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An arithmetic Kontsevich–Zorich
monodromy of a symmetric

origami in genus 4

Xun Gong and Anthony Sanchez

Abstract. We demonstrate the existence of a certain genus four origami
whose Kontsevich–Zorich monodromy is arithmetic in the sense of Sarnak.
The surface is interesting because its Veech group is as large as possible and
given by SL(2,ℤ). When compared to other surfaceswithVeech group SL(2,ℤ)
such as the EierlegendreWollmichsau and the Ornithorynque, an arithmetic
Kontsevich–Zorich monodromy is surprising and indicates that there is little
relationship between the Veech group and monodromy group of origamis.
Additionally, we record the index and congruence level in the ambient sym-
plectic group which gives data on what can appear in genus 4.
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1. Introduction
The Kontsevich–Zorich monodromy group encodes the homological data of

translation surfaces along SL(2,ℝ)-orbits. Due to the intersection form on the
underlying surface, the Kontsevich–Zorich monodromy group lies as a sub-
group of a symplectic group and creates a natural bridge between the geometric
objects of translation surfaces and the Kontsevich–Zorich monodromy group
and its algebraic nature. One such question that has received much investi-
gation is whether the Kontsevich–Zorich monodromy group is arithmetic or is
thin in the sense of Sarnak [15]. An origami has arithmetic Kontsevich–Zorich
monodromy if the Kontsevich–Zorichmonodromy group has finite index in the

Received August 4, 2023.
2020Mathematics Subject Classification. Primary 37D40; Secondary 32G15.
Key words and phrases. Translation surfaces, Kontsevich–Zorich monodromy group,

origami, arithmetic monodromy group.

ISSN 1076-9803/2023

1413

http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2023/Vol29.htm


1414 XUN GONG AND ANTHONY SANCHEZ

Figure 1. The origami 𝒪 with identification labeled by a per-
mutation.

integer matrices of its Zariski closure and thin if the Kontsevich–Zorich mon-
odromy group has infinite index in the integer matrices of its Zariski cloure.
In genus 2, the arithmeticity of all origami was established by Möller, see

also Appendix B of [1] for a proof. In genus 3, an origami with arithmetic
monodromy in the minimal stratum was established in Hubert–Matheus [9].
Shortly thereafter, an infinite family of origami in genera 3, 4, 5, and 6 with
arithmetic monodromy were exhibited in [1, 10].
Assuming arithmeticity has been established, finer questions regarding the

algebraic nature of the monodromy group, such as the index and what type of
group is obtained, have been considered. Experimental data [1] shows that for
genus 2 origamis with two conical singularities and less than 22 squares, the in-
dex is 1, 3, 4, 6, 12, or 24. For genus 2 origami with a single conical singularity,
Kattler [11] has shown part of a conjecture that the index is always 1 or 3. Con-
cerning what type of groups are obtained, in the context of symplectic groups,
there is a positive solution to the congruence subgroup property. That is, all fi-
nite index subgroups of symplectic groups, such as theKontsevich–Zorichmon-
odromy groups in the works mentioned above, are a congruence group of some
level 𝑙. In [1], they show a specific origami in genus 3 is conjugate, up to finite
index, to a congruence subgroup of level 16 and of index 46080 in Sp(4,ℤ).
Our main result is a new addition to the list of origami with arithmetic mon-

odromy. Later in the introduction, wewill see that this surface being arithmetic
is surprising and relate this to the monodromy of other surfaces. Additionally,
we record the first index and congruence level of a surface in genus 4 which
yields experimental data for what can occur in the context of genus 4 origami.
See Figure 1 for an image of the surface.

Theorem 1.1. The non-tautological part of the Kontsevich–Zorich monodromy
group Γ associated to a certain origami𝒪 of genus 4 is arithmetic. More precisely,
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up to a finite index subgroup that conjugates Γ to a subgroup of the standard sym-
plectic group Sp(6,ℤ), the Kontsevich–Zorich monodromy group is a congruence
subgroup of level 64 and of index 4156153952993280 = 242 ⋅ 33 ⋅ 5 ⋅ 7.

As we will see in Section 3, the intersection matrix of the homology we use
does not have determinant one, so we must pass to a finite index subgroup of
Γ in order to be a subgroup of the standard symplectic group. The index and
congruence level are computed through GAP packages developed by Detinko–
Flannery–Hulpke [3] and Kattler–Weitze-Schmithüsen [12]. Theorem 1.1 re-
sults in the first data point of the possible indices and congruence levels of
origami in genus 4.
Relation to other results. While an infinite family of arithmetic mon-

odromies in genus 4 was established by Kany–Matheus [10], we believe the
results of this article are worthwhile because of the unique properties of the
surface. What drew our attention to this origami was that it is “exceptionally
symmetric" in that its Veech group is as large as possible and given by SL(2,ℤ).
Additionally, the homological dimension is always 2. We now give some con-
text as to why these points are interesting.
It was shown experimentally in Shrestha–Wang [16], that there are only 4

origamis of less than 17 squares whose Veech group is SL(2,ℤ): the torus, the
Eierlegendre Wollmichsau, the Ornithorynque, and the surface considered in
this paper. We refer to [16] for the description of the Eierlegendre Wollmich-
sau and Ornithorynque. These two surfaces have been the focus of much study
[14, 8, 5] because of their peculiar properties e.g. their Veech group is SL(2,ℤ)
and they have totally degenerate Lyapunov spectrum. What’s most relevant for
the discussion here is thatMatheus–Yoccoz [14] showed theKontsevich–Zorich
monodromy groups of these two surfaces are finite groups. That the surface we
consider in this article is arithmetic and thus “large" is quite interesting given
that themonodromies of the EierlegendreWollmichsau andOrnithorynque are
at the other end of the spectrum. This indicates that there is little relation-
ship between the symmetries of the surface (the Veech group) and the Kontse-
vich–Zorich monodromy group of the surface.
Another interesting aspect of our surface is that the homological dimension

is always two. Surfaces with directions of homological dimension one have that
their action by the affine diffeomorphisms on the non-tautological part of ho-
mology is never faithful since Dehnmultitwists in those directions produce ele-
ments in the kernel of the action and faithfulness (alongwith Zariski density) is
enough for thinness (see Section 4.3 of [9]). Thus, our surface was a candidate
to produce an origami with thin monodromy.
Organization. As in [9], we assume some familiarity with the basic features

of origamis including their representation theory, homology, and Veech and
affine groups of origamis. We recommend the survey of Matheus [13]. The rest
of the note is dedicated to proving Theorem 1.1. The organization of the paper
is as follows. In Section 2, we describe some properties of the origami we are
studying. In Section 3, we find a basis for the homology of our origami. In
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Section 4, we compute generators for the monodromy group. Lastly, in Section
5, we utilize an arithmeticity criterion of [17] that was explicated in [1] in the
context of monodromies of origamis to prove Theorem 1.1.

1.1. Acknowledgements. The authors would like to thank Carlos Matheus
Silva Santos and Pascal Kattler for a careful reading of the manuscript. In par-
ticular, we thank Matheus for comments on the Lyapunov spectrum and the
reference [7] and Pascal Kattler for pointing out amistake in a previous compu-
tation of 𝛼(𝑆). Lastly, we are immensely grateful to Pascal Kattler and Gabriela
Weitze-Schmithüsen for running the generators of Theorem 4.1 through their
software [12]. A.S. was supported by the National Science Foundation Postdoc-
toral Fellowship under grant number DMS-2103136.
The authors are grateful to the anonymous referee for a careful reading of

the manuscript and many useful suggestions.

2. The origami 𝒪
Let 𝒪 denote the origami (see Figure 1 for an image of the surface) defined

by the permutations

ℎ = (1, 2, 3, 4, 5, 6)(12, 11, 10, 9, 8, 7)(13, 14)(15, 16)

and
𝑣 = (12, 2, 16, 14, 10, 6)(11, 5, 15, 13, 7, 1)(3, 9)(4, 8).

The commutator

[ℎ, 𝑣] ∶= 𝑣ℎ𝑣−1ℎ−1 = (1, 3, 5)(2)(4)(6)(7, 15, 9)(8)(10, 16, 12)(11)(13)(14)

has 3 non-trivial cycles of length 3 and so 𝒪 ∈ℋ(2, 2, 2) and has genus 4.
As mentioned in the introduction, one aspect that makes this surface so spe-

cial is its Veech group. The Veech group is the stabilizer of 𝒪 with respect to

the SL(2,ℝ) action on the space of translation surfaces. let 𝑇 = (1 1
0 1) and

𝑆 = (1 0
1 1) and recall that SL(2,ℤ) is generated by these two matrices.

Proposition 2.1. The Veech group of 𝒪 is SL(2,ℤ).

Proof. At the level of permutations, the generators of SL(2,ℤ) act by the rules
𝑇(ℎ, 𝑣) = (ℎ, 𝑣ℎ−1) and 𝑆(ℎ, 𝑣) = (ℎ𝑣−1, 𝑣). Since we care about the surfaces
themselves rather than the labeling of the squares, the pair (ℎ, 𝑣) is defined up
to simultaneous conjugations i.e. (ℎ, 𝑣) and (𝜓ℎ𝜓−1, 𝜓𝑣𝜓−1) are regarded as the
same origami. With this in mind, we let

𝜓 = (1, 3, 5)(2, 4, 6)(7, 10)(8, 11)(9, 12)(13)(14)(15, 16)

and
𝜙 = (1, 15)(2, 14, 6)(3, 9)(4)(5, 7)(8)(10, 12, 16)(11, 13).

A computation shows that 𝜓◦𝑇(ℎ, 𝑣)◦𝜓−1 = (ℎ, 𝑣) and 𝜙◦𝑆(ℎ, 𝑣)◦𝜙−1 = (ℎ, 𝑣).
□
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Figure 2. Basis for the homology of 𝒪

Remark 2.2. We remark that the work ofHerrlich [7] yields that any origami can
be covered by one whose Veech group is SL(2,ℤ). However, explicit computations
outside of the present article seem difficult because the genus of the cover can grow
quickly. For example, for the L-shaped origami of genus 2 and with 3 squares, the
corresponding cover is of genus 37 and has 108 squares.

In the introduction, we also claimed that the homological dimension is al-
ways two. That is, in any rational direction, the surface 𝒪 decomposes into
cylinders whose waist curves span a two-dimensional subspace of the homol-
ogy. Such surfaces have the potential for a thin monodromy group.

Proposition 2.3. The homological dimension of𝒪 in any rational direction is 2.

Proof. The surface 𝒪 has two horizontal cylinders of length six and two hori-
zontal cylinders of length two. Since the waist curves on the horizontal cylin-
ders of length six disconnect 𝒪, then they are homotopic. Similarly, the waist
curves on the horizontal cylinders of length two are homotopic. By noting that
the long and short waist curves are not homotopic, then we deduce that the ho-
mological dimension in the horizontal direction is two. Lastly, since the Veech
group of𝒪 is SL(2,ℤ) and any other cylinder direction can bemoved to the hor-
izontal, then we conclude the homological direction in any rational direction is
two. □

Additionally, the homological dimension of𝒪 has consequences on the Lya-
punov spectrum of the Kontsevich-Zorich cocycle over SL(2,ℝ) ⋅𝒪. By Forni’s
theorem [4], the second Lyapunov exponent is positive.

3. Homology of 𝒪
In this section, we give a basis for the homology of 𝒪 and define certain

subspaces needed for later sections. We will work with the following basis of
the absolute homology group 𝐻1(𝒪,ℝ) pictured in Figure 2 that we denote by
{𝛾1,… , 𝛾8}. The colors, orientations, and slopes are indicated in Table 1.
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curve color slope holonomy
𝛾1 yellow 0 (2, 0)𝑇
𝛾2 black 1 (2, 2)𝑇
𝛾3 orange 0 (6, 0)𝑇
𝛾4 red 1/3 (18, 6)𝑇
𝛾5 grey ∞ (0, 2)𝑇
𝛾6 light blue -1 (6,−6)𝑇
𝛾7 blue ∞ (0, 6)𝑇
𝛾8 green 3 (2, 6)𝑇

Table 1. Some properties of a basis of the absolute homology
of 𝒪.

The corresponding intersection matrix of our basis of homology is:

Ω =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝛾1 𝛾2 𝛾3 𝛾4 𝛾5 𝛾6 𝛾7 𝛾8
𝛾1 0 0 0 1 0 −1 1 1
𝛾2 0 0 −1 −1 0 −1 1 1
𝛾3 0 1 0 2 1 −2 2 2
𝛾4 −1 1 −2 0 2 −9 7 5
𝛾5 0 0 −1 −2 0 −1 0 0
𝛾6 1 1 2 9 1 0 2 3
𝛾7 −1 −1 −2 −7 0 −2 0 −1
𝛾8 −1 −1 −2 −5 0 −3 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Each entry of the matrix, Ω𝑖,𝑗, represents the intersection form ⟨𝛾𝑖, 𝛾𝑗⟩, 𝑖, 𝑗 ∈
{1, 2,… , 8}. The determinant of Ω is 16.
There is always the decomposition of the absolute homology

𝐻1(𝒪) = 𝐻st
1 (𝒪)⊕𝐻(0)

1 (𝒪),

where𝐻st
1 (𝒪) the tautological plane spanned by the real and imaginary parts of

the implicit Abelian differential and 𝐻(0)
1 (𝒪) is the 6-dimensional orthogonal

complement (with respect to the intersection form) given by the zero-holonomy
subspace. The name “zero-holonomy" comes from the fact that the horizontal
and vertical displacement (with respect to the singular flatmetric) of the curves
are zero. Next section we justify the terminology of “tautological plane". In the
setting of our specific surface, it can be checked that with respect to the basis
{𝛾1,… , 𝛾8} we have

𝐻𝑠𝑡
1 (𝒪) = {2(𝛾1 + 𝛾3), 2(𝛾5 + 𝛾7)} and𝐻

(0)
1 (𝒪) = {𝜖1, 𝜖2, 𝜖3, 𝜖4, 𝜖5, 𝜖6}
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where

𝜖1 = −3𝛾1 + 𝛾3, 𝜖2 = −6𝛾1 − 3𝛾2 + 𝛾4,
𝜖3 = 𝛾1 − 𝛾2 + 𝛾5, 𝜖4 = −6𝛾1 + 3𝛾2 + 𝛾6,
𝜖5 = 3𝛾1 − 3𝛾2 + 𝛾7, 𝜖6 = 2𝛾1 − 3𝛾2 + 𝛾8.

4. Kontsevich–Zorich monodromy group of 𝒪
In this section, we compute the Kontsevich–Zorich monodromy group of 𝒪.

We define these terms and encourage the reader to see Matheus [13] for more
details. Let �̃� ∶ Af f (𝒪) → Sp(𝐻1(𝒪,ℝ)) denote the representation arising
from the action of the affine diffeomorphismsAff (𝒪) on the absolute homology
group𝐻1(𝒪,ℝ). By noting that the automorphism group of𝒪 is trivial, we can
(and do) identify Aff (𝒪) with the Veech group of 𝒪.
The representation �̃� arising from the homological action ofAff (𝒪) respects

this decomposition. In fact, the name “tautological" comes from the fact that
�̃�(𝑔) ∣𝐻𝑠𝑡

1
= 𝑔. Since the action of Aff (𝒪) is well understood on the tautological

plane, we restrict our analysis of the action ofAff (𝒪) to the zero-holonomy sub-
space. Let 𝛼 ∶ Af f (𝒪) → Sp(𝐻(0)

1 (𝒪)) denote this restriction. The Kontsevich–
Zorich monodromy group of 𝒪 is defined to be 𝛼(Af f (𝒪)).

Theorem 4.1. The Kontsevich-Zorichmonodromy group of𝒪 is generated by the
following two matrices:

𝛼(𝑇) =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 11 2 −6 7 5
0 −4 −1 3 −3 −2
0 −2 −1 3 −2 −3
0 −3 −1 3 −3 −3
0 2 0 −1 1 1
0 0 0 0 0 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

and 𝛼(𝑆) =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 1 −1 4 −3 −3
0 −1 0 0 0 0
1 6 2 −3 3 3
0 3 1 −3 3 3
1 0 −1 3 −2 −1
0 4 1 −3 3 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

Proof. SinceAff (𝒪) = SL(2,ℤ) = ⟨𝑇, 𝑆⟩, then it suffices to compute the image
𝛼(𝑇) and 𝛼(𝑆). To this end, we utilize the intersection form on the surface 𝒪.
See for example, the proof on page 12 of [6]. We first compute the homological
action of SL(2,ℤ) given by the representation �̃� and then restrict it to𝛼 = �̃�|𝐻(0)

1
.

We only compute �̃�(𝑇) and a similar argument works for �̃�(𝑆). Given a basis
curve of the absolute homology of𝒪, we consider the intersection pattern of this
curve after the application of �̃�(𝑇) against the basis {𝛾1,… , 𝛾8} of𝐻1(𝒪). By ex-
pressing �̃�(𝑇) as a linear combination of the basis and utilizing the intersection
form, we create a linear system of equations that we can solve.
For example, we compute �̃�(𝑇)𝛾2. The image is shown in Figure 3. The in-

tersection pattern of ⟨�̃�(𝑇)𝛾2, 𝛾𝑖⟩with the basis can be recorded with the vector
(0,−1,−1, 1,−2, 1, 0). We note that this requires using the relabeling map 𝜓
from Section 2. Now writing �̃�(𝑇)𝛾2 =

∑8
𝑖=1 𝑎𝑖𝛾𝑖 where 𝑎𝑖 ∈ ℝ and using the
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Figure 3. 𝛾2 (left) and �̃�(𝑇)𝛾2 (right)

intersection matrix Ω we get

⟨�̃�(𝑇)𝛾2, 𝛾𝑗⟩ =
⟨ 8∑

𝑖=1
𝑎𝑖𝛾𝑖, 𝛾𝑗

⟩
=

8∑

𝑖=1
𝑎𝑖⟨𝛾𝑖, 𝛾𝑗⟩ =

8∑

𝑖=1
𝑎𝑖Ω𝑖,𝑗.

Setting this equal to the vector (0,−1,−1, 1,−2, 1, 0) and solving the linear sys-
tem yields �̃�(𝑇)𝛾2 = −4𝛾1−2𝛾3+𝛾4+𝛾5+𝛾6. Doing this for all the basis curves
and doing a similar computation for �̃�(𝑆) shows that the homological is given
by:
�̃�(𝑇)𝛾1 = 𝛾1, �̃�(𝑆)𝛾1 = 𝛾2
�̃�(𝑇)𝛾2 = −4𝛾1 − 2𝛾3 + 𝛾4 + 𝛾5 + 𝛾6, 𝛼(𝑆)𝛾2 = 2𝛾1 + 𝛾3 − 𝛾5 − 𝛾6 + 𝛾7 − 𝛾8
�̃�(𝑇)𝛾3 = 𝛾3, �̃�(𝑆)𝛾3 = 𝛾1 − 𝛾2 + 𝛾3 + 𝛾5 + 𝛾7
�̃�(𝑇)𝛾4 = 7𝛾1 − 𝛾2 + 5𝛾3 − 𝛾4 + 𝛾5 + 2𝛾7, �̃�(𝑆)𝛾4 = 5𝛾1 + 4𝛾3 − 𝛾4 + 3𝛾5 + 3𝛾7 + 𝛾8,
�̃�(𝑇)𝛾5 = 𝛾2, �̃�(𝑆)𝛾5 = 𝛾5
�̃�(𝑇)𝛾6 = −𝛾7, �̃�(𝑆)𝛾6 = 𝛾3
�̃�(𝑇)𝛾7 = 𝛾1 − 𝛾2 + 𝛾3 + 𝛾5 + 𝛾7, �̃�(𝑆)𝛾7 = 𝛾7
�̃�(𝑇)𝛾8 = −𝛾1 − 𝛾3 + 𝛾4 + 𝛾7 − 𝛾8, �̃�(𝑆)𝛾8 = 𝛾1 + 𝛾2 + 2𝛾7 − 𝛾8.

Finally, using that the action on the zero-holonomy subspace is just the restric-
tion of the homological action, 𝛼 = �̃�|𝐻(0)

1
, we obtain the matrices in the state-

ment of the theorem with respect to the basis {𝜖1,… , 𝜖6}. □

5. Zariski denseness, arithmeticity, index, and congruence level
In this section, we verify the Zariski density and arithmeticity of the mon-

odromy group Γ = 𝛼(Aff(𝒪)) = ⟨𝛼(𝑇), 𝛼(𝑆)⟩ as well as record the index and
congruence level of the conjugate of a finite index subgroup of Γ. The Zariski
density will be verified using a criterion of Kany-Matheus [10] (bottom of page
2). The arithmeticity will be done by using a criterion of Singh–Venkataramana
[17] and explicated for origamis in [1] page 10. Their metacode uses 2-cylinder
decompositions which do not exist for our surface, so we apply a slight mod-
ification, see Remark 5.2. The index and congruence level is computed using
the computer software of Detinko–Flannery–Hulpke [3] and Kattler–Weitze-
Schmithüsen [12].
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Theorem 5.1. The monodromy group Γ is Zariski dense in Sp(6,ℝ).

Proof. According to Kany-Matheus [10], it suffices to find two elements𝐴 and
𝐵 in Sp(𝐻(0)

1 (𝒪)) such that:
(1) The matrix 𝐴 is a Galois-pinching. That is, a symplectic matrix whose

characteristic polynomial is irreducible over ℤ, splits over ℝ, and pos-
sesses the largest possible (hyperoctahedral) Galois group among recip-
rocal polynomials of degree 6;

(2) A non-trivial unipotent element 𝐵 such that (𝐵 − Id)(𝐻(0)
1 (𝒪)) is not a

Lagrangian subspace of𝐻(0)
1 (𝒪).

Let 𝐴 = 𝛼(𝑆)𝛼(𝑇)𝛼(𝑆)𝛼(𝑇)20 and 𝐵 = 𝛼(𝑇)6. The characteristic polynomial
of 𝐴 is

𝑓𝐴(𝑥) = 1 − 3𝑥 − 91𝑥2 − 262𝑥3 − 91𝑥4 − 3𝑥5 + 𝑥6.
Note that this polynomial is reciprocal: 𝑥6𝑓𝐴(𝑥−1) = 𝑓𝐴(𝑥). Additionally, it
splits overℝ and is irreducible overℤ. Moreover, the permutation group acts on
a set of cardinality 6, the order of the Galois group is precisely 24 ⋅3 = 48which
matches with the order of the hyperoctahedral group. That gives us condition
(1).
Now we turn our attention to 𝐵 = 𝛼(𝑇)6. The subspace (𝐵 − Id)(𝐻(0)

1 (𝒪)) is
1 dimensional. Yet, if (𝐵 − Id)(𝐻(0)

1 (𝒪)) is a Lagrangian subspace, then

dim((𝐵 − Id)(𝐻(0)
1 (𝒪))) =

dim(𝐻(0)
1 (𝒪))
2 = 6

2 = 3 ≠ 1.

Therefore, we have satisfied condition (2).
Together with the criterion, the monodromy Γ is Zariski dense in Sp(6,ℝ).

□

The Zariski-density provided by the above theorem, allows us to say more
about the Lyapunov spectrum. In particular, by the main theorem of Eskin-
Matheus, we conclude simplicity of the Lyapunov spectrum. That is, the spec-
trum is of the form

1 > 𝜆2 > 𝜆3 > 𝜆4 > 0 > −𝜆4 > −𝜆3 > −𝜆2 > −1.
Some numerical experiments with the surface_dynamics package [2] indicate
that

𝜆2 ∼ 0.531505241984150,
𝜆3 ∼ 0.277626450819842,
𝜆4 ∼ 0.191386026412578.

Remark 5.2. For arithmeticity, the article [1] used 2-cylinder decompositions of
their origami, but for our origami no such decomposition exists. Indeed, their are
4 cylinders in the horizontal direction and any other rational direction can be
moved to the horizontal using the action of the Veech group SL(2,ℤ). The more
relevant data for themetacode of [1] is that the homological dimension is 2, so that
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the associated Dehn multitwist 𝐶 will have a specific form. Namely, the image of
the restriction of 𝐶− Id to the zero holonomy part is a one-dimensional subspace.

Theorem 5.3. The monodromy group Γ is arithmetic.

Proof. Using themetacode of [1], it suffices to find 3 transvectionswith respect
to 3 rational directions of cylinder decomposition. Recall, by the argument
from Proposition 2.3, that in any rational direction there are two “long" cylin-
ders with homologous waist curves and two “short" cylinders with homologous
waist curves. We consider three rational directions indicated by the vectors
(1, 0), (0, 1), and (1, 2) and consider linear combinations of the waist curves so
that we are in the zero-holonomy subspace. The corresponding zero-holonomy
vectors of the rational directions (1, 0), (0, 1), and (1, 2) are 𝑤1 = 2𝛾3 − 6𝛾1,
𝑤2 = 2𝛾7 − 6𝛾5, and 𝑤3 = 2𝛼 − 6𝛽.
Recall the basis {𝜖1,… , 𝜖6} of zero-holonomy subspace from the end of Section

3. With respect to this basis, the curves chosen for the transvection are given
by 𝑤1 = 2𝜖1, 𝑤2 = 2𝜖5 − 6𝜖3, and 𝑤3 = −6𝜖1 + 12𝜖3 + 8𝜖4 − 4𝜖5 + 8𝜖6.
The transvections 𝐶𝑤𝑖 in the directions 𝑤𝑖 for 𝑖 = 1, 2, 3 act on the zero-

holonomy subspace are given by

𝐶𝑤1
(𝑋) = 𝑋 + 2⟨𝑋, 𝛾3⟩𝛾3 + 6⟨𝑋, 𝛾1⟩𝛾1,

𝐶𝑤2
(𝑋) = 𝑋 + 2⟨𝑋, 𝛾7⟩𝛾7 + 6⟨𝑋, 𝛾5⟩𝛾5,

𝐶𝑤3
(𝑋) = 𝑋 + 2⟨𝑋, 𝛼⟩𝛼 + 6⟨𝑋, 𝛽⟩𝛽.

Let 𝑒 be the annihilator of the subspace 𝑊 = spanℚ{𝑤1, 𝑤2, 𝑤3}. It can be
computed by the formula,

𝑒 = −
⟨𝑤3, 𝑤2⟩
⟨𝑤1, 𝑤2⟩

𝑤1 −
⟨𝑤3, 𝑤1⟩
⟨𝑤2, 𝑤1⟩

𝑤2 + 𝑤3 = −𝑤1 + 2𝑤2 + 𝑤3.

Then the transvections 𝐶𝑤𝑖 for 𝑖 = 1, 2, 3 with respect to the ordered basis
{𝑤1, 𝑤3, 𝑒} are

𝐶𝑤1
=
⎛
⎜
⎝

1 −12 0
0 1 0
0 0 1

⎞
⎟
⎠
, 𝐶𝑤2

=
⎛
⎜
⎝

0 −1 0
1 2 0
−1 −1 1

⎞
⎟
⎠
, 𝐶𝑤3

=
⎛
⎜
⎝

1 0 0
4 1 0
0 0 1

⎞
⎟
⎠
.

We find a non-trivial element in Sp(𝑊), by considering the word

𝐶𝑤1
𝐶𝑤2

𝐶−1𝑤1
𝐶−1𝑤2

𝐶3𝑤3
𝐶−1𝑤1

=
⎛
⎜
⎝

1 0 0
0 1 0
12 144 1

⎞
⎟
⎠
.

The metacode of [1] implies that Γ is arithmetic. □

We now explain the process of recording the index and congruence level of
Γ. See also Section 6.2 of [1]. Recall that our intersectionmatrixΩ has determi-
nant 16. Thus, we cannot conjugate Γ to a subgroup of Sp(6,ℤ). However, we
can pass to a specific finite index subgroup that is conjugate to a subgroup of
Sp(6,ℤ). These steps allow us to use the software of Detinko–Flannery–Hulpke



ARITHMETIC MONODROMY GROUP 1423

[3] and Kattler–Weitze-Schmithüsen [12]. We start this process now by chang-
ing our basis Ω to a more standard form. Let

Θ =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

0 −1 0 2 0 0
0 0 0 −1 0 0
0 0 1 1 1 0
0 0 0 0 0 −1
1 0 0 0 1 0
−1 4 0 2 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎠

so that Θ𝑡ΩΘ =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 1 0 0
0 0 0 0 4 0
0 0 0 0 0 1
−1 0 0 0 0 0
0 −4 0 0 0 0
0 0 −1 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

That is, Θ is a change of basis into a more standard from with respect to a basis
{𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6}. Let Γ′ = Θ−1ΓΘ. By passing to the sublattice with basis
{4𝑏1, 𝑏2, 4𝑏3, 𝑏4, 𝑏5, 𝑏6} and using the software of Kattler–Weitze-Schmithüsen
[12], we obtain an index 288 subgroup of Γ′ that can be conjugated to the stan-
dard symplectic group. Applying the software of Detinko–Flannery–Hulpke [3]
yields the congruence level 64 and the index 4156153952993280 in Sp(6,ℤ).
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