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ABSTRACT. Throughout the present work, we extend the study of Zinbiel al-
gebras to Zinbiel superalgebras. In particular, we show that all Zinbiel su-
peralgebras over an arbitrary field are nilpotent in the same way as occurs for
Zinbiel algebras. In addition, and since the most important cases of nilpotent
algebras or superalgebras are those with maximal nilpotency index, we study
the complex null-filiform Zinbiel superalgebra proving that it is unique up to
isomorphism. After that, we characterize the naturally graded filiform ones
and obtain low-dimensional classifications.
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Introduction

Loday introduced a class of symmetric operads generated by one bilinear op-
eration subject to one relation making each left-normed product of three ele-
ments equal to a linear combination of right-normed products:
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such an operad is called a parametrized one-relation operad. For a particular
choice of parameters {x,}, this operad is said to be regular if each of its com-
ponents is the regular representation of the symmetric group; equivalently, the
corresponding free algebra on a vector space V' is, as a graded vector space, iso-
morphic to the tensor algebra of V. Bremner and Dotsenko classified, over an
algebraically closed field of characteristic zero, all regular parametrized one-
relation operads. In fact, they proved that each such operad is isomorphic to
one of the following five operads: the left-nilpotent operad, the associative op-
erad, the Leibniz operad, the Zinbiel operad, and the Poisson operad [6]. Then,
an algebra Z is called a (left) Zinbiel algebra if it satisfies the identity

(xy)z = x(yz + zy).

Zinbiel algebras were introduced by Loday in [26]. Under the Koszul duality,
the operad of Zinbiel algebras is dual to the operad of Leibniz algebras. Zinbiel
algebras are also known as pre-commutative algebras [25] and chronological
algebras [24]. Remark that a Zinbiel algebra is equivalent to a commutative
dendriform algebra [3]. Also, the variety of Zinbiel algebras is a proper sub-
variety in the variety of right commutative algebras and each Zinbiel algebra
with the commutator multiplication gives a Tortkara algebra [16]. Zinbiel alge-
bras also give an example of algebras of slowly growing length [19]. Recently,
the notion of matching Zinbiel algebras was introduced in [18] and the defined
identities for mono and binary Zinbliel algebras are studied in [21]. Moreover,
Zinbiel algebras also appeared in a study of rack cohomology [14], number the-
ory [12] and in the construction of a Cartesian differential category [20]. Thus,
we can assert that in recent years, there has been a strong interest in the study
of Zinbiel algebras in the algebraic and the operad context, see for instance
[1,2,4,7,5,15,28,18, 22,16, 23, 30,17, 9, 11, 21, 29, 27].

Free Zinbiel algebras were shown to be precisely the shuffle product al-
gebra [27], which is under a certain interest until now [13]. Naurazbekova
proved that, over a field of characteristic zero, free Zinbiel algebras are the
free associative-commutative algebras (without unity) with respect to the sym-
metrization multiplication and their free generators are found; also she con-
structed examples of subalgebras of the two-generated free Zinbiel algebra that
are free Zinbiel algebras of countable rank [28]. Nilpotent algebras play an im-
portant role in the class of Zinbiel algebras. So, Dzhumadildaev and Tulenbaev
proved that each complex finite dimensional Zinbiel algebra is nilpotent [17];
this result was generalized by Towers for an arbitrary field [30]. Naurazbekova
and Umirbaev proved that in characteristic zero any proper subvariety of the
variety of Zinbiel algebras is nilpotent [29]. Finite-dimensional Zinbiel alge-
bras with a “big” nilpotency index are classified in [1, 7]. Central extensions
of three-dimensional Zinbiel algebras were calculated in [22] and of filiform
Zinbiel algebras in [9]. The description of all degenerations in the variety of
complex four-dimensional Zinbiel algebras is given in [23] and the geometric
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classification of complex five-dimensional Zinbiel algebras is given in [4]. Af-
ter that, Ceballos and Towers studied abelian subalgebras and ideals of maximal
dimension in Zinbiel algebras [11].

Our main goal then, for the present paper, is to extend the study of Zinbiel
algebras to Zinbiel superalgebras. Thus, we prove that all the Zinbiel super-
algebras over an arbitrary field are nilpotent, as occurs for Zinbiel algebras.
The most important cases of nilpotent superalgebras are those with maximal
nilpotency index, therefore we study the null-filiform and filiform cases. For
the former, we show that they are unique up to isomorphism. For the latter,
we characterise the naturally graded ones for arbitrary dimensions. Note that
among all the gradations, the most important for nilpotent algebras or superal-
gebras is the natural gradation which comes from the filtration defined by the
descending central sequence. Finally, we complete the study of Zinbiel super-
algebras providing low-dimensional classifications.

1. Preliminaries and basic definitions

Zinbiel algebras. First, we recall some definitions and basic results regarding
Zinbiel algebras.

Definition 1.1. An algebra Z is called a Zinbiel algebra if it satisfies the identity
(xy)z = x(yz + zy).
For a given Zinbiel (super)algebra Z, the following sequence is defined:
z'=2z, Z'=1z7F

Definition 1.2. A Zinbiel (super)algebra Z is called nilpotent if there exists s € N
such that Z° = 0. The minimal number s satisfying this property is called the
nilpotency index of the (super)algebra Z.

It is not difficult to see that the index of nilpotency of an arbitrary n-
dimensional nilpotent Zinbiel (super)algebra does not exceed the number n+1.
Since every finite-dimensional Zinbiel algebra over a field is nilpotent [30], it
made perfect sense to start studying those with the maximal index of nilpotency,
i.e. the null-filiform ones.

Definition 1.3. An n-dimensional Zinbiel (super)algebra Z is called null-
filiformifdimZ = n+1—1i.

Let us note that a Zinbiel algebra is null-filiform if and only if it is one-
generated. The classification of complex null-filiform Zinbiel algebras was
given in [2].

Theorem 1.4. An arbitrary n-dimensional null-filiform Zinbiel algebra is iso-
morphic to the following algebra:
J

eiej = Ciy i 184
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After having obtained the aforementioned Zinbiel algebras, the next case to
consider is the filiform case. Let us denote by L, the operator of left multiplica-
tion by an element x. Then, for the operator L,, we can consider a descending
sequence C(x) = (ny, ny, ..., 1) with n; + ... + n, = n, which consists of the di-
mensions of the Jordan blocks of the operator L,. In the set of such sequences,
we consider the lexicographic order, that is, C(x) = (ny,n,,...,n,) < C(y) =
(my, my, ..., my) if there exists i such that n; < m; and n; = m; for j <.

Definition 1.5. The sequence C(Z) = max{C(x) : x € Z'\Z?} is called the
characteristic sequence of the Zinbiel algebra Z.

Definition 1.6. The Zinbiel algebra Z is called p-filiform if C(Z) = (n —
p,1,..,1). If p = O (respectively, p = 1), then Z is called a null-filiform (re-

N——
P
spectively, filiform) Zinbiel algebra.

Let Z be a finite-dimensional complex Zinbiel algebra with the nilpotency
index equal to 5. Let us consider Z; = Z!/Z*! and denote by gr(Z) = Z, ®Z, ®
..Z,_,. It can be easily checked that gr(Z) is a graded Zinbiel algebra. If Z and
gr(Z) are isomorphic, then Z is said to be naturally graded. The classification
of complex naturally graded filiform Zinbiel algebras was given in [2]:

Theorem 1.7. An arbitrary n-dimensional (n > 5) naturally graded complex
filiform Zinbiel algebra is isomorphic to the following algebra:

A o _
eiej—CHj_leHj, for 2<i+j<n-1

Recently in [5], symmetric (left and right) Zinbiel superalgebras have been
studied. We have extracted the following results concerning (left) Zinbiel su-
peralgebras, which we will refer to just as Zinbiel superalgebras.

Zinbiel superalgebras. The notion of Zinbiel superalgebra can be obtained in
the usual way.

Definition 1.8. Let Z = Zy @ Z; be a Z,-graded vector space with a bilinear
map on Z such that Z;Z; C Z;,;. Z is called a Zinbiel superalgebra if, for all
homogeneous elements x,y, z € Zz U Z3, it satisfies

(xy)z = x(yz + (=1)VI12lzy).

As usual, for x € Zz U Z3, it is defined the corresponding endomorphism of Z by
L,.(y) = xy forally € Z which is called the left multiplication by x.

Remark 1.9. In the same way that any Zinbiel algebra is a right-commutative
algebra, any Zinbiel superalgebra is a right-commutative superalgebra. Namely,
for any homogeneous elements x, y and z, the following superidentity is satisfied:

(xy)z = (DM (xz)y.

Next, we extend the definitions and first results of Zinbiel algebras to Zinbiel
superalgebras. Thus, for a given Zinbiel superalgebra Z = Z5 & Z;, we define
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the following sequence:
z'=2, Z =127
Let us note that also two sequences can be defined as follows:
k
2 =25 ZyV'=17Z and Z;=2;, ZIM =ZZL

Along the last section of the present paper, we will show that all Zinbiel su-
peralgebras over an arbitrary field are nilpotent, therefore the study of null-
filiform and filiform is crucial for the understanding of finite-dimensional Zin-
biel superalgebras. Now, let us introduce, following the spirit of the theory of
nilpotent superalgebras for Lie and Leibniz cases (see for example [8] and ref-
erence therein), the concepts of characteristic sequence and filiform for super-
algebras.

Firstly, for any even element x € Zg, we can consider the restricted map L, :
Z; — Zgand we can denote by Cy(x) the corresponding descending sequence of
the dimensions of Jordan blocks of the operator L, acting on Z5. Analogously,
we can consider the restricted map L, : Z; — Z; and we can denote by C,(x)
the corresponding descending sequence of the dimensions of Jordan blocks of
the operator L, acting on Z;. Then, with regard to the lexicographic order we
have the following definition.

Definition 1.10. The sequence

Cc(Z) =( max Cy(x)

\72
xE€Z;\Z;

max Cl (y)) )
YEZ\Z]

0

is called the characteristic sequence of the Zinbiel superalgebra Z.

Along the present work we assume that both characteristic sequences of the
definition are obtained by the same generator element x & Z(-)\Zg which is
usually called the characteristic element.

Definition 1.11. A Zinbiel superalgebra Z = Zy @ Zi, with dim(Z;) = n and
dim(Z;) = m, is said to be filiform if its characteristic sequence is exactly C(Z) =
(n—1|m).

Remark 1.12. Note that if Z is a filiform Zinbiel superalgebra, then Z; is a fili-
form Zinbiel algebra.

Recall that among all the gradations, the most important for nilpotent struc-
tures is the natural gradation which comes from the filtration defined by the
descending central sequence. Recently, it has been defined the concept of nat-
urally graded for both nilpotent superalgebras, Lie and Leibniz [10]. We can
extend this concept to Zinbiel superalgebras, which are all of them nilpotent.

Consider a Zinbiel superalgebra Z = Zy @ Z;. It is clear that the sequences
{Z’g} and {Z’i‘ } define a filtration over Zz and Zj, respectively. If we denote 5% =
Z['/Z{ and 3 1= Z7'/Z., then it is verified that 3.3/ C 58’” and 337 C 3li+J :
The definition of a natural gradation follows.
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Definition 1.13. Given a Zinbiel superalgebra Z = Z;@®Zj, consider 3! = 5%@5%,
with 5% = Z%_l / Zg and 5"1 = Zii_1 / le Thus, Z is said to be naturally graded if
the following conditions hold:

1. gr(Z) = ), 3' is a graded superalgebra (3'3) C 3'*)),

2. Z and gr(Z) are isomorphic.

2. Null-filiform Zinbiel superalgebras

Theorem 2.1. Let Z be an n-dimensional null-filiform Zinbiel superalgebra with
dim(Z;) # 0. Then Z is isomorphic to the following superalgebra which occurs
only for the cases dim(Zy) = dim(Z;) and dim(Z;) = dim(Z3) + 1 :

_ ik
€2kc+1€21 = C, C%+2+1>
€2k€21 = G _1€%k+20
— !
exk+1€a+1 = Cp @142

where ey, ey € Zg and epy1,€541 € Zj.

Proof. Itis clear, that each null-filiform Zinbiel superalgebra is one-generated.
If it is generated by an even element, then it has zero odd part. Hence, we can
suppose that our superalgebra is generated by an odd element e; and then, in
the same way, as for null-filiform Zinbiel algebras, we can consider:

e, i=eje;, e3:=eeer), .., e, :=eer..(e1(e1e))).

Let us remark that the elements above are linearly independent. This latter
fact allows us to see {e;, e,, ..., e,} as a basis of the superalgebra Z being, e,
odd basis vectors and e,; even ones. Moreover, we have only two possibilities:
either dim(Z;) = dim(Z;) or dim(Z;) = dim(Z;) + 1.

Let us note that by construction we have

e1e; = €41 (1)
Now, we prove by induction that

excey = 0and ey € = ereprq1 = expqn. (2
For k = 1 the equations hold by considering the following Zinbiel superiden-
tity:

ee; = (erer)e; = eq(ejer) —ey(ee) =0
and then

ese; = (erez)e; = ejezer) +ey(erey) = eqes
Suppose that the equations hold for k, thus
4261 = (e1€g41)e; = ey(eyi1e1) —er(ereysr) =0

and then

exx+3€1 = (e1€x42)e1 = ey(exi2e1) + er(e1ep42) = €1€p43
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and therefore we have equations (2) for k+ 1. Next, we prove, also by induction,
the equations
€€y = ke, er1€s = (k + 1)egpys, exeor = epyas €2€k11 = 0. (3)

The equations hold for k = 1 by considering the following Zinbiel superi-
dentities:

ee; = (eje)e; = ej(eey) +ej(eze)) = eje3 = ey,
ez, = (eje)e; = ej(ezey) +e(eey) = 2es,
0 = (exe1)e; = ey(erey) +ey(eze)) = eye,

supposing that the equations hold for k we get the equations for k + 1:

€k+1)€2 = (e1ex1)er =

= ej(exxs1€2) ter(ereni) = (k+ Deypin)to
€20(k+1) = (ere1)eziin =

= ej(e1ea+2) T e1(eani281) = €xk1)+2s
€k+1)+1€2 = (e1ek42)ey =

= ej(ex+202) ter(ezeryr) = ((k+1)+ Deygin)tss

0 = (eeens2 =
= ey(er1€m42) T €2(€n42€1) = €xeks1)41-

Next, on account of equations (2) together with the fact that e,,e,; is a mul-
tiple of ey, we have

0 = (exeler = eyleyer) +exyleren) = expeyprs

which leads to the equation e, e;,; = 0. Next, we prove by induction the
equation

€rk+1€20 = C,I§+lezk+zl+1- 4)

From the equation (1) we get equation (4) for k = 0 and every l. Supposing that

equation (4) holds for k and every [, we obtain that it also holds for k + 1 and
every | using the equation (3):

1
€2(k+1)+1€21 = k—H(ezkﬂez)ezl =
L(‘32k+1(‘32‘321)'*‘ezk+1(ezlez)) = 1—+le2k+1e21+2,
k+1 k+1
: _ ~k

but since ey 1€y12 = Cp .1 €2k+2143> then
1_+l k _ A+Dk++D)E (kL) k+1
k+1 K+ T kDRI D (kDD

which concludes the proof of equation (4). Similarly, we prove the equation

_ Al
exk+1€2+1 = Cp j@ok+2142- (5)
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Equation (1) leads to equation (5) for k = 0 and every l. Supposing that equa-
tion (5) holds for k and every [, we obtain that it also holds for k + 1 and every
[ using the equation (3):

1 1
€(k+1)+1€21+1 = k—H(ezkHez)ele = —(62k+1(32921+1) + 92k+1(e21+132)) =

k+1
1+1
k—HeZk+1ezl+3’
but since ey 41543 = Cll(‘:11+le2k+21+4, then
1+ G141 QHDR+HHDD (kD
k1 kHAHL T Dl el kD

which concludes the proof of equation (5). Finally, we prove the last equation
€l = C;l{+l_192k+2l’ k>1,1>1 (6)

Equation (3) leads to equation (6) for k = 1 and every l. Supposing that equa-
tion (6) holds for k and every [, we obtain that it also holds for k + 1 and every
[ using the equation (3):

1 1 1+
€2(k+1)€21 = ;(ezkez)eﬂ = ;(ezk(ezem) + ezk(eZZez)) = %32k621+2

_ 41
but as eyey2 = €)' ak42142, then
1+ g1 QHDRHD!  (etD!
ko kH T e-Dik@+1) ki (RDH-T

which concludes the proof of equation (6) and of the statement of the Theorem.
O

3. Naturally graded filiform Zinbiel superalgebras

Lemma 3.1. Let Z be a complex naturally graded filiform Zinbiel superalgebra
with dim(Zg) = n, n > 5and dim(Z;) = m. Then, there are a basis {e,, ..., e,,} for
Zy and a basis {f1, ..., f .} for Zi, for which we have the following multiplication
table .
eej = Cij+j_1el-+j, 2Li+j<n-1,
erfj = fi I1<j<m-1

Proof. Consider Z = Zz @ Z; to be a naturally graded filiform Zinbiel superal-
gebra with dim(Zy) = n and dim(Z;) = m. We set{ey, ...,e,}and {f1, ..., f,} as
bases of Zy and Z; respectively. It derives from the definition that Zj is a nat-
urally graded Zinbiel algebra and then, for n > 5 we have from [2] completely

determined its products e;e; = Cl.jJFJ._lel-Jr jfor2 <i+ j <n-—1.Sincee, is the
characteristic element above then there is no loss of generality in supposing

thatelfj =fj+1,f0r1Sj§m—1. O

-1
Let us assume the following convention [ f(k) := 1.
k=0
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Theorem 3.2. Let Z be a complex naturally graded filiform Zinbiel superalgebra
with dim(Z;) = n, (n > 5), and dim(Z;) = m, (m > 3). Then Z is isomorphic to
one of the following superalgebras:

a
nf,

eiej

fjei

enfm—l

eiej
eifj

fjei

L flfn—z

CJ

l.'_'_j_lei_’_j, 2§l+]Sn—1

i-2

k]:[o(j+k—1)

_(i——l)!fj+i’ 1<i<n—-1

i—-1

[1G+k-2)

kZOTfj_H-, 1Sl§n—1

fas fien = —f2.
Cij+j—1ei+j’ 2 < i +] <n-— 1.
i-2

I (a+j+k)

k= .
O(i——l)!fjH’ 1<i<n-1.

i—-1

T (a+j+k—-1)

kzoffjﬂ-, 1<i<n-1.
= Cl, 0 2<i+j<n-1.

i-2
T12—m+j+k)
k=0

G-1)!
i—1
[T a-m+j+k)
k=0

il

= fm

If m > n — 2, the superalgebra Z is either isomorphic to one of the previous
superalgebras or isomorphic to one of the next two:

J
CivjmrCits
i—-2
T1(n=3+j+k)
=0

(i—1)!

i—-1
I (n—4+j+k)
k=0
—fj+i>

L
en_1-

fj+i5

fiji» 15i<n—1

fj+i, 1<i<n-1,

2Li+j<n-1

1<i<n-1.

1<i<n-1.
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el-ej = Cl.+j_1ei+j, 2<i+ ] <n 1.
i—2
11 (3—n+j+k)
= k= f i —
nf. ;o efj = = fjsr 1<i<n—1
5 i-1
[T @—-n+j+k)
k=0 .
fjel' = i—!fj_H', 1 <iL<n- 1.
L enfnz = fu-1s fifn-2 = en1

Proof. First, we consider Z = Zg @ Z; a complex naturally graded filiform
Zinbiel superalgebra with dim(Z;) = n with n > 5 and dim(Z;) = m with
m > 3. Then, there exists a basis {ey, ..., e,, f1, .- » [} and we have one of the
following possibilities dependingif m <n—1,m=n—-1lorm >n— 1.

er,en, f1) & (:&,fiz ® . @ (ems fm) O (ep) @ .. D (epr)
31 ;2- m gm+l -1

(een, f1) @ Aenfa) @& . @ (ep1,fu)

er,en, f1) @ Sh,f_zz O .. & (e, fu-1) O @ ® .. & @

Bt 2 g1 o sm

We will study these three cases together. We consider f,e; = af,. By induc-
tion using the Zinbiel superidentity we obtain:

i-2 i—-1

T1(a+j+k) T (a+j+k-1)

k= k= .
ef; = —O(i_l)! fivir fj& = _— m fisi» 1<i<n-1,
fien = afz enfj = bjfj+1’ 1<j<m-1.

For every three homogeneous elements a, b, ¢ € Z, we define
33{a,b,c} := (ab)c — a(bc + (—1)l4lPlch).

Now, applying the Zinbiel superidentity for basis elements gives the following
relations.

{83ten.e1, £33 = 0]
{83ten. fj e} = 0]
183(/1,n 01} = 0}
{ |

(@+j—1b; =0

(a+ 1) =0,
(a+2)(cy+b) =0=[c; = —b, |

thus, fie, = —b;f, and fj;e, = O with 2 < j < m — 1. Then, we have the
following products:

=

=
1<j<m—2

=

=

33{f2.en,e1} =0

eiej = Cl.]+j_lei+j, 2 < i +] <n-— 1.
i-2
1 (a+j+k)
k=0 .

efj = o firin 1Zi<n-1,
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i—-1

I (a+j+k-1)
= ,
fieo = %fﬂi, 1<i<n-1,
enfl = blfz’ enfm—l = bm—lfm’
fien = —bifs, fien =0, 2<j<m-1,

with (¢ + 1)b; = (a + m — 2)b,,_; = 0.
Finally, only rest to compute the products f;f; = h;;e;, ;. We compute them
by induction:
« Step 1: We have:

fifi = hnes,
fafi = (efofi =ealfifi)—ealfifi) =0,
fifa = hies.

Moreover, we have

83{f1, [} =0 = 2hy; =(a+Dhy,
83{f1,e1, f1}=0 = (a+1h;;=0 = hy=(a+1h =0.

« Step 2: Now, we can write:

fifi = fa fafi = 0,

fifa = hies, fifs = hiey,
fafa = (efdf, = e(fif2)—ea(f2f1) = hplees) = hpey,
f3fi = (eaf)fi = ea(fofi)—ea(fif) = —hplees) = —hpe,

with (a + 1)hy, = 0. Applying the Zinbiel superidentity, we get:

83{f1,[2,e1}=0 = 3hy; = (a+2)hy;,
83{f1,e1,[2} =0 = (a+2)hy;3 =ah,.

Therefore, joining the following equations:

(C{ + 1)]’112 = 0
3]’112 = (C( + 2)]’113 => hlz = 0, (Cf + 2)]’113 =0.
(¢ +2)h3 = ahy

« Step 3: We suppose that

fifksr-i = 0, 2<i<k,
fifie = huerss
fifirn = Mo
fimf1 = (efidfr = e(fif1) —ea(f1fi) =
= —hyleiers) = —higeryos
fofie = (afofk = e(fif1) —ea(fif1) =
= hy(erers1) = Nyeisas
fifr = (erfic)f2 = ei(fi-1/2) —er(fofik-1) = 0,
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fifkro—i = (erfic)fkso—i = e(ficifrs—i) —e1(fksa-ifiz1) = 0,
(by induction hypothesis),

with (a+k—1)h,;, = 0. Applying the Zinbiel superidentity we obtain:

83{f1, froer} =0 = (k+ Dhyy = (@+k)h ki1,
83{fr.er, fit =0 = (a+khjpy = ahy.
It follows that
(OC + k — 1)h1k =0
(k + 1)h1k = (Cf + k)h.l k+1 :> hlk = O, (CC + k)hl k+1 = O.
(@+khiy = ahy

This process is finite, so we get f1f,, = hy,emnqq (otherwise f;f; = 0) with
(a+m—1hy, =0ifm <n-2and f,f,_, = hy,_€,_, (otherwise f;f; = 0)
with(a +n—-3)hy,_, =0ifm >n-2.

In the case m < n —2: 83{f1, fm-e1} = 0 gives hy,, = 0.

Thus, the Zinbiel superalgebra has the following multiplication table:

eiej = C{+j_1ei+j, 2<i +] <n-—1,
i-2
1 (a+j+k)
k= .
ef; = O(l._—l)!fj+ia 1<i<n-1,
i—1
1 (a+j+k—-1)
k= .
fiee = B———fj 1<i<n-1,
e”lfl = ble’ enfm—l = bm—lfm, m>n-—2
fien = —bifa, fifna = he,y,

with (a +1)b; = (a+m—2)b,,_; =0and (a+n—3)h =0if m > n— 2. Now,
we consider m > 3 and m < n — 2. We can distinguish the following cases:

Case 1: b; # 0. In this case, we havea = —1and b,,_; = 0.If m > n — 2, we
also have that h = 0. Then we obtain the Zinbiel superalgebra nf;.

Case 2: b; = 0and b,,_; = 0. In this case, we have the family of Zinbiel super-
algebras nf;‘.

Case 3: b; = 0and b,,_; # 0. Then, a = 2 — m. We have the superalgebra nf,.

Now, we consider m > 3 and m > n — 2. Analyzing the cases above, we have
a new superalgebra in Case 2 (when ¢ = n — 3 and h # 0, we can consider
h = 1), nf,, and another one in Case 3(whenm =n—1,a =3—n,and h # 0,
we can consider h = 1), nfs. O
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Finally, we study the particular case m = 3. Let Z be a complex naturally
graded filiform Zinbiel superalgebra with dim(Z3) = n,n > 5and dim(Z;) = 3.
Then, there exists a basis {ey, ..., e,, f1, 2, f3} and we have the gradation:

(enen, f1) @ (exf2) @ (es,f3) @ (es) @ (es) &

—_——— N———— —_ N—— N——
3 8 8 8t 8’
Theorem 3.3. Let Z be a complex naturally graded filiform Zinbiel superalgebra
with dim(Z;) = n, (n > 5), and dim(Z;) = 3. Then Z is isomorphic to one of the
following superalgebras:
« Ifn > 5, then Z is isomorphic either to nf,, nf;‘, nf,, or
eiej=Cg+j_lei+j, 2Li+j<n-1,
a1y etfr1 = [ erfa=fs fier =—fa
enf1=f2 enf2=f3 fien = —f>.

« Ifn =5, then Z is isomorphic either to nf,, nf;#_z, nf,, a; or

eiej = Cij+j—lei+j’ 2<i +J <n- ].,
) fiee = =2f,, fae = —f3 fiez = f3
a, .
eifir = fa erf = f3

efir = —fa fifna = ep1.

Proof. Similar to the general case (see the proof of Theorem 3.2) we get that Z
is isomorphic to

eiej = Ci.]_'_j_lel'_'_j, 2<i +J <n- 1,

fier = af, fies = @f&
faer = (@+1)fs e fi = bifs,

eifir = fa efi = (a+1)fy,
eifa = [ enfr = bafs,

fien = =bify, (f1f3 = hey, it n=35.),

with (¢ + 1)b; = (a +1)b, = 0and (a + 2)h = 0ifn = 5.
First, we consider n > 5. We can distinguish the following cases:
« by #0and b, # 0. In this case, « = —1 and by a change of basis we can
consider b; = b, = 1 obtaining the superalgebra a;.
by #0and b, = 0. We obtain nf;.
« by = 0. We obtain nf, (for b, # 0) and nf; (for b, = 0)
Finally, the case when n = 5 leads to a similar study, obtaining the superal-
gebras in the statement. O
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4. Classification of low-dimensional complex Zinbiel
superalgebras

In this section, we obtain the classification of the complex Zinbiel superal-
gebras up to dimension three. Let us begin by proving the following important
lemma.

Lemma 4.1. Given a n-dimensional Zinbiel superalgebra Z of type (n — 1, 1), i.e.
dim(Z;) = n—1and dim(Z;) = 1, then Z3Z; = Z;Zy = {0}. Moreover, Z;Z; is a
subspace of Anny, (Zg).
Proof. Lete,,...,e,_; be a basis of Z; and let f; be a basis of Z;. Denote by
e;fi1 = a;f; and f1e; = b;fy, fora;,b; € Candi = 1,...,n — 1. On the one
hand, fori =1,...,n — 1 we have
(e;f1)e; = ei(fre) +eieif1);  aibifi = aibif1 + aizfl-

Hence, we have a; = 0 and Z3Z; = {0}.

On the other hand, since Zg is a Zinbiel algebra, it is nilpotent. Suppose
Z; = 0 and proceed by induction. For x € Z(S.)_l, we have

(f10)x = f1(xx + xx) = 2f(xx),
and since xx € Z(S.) = {0}, we obtain (f,x)x = 0, which implies f;x = 0, and
we may write flz%_l = {0}. Now, suppose f 1Z(s.)'k+1 = {0}, then for x € Zf_)_k,
we have (f;x)x = 2f;(xx) = 0, because xx € Z(S.)'k‘”. Therefore, f;x = 0, and
we have f lzg-k = {0}. For k = s — 1, we conclude that zizé = Z1Zy = {0}.

Further, we have (f,f1)x = f1(f1x) + f1(xf;) = 0 for x € Z5. Therefore,
(f1f1) € Anny (Zy) and Z;Z; is a subspace of Anny, (Z;), where Anny (Zg) =
{xe A xZy=0} O

The converse is a straightforward verification.

Remark 4.2. Given a (n — 1)-dimensional Zinbiel algebra Z;. If we construct a
superalgebra Z such that ZgZ; = Z;Zy = {0} and such that Z;Z; is a subspace of
Anny (Z;). Then, Z is a Zinbiel superalgebra of type (n — 1, 1).

Remark 4.3. Given a non-zero n-dimensional Zinbiel superalgebra Z of type (n—
1,1) such that Zj is the zero algebra. Then it is isomorphic to Z,, . f1f1 = ey,
simply choosing ¢ © A — A, o such that ¢(f1f1) = e;. The classification of the
2-dimensional Zinbiel superalgebras follows by this statement.

Now, we recover the classification of the n-dimensional Zinbiel algebras [2,
4], as it will be required.

Theorem 4.4. Given an n-dimensional, for n < 3, non-trivial Zinbiel algebra,
then it is isomorphic to only one of the following
o Ifn =2, thenitis
(1) 3o1 : ee; =e,.
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o Ifn = 3, then it is isomorphicto 33, = 3,1 ® Corto

1) 332
(2) 333
(3) B34
4) 3355

1
- €161 = €,616 = 2€3,€626, = 3.

. €16y = e3,e,e; = —e3.
. €181 = e3,e1e, = e3,6,6, = 593.
. 9161 == e3,8182 = 63,6261 = e3.

4.1. 3-dimensional Zinbiel superalgebras. In our classification, we will not
consider non-proper superalgebras. So type (n, 0), which corresponds to Zinbiel
algebras, and type (0, n) (zero algebra) are omitted. Also, we omit the superal-
gebras with 393, = 3130 = 3% = 0, as they are split algebras.

4.1.1. (1, 2) superalgebras. Let{e, f1, f,} be a basis of a superalgebra of Z =
Z5 @ Z;. Since Zj is the trivial one dimensional algebra, we have the following
multiplication table for Z:

eifi= ailfl +al~2f2’fi91 = bilf1 +b12f2’fifj = ¢jjer,
where 1 < i, j < 2. We find the equations on variables the structural constants
studying case by case:

83ter, e1, f1}
83er, e1, f2}
83ter, f1. e}
83le1, f,e1}

s3{er, f1, f1}
s3{er, f1, f2}
s3{er, f2, f1}
83{er, f2, f2}
83{f1,e1,e1}
gg{fZael’el}
83{f1,e1, f1}
33{f1,e1, f2}
83{f2 €1, f1}
83{f2 €1, f2}
83{f1, f1.e1}
83{f1, f2.e1}
33{f2 f1,e1}
83{f2 f2.e1}
83{f1, f1, f1}
gg{fla fl’fZ}

33{f1, f2, f1}

=N eNoNeNeN-NoR=-N-N-loleNeleNe o]
S L L | L O L O I

0

o
2

=

=

U

¥

(a})* + ajb] + aja; + alb? =0

1.2 2.2 21,1 212 _
aulldla1 a11+la1 a21+2a1b11+2a2b1 =0
a;a, + alb2 +aya5 + azb2 =0

and alal + alb) + (a3)* + aZbs =0

(a))* +a’a) —alb) + alb? =0

and a;a’ — ajb? + aa + ajb; — a’b; + ajh} =0
aja; -; cﬁb; -|2- cﬁai - c;;b} +2a2;b§ —asb} =0
arlld aja, + a;b, —a;by +(a3)° =0

a;c;; +asc,;; =0

a%clz + ajcy = 0

i

a,c;; +a5c,; =0

aiclz + a22‘322 =0
(b})2 + blb1 =0and blb? + bfb% =0

1
bbY + bib? = 0 and b7b! + (b2)* = 0

alicn + aiclz + biclz - b§C21 =0
axcyy + a2cy, — bicy, — bicy, + bley; + bie, =0
a;Cy1 + Q7Cyy + bycyy + bycyy — by — b3ey =0
a,cy + axcs = blci, + bicy; =0
aicy; +asey + bley; +bic;; =0
a%cn + a%clz + b%cu +b Cip = 0
a1021+a Cy + by + by =0
a,Cy1 + a5¢y; + bycyy + b5, =0

aicn = O and a%cu = O

1 1 1 —
aci — bjcip +bjey =0
a?d agcu — bfclz + beZI =0

1 1, —
a;cip +bicp —biey =0
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83{f1, 2, f2}
83{f2 f1, f1}
33{f2 f1,f2}
g?){fz,fz,fl} =

83{f2 2. f2} =

(]
Ul

0 =

al’ld a%clz + b%clz - bchl =0

a%clz =0and agclz =0
a;¢; =0and ajey;; =0

i

aycy —blery +bley =0
and alcy; — blcyy + bicy; =0
ajcy + byepy —bley =0
arlld aey + b%céz —blcy; =0
a,¢y» = 0and ajcy; = 0.

By solving the system of equations, we have one of the following possibilities

for Z:
f1f1
W
fier =
2) fifi =
fafi =

3) efi =

@ erf1
frier =
5 free =
6) f.er =
7 efi =
®) ef, =

Aer,
Axer,

M1
Aers

Aze1,

fifa = Aner,
fafa = Axner.
p) p)
—iﬂfz, fer = T:Mfl_#fz’
fifa = Aper,
/12
fafa = /1—1251-
11

2
/"fl_%fb eif, = Wfi—ufs

uf1—
vf1

y%3% /xv
7f2, eif, = — uf2s

4

yl
—;fz’ fer = Vf1—’/f2'

uf2 f1fr = Wer

pfr, fofz = Wer

uf2 frer = W fa

ufr, f.er = Wf1

Lemma 4.5. The isomorphism clases of the eight cases above can be reduced to
the study of the cases (a), (e) and (g).

(1) The superalgebras (e) and (f) are isomorphic.
(2) The superalgebras (g) and (h) are isomorphic.

(3) The superalgebras (b) are isomorphic to (e) for u’ =

(4) The superalgebras (c) are isomorphic to (g) for 1’ = 0
(5) The superalgebras (d) are isomorphic to (g) for u’ = v.

Proof. The statements (1) and (2) are trivial. The statements (3), (4) and (5)
can be shown, respectively, using the following maps.

$1(e)) =
$a(e;) =
$s(e1)

e;, ¢i1(e) = 1 €2 p1(ez) = ey +e;,
g I
e;, ¢iley) = ;ez + ;33, $a(e3) = ey,
,V/ /
e;, ¢3(e) = ey $s(ez) = 792 - 793
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Next, we study the remaining cases.
Case (a) is equivalent to one of the following, depending on the parameter.

« If 4; # 0and 4;, # 4,;. Now, choose
All

ple;) = ) ey, pley) = ez and ¢(e3) = o /1 e; t+e3,
then
z;, fifi=e, fafi=e, fafy=ae.
« If 4; # 0 and 4;, = 1,;. Then, by choosing the map
Bler) = Aiter, 9les) = o5, ples) = ~ Y222 g 4 700t

/111
we obtain
235 fifi=e, fafa=er
Note that, if 1,, = /12 A 11 then this is equivalent to some case in (e).
. If/‘lll =0, /112 Sé /121 and (112 # —/‘121 or /122 # 0) Choose the map

$ley) = Blex) = 2y + ey and $(e;) = X

A 0 PR
we obtain z3 1
« If 43 = 0and 4y, = 4,1 # 0, then we have z; ,.

o If A;; = 412 = 45; = 0, then we obtain
233 f1f1=e,

choosing ¢(e;) = /12‘21e1, @(e,) = ez and ¢(e3) = e,.
o If 4; = 4, = 0and 4, = —4,;. Choose the map

p(ey) = A, er, pley) = e; and ¢(es) = e3

to obtain
234 [1fa=e, [fafi=
Case (e) is equivalent to one of the following, depending on the parameters.
« If u # 0and u’ # 0, then the map given by
pler) = W' ler, pley) = e, and ¢lez) = /™!
shows that it is isomorphic to

235 frey=fr fifi=e
« If u = 0and ' # 0, then, choosing ¢(e;) = u'"le;, ¢(e;) = e, and
¢(e3) = ez, we have z; .
« If u#0and i’ = 0, choose ¢(e;) = ey, p(e;) = e, and ¢(e;) = u~le; to
obtain
Z36 : f1e1 = [o.
Case (g) is equivalent to one of the following, depending on the parameters.
« If &/ # 0, then, with ¢ such that ¢(e;) = ey, P(e;) = e, and P(e;) =

w'~Les, we have

237 eif1=afy fre = fo.
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« If 4’ = 0, choosing ¢(e;) = e, p(e,) = e, and P(e;) = ule; then we
obtain

235 . e f1 = fa.

4.1.2. (2,1) superalgebras.

« Even part 3, . Then, by Remark 4.3, we have z; .
+ Even part 3,;. By Lemma 4.1 and Remark 4.2, we have that every su-
peralgebra constructed on 3, is of the form

ere; = e, [fifi =M.
1
Choose the linear map ¢ such that ¢(e;) = 4,°%e;,Ple;) =
A le,, ¢(e3) = es, to obtain the superalgebra

Z39 1 e1ep =€, f1f1 =€,

Summing up, we have the classification of the 3-dimensional Zinbiel super-
algebras.

Theorem 4.6. Given a 3-dimensional complex non-split Zinbiel superalgebra Z,
then it is isomorphic to a 3-dimensional Zinbiel algebra or to only one of the fol-
lowing algebras.

z;’,‘,l D i = e fufi = e fafs = ae

23,  fifi = @ fafa = &
233  fifi = @

234, fifa = @ fafi = —e
z3s © fiee = o fifi = @
236 : fren = [

z3; @ efi = af, fier = [
233 eifi = [

39  ee; = e fifi = e

5. Finite-dimensional Zinbiel superalgebras are nilpotent

It is well-known that finite-dimensional Zinbiel algebras are nilpotent over
an arbitrary field [30] (also see [17] for context). It is a natural question to won-
der if this is also true in the case of Zinbiel superalgebras. Note, for instance,
that all the 3-dimensional Zinbiel superalgebras are nilpotent (Theorem 4.6). It
turns out that the answer is positive, as we will see in this section.

Definition 5.1. Given an algebra Z we define the right annihilator of an element
a € Z as the set

RC(a)={x € Z : ax = 0}.

Lemma 5.2. Given a right-commutative superalgebra Z, then for homogeneous
elements a,, a, € Z, we have RC(a;) C RC(a,a,).
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Proof. Given x € RC(a,) and suppose x = x, + x;, for x; € Z;. Then, since a,;
is homogeneous a;x = a;xy+ a;x; = 0implies a;x, = 0 and a,x; = 0. Hence,
we have

(a1a2)x = (@1a,)%0 + (a1ax)x; = (arxp)ay + (=1)!%!(a;x;)a, = 0.

The first key lemma of this section is the following.

Lemma 5.3. Given a finite-dimensional Zinbiel superalgebra Z, there exists a
homogeneous element e such that eZ = 0.

Proof. Since Z, is a Zinbiel algebra, it is nilpotent. Assume it has nilpotency
index N, then we have some non-zero element e, € Zg] ~1 such that eyZ; =
Zse, = 0. Construct e as follows.

(1) Fixe = €p.

(2) If there is some x € Zj such that ex # 0, set e, = ex. Then x €
RC(ey), by the Zinbiel superidentity. Otherwise, set e = e, and finish
the iteration.

(3) Repeat from (1).

Note that the element obtained in each iteration is homogeneous, so by
Lemma 5.2, in each iteration, the right annihilator becomes bigger. Also, since
the algebra is finite-dimensional, this process is finite, as it is enough to run it
for a basis of Z;. So we conclude RC(e) = Z, thatis eZ = 0. O

Lemma 5.4. Given I a right ideal of a Zinbiel superalgebra Z, then ZI is an ideal.
Proof. We have Z(ZI) C Z*I + Z(IZ) C ZI and (ZI)Z C Z°I C ZI. O
The next result follows by the previous lemmas.

Lemma 5.5. Any Zinbiel superalgebra of dimension n > 1 has a proper graded
ideal.

Proof. Given afinite-dimensional Zinbiel superalgebra Z, by Lemma 5.3, there
exists an element e € Z;, fori = 0 ori = 1, such that eZ = 0. Now, if Ze = 0,
then the vector space generated by E is a proper graded ideal. Conversely, if
Ze # 0, choose I = Ze, then since the linear spam of e is a right ideal, I is an
ideal, by Lemma 5.4.

To show that it is a proper ideal, we have to prove that its dimension is lower
than n. Choose a basis e}, e,, ..., e, of Z such that e; = E, then the ideal I is
linearly generated by the elements e;E = 0,¢e,E, ..., ¢, E, therefore, at most it
has dimension n — 1.

The ideal I is graded as a consequence of e being homogeneous. (]

Now, we can prove the first main result of this section.

Lemma 5.6. Any finite-dimensional Zinbiel superalgebra is solvable.
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Proof. Let Z be a finite-dimensional Zinbiel superalgebra. We proceed by in-
duction on the dimension n. If n = 1, we have the trivial one-dimensional
algebra, which is solvable. Now, if n > 1 and the statement is true for up to
dimension n — 1, then A has a proper graded ideal I, so I and Z/I are Zinbiel
superalgebras of dimension lower than n, therefore they are solvable. Hence,
Z itself is solvable. (]

Proposition 5.7. Let I be a minimal ideal of a finite-dimensional Zinbiel super-
algebra Z. Let J be a minimal right ideal of Z such thatJ C I. ThenI =J.

Proof. The proof is identical to the proof of [30, Proposition 2.2]. O

Corollary 5.8. Let I be a minimal ideal of a finite-dimensional Zinbiel superal-
gebra Z, then we have IZ = ZI = 0. Hence, we have dimI = 1.

Proof. The proof is identical to the proof of [30, Corollary 2.3]. O

Observe that the previous result implies that any finite-dimensional Zinbiel
superalgebra has a non-trivial annihilator. However, this is not enough to prove
that any finite-dimensional Zinbiel superalgebra is nilpotent, we need the next
straightforward remark.

Remark 5.9. Let I be a minimal ideal of a Zinbiel superalgebra Z. Suppose it
is generated by some element e = ey + e; € Z, where e; € Z;. Note thate €
Ann(Z). Then eZ; = 0 implies eyZ; = 0 and e;Z; = 0 (resp. Z;e = 0 implies
Zey, = 0 and Z;e, = 0), and we have e; € Ann(A). Moreover, I; = (e;) is an
ideal. Furthermore, ife; # 0, then I; is a proper graded ideal. Hence, we have the
following corollary.

Corollary 5.10. Any finite-dimensional Zinbiel superalgebra Z has a minimal
ideal which is graded. Moreover, there exist a homonegeous element e € Z such
that e € Ann(Z).

Finally, Corollary 5.10 enables us to prove the main result of this section.
Theorem 5.11. Any finite-dimensional Zinbiel superalgebra is nilpotent.

Proof. Let Z be a finite-dimensional Zinbiel superalgebra. We proceed by in-
duction on the dimension n. If n = 1, we have the trivial one-dimensional
algebra, which is nilpotent. Now, suppose we have that any finite-dimensional
Zinbiel superalgebra is nilpotent up to dimension n — 1 for n > 1. Since Z has
a graded ideal I of dimension one (generated by a homogeneous element) such
that ZI = IZ = 0, then Z/I is a Zinbiel superalgebra of dimension n — 1, and
so it is nilpotent. Therefore, Z is nilpotent. O
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