated subalgebras
B C C*®(M) we get
Theorem 7.10. The following diagram is commutative:

LIJCoo(M)

H' Q) G H(Q (D) 45— W MLR, [0D)
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8. The composition
H*X, R, [0 ) HY(@Q

m),R>—”"» H*(X, R _[0])

Lemma 8.1. Take M a compact smooth manifold. Then the following diagram
is commutative:

H*(QC“(M)IR)

H*(M.R,, id > H*(M,R, [0]).

Proof. Consider the following diagram:

H(m)

HY Q) —— HH(Q" (M)

¥
o~

WM, R, [0]) —5 H*(M,R, [0]).

The right triangle commutes by Theorem 7.10. The outer contour is commu-
tative by Theorem 4.1 . Since © is an isomorphism, the left triangle also com-
mutes. (]

Corollary 8.2. For a compact smooth manifold M the following diagram is com-
mutative:

H*(QC(M)|R)

ACM w

(M, R, [0]) > H (MR, [0]).

Proof. The inclusion morphism of sheaves Cy; < Cj, allows us to consider
the diagram

Aco
CM

C/x
HOLR,[0) =5 @) < H (@)

¥
\ \l/ C(M)AM)

H* (M, R,

The outer contour is commutative by Lemma 8.1. The right triangle is commu-
tative by Proposition 6.6. The upper triangle is commutative by Proposition 3.4.
Hence, the left triangle is commutative. O
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Corollary 8.3. For a compact Hausdorff space X the following diagram is com-
mutative:
H (O )
Acy Yo

(X, R, [0])

> (X, R [0]).

Proof. Choose a cohomology class 1 € H*(X, BX[O]). We show that

(Yoo, )A) = 4.

First, by [God58, 11.5.10] there is a polyhedron N (the geometric realization
of some nerve) and a continuous map f : X — N, such that 1 = f*(6) for
some § € H*(N, BN[O]). Second, there exists a compact smooth manifold (with
boundary) M such that N C¢ M and N is a deformation retract of M (see [Hir62,
Theorem 1]). There exists y € H*(M, BM[O]) such that y|y = 8. Consider the

composition g : X L N < M. We have 4 = g*(y). Consider the diagram

CcX)

HOG R 0D = HY (@) —25 WYX, O]

T

H M, R, [0]) —2% HA(QL ) % 02, R, o).

This diagram is commutative by Propositions 3.4 and 6.6. By Corollary 8.2 the
equality (Pc(xyoAc, )(A) = 4 follows. O

Theorem 8.4. For a compact Hausdorff space X and a soft subsheaf of algebras
F < Cx the following diagram is commutative

Q5 0y w)

H*(X, R [0]) > (X, R, [0]).

Proof. It immediately follows from naturality of A and ¥ (Propositions 3.4 and
6.6) and Corollary 8.3. O

9. Piecewise polynomial functions

9.1. Polyhedra and rectilinear maps. A polyhedron K is a finite set of affine
simplices in R™ such that

(1) for any a € K and any face b C a we have b € K
(2) ifa,b € K then a n b is either a common face of a and b or empty.
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A subset P of K that is also a polyhedron is called a subpolyhedron of K. Define
the space |K| C R as the union of all simplices of K.

We say that a function f : |K| — |K’| is a rectilinear map if for any a € K
there exists b € K’ such that f(a) C b and f maps a to b affinely. We call two
rectilinear maps f,g : |K| — |K’| adjacent if for every simplex a € K the set
f(a) U g(a) is contained in a simplex of K’.

We say that a polyhedron P is a minor of a polyhedron K if |P| C |K| and
|P| & |K] is a rectilinear map (in other words, for any a € P thereisb € K
such that a C b). We call a minor P of K a subdivision if |P| = |K]|.

We call a polyhedron S a star with the center x € R™ if {x} is a vertex of S and
each maximal by inclusion simplex of S has {x} as a vertex. Take a polyhedron
K with x € |K|, then a minor S of K is called a star neighborhood of x if S is a
star with center x and x € intg| |S].

For a polyhedron K consider the algebra Pol(K) of functions ¢ : |K| —
R such that for each simplex a € K ¢|, is a polynomial. This algebra was
considered, for example, in [Bil89]. The algebra Pol(K) is contravariant with
respect to rectilinear maps, in particular, if i : |P| & |K]| is an inclusion of a
minor we have the restriction homomorphism Pol(i) : Pol(K) — Pol(P).

Lemma 9.1. Suppose K, Py, ..., P; are polyhedra such that P; are minors of K.
Then there exist subdivisions K’ of K and Plf of P; such that Plf is a subpolyhedron
of K’ foreach i.

Proof. See [RS72, Addendum 2.12]. O

Lemma 9.2. Take K a polyhedron, U C |K| a setopenin |[K|and D C U a
set closed in |K|. Then there exists a minor P of K such that |P| C U and D C
int g |P|.

K|

Proof. For each x € D choose a cube Q, with center x such that |Q,| C U. By
compactness of D choose a finite set (Q,, ﬁzl of cubes such that

l
S C U il’lt|K| |Qxi|'
i=1

By Lemma 9.1 there exist subdivisions K’ of K and Q;Ci of Qy, such that Q;i
is a subpolyhedron of K’ for each i. Therefore, the union of all Q). forms a
subpolyhedron of K’ and hence a minor of K. O

Definition. Let us define the sheaf of piecewise polynomial functions on a
polyhedron.

(1) For a polyhedron K and a subset U C |K| open in |K| we call a function
s : U — R piecewise polynomial if for each point x € U there exists a minor
K, of K, such that |[K,| C U with x € intg| |[K,| and s| g | € Pol(K).

(2) The set PPol(U) of piecewise polynomial functions on U forms an algebra
(use Lemma 9.1).
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(3) Take twosets V C U open in |K|. Itis not hard to see that the restriction of
a piecewise polynomial function s € PPol(U) to V is piecewise polynomial.
Hence, the correspondence U +— PPol(U) defines a sheaf on |K| which we
denote by PPolg.

Proposition 9.3. For a polyhedron K the sheaf PPoly is sofft.

Proof. Take asubset D C |K]| closed in |[K| and an element of PPolg (D), which
is represented by a set U C |K| open in |K| with D C U and a section s €
PPolg(U). By Lemma 9.2 there exists a minor P of K such that D C int g |P]
and |P| € U. Apply Lemma 9.2 again to obtain a minor P, of K such that
|P| C intjg||P,| and |P,| C U. By Lemma 9.1 there exist subdivisions K’ of
K, P, of P, and P’ of P such that P’ and P’ are subpolyhedra of K’. Take an
element ¢ € Pol(K’) such that ||| = 1 and g/ p,| = 0. The function s is a
global section of PPolg and ts and s coincide in PPolg(D). O

9.2. The maps App,y, and Wppgy, (jk|)r- Here we prove that for the sheaf of
piecewise polynomial functions on K the maps Appy, and Wppoy, (g r are in
fact isomorphisms.

The following notion can be found in [Ger71]. Two morphisms of R-algebras
®0, 1 . A — B are called simply homotopic if there exists a homomorphism
H : A - BQR([t]such that the following diagram is commutative for 1 = 0, 1:

Pa

A m B. 9)

The following is a well known definition of homotopic morphisms of dg-
algebras and can be found in [Leh90, I1.1].

Definition. Two morphisms of dg-algebras ¢, ¢; : E — E’ are called homo-
topic if there exists a morphism H : E - E' @ Q such that the following

R[{]IR
diagram is commutative for A = 0, 1:

Pa
/ . !/
E—7 B ®Qp 77 B

Here t — A is the dg-algebra morphism that is the identity on E’ and sends ¢ to
A.

Lemma 9.4. Homotopic morphisms of dg-algebras induce equal maps on the
cohomology groups.

Proof. See [Leh90, Lemma II.1]. O

Proposition 9.5. Suppose the morphisms ¢, ¢, : A — B of algebras are simply
homotopic. Then the induced morphisms H(Q,) : H*(Q:axm) - H*(Q]'glR)for
A =0,1areequal
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Proof. We prove that the morphisms of dg-algebras Q, : Q;”R - Q;3|R are
homotopic for 4 = 0,1. By Lemma 9.4 it will imply that the maps on the co-
homology are equal. As ¢; are simply homotopic for 4 = 0,1, we have a ho-

momorphism H : A - B ® R|[t] such that Diagram 9 commutes. The obvi-

ous morphisms Q;3|R - Q5 SRR and Q[;.&[ qr = Q SR[1]|R form the canoni-
cal morphism u : QJ'_E”R ® Q&Q[ qr Q SR[(]|R’ which is an isomorphism by

[Kun86, Corollary 4.2].
Consider the following commutative diagram:

Qv
\LQH \
Q- u o teA Q°
BIR R{IR ~ = 7 BRR[t]|R B|R"
t—A1
‘We obtain that Q,, are homotopic for 4 = 0, 1. O

Lemma 9.6. Suppose f,, f1 : |K| = |K’| are two adjacent rectilinear maps of
polyhedra. Then the induced homomorphisms f, fi : Pol(K’) — Pol(K) are
simply homotopic.

Proof. Consider the algebra T of functions s on |K| X [0, 1] such that for each
a € K the restriction 5|,y 1] is @ polynomial function. The map Pol(K) ®
R[t] - T sending S ® p(t) to the function (x, t) — B(x)p(t) is an isomorphism.
Construct the homomorphism H : Pol(K’) — T as H(a)(x,t) := a(fo(x)(1 —
)+ f1(x)t). As fyand f, are adjacent, H(ax) € T. Also, H(a)|;=; = a(f(x)) =
f3(er) for 2 = 0, 1. The needed homotopy map is the lift of the homomorphism
H to Pol(K) ® R[t]. O

For a dg-algebra E we consider the morphism of complexes, the coaugmen-
tation, € : R[0] —» E defined by (1) = 1.

Corollary 9.7 (Poincaré lemma). Suppose S is a star with center x. Then the

coaugmentation € : R[0] — Q;ol(S)HR{ is a quasi-isomorphism.

Proof. We denote by Q the one-point polyhedron {{x}}. Consider the rectilin-
ear maps col : |S| — |Q] andi : |Q| & |S|. By the definition of a star the
composition iocol is adjacent to the identity id : |S| — |S|. Consider the fol-
lowing diagram:

H*(R[0])

H(e) H(e)\lf H(e)
H(Qpoi(3)) H(Qpoi(col))

H*(anol(S)m) ? H*(Qf)ol(Q)m) ? H*(Qf)ol(sm)

id
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By Proposition 9.5 and Lemma 9.6 the bottom triangle is commutative. The
rest of the diagram commutes for obvious reasons. One can easily see that

the morphism of complexes € : R[0] — Q%ol(Q)m is an isomorphism. Hence,
H(e) : H*(R[0]) — H*(Q;,ol(K)lR) is an isomorphism. O

Lemma 9.8. Take K a polyhedron and x € |K|. Suppose S, S; are star neigh-
borhoods of x in K, then there exists a star neighborhood S’ of x in K which is a
minor of S; fori =0, 1.

Proof. Follows from Lemma 9.1. O

Consider a polyhedron K and a point x € |K|. Let X(x) be the set of all star
neighborhoods S of x in K. Define a partial order on X(x) as S < S’ if S’ is a
minor of S. By Lemma 9.8 the set X(x) is directed. Each star neighborhood S of
x in K gives rise to a homomorphism Pol(S) — (PPolg),. By taking the colimit
over the directed set X(x) we obtain the homomorphism

x . lim Pol(S) — (PPolg),.
Sex(x)
Lemma 9.9. The map y is an isomorphism.

Proof. For injectivity, take a star neighborhood S of x in K and ¢t € Pol(S) such
that y(t) = 0. There exists a set U open in |K| with x € U such thatt|; = 0
as a function. Take a star neighborhood S’ of x such that |S’| € U and S’ is
a minor of S. We observe that t|;sy = (t|y)ljs/; = 0 and, hence, ¢ is zero in
lim PPolg(S).

— Sex(x)

For surjectivity, take a germ g € (PPolg),, a set U C |K| open in |[K]| and a
section § € PPolg(U)suchthatg, = g. Asg € PPolg(U) there isa minor P of K
such that |P| C U, x € intg |P| and g|jp| € Pol(P). Take a star neighborhood
S of x in P. Then y maps §|s| to g. O

Proposition 9.10. For a polyhedron K the coaugmentation

. + e
€ R0l = "0 1m
is a quasi-isomorphism.

Proof. We prove that € is a quasi-isomorphism on stalks. We have

+ e _ . O ~ 13 .
(Buq[o])x = ("Qppor w)x = oy w)x = Yppor, ). jr = m Q) 6r:
Sex(x)
The last isomorphism follows from Lemma 9.9. By Corollary 9.7 the morphism
(Bl Kl[O])x — lim Qg’ol(S)HR{ is a quasi-isomorphism. O

— SeX(x)
Theorem 9.11. The maps

APPOIK : IH]*(lKl’BlKl[O]) i H*(Q;POIKOKD“R)
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and

lpPP01K(|K|) . H*(QE’POIKOKDHR) - H*(lKlsB”{l[O])

are isomorphisms.

Proof. By Theorem 8.4 it is enough to prove that App,, is an isomorphism.
Recall that Appgy, is defined as the diagonal map in the following diagram

H(e) .

N
AN ~|y
N

N

AN H*(+Q£>P01K|R(|K|))

APPOIK N

N
\>( ETH(sh)

sk .

H (QPPolK(IKI)IR)'
By Proposition 9.10 the map H(e) is an isomorphism, hence, App,y, is an iso-
morphism. U

10. When are the maps A and ¥ isomorphisms?

10.1. H"(Q;‘| ) for a function algebra A. Let k be a field.

Definition. We call the elements ay, ..., a, of a k-algebra A algebraically inde-
pendent over k if there is no non-zero polynomial q over k such thatq(a, ..., a,) =
0. We call an element a algebraic over k if there is a non-zero polynomial p over

k such that p(a) = 0.

Lemma 10.1. Let A be a k-algebra. Suppose the elements a4, ...,qa, of A are
algebraically independent over k. Then there exists a prime ideal p C A such that
the images of a, ..., a,, in A/p are algebraically independent over k.

Proof. See [Gom90, Proposition 6]. O

Lemma 10.2. Suppose K /k is a field extension for k of characteristic 0. Consider
the differentiald : K — Qll{|k' Then for x € K we have dx = 0 iff x is algebraic
over k.

Proof. See [Mat89, §26]. O

Lemma 10.3. Consider a k-algebra A for k of characteristic 0 and take a € A
such thatda = 0 in Qiuk' Then a is algebraic.

This is [Gom90, Proposition 7] where the assumption on characteristic being
zero is implicit.

Proof. Assume a is transcendental. By Lemma 10.1 there exists a prime p C A
such that the image a of a in A/p is transcendental. Hence, a is transcendental

in the field of fractions Frac(A/p). By Lemma 10.2da # 0in Qll:rac( A/l which

is a contradiction.
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We call a subalgebra A of Maps(X, k) a function algebra on a set X.

Theorem 10.4. Take A a function algebra on X and a € A. Then da = 0 in
Qzl‘llk if and only if a takes a finite number of values.

This theorem is proved in [Gom90, proof of Theorem 8]. We give a proof,
which is different in the “if” direction. A related result is [Osb69, Proposition 3].

Proof. Assume firstda = 0. By Lemma 10.3 there exists a non-zero polynomial
p such that p(a) = 0. Hence, a takes a finite number of values.

Conversely, assume a attains distinct values ry, ..., r,, € k and consider the
polynomial q(t) = (¢t — ry)...(t — r,,). Clearly g(a) = 0 and ged(q,q’) = 1.
Hence, there exist polynomials h, h; € k[t] such that hyq + h;q’ = 1. Substi-
tute a into this equality and obtain h;(a)q’(a) = 1; hence, ¢’(a) is invertible.
Take the equality g(a) = 0 and apply d to both sides, we get ¢’(a)da = 0 and
subsequently da = 0. (]

Corollary 10.5. Take A a function algebra on a space X. Then HO(QI'4| i) is the
vector space of functions a € A that take a finite number of values.

A related result is [Osb69, Proposition 5].

Proposition 10.6. For a soft subsheaf of algebras ¥ < Cx on a compact Haus-
dorff space X the map Ay : H°(X, R[0]) — HO(Q:J”(X)HR) is an isomorphism.

Proof. By Corollary 10.5 the space HO(Q;t (X)l[R) consists of functions f € F(X)
that take a finite number of values. As F is a subsheaf of Cy and X is compact,
the functions in #(X) that take a finite number of values are exactly the locally
constant functions from #(X). The morphism of sheaves of algebras R, —-F
induces a homomorphism BX(X ) = FX) = Q;(XNR. By above, this homo-
morphism can be extended to the morphism of complexes € : BX(X )[0] —
Q:f(X)HR and H(E) is an isomorphism in degree 0.

The coaugmentation € : BX[O] - +Q}|R induces a morphism of complexes

e(X) : BX(X )[0] — +Q}|R(X ). The following diagram commutes:

R, (X)[0]

leoo \

+ . .
QX)) 5 Lo
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Consider the diagram:

Ag

>~

HOX, R, [0]) <S— HOR (X)[0])

H(#)
H(e)\l/ \LH(e(X))x

oy +Qr L= 0+Qr ?E oQr
H (X, Q&”lR) Y HY( Q?IR(X)) (sh) H (Q’f”(X)IR)'

The outer contour commutes by the definition of As. The right triangle com-
mutes by the above diagram. The left square obviously commutes. Hence, the
whole diagram is commutative. The upper map Y is an isomorphism by a prop-
erty of Y (see Subsection 2.1). Therefore, A4 is an isomorphism. d

It turns out that the group HO(Q'C(X)lR) behaves just as we expect.

Corollary 10.7. For a soft subsheaf of algebras F of Cx on a compact Hausdorff

space X the map

Py @ Q) ) p) = HOX,R[OD)

is an isomorphism.
Proof. It follows directly from Proposition 10.6 and Theorem 8.4. O
10.2. A and W are not isomorphisms in general. Take k a field.

Lemma 10.8. Suppose k is of characteristic 0. Suppose F /k is a field extension
and L/F is a finite field extension. Then the map

H(Q) @ H(Q},,) » H(Q] )

induced by the inclusion i : F < L is injective.

Proof. There is a morphism of complexes X : Qi| = Q'Fl . With the following

properties (see [Kung6, §16]):

(1) if we consider QL| L asa Ql'pl k—module, then X is Ql'jl k-linear;

(2) the restriction of X to the elements of degree 0 coincides with the trace
oc:.L—->F.

Therefore, the composition

. Ql . Z .
Qpe — Qe = Qi
is the multiplication by o(1) = [L : F]. As k is of characteristic zero the map

H(;) is an injection. O

Lemma 10.9. Let K/k be a field extension, where K is an infinite field, and
K(I')/K, where T = {y,...,7:}, be a purely transcendental extension. Then the
map

induced by the inclusion i : K < K(T'), is injective.
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Proof. The field K(T') is the colimit over finite sets S C K[I'] — {0} of the local-
izations of K[I']:
KM=~ lim K[I]S™].
SCK[T]-{0}

Therefore, it is enough to prove that the map

H(Qis) : H*(‘Q}qk) - H*(Q}{[F][S_l]lk)
induced by the inclusion ig : K < K[T'][S™!] is injective for each S.

There exists a point (74, ..., 7;) € K! which is not a zero of any element of S.
Consider the homomorphism K[I'] = K, y; ~ 7;. By the universal property of
localization it can be extended to a homomorphism 7 : K[I'][S~!] — K such
that 7| is the identity. Therefore, the composition

o) HQg) HQ)
H* (Q ) > HA Qs > H*(Qp )
is the identity map, which suffices. (|

Lemma 10.10. Suppose the characteristic of k is zero. The equation

D xi(8/8x)F; = ¢ (10)

i=1
where ¢ € k and ¢ # 0, has no solutions in rational functions F; € k(x,, ..., X,,).

Proof. We proceed by induction on n. For n = 0 the claim is obvious. Take
I € N U {0} such that, for each i, x; is not a factor in the denominators of xiF ;.

Multiply the equation (10) by xi and apply (8/ 6x1)l to both sides of the equa-
tion. We get

> (3/8x1)' (xLx,(8/3x)F;) = lle.
i=1

Notice that the operators x(d/dx) and (3/ 8x)l x! commute. That can be easily

checked by induction. Hence, the operators x;(8/9x;) and (8/0x j)l xi. com-
mute for any i and j. We get

n
> x(8/8x) (8/3x1) (XL Fy) = lte.
i=1

PutG; :=(9/ axl)l (xllFi). We obtain

D xi(8/8x,)G; = lle.

i=1
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But none of G; has x; as afactor in the denominator so we can substitute x; :=0
in the above equation and obtain

n
2 %i(8/0x)(Gil o) = lle.
i=2
By the induction hypothesis this equation has no solutions in rational func-
tions. (]
Lemma 10.11. Suppose the characteristic of k is zero. The closed form
dx dx
w=—L A A eQn
xl xn k(xl,---axn)lk

is not exact.

Proof. Suppose there exists 7 € QZ(‘I

)k such that dn = w. Write n as
LeesXin

n
n= D Fidx; A Adx; A+ Adx,
i=1

where F; € k(xy, ..., Xx,). Then

dn = | Y (-1)*1(8/6x)F;

i=1

dx; A Adxy,.

The equality dn = w then takes the form

D (=1)*(8/0x;)F;

1
dx; A Adx, = P— dx; A - Adxy,.

l:l 1 es n
The vector dx; A --- A dx, of the vector space QZ(X ok OVer the field
RN n

k(xy, ..., x,) is not zero [Mat89, p. 201]. Hence,

D (—=1)*1(3/8x)F; =

i=1

X1 X,

Put G; := (—1)*!x; ... %; ... x,,F;. Then the above equation takes the form

Z xi(a/axi)Gi =1.

i=1
By Lemma 10.10 this equation has no solutions in rational functions. O

Theorem 10.12. Suppose k is of characteristic 0. Take A a k-algebra and a set of
invertible elements a,, ..., a, in A that are algebraically independent over k. Then
the closed form
w=%/\---/\%eﬂg
a; ap lie
is not exact.
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Proof. By Lemma 2.7 it is enough to consider A being finitely generated. By
Lemma 10.1 there is a prime ideal p C A such that the elements ay, ..., a, are
still algebraically independentin A/p. Consider the field of fractions Frac(A/p)
which is finitely generated over k as a field. The elements a, ..., a, are alge-
braically independent in Frac(A/p).

Take a finite transcendental basis

['={ay,....a,, 71,71}

of Frac(A/p) over k. The field Frac(A/p) is a finite extension of k(). By
Lemma 10.8 and Lemma 10.9 the composition

k(ay,...,a,) = k(') = Frac(A/p)

induces an injection on the de Rham cohomology.

The image of w in Qgrac( Ak coincides with the image of the closed form

da, da, "
CUO = a—l A A —an (S Qk(a1 ..... an)lk,
which is not exact by Lemma 10.11. O

Theorem 10.13. Let X be a topological space and f € C(X) take an infinite
number of distinct values. Take a subalgebra A C C(X) such that e*/ € A for all
A € R. Then foreachn > 1 H”(Q:qu) # 0, moreover, the map

W, o HY(Q) p) ~ WX, R [0])

is not injective.

Proof. Choose a set of linearly independent over Q numbers 4;,...,4, € R
and consider the functions q; : = e%/®) € A. These functions are algebraically
independent and invertible, hence, the closed form

da1 da
= —_— /\ cee

A—2eQht

@ AR

a ap
is not exact by Theorem 10.12.
For the second part, we prove that ¥,([w]) = 0. Denote byi : A & C(X)
the inclusion. Consider the algebra E C C(R) generated as an algebra by the
functions e’ € C(R). We have the commutative diagram

CX)<— A

AP

CR) <— E,
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where the homomorphism g is induced by the homomorphism f*. Then the
following diagram is commutative by Proposition 6.6:

HY(Q ) —2 H'(X, R, [0])

vt 1

H(Q)5) —2> H'(R, R, [0])=0.

The equality H*(R, BR[O]) = 0 is well known.
Consider the functions d; : = e%’ € E and the closed form

da da
_1/\.../\~_neQ”

D= — .
al an E|R

We have w = Q,(@). By the commutativity of the above diagram, ¥4 ([w]) = 0.
Since [w] # 0, the map ¥4 is not injective. O

Corollary 10.14. Suppose X is a compact Hausdorff space and F is a soft sub-
sheaf of Cx such that F(X) satisfies the conditions imposed on the algebra A in

Theorem 10.13. Then A# : I]-I]"(X,BX[O]) - Hn(Q:fﬂR{) is not surjective.

Proof. By Theorem 8.4 the composition Wy xyoAsy = id. By Theorem 10.13
W4 (x) is not injective and, hence, A is not surjective. (]

As the first example one can consider a smooth manifold M of positive di-

mension and A = C®(M). Then Hn(Q.cw(M)m) # 0forn > 1. Also, one

can consider an infinite compact Hausdorff space X and A = C(X). Then

H”(Q'C(X)lR) #0forn>1.
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