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Orientation reversing finite non-abelian
actions on RP3 which respect a
Heegaard decomposition
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ABSTRACT. We classify, up to equivalence, the orientation-reversing finite
non-abelian actions on RP* which respect a genus 1 Heegaard decomposi-
tion. A description is given for each action along with its quotient type. There
are seven different quotient types, and for each quotient type there is only one
equivalence class. Examples are given of non-abelian actions which do not
respect a genus 1 Heegaard decomposition.
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1. Introduction

The symmetries of manifolds are frequently studied in low-dimensional topol-
ogy, and one of the fundamental problems concerning symmetries is to classify
all the group actions on a given manifold up to equivalence. The following is
a list of some of the papers which deal with these questions: [BM84], [KM91],
[KMO03], [KO18], [KO21a], [KO22], and [Zim19]. The classification (up to con-
jugation) for symmetries of the orientable and non-orientable 3-dimensional
handlebodies of genus one is obtained in [KM91], and in [KO18] a similar
classification is obtained for I-bundles over the projective space. For a lens
space L(p,q) where p > 2, a complete classification of finite group actions
which preserve a genus 1 Heegaard decomposition is obtained in [KMO03] by
restricting the action to an invariant Heegaard torus. If p = 1 or 2, then an
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action on L(p, q) may contain an element which when restricted to two dif-
ferent invariant Heegaard tori are not equivalent (See Examples on page 28 in
[KMO3]). For orientation reversing actions, it is known that the 3-sphere and
RP? are the only 3-dimensional lens spaces which admit orientation-reversing
PL maps of period 4k where k > 1 (see [Kim77]). If M is an elliptic 3-manifold
which is not a lens space, then by [NR78] (pp. 188-190), M does not admit
an orientation-reversing homeomorphism. Furthermore, no lens space other
than the 3-sphere S* and RP? admits an orientation-reversing involution by
[Kwu70]. When g?> = —1 (mod p), the lens space L(p, q) admits orientation
reversing actions. These were classified in [KM08] when p > 2 and the action
leaves a Heegaard torus invariant whose sides are exchanged by an orientation-
reversing element. In [KO22], a classification is given when p = 2 for the
orientation-reversing abelian actions on RP3. In [Zim96] and [Zim20], it was
indicated that closed 3-manifolds have equivariant genus g Heegaard splittings
where strong genus g-actions and maximal order groups are studied.

In this paper, continuing the study for p = 2, we consider the orientation-
reversing non-abelian actions on the three-dimensional projective space RP3 =
L(2,1) which preserves a genus 1 Heegaard decomposition. We are able to clas-
sify, up to equivalence, these actions and compute their quotient spaces. There
are seven different quotient types and an explicit construction is given for each
Standard Quotient Type i Non-Abelian Action (1 < i < 7), representing each
equivalence class. In the last section of the paper, we give examples of actions
on RP3 which do not preserve a genus 1 Heegaard decomposition. We remark
that RP3 is an elliptic 3-manifold with a geometric structure, and we may as-
sume by [DL09] Theorem E, which follows from Perelman’s results in [Per02],
[Per03a], [Per03b], that a finite action on RIP3 acts as a group of isometries. We
work in the PL category.

We will view RP3 = L(2, 1) as follows: Parameterize the unit disk D? as {z €
C | ||z|| £ 1} with boundary S*. Let V; be the solid torus S! x D? for i = 1,2 and
define a homeomorphism «a : 9V, — 9V, by a(u,v) = (u~1v?,v) for (u,v) €
dV;. Identifying 8V, to dV, via a, we obtain RP? = V; U, V, which is the lens
space L(2,1). We note that RP3 is isomorphic to the special orthogonal group
SO(3), and refer to [Hal03] for details.

A G-action on a manifold M is a monomorphism ¢ : G — Homeop; (M),
where the set Homeop; (M) is the group of PL-homeomorphisms of M. Two
G-actions ¢ and ¥ are equivalent if their images are conjugate in Homeop; (M).
When G is finite the quotient space is an orbifold which we denote by M /p. We
will always assume G is finite.

Letp : G — Homeop; (RP?) be an orientation-reversing non-abelian action
which preserves a genus 1 Heegaard splitting V; U, V,. Restricting this action to
each invariant solid torus V; determines an orbifold quotient V; /¢ whose Euler
number is zero. A complete list of all the handlebody orbifolds whose Euler
number is zero is given in [KM91]. For any positive integer n, the orientable
orbifolds are denoted by (A0, n) and (B0, n), while the non-orientable ones are
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denoted by (A1, n),..., (A3,n), (B1,n),..., (B8,n). If X and Y are any of these
non-orientable orbifolds having homeomorphic boundaries, and § : X — dY
is a homeomorphism, denote by O:(X,Y) or X U Y the orbifold obtained by
identifying dX to dY via £. The orbifolds in the main theorem are obtained by
identifying the boundaries of the non-orientable orbifolds via explicitly defined
homeomorphisms h; from [KO21b]. If two groups G, and G, are isomorphic
we may write G; = G,. For a group H, we use the notation “/ ~” to indicate
that a pair of elements in the group have been identified, thus adding a new
relation to the presentation and denoting its quotient group by H/ ~. If two
orbifolds O; and O, are homeomorphic we may write O; ~ O,.

The main result of our paper is the following theorem, where the presenta-
tion of each of these groups may be found in Section 5.

Theorem 5.1. Let ¢ : G — Homeop; (RP?) be an orientation-reversing finite
non-abelian action which preserves a genus 1 Heegaard decomposition. Then one
of the following cases is true where G is isomorphic to G; for1 <i <7 :

1) G =(Z,0_1Z,,)/ ~, where n and m are even and
RP3 /¢ ~ 0y, ((A1,n),(B5, m)).

2) G, = Dih(Z,)oZ,,/ ~ if n and m are even, or G, = Z,,0_17Z,,, if n and
m are both odd, and

RP? /¢ ~ 0y, (A3, n), (B4, m))

in both cases.
3) Gy = Dik(Z,) X Z,,/ ~, where n > 2, m are even and

RP? /¢ ~ 0y, ((A2,n), (B3, m)).

4) Gy =(Z,0_1Z5,)0Z,/ ~, where n and m are even and
RP?/p ~ Oy, ((B2,n), (B2, m)).

5) Gs = Dih(Z,) X Dih(Z,,)/ ~, where n and m are even and
RP3 /¢ ~ 0,,((B6, n), (B6, m)).

6) G¢ = Dih(Z,,)oDih(Z,,)/ ~, where m = n(mod 2) and
RP?/¢ ~ Oy, ((B7, 1), (B7, m)).

7) G; = Z,0Dih(Z,,,)/ ~, where m and n are even and
RP? /¢ ~ Oy, ((B1,n), (B8, m)).

Furthermore, in each individual case i), where 1 < i < 7, ¢ is equivalent to ¢;, the
Standard Quotient Type i Non-Abelian Action.

The arguments used in the proof of this theorem involve listing, up to home-
omorphism, the orbifolds having Euler number zero Heegaard decomposition
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which have a finite fundamental group (These are listed in items 1-7 of the the-
orem.), and identifying the Z,-normal subgroups for which the covering corre-
sponding to these groups is RP3. Next, finite groups acting on RP? are explicitly
constructed yielding the appropriate quotient space and Z,-normal subgroup.

The paper is organized as follows. Section 2 is devoted to some introduc-
tory remarks and definitions concerning orbifolds and Heegaard decomposi-
tion into orbifolds having Euler number zero. Section 3 is devoted to describing
the Standard Quotient Type i Non-Abelian Action for 1 < i < 7 on RP? together
with their quotient types. We show that for each quotient type, there is only
one action up to equivalence. In Section 4, we prove our main result by using
the results in Section 3. Examples are given in Section 5 of G-actions on RP3,
both orientation preserving and reversing, which do not preserve a genus 1 Hee-
gaard decomposition. They do, however, leave a one-sided (Heegaard surface)
projective plane invariant.

The authors sincerely thank the referee for helpful comments and sugges-
tions.

2. Orbifolds preliminaries and Heegaard decompositions

In this section, we give brief preliminary remarks about orbifolds and non-
orientable orbifolds having Euler number zero Heegaard decompositions. We
also list which of the orbifolds having Euler number zero Heegaard decompo-
sition have finite fundamental groups in Theorem 2.1.

Satake introduced orbifolds in [Sat56] and [Sat57], and Thurston developed
the topic more fully in [Thu78]. For more details, we refer the reader to the
following references: M. Yokoyama [Yok16]; M. Boileau, S. Maillot and J. Porti
[BMPO03]; S. Choi [Cho00]; W. Dunbar [Dun88]; D. Cooper, C. Hodgson and S.
Kerckhoff [CHK12].

A space which is locally modeled as the quotient space of R” by a finite linear
group is called an orbifold. More specifically, consider (U, G) where U C R" is
homeomorphic to an open n-ball and G is a finite group of self-diffeomorphisms
on U. Let U = U/G be the quotient space, which is called a local model, and
v : U — U denote the quotient map. If G; is the stabilizer for any X € U
and G; # 1, then v(%) is called an singular point in U; it may be labelled with
the order of G;. An orbifold map 1 between local models U and U’ consists
of a pair (,y), where 9 : U — U’ isasmoothmapandy : G - G'isa
group homomorphism such that ﬁ(g(ic)) = y(g)a(fc) forallx € U,g € G and
V1§ = 1v. An orbifold is a space which consists of local models glued together
by orbifold maps. The set of singular points is referred to as the exceptional set
or the singular locus. An orbifold O with boundary 00 is defined similarly by
replacing R" with the closed half space R’} to obtain local models for x € 00.
Suppose M is an n-manifold and G is a group of diffeomorphisms which acts
properly discontinuously on M, which means that for any compact subset K C
M theset{g € G | g(K)NK # @} is finite. Under these assumptions the quotient
space M /G is an orbifold. The orbifolds (A0, n) and (B0, n), defined below,
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are good examples of 3-dimensional orbifolds with Euler number zero. These
orbifolds will cover all non-orientable orbifolds used in the genus 1 Heegaard
decomposition.

An orbifold handlebody O is formed by gluing together orbifold 0-handles
(3-orbifolds covered by the 3-ball B*) and orbifold 1-handles (products with 2-
orbifolds covered by the disk D?) so that the singular points of the same type
are identified. See [KM91] for more details. If the handlebody orbifold is ori-
entable, then the underlying space is a handlebody. When there is a n-sheeted

covering space H — O where H is a handlebody, then the Euler number y(O)

=1 x(H). Interested readers can check D. Cooper, C. Hodgson and S. Kerck-

n

hoff in [CHK12] regarding the Euler number. An Euler number 1 — g Heegaard
decomposition of an orbifold O is an ordered triple (£,0,,0,) whereZ C Oisa
closed 2-orbifold, O; is an orbifold handlebody having Euler number 1 —g, ¥ =
00; =0,Nn0,and O = 0; U O,.

We will be concerned with Euler number zero Heegaard decompositions
where the orbifolds O;, fori = 1, 2, will come from the list of the non-orientable
orbifolds covered by (A0, n) and (B0, n). See [KM91] for more details. We now
describe the orbifolds (A0, n) and (BO, n).

Let V = S! x D? denote the solid torus, and define a Z,-action on V by

2mi
h(u,v) = (u,ve » ). The orbifold quotient space V /{h) is denoted by V(n) or
(A0, n). The quotient space is a solid torus containing a core consisting of sin-
gular points of order n (See Figure 1).

(A0, n)
Figure 1

The orbifold fundamental group is 7 (V(n)) = (L, my | [}, my] = m"

1 =D«
ZXZ,.

Next, we consider amap 7 : V(n) — V(n) defined by 7(u, v) = (u, v), which
is an involution. The orbifold V(n)/(r) is denoted by (B0, n). Its underlying
space is a 3-ball which has an exceptional set consisting of an embedded tree
with five edges, one edge labeled with n and the other four edges each labeled
with 2. The boundary is a Conway sphere with four cone points of order 2 (See
Figure 2).
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N N
(B0, n)
Figure 2

We obtain a covering map v : V(n) — (B0,n) = V(n)/(r) giving a split exact
sequence

1 - mV(n) - m((BO,n)) > Z, - 1.

Let v,(l;) = l and v,(m;) = m. Since 7 inverts both generators of 7;(V(n)), we
obtain the following fundamental groups:

m((BO,n)) ={,m,t | [Lm] = m" =t = L,tlt™ = I"}, tmt™' = m™) =
Dih(Z x Z,))

and 7,(6(BO,n)) = (I,m,t | [I,m] = 2 = L,tlt™! = 7}, tmt™! = m™1) =
Dih(Z x Z).

It follows that (A0, n) will double cover the non-orientable orbifolds (A1, n),
(A2,n),(A3,n),(B3,n), (B4,n),and (B5, n); and the orbifold (B0, n) will double
cover the non-orientable orbifolds (B1, n), (B2, n), (B6, n), (B7,n), (B8, n). Fur-
thermore, these orbifolds are described along with their fundamental groups in
[KM91], [KO21b] and [KO22].

Recall that the notation Og(X,Y) or X Ug Y is used to denote the orbifold
obtained by identifying X to dY via a homeomorphism § : X — dY, where
X, Y will come from the list of non-orientable orbifolds whose boundaries are
homeomorphic, and the gluing map £ = h; for 1 < i < 7 defined in [KO21b].
For groups A and B, we adopt the notation AoB to indicate the semidirect prod-
uct A X B, and use Ao_, B to represent the specific action bab~! = a™! for every
a € Aand b € B. Thus the dihedral group Dih(Z,,) may be written by Z,;0_,Z,.
Moreover, from [KO21b], we have the following theorem:

Theorem 2.1. Let X and Y be any of the orbifolds
(Ala l’l), ) (A3s n)’ (Bls I’l), ) (BS’ n),

andlet§ : 0X — dY bea homeomorphism. If t1(0¢(X,Y)) isfinite, then O¢(X,Y)
is homeomorphic to one of the orbifolds listed in the following table with the cor-
responding fundamental group.
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Orbifolds Fundamental Group
0. (A1, n), (B5, m)) @b|a>=b% A = b = (ba ) = 1) = Zpo_1 7,
0,,,((A3,n),(B4,m))| (a,b,cla® =b>=c? =1,bab ' =a1,cac™? = a1, cbc™! = ba) = Dih(Z,,)0Z,,,
0,,.((A2,n), (B3, m)) (a,b,c|[a,b] =[a,c] =1,a™ =b" =c2 =1,cbc’t = b~ 1) = Dih(Z,) X Z,,,
O, ((B2,n), (B2, m)) {a,b|a® =b>=1,ba’b™! = a2,(ab)*" = 1) = (Z,0_1Z3p)0Z,

05, ((B6,n), (B6,m)) {a, b,c,d |2 = b2 = ¢ = (be)" = & = (ad)™ = 1,{a,d} < {b,c}) = Dih(Z,) X Dih(Z,,)

01, (B7,n),(B7,m))| {a,b,cla’ = b” = (ab lab)” = ¢ = L,a < {b%,¢},b° = b 1) = Dih(Z,,)oDih(Z,,)

O, ((B1,n),(B8, m)) (a,b,c|a” =b>=c?>=1,bab T =a1,[a,c] = 1,(chb)*™ = 1) = Z,,0Dih(Z,,,)

Notation: x¥ = yxy~!, and if x and y commute we write x < y

3. Standard orientation reversing non-Abelian actions on RP?

In this section, we will define some standard orientation reversing non-abelian
actions on RP3. In addition, we calculate the quotient spaces of these actions.
These actions will be sorted by their quotient types, Quotient Type i for 1 <
i <7. A standard action with Quotient Type i will be called the Standard Quo-
tient Type i Non-Abelian Action. Since the later cases are similar to the previous
cases, some of the details will be omitted. We will begin each quotient type with
a brief description of its Euler zero Heegaard decomposition into two orbifolds
which are finitely covered by a solid torus. Details may be found in [KO21b]
and [KO22].

Quotient Type 1: Orbifold (A1,n) Uy, (B5,m)
Orbifold (A1, n):

Define maps a, b : RxD? — RxD? as follows: a(t,v) = (t— %, v)and b(t,v)

2mi

=(t— %, ven ). The orbifold (A1, n) = Rx D?/{a, b) and its fundamental group
is
m((A1,n)) =(a,b | a* = b* (ab™)" = 1)
=(ba~")o_i(a) = Z,0_,Z.

The orbifold (A1, n) is a solid Klein bottle with a simple closed curve core of
singular points of order n whose boundary d(A1, n) is a Klein bottle.

Orbifold (B5, m):

—7i

Letx,y : RxD? — RxD?be maps defined by x(t, v) = (—t, ve = )and y(t, v)

=(-t+1, ve_Tm). The orbifold (B5,m) = R x D?/{x,y) and its fundamental
group is
m((B5,m)) = (x,y | x* = y?, x" = y?" =1).
The boundary d(B5, m) is a Klein bottle.
Orbifold Oy ((A1, n), (B5, m)):

There is a homeomorphism h; : d(Al,n) — 9(B5, m) inducing an isomor-
phism which identifies a with x and b with y. This follows from [KO21b] and
[KO22]. When we identify (A1, n) to d(B5, m) via h;, we obtain the orbifold
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Op,((A1,n),(B5, m)), and its orbifold fundamental group is
71(0p, ((A1, n),(B5,m))) = (a,b | a’? = b%,a? = p* = (ba )" = 1)

= (ba™")o_i{a) = Z,0_1Zyp.
We note that both a and b are orientation reversing elements.
Proposition 3.1. Let H be an orientable normal subgroup of

71(0p, (A1, ), (B5,m))) = Z,0_1Zyp
that is isomorphic to Z,, and let
Q = 7,04, (AL, n), (BS, m)))/H

be the quotient group. Let w = ba™!, and suppose Q is not abelian. Then one of
the following is true:

1) n > 2 and m are both even, H = (w2 a™), and

n

L=whw'=a?=1w2a" =1)/ ~= (Z,0_1Z)/] ~ -

Q =(w,a|awa”
2) n>2and miseven, H={(a™), and

Q=(w,a|lawa ! =wHw*=1,a"=1)=Z,0_,7Z,,.

3) n>4iseven, H = (w:z), and

Q=(w,a|awalt=w"!

, w2 = a*m = 1)=Zno_1Z,,,.
2
Proof. If w =ba~!, we may write H = (w*a’) where 0 < s < nando < t < 2m.
Note that n > 2, otherwise Q is abelian.
Assume first that s and ¢ are both non-zero. Since H is normal, w’a! =

a(w’a)a! = w™sa!, which implies w* = lors = g Note that 1 = (w2a')? =

a®, for either t even or odd. This implies t = m, and thus H = (w2a™). Sup-
pose misodd. Thenwza™ =w(wz2a™)w! = wa T gmp-1g-mgm = G Pgm,
This implies w? = 1, and thus n = 2. This implies 71(0p, (A1, n),(B5,m))) =

Z,0_1Z,,, which is abelian and ruling out this case. This implies m is even

and Q = (w,a | awa™ = wHw" = a® = 1l,w2a™ = 1) = (Z,0_1Z4,)/ ~.
Since Q is not abelian, we must have n > 2.

Suppose s = 0 and t # 0. It follows that H = (a™). If m is odd, then o™ =
wa™w™! = w?a™. This implies n = 2 again giving an abelian quotient Q. Thus
mmustbeevenand Q = (w,a |awa™! =w L,w*=1,a" =1) = Zyo_1Zy.

Finally, assume s # 0 and ¢t = 0. It follows that s = % and H = (a2). Fur-

n

thermore, Q = (w,a | awa ™! =w w2 =a?" =1)=Zro_,Z,,,. O
2
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Standard Quotient Type 1 Non-Abelian Action

Let n and s be positive integers with n even. Recall that w = ba™!. Consider
the subgroup N = (wgazs). Now N < 7;((A1, n)), which is isomorphic to Z,
and wgazs(t, v) = (t —s,—v). There is a covering map p : RxD? - RxD?/N

2mit mit

= V,, where V, is a solid torus S! x D?, defined by p(t,v) = (e s ,ve’s ). The

induced maps a;, w; : V; — V; are deﬁned by a;(u,v) = (ue s uve_z_s) and
Zm

w;(u,v) = (u,ve » ). We note that w2 25 = 1. The group generated by w; and
a, is denoted by G; and
Gy =(wy,a | alwlal w1 Wi = a4 =1,w
= (wy)o1{a))/ ~ = (Zno—lz4s)/ ~.

Note that V, /G, = (A1, n).

Recall that RP? =V, U, V, where a : dV; — dV, by a(u,v) = (u~'v?,v) for
(u,v) € dV,. We will show that w, and a, extend over V,, thus extending G,
over L(2,1) and that V,/G; = (B5, 2s).

2 4ri Zm‘
Now aw;a '(u,v) = aw,(u"1v?,v) = a(u=v?, ve ) = (uen ,ven ). We

. *7{1 *71'1

=ols

a® =1)

alsohave aa;a ' (u,v) = aa;(u™'v?,v)) =a(u v?es ,u~lve s )= (u,uve = ).

Thus, these maps extend to V,, and so we define w; and a; on V, by w;(u,v) =

4mi 2mi —mi

(ue n ,ve n )and a;(u,v) = (u,uve ).
To compute the quotient, since wf (u,v) = (u, —v), we obtain a covering map
p1 - Va = Vy/{wy) = V,(2) defined by py(u,v) = (u2, uﬁz). The induced

map a, : V,(2) = V,(2) is defined by a,(u,v) = (u,ves). Let p, : V,(2) -
V,(2)/ (ag) = V,(2s). The induced map a; : V,(2s) — V,(2s) is defined by
az(u,v) = (u, —v). Clearly, V,(2s) /{a3) = (B5, 2s). Thisshows V', /G, = (B5, 2s).
Let m = 2s.
Summarizing the results above, define homeomorphisms w; and a; on RP?
as follows:
2mi
(u,ven), if (u,v) € vV,
o) =1 e
(ue » ,vern), if(u,v) €V,

—2mi —mi
(ue m ,uven ), if(u,v)€eV;
a1(u, v) = —zi
(u, uve m ), if (u,v) € V,.
The group generated by w, and a; is G;. This defines an action ¢, : -

Homeop, (RP?) such that the quotient space RP*/¢; = (A1, n) Uy, (BS5, 2s)
Ohg((Al,n),(BS,m)) for some homeomorphism h; 0(Al,n) — a(BS m). It
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follows by Lemma 21 in [KO21b], that Ohg((Al, n), (B5,m)) is homeomorphic
to Oy, ((A1, n), (B5, m)). Composing with a fixed homeomorphism, fix a cover-
ingmap v; : RP3 — Op,((A1,n),(B5, m)) and note that ¢,(G;) is the group
of covering translations. We call ¢; a Standard Quotient Type 1 Non-Abelian
Action on RP? with quotient type On, (A1, n),(B5, m)).

Proposition 3.2. Letv : RP? — Op,((A1,n),(B5,m)) be a regular cover-
ing map such that m,(0p, ((A1, n), (B3, m)))/v. (71 (RP?)) is not abelian. Then

v, (1 (RP?)) = (w2a™) and n > 2 and m are both even.

Proof. Let v, (7;(RP?)) = H be a subgroup of 71(0p, ((A1, n), (B5, m))). We
will show that cases 2) and 3) in Proposition 3.1 cannot happen. Suppose H
= (a"™) where m is even. Now a™ is identified with x™, which on the uni-
versal covering space of (B5,m) is defined by x"(¢,v) = (¢, —v). Since x" €
7,((B5, m)) has a fixed point, it follows by Corollary 5.2 in [KO22] that the cov-
ering corresponding to (a™) is not a manifold. Similarly, if H = (w2 ), then w2
acts on the universal covering space of (A1, n) by wz(t,v) = (t, —v), which is
not fixed-point free. Again applying Corollary 5.2 in [KO22] the covering cor-

responding to (w?) is not a manifold. O

Theorem 3.3. Let ¢ : G — Homeop (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ is homeomorphic to Oy, ((A1,n),(B5,m)). Then
n > 2 and m are both even and the following is true:

1) G is isomorphic to G; = (wy, a; | alwlal‘1 =w a
1) = (wy)o_(ar))/ ~ = (Zyo_1Zp)/ ~.
2) The action ¢ is conjugate to ¢, the Standard Quotient Type 1 Non-Abelian

Action.

m
1

Proof. ¢ : G — Homeop; (RP?) be a finite non-abelian action and RP3 /¢ an
orbifold homeomorphic to Oy, ((A1, n), (B5, m)). Choosing a fixed homeomor-
phism, we obtain a covering v : RP3 — Op, ((A1,n),(B5, m)) where ¢(G) is
the group of covering translations. By Proposition 3.2, v, (7;(RP?)) = (w2 a™)

= v,(m1(RP?)) and n > 2 and m are both even. This implies that v lifts to a
homeomorphism k of RP? so that the following diagram commutes.

k
RP3 —_— RP3

|» [

04 (A1, 1), (BS, m)) —— Oy (A1, n), (BS, m))

For any z € RP? and any ¢(g) for g € G, we have v,(kp(g)k™1)(z) =
vp(g)k~(z) = vk~1(z) = v1(2). Thus ke(g)k™! is a covering translation for
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v; : RP? - 0y,((A1,n),(B5,m)), showing ko(G)k™' = ¢;(G;), proving the
result. O

Quotient Type 2: Orbifold (A3, n) Uy, (B4, m)
Orbifold (A3, n):
The universal covering space of (A3, n) is R x D2, and the covering transfor-

27mi

mation maps a, b, c on R x D? are defined as follows: a(t, v) = (t,ve ™ ), b(t,v)

=(t,0) and c(t,v) = (¢t + %,Ue_T). The orbifold (A3,n) = R x D?/{a,b,c). A
computation shows the following: cac™' = a~!,cbc™! = ba,bab ! =a™!,a" =
b? = 1. Hence the fundamental group is

m1((A3,n)) =(a,b,c|a® =b*=1,bab™! =a',cac™ = a=!,chc™! = ba)
=(Z,012Z,)0Z.
Orbifold (B4, m):
The covering translations on the universal covering space R x D? of (B4, m)

2mi 2mit
are defined as follows: x(t,v) = (t+1,v), y(t,v) =(t,vem ), z(t,v) = (—t,ve = ).
The orbifold (B4, m) = R x D?/{x, y, z) and the fundamental group

1

(B4, m))=(x,y,z | [x,y] =1L, y" =z =1, zxz ' = x7ly,zyz"t = y)

=(Z X Z,)oZ,.
Orbifold Oy,,((A3, n), (B4, m)):

There is a homeomorphism h, : d(A3,n) — d(B4, m) inducing an isomor-
phism which makes the following identifications: b=z, ba = x2yz,c=zxand
c? = y. This follows from [KO21b] and [KO22]. Thus, the orbifold fundamental
group 71(0y,((A3, n), (B4, m))) is

(a,b,c|a”=b?>=c*"=1,bab™! =a!,cac’! = a~!,cbc™! = ba)
= ({(a)o_1(b))o{c) = Dih(Z,)o0Z,,,.

The elements b and c are orientation reversing elements in the fundamental
group.

Proposition 3.4. Let H be an orientable normal subgroup of the fundamental
group 71(0p,,((A3, n), (B4, m))), which is isomorphic to Z,, and let

Q = m1(0,((A3, n), (B4, m)))/H
be the quotient group. If Q is not abelian, then one of the following is true:
1) miseven, H = {c™), and

Q={a,b,c|a"=b*=c*=1,bab'=a',cac! =a},chbc™! =ba,c™ =1)
= (Z,012,)0Z .
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2) n>4iseven, H={az), and

Q={a,b,c|a*=b*=c*=1,bab ' =a',cac =a!,cbc™! =ba,az =1)
= (250—122)022%

3) m and n are both even, H ={azc™), and

Q={a,b,c|la*=b>=c*=1,bab' =a ', cac™! =a',cbc™ = ba,azc™ =1)
= (Zno—lzZ)OZZm/ ~ .
n—-1
4) m>1andn > 3arebothodd, H={a 2 bc™), and
n-1
Q={a,b,c|a*=b*>=1,bab ' =at,cac! =al,cbc’! =ba,a2 bc™ =1)
= Zpo1Zom-

Proof. Recall that cac™ = a1, cbe™! = ba and c? commutes with both a and

b. As the orbifold fundamental group is a semi-direct product, we may write H
={a*bc') where0 < s <n,e=0or1l,and 0 <t < 2m.

We first assume € = 0, and so H = (a®c'). Since H is normal, a’c! = ca’c'c™
= a~%¢!, which indicates a® = 1. Observe that this implies 1 = (a’c’)? = ¢*
whether ¢ is either even or odd. There are three cases to consider depending on
the values of s and t.

Suppose s = 0, and therefore t # 0 and H = {c'). Since ¢* = 1, it follows that
t = mand H =(c™). If mis odd, then bc"b~! = ac™, contradicting normality. If
m is even, then H = (¢") is normal and condition 1) of the proposition satisfied.

Assume t = 0, and so s #nO and n # 1. ljurthermore, since a® = 1, it

1

follows that s = g and H = (az). Now H = (a2), showing condition 2) of the
proposition.

Next, we assume s # 0 and t # 0, and therefore n # 1. Since a®* = 1
and ¢* = 1, it follows that H = (a2¢™). By normality if m is odd, azc™ =
b(azc™b™! = a2ac™, which implies a = 1 giving a contradiction. Thus, m is
even, and it follows that H = (azc™) is a normal subgroup proving condition
3) in the proposition.

Finally, assume ¢ = 1 and H = (a’hc'). An argument similar to the above

n—1

shows that H = (a?bc’") where m and n are bothoddand Q =Z,0_,7,,,. O

Standard O.R. Quotient Type 2 Non-Abelian Action

Let n and m be positive integers. Consider the subgroup N = ((bc)"c™™")
of 7,((A3, n)). It follows that N < 7,((A3, n)) if m = n(mod 2). A calculation
shows (bc)*c™"(t,v) = (t + % —v). Iif w = (bc)"c™ ™", then w is a fixed-point
free Z-action on R x D? with quotient space a solid torus V;. A computation
shows the following:
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n

B azc™, if n and m are both even.
(be)*c™™ =1 w
a 2 bc™, ifnand m are both odd.

Let p : Rx D? - R x D?/{w) = V; be a covering defined by p(t,v) =

4rit 2mit

(e m ,ve m ). The induced maps a;, by, ¢; : V; — V; are defined as follows:

2mi 2mi i —mi
a,(u,v) = (u,ve n ), by(u,v) = (u,uv), ¢;(u,v) = (ue m ,uveme » ). The group
generated by a;, b; and ¢, is denoted by G, and

G2 = <a1,b1,cllaT = b% = C%m = [al,cl] = (blcl)nC;n_n = 1,b1a1b1_1 =
al_l,clblcl_l = b1a1>
= ((ap)yo_1(b1)o{c1)/ ~ = (Zpo_1Z5)0Z [ ~.

Note that V, /G, = (A3, n).
We shall see that ay, b; and ¢, extend over V,, thus extending G, over L(2,1)
= Vi Uy V, and that V,/G, = (B4,m). Now aa;a'(u,v) =

n) = (uen,ven ). Similar computations show

—27i mi -

aa;(u'v?,v) = a(u=v?, ve

ab;a™'(u,v) = (u,uv) and ac;a ' (u,v) = (ue = ,uveme n» ). Note that these

4rmi 2mi

maps extend to V, and so we define a;, b; and ¢; on V, by a,(u, v) = (ue » ,ve r ),
—2mi mi -7
by(u,v) = (u,uv) and ¢;(u,v) = (ue » ,uveme » ). A computation shows that

27i w7
(bic1)(u,v) = (ue » ,vemen).

We will need to consider two cases, whether n and m are both even or both
odd.

Suppose n and m are both even. In this case, the quotient space V,/{a;)
is an orbifold whose underlying space is a solid torus having a core of singu-
lar points of order 2. We obtain a covering map p; : V, — V,/{a;) = V,(2)
defined by p,(u,v) = (u?2, uﬁz). Let b, and c, be the induced maps on V,(2).

2 11 1 1

- 2 -
Since p;(un,unv?) = (u,v), it follows that (b,c,)(u,v) = p;(byc;)(un,unv?)
2 27 1 1o —2mi .

= py(une n ,unv2emen) = (—u,ve = ). Similarly, b,(u,v) = (u,v). Let p, :
V,(2) — V,(2)/(byc,) = V,(m) be the covering map defined by p,(u,v) =
(u?,uv2). Letting by : V,(m) — V,(m) be the induced map, we see that
bs;(u,v) = (u,uv). It follows that V,(m)/(bs;) = (B4, m).

When n and m are both odd, the case is similar to the preceding one, and so
we give a brief outline. The map a, is fixed-point free, and so we obtain a man-

ifold covering p; : V, = V,/(a;) = V,(1) defined by p;(u,v) = (u”,u% V).
If b, and c, are the induced maps on V,(1), then (byc;) : V(1) — V,(1) is

defined by (b,c,)(u,v) = (u, —veg). The map b,(u, v) = (u, uv). The covering
map p, : V,(1) = V5(1)/{(byc,)) = V,(m) is defined by p,(u, v) = (u,v™). The
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induced map b; on V,(m) is defined by b;(u,v) = (u, Emv). Since the home-

—-m+1
omorphism f of V,(m) defined by f(u,v) = (u,u > v) has the property that
fbsf~t(u,v) = (u,uv), it follows that V,(m)/(b;) = (B4, m).
Summarizing the above results, we define homeomorphisms a,, b; and c;
on RP? as follows:

27i

(u,ven), if (u,v) € V;
a1(U, V) = 4mi 2

(uen ,ven), if(u,v)e€V,

(u,uv), if(u,v) eV,

bi(u,v) =4 _ _ .
1w 0) (u,uv), if(u,v) €V,
wio_omoom
(uem ,uveme n ), if(u,v)eV;
cl(u’ U) = —2mi i —mi

(ue » ,uveme ), if(u,v)€V,.

Thusif m = n(mod 2), the group generated by a,, b, and ¢, is G,. This defines
an action ¢, : G, - Homeop, (RP?) such that RP3 /¢, = (43, n) Up, (B4,m) =
Oh;((A3, n), (B4, m)) for some homeomorphism h; 1 8(A3,n) — 0(B4,m). It
follows by Lemma 23 in [KO21b] that Oh;((A3, n), (B4, m)) is homeomorphic
to Op,,((A3, n), (B4, m)). Composing with a fixed homeomorphism, fix a cover-
ing map v, : RP3 — Op,((A3,n), (B4, m)) and note that ¢,(G,) is the group
of covering translations. We call ¢, a Standard Quotient Type 2 Non-Abelian
Action on RP? with quotient type orbifold Op,((A3,n), (B4, m)).

Proposition 3.5. Letv : RP3 — Op,,((A3,n), (B4, m)) be a regular covering
map such that 7,(0y,((A3, n), (B4, m))) /v, (r,(RP?)) is not abelian and suppose
m = n(mod 2). Then v, ((RP?)) = ((byc;)"c]*™").

Proof. Ifv : RP? —» RP3/¢p = Op,((A3,n), (B4, m)) is the covering map, then
v,(m,(RP3)) = H is a Z, normal subgroup of 71(0p,((A3, n), (B4, m))). We will
show that cases 1) and 2) of Proposition 3.4 can be excluded. Suppose H =
(c™) where m is even. The homeomorphism h, identifies c? with y, and thus

c™ is identified with y2. Since y has a fixed point as a map in the universal
covering space of (B4, m), it follows by Corollary 5.2 in [KO22] that the covering

corresponding to (c¢™) is not a manifold. If H = (a2 ), then a has a fixed point as
amap in the universal covering of (A3, n), which is again excluded by Corollary

n—1

5.2 in [KO22]. Thus we have shown that v, (7 (RP?)) = {(azc™) or {a 2z bc™).
n n—1

Recall that (byc;)"c["™" = a2c™ if n and m are both even, or a 2 bc™ if n and
m are both odd. O
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Theorem 3.6. Let ¢ : G — Homeop; (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ is homeomorphic to Oy, ((A3,n),(B4,m)). Then
m = n(mod 2) and the following is true:

1) G isisomorphicto G, =(ay, by, ¢; | aff = b3 = ¢ =1,[a;,¢;] = 1,bya;b
= a;',c1biey! = byay, (bye)"e " = 1),

2) G, = ({ay)yo_1{by))o{c;)/ ~ = Dih(Z,)oZ,,/ ~, if n and m are both even.

3) G, ={a,)o_i{c;) = Z,,0_1Z,,,, if n and m are both odd.

4) The action @ is conjugate to ¢,, the Standard Quotient Type 2 Non-Abelian
Action.

1

Proof. The proofissimilar to that of Theorem 3.3 and uses Proposition 3.5. [

Quotient Type 3: Orbifold (A2, n) Uy, (B3, m)
Orbifold (A2, n): Define the maps a, b, ¢ : R x D> — R X D? as follows:
2mi
a(t,v) = (t + 1,v), b(t,v) = (t,ve » ), c(t,v) = (t,v). The orbifold (A2,n) =
R x D?/{a, b, c), and its fundamental group of (A2, n) is
m1((A2,n)) =(a,b,c | b" = c?> = [a,b] = [a,c] = 1,chbc™! = b71)
= ((b)o_y{c)) X (a) = Dih(Z,) x Z.

Orbifold (B3, m): On Rx D?, define maps x, y and z by x(¢, v) = (t+1,v), y(¢,v)

27l
= (t,ve= ) and z(t,v) = (—t,v). The orbifold (B3, m) = R x D?/{x, y, z), with
the corresponding fundamental group is
m((B3,m) = (x,y,z | y" =2* = [x,y] = [y, z] = 1, zxz7" =x7")
= ((x)o_1(2)) X (y) = Dih(Z) X Zy,.
Orbifold O,,((A2, n), (B3, m)):

By [KO21b] and [KO22], there isa homeomorphism h; : (A2, n) — (B3, m)
inducing an isomorphism which makes the following identifications: a = y,
b = x and ¢ = z. Hence the orbifold fundamental group is

71(0p,((A2,n),(B3,m))) =(a,b,c | a™ = b" = ¢ =[a,b] =[a,c] =1,
cbe7t =b71)
= ((bYo_1(c)) x(a) = Dih(Z,) X Z,,.

The element c is an orientation reversing element.

Proposition 3.7. Let H be an orientable normal subgroup of the fundamental
group 71(0p,,((A2, n), (B3, m))), which is isomorphic to Z,, and let

Q = ﬂl(oh3((A25 n)’ (B?” m)))/H

be the quotient group. If Q is not abelian, then one of the following is true:
Dmiseven,n > 2, H={(a2)and Q ={(a,b,c | a™ = b" = ¢? = [a,b] =

m

[a,c]=1,cbc ! =b7 a2 =1)=(Z,0_1Z,) X Zn.
2
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2)n>4iseven, H=(b2)and Q={a,b,c|a™ =b" =c? = [a,b] = [a,c] =
1,Cbc_1 = b_l,bz = 1) = (Zfo_lzz) X Zm
2

3)mandn > 2areboth even, H=(b2a2)Yand Q ={a,b,c|a™ =b" =c? =
[a,b] = [a,c] =1,cbc™t =b7L, b2a> =1)=(Z,0_1Z,) X Z,,/] ~.

Proof. We may write H = (b5c°a’) where 0 < s <n,e =0or1l,and0 <t < m.
If ¢ = 1, then since H is normal, bca’ = b(b’ca’)b~! = b**2cal. This implies
b?> =1orn = 2, and thus 71(0p,((A2, n), (B3, m))) and Q are abelian. Since we
are excluding the case where Q abelian, we must have H = (ba’).

Suppose s = 0 and thus H = {a'). Since (a‘)? = 1, it follows that t = % and

H = (a%). Since Q is abelian if n = 2, statement 1) in the proposition follows.
If t = 0, a similar argument shows H = (bg) and since Q is not abelian n > 4.
Assume s ;é Oandt # 0 and thus H = (bs t) Now 1 = (b%a")? = b**a?, which
implies s = - Zandt=Z. Hence H = (bz a2 ). The condition n > 2 guarantees
Q not being abelian. O

Standard O.R. Quotient Type 3 Non-Abelian Action
Let n and s be positive integers Wlth n even. Consider the normal subgroup

(bz a®) of 7,((A2,n)). We see that bz a’(t,v) = (t + s,—v). There is a covering

27m 7m

map p : RxD? — RXD2/<b2aS>—V1 defined by p(t,v)=(e"s ,ve’s ). Thein-

27ri i

duced maps a,, by, ¢; : V; — V; are defined as follows: a,(u,v) = (ue s ,ves),
2mi

bi(u,v) = (u,ve n ), c;(u,v) = (u,uv). The group generated by a,, b; and c; is
denoted by G; and

G3 = <a1’ bl’cl | [ala bl] = [als Cl] = afs = bn = Cz
b7, b2ad = 1)
= ((by)o_1{e) X(a1)/ ~ = (Zy0_12Z3) X Zys/ ~.
Note that V, /G5 = (A2, n).
We shall see that a;, b; and ¢, extend over V,, thus extending G; over L(2,1)

= Vl UOC V2 and that G3 = (B3, ZS).
First,

— -1 _
= L,eibie]” =

2mi i
aa,a N(u,v) = ocal(u_lv2 v) = a(ulves ,ves)

i i

= ((u_lvze s ) 1(veﬂ?i)z,veT) = (u,ves).

4mi 2mi
Similar computations show that ab;a~(u,v) = (ue = ,ve = ) and ac;a~'(u,v)
= (u, uv). Since these maps extend to V,, we may define a;, by, ¢; : V, = V,
i 4mi 2mi

as follows: a;(u,v) = (u,ves ), b;(u,v) = (ue » ,ve » ) and ¢;(u,v) = (u, uv).
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Next, we obtain a covering map p; : V, — V,/(b;) = V,(2) defined by

pi(u,v)= (u 2, U ) If a, and ¢, are the induced maps on V,(2), then a,(u, v) =

—7Tl

(u,ve s )and c,(u,v) = (u, v). Further, we obtain a covering map p, : V,(2) —
V,(2)/{a,) =V,(2s)defined by p,(u, v) = (u, v*). It follows that the induce map
c; on V,(2s) is defined by c;(u, v) = (u, v), and thus V,(2s)/{c3) = (B3, 2s). Let
m = 2s.

Summarizing the above results, we define homeomorphisms a;, b, and ¢,
on RP3 =V, U, V, as follows:

4mi 2mi
(uem ,ven), if(u,v)eV;
al(u, U) = 9 27
(u,ve m), if (u,v) € V,
\
2_7ri
u,ve n ), if(u,v) e Vv
(uen,ven), if(u,v) €V,
\

(u,uv), if (u,v) €V,

V) =)0 ), i) €V,

The group generated by a;, b; and c; is G3. This defines an action g3 : G5 —
Homeop; (RP?) such that RP3 /¢, = (A2, n) Up, (B3,25) = Oy (A2, n), (B3, m))
for some homeomorphism hg : 0(A2,n) —» 9(B3, m). It follows by Lemma 22
in [KO21b] that Oh; ((A2, n), (B3, m)) ishomeomorphic to Oy, ((A2, n), (B3, m)).
Composing with a fixed homeomorphism, fix a covering map v; : RP? —
Oy, ((A2, n), (B3, m)) and note that ¢;(Gs) is the group of covering translations.
We call ¢; a Standard Quotient Type 3 Non-Abelian Action on RP? with quo-
tient type Oy, ((A2, n), (B3, m)).

Proposition 3.8. Letv : RP? — Op,((A2,n), (B3, m)) be a regular cover-
ing map such that 7T1(Oh3((A2 n), (B3, m)))/v*(ﬂl(R[Ij’3)) is not abelian. Then

v, (m (RPY) = (b2a>)

Proof. Ifv : RP3 —» RP3/p = Op,((A2, n), (B3, m)) be the covering map, then
(1 (RP?)) = H is a Z, normal subgroup of 71(0p, (A2, n), (B3m))). We will
show that the first two cases in Proposition 3.7 are excluded. If H = (a2 ), re-
call that a is identified with y, which has a fixed point as a map in the universal
covering space of (B3, m). By Corollary 5.2 in [K022] the covering correspond-
ing to a: is not a manifold. Similarly, if H = (b2) then b has a ﬁxed pomt

and thus excluded. This leaves case 3) in Proposition 3.7 where H = (bz az)=
v, (1 (RP?)). O
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Theorem 3.9. Let ¢ : G — Homeop (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ = Op,((A2,n),(B3,m)). Then m and n > 2 are
both even and the following is true:

1) G is isomorphic to G3 = {(a;, by, ¢; | a" = b} = cf = [a;, by] = [a1,¢1] =

m

Lepbiept = byl bra? = 1) = (by)o_1(e1)) X (a1)/ ~ = (Zy0_1Z5) X Zp] ~.

2) The action ¢ is conjugate to 3, the Standard O.R. Quotient Type 3-Action.

Proof. The proofis similar to that of Theorem 3.3 and uses Proposition 3.8.

Quotient Type 4: Orbifold (B2, n) U, (B2, m)
Orbifold (B2, n): Define maps a, b : RxD? - RxD?bya(t,v) = (-t + %, ven)
and b(t,v) = (—t, 0). The orbifold (B2, n) = R x D?/{a, b). The orbifold funda-
mental group of (B2, n) is
m((B2,n)) ={a,b | a* =b?> =1,ba’b™! = a~3?)
= ((a*)o_{ab))o(b) = (Z,0_,2)0Z,.
Note that b(ab)b™! = a~2(ab)™L.

Orbifold (B2, m): Define maps x, y : R X D> — R x D? by x(t,v) = (—t +

%, vem)and y(t,v) = (—t, D). The orbifold (B2, m) = RxD?/(x, y). The orbifold
fundamental group of (B2, m) is
m((B2,m) = (x,y | x*" = y* = 1,yx*y~! = x72)
= ((x*)o_1(xyNo(y) = (Zo_12)0Z,.

Orbifold O, ((B2, n), (B2, m)):

There is by [KO22] and [Kim77] a homeomorphism h, : (B2, n) — 6(B2, m)
inducing an isomorphism which makes the following identifications: a = yx~!,
b = xyx. Hence the orbifold fundamental group is

(0, ((B2,n), (B2,m))) =(a,b | a®" = b* = 1,ba’b™" = a2, (ab)*" = 1)
= ((a*)o_1(ab))o(b) = (Z,°_1Zyp)0Z,.

Proposition 3.10. Let H be an orientable normal subgroup of the fundamental
group 71(0p,,((B2, n), (B2, m))), which is isomorphic to Z,, and let

Q = 7T1(Oh4((B2, l’l), (Bza m)))/H

be the quotient group. If Q is not abelian, then one of the following is true:

1) m and n are even, H = {(a"(ab)™) and Q ={a,b | a*" = b®> = 1,ba’b~! =
a2, (ab)*" = 1,a"(ab)™ = 1) = ((a®)o_{(ab))o(b)/ ~ = (Z,0_1Zp)0Z,] ~.

2)miseven, H={(ab)™)andQ={a,b|a*" = b*> =1,ba’b™! = a2, (ab)" =
1) = ((a®)o_1{ab))o(b) = (Z,0_1Z,,)0Z>.

Hn>4diseven, m# 1, H={(a"yand Q ={a,b | a” = b> = 1,ba*b™! =
a2, (ab)*™ = 1) = ((a*)o_1{ab))o(b) = (Zro_1Z,p)0Z,.

2
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Proof. Write H = (a**(ab)'b¢) where 0 < s < n,0 <t <2mande=0or 1.
Since H is an orientable subgroup, a is orientation reversing but b is orientation
preserving, it follows that ¢ must be even.

First, we consider the case when ¢ = 0, and thus H = {(a**(ab)"). Suppose
first that s # 0 and ¢ # 0. We will also assume a?*® # 1, since this case will be
handled later. Since ¢ is even, and therefore (ab)! commutes with a2, we have 1
= (a*(ab)")?> = a*(ab)?*. Thisimplies 2s = nand t = m, hence H = (a"(ab)™).
Note that m and n are both even. A computation shows that b(ab)?b~! = (ab) 2
and a(ab)?a~! = (ab)~2. This implies that H is a normal subgroup. Thus Q =
71(0y,,((B2,n),(B2,m)))/H = (a,b | a® = b* = 1,ba’b™" = a2,(ab)*" =
1,a"(ab)™ = 1) proving 1). Clearly, if s = 0 and ¢t # 0, then H = ((ab)™) and
Q ={a,b,| a® = b%> = 1,ba’b™! = a2,(ab)™ = 1) = ({a?)o_,{ab))o(b) =
(Z,0_1Z,)0Z,. Further, ifs #0and t = 0,then H =(a")and Q ={a,b | a" =
b? =1,ba’?b™! = a=2,(ab)*" = 1) = ({a®)o_,{ab))o(b) = (Zrno_1Z,,,)0Z,.

2

Next, suppose € = 1, and thus H = {(a**(ab)'b). We will show that, in this
case, assuming H is a normal subgroup leads to a contradiction. Recall that ¢ is
even.

Assume first that s # 0, t # 0, a*® # 1 and (ab)’ # 1. It follows that
(a®*(ab)'b)*> = 1. Consider a?(a*(ab)'b)a=? = a***(ab)'b, which by nor-
mality must equal a®*(ab)'b. This impliesn = 2 and s = 1 so that H =
(a*(ab)'b). Conjugating this element by (ab) we see (ab)(a*(ab)'b)(ab)™! =
(ab)**2b, which must equal a?(ab)'b. This implies a? = 1 and (ab)? = 1, con-
tradicting a® # 1 and (ab)’ # 1.

If we suppose s = 0, t # 0 and (ab)’ # 1, then H = ((ab)'b). We com-
pute (ab)(ab)'b(ab)™! = a*(ab)'*?b, and setting this equal to (ab)'b we see
that (ab)? = 1. This shows t = m = 1, contradicting ¢ being even.

Assume now that s # 0, t = 0 and a®® # 1. Write H = (a*b). Then
a*(a*b)a=? = a®**b, which must equal a®b. This implies a* = 1, n = 2 and
s = 1. Thus H = {(a®b). Conjugating by (ab) we have (ab)(a*b)(ab)! = (ab)?b,
which again must equal a®b. This implies a? = 1, contradicting a® # 1.

Finally, suppose s = 0 and t = 0, and so H = (b). Computing (ab)b(ab)~!
= a*(ab)?b and setting it equal to b, we see that a®> = (ab)? = 1 resulting n =
m = 1. Consequently, 7r1(0p,((B2, 1), (B2,1))) = Z, X Z,, which is abelian and
ruling out this case. O

Standard O.R. Quotient Type 4 Non-Abelian Action

Let n and s be positive integers with n even. Consider the normal subgroup
N = {a"(ab)®) of 7r;((B2, n)), which is isomorphic to Z. A computation shows
that a"(ab)*(t,v) = (t + s, —v) for (u,v) € Rx D2 Letp : RxD? - R X
D?/{a™(ab)®) = V; be the covering map where V is a solid torus, defined by

2mit it

N

p(t,v)=(e s ,ve s ). The induced maps a, and b; on V; are defined by a,(u, v)

= (ues ,uvene>) and b;(u,v) = (u,v). The group generated by a, and b, is
denoted by G, and
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Gy =(ay,bi| a;® = b7 = (a;b))* = 1,b1a2b]" = a7, af(a;b)* = 1)
= ((af>°—1<a1b1>)°<b1>/ ~ = (Zyo_1Z45)0Z,] ~.
Note that V', /G, = (B2, n).

We shall see that a;, b; extend over V,, thus extending G, over L(2,1)
Vl UO( V2 and that V2/G4 = (BZ, 2S)

. 2 5 mom
First, aga'(u,v) = aa;(u'v?v) = a(uves,uv venex) =

2 71'1 i i 2 7T i 7[1 i i 2mi i i
a(uves ,uvenex) = ((uv es ) N(uvenex )’ uvenexs) = (uen ,uvenes). A
similar computation shows aa;a~!(u,v) = (u,v). Slnce these maps extend to

i i

V,, we may define a;, b; : V, —» V, by a;(u,v) = (ue n ,uvene2)and b,(u,v)

4mi 27n

= (u,v). We check that a®(u,v) = (ue™ ,ve = ). We obtaln a covering map
p1 1 Vy = Vy/{a}) = V,(2) defined by p,(u,v) = (uz u0’). The induced

*ﬂ

maps a, and b, on V,(2) are deﬁned by a,(u,v) = (—u,ve s ) and b,(u,v) =

(w,v). Since (a,b,)*(u,v) = (u,ve > ), there is a covering map p, : V,(2) —
V,(2)/{(a,b,)?) = V,(2s) defined by p,(u,v) = (u,v*). The induced maps a;
and b; on V,(2s) are defined by a;(u, v) = (—u, —v) and b;(u, v) = (u, v). Since
asbs;(u,v) = (—u, —v), it follows that V,(2s)/{asb;) = (B5, 2s). Moreover, if b,
is the induced map on (B35, 2s), then (B5, 2s)/(bs) = (B2, 2s). Let m = 2s.
Summarizing the above results, we define homeomorphisms a,, b; on RP3
=V, U, V, as follows:
2mi mio i
(uem ,uvenem), if(u,v) €V,
GMV)=1"m _mom
(ue n ,uvenem), if(u,v) €V,

(u,v), if(u,v)eVv;

b,(u,v) = w,0), if(u,v) eV,

The group generated by a; and b, is G4. This defines an action ¢, : G, —
Homeop; (RP?) such that the quotient space RP3 /¢, = (B2, n) Up, (B2,25) =
Oy (B2, n), (B2, m)) for some homeomorphism h, : 9(B2,n) — d(B2,m). It
follows by Lemma 25 in [KO21b] that Ohg((BZ, n), (B2, m)) is homeomorphic to
Oy, ((B2,n), (B2, m)). Composing with a fixed homeomorphism, fix a covering
mapv, : RP? - Oy, ((B2,n), (B2, m)) and note that ¢4(G,) is the group of cov-
ering translations. We call ¢, a Standard Quotient Type 4 Non-Abelian Action
on RP? with quotient type orbifold Oy, ((B2, n), (B2, m)).

Proposition 3.11. Letv : RP3 — Oy, ((B2,n),(B2,m)) be a regular cover-
ing map such that 7,(0y,,((B2, n), (B2, m))) /v.(r,(RP?)) is not abelian. Then
v, (1 (RP?)) = (a™(ab)™) where n and m are both even.

Proof. Ifv : RP?® —» RP3/p = Op,((B2,n), (B2, m)) is the covering map, then
v,(m(RP3)) = H is a Z, normal subgroup of 71(0p, (A2, n), (B3m))). We will
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show that the second and third cases in Proposition 3.10 are excluded. If H =
((ab)™), recall that a is identified with yx~! and b is identified with xyx. Thus
(ab)™ is identified with x" where m is even. Since this has a fixed point in the
universal covering space of (B2, m), by Corollary 5.2 in [KO22], the covering
corresponding to (ab)™ is not a manifold. Since a? has a fixed point in the
universal covering space of (B2, n) and n is even, again applying Corollary 5.2
in [KO22] that the covering corresponding to a” is not a manifold. Thus case
1) of Proposition 3.10 applies where H = (a"(ab)™) = v,.(7r;(RP?)). O

Theorem 3.12. Let ¢ : G — Homeop (RP?) be a finite non-abelian action
such that the quotient space RP3 /¢ = Oy, ((B2,n),(B2,m)). Then m and n are
both even and the following is true:

1) G is isomorphic to G, = (ay,b;| ai" = b? = (a;b))*" = 1,bya’b;’ =
a;?, af(a;b)™ = 1) = (a})o_{ayby))o(by)/ ~ = (Zpo_1Zypm)o 2,/ ~.

2) The action ¢ is conjugate to ¢,, the Standard O.R. Quotient Type 4-Action.

Proof. We apply Proposition 3.11, and the proof is similar to that of Theorem
3.3. (]

Quotient Type 5: Orbifold (B6, n) U, (B6,m)
Orbifold (B6, n): Define maps a, b, ¢, d : R x D?> - R x D? by a(t,v) = (—t,v),

—=2mi
b(t,v)=(t,v),c(t,v)=(t,ve » )andd(t,v)=(—t—1,v). We obtain the orbifold
(B6,n) =R x D?/{a, b, c,d). The orbifold fundamental group of (B6, n) is

m((B6,n)) =(a,b,c,d | a®> = b?* = ¢ = (be)* = d? = 1,[a,b] = [a,c] =
[b,d] =[c,d] =1)
= ((bcyo_1{c)) X (ad)o_i(d)) = (Z,0_1Z,) X (Zo_1Z,).

Orbifold (B6, m):
Define maps x, y, z, w : RxD? — RxD? by x(t,v) = (—t,v), y(t,v) = (£, ),

=27
z(t,v) = (t,ve m )and w(t,v) = (=t — 1,v). We obtain the orbifold (B6, m) =
R x D?/{x,y, z,w). The orbifold fundamental group of (B6, m) is

m((B6,m)) ={(x,y,z,w|x’* =y’ =z =(yz)"=w? =1
[x,y] = [x,2] = [y, w] = [z,w] = 1)
= ((yz)o_1(2)) X (xw)o_(w)) = (Z,,0_1Z5) X (Zo_,Z5).
Orbifold O, ((B6, n), (B6, m)):
By [KO21b] and [KO22], there isa homeomorphism ks : d(B6,n) — 9(B6, m)
inducing an isomorphism which makes the following identifications: a = y,
b = xwx, ¢ = x and d = z. Hence the orbifold fundamental group is

71(0p ((B6,n), (B6,m))) ={a,b,c,d | a> =b* =c* = (be)" =d* =1,
[a,b] =[a,c] =[b,d] =[c,d] =1,(ad)™ =1)
= ((beyo_1{c)) X {ad)o_,{a))
= (Z,0_12,) X (Z,,0_125).
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Proposition 3.13. Let H be an orientable normal subgroup of the fundamental
group 71(0p, ((B6, n), (B6, m))), which is isomorphic to Z,, and let

Q = 7m,(0y,((B6, n),(B6,m)))/H
be the quotient group. If Q is not abelian, then one of the following is true:
I miseven, H= ((ad)%) and Q ={a,b,c,d |a®> = b?> =c?> = (be)" = d? =
1la,b] = [a.c] = [b.d] = [c,d] = 1, (ad)? = 1) = (Zno_1Z,) X (Zz0.42,)

2) nis even, H = ((bc)z) and Q = (a,b,c,d | a® = b? = ¢ = (bc)? = d? =
1,[a,b] = [a,c] =[b,d] =[c,d] =1, (ad)m =1)= (Z"°—1Zz) X (Zyo0_125).

3) n and m are both even, H—((bc) (ad) Yand Q ={a,b,c,d | a®> = b? =

c2=(bc)*=d*>=1,[a,b] =[a,c] =[b,d] =[c,d] =1, (ad)™ =1, (bc) (ad)z
=1)=(Zy0123) X (Zo12Z5)] ~.

Proof. Write H = ((bc)*c®:(ad)'a‘2) where 0 < s <n,0 <t <mand¢ =0
or 1. Since a, b, ¢ and d are all orientation reversing and H is an orientation
preserving subgroup, it follows that either ¢; =€, =0,0re; = ¢, = 1.

Assume first that ¢; = ¢, =0 and thus H = ((bc)’(ad)!). If s = 0and t # 0,

then it follows that H = {(ad)> ) and Q = (Z,,0_,Z,) X (Zmo_,Z,) giving case
2
1). If s # 0and t = 0, then H = ((bc)2) and Q = (Zro_1Z,) X (Z,,0_17Z;)
2

proving case 2). Finally, if s # 0 and ¢t # 0, then H = ((bc)z(ad)2) and Q =
(Z,0_12,) X (Z,,0_17Z,)/ ~ proving case 3).

Suppose €; = €, = 1 and therefore H = ((bc)*c(ad)’a). We will show that this
case does not occur.

Suppose s = 0 and ¢t # 0, and so H = {(c(ad)'a). A computation shows
(ad)[c(ad) a](ad)™ = c(ad)*?a and (bc)[c(ad) a](bc)™' = (bc)*[c(ad) a].
Since N is a normal subgroup, it follows that (ad)? = 1 implying m = 2, and
(bc)? = 1 implying n = 2. Hence would be an abelian group contradicting the
assumption of a non abelian quotient Q.

Assume now that s # 0 and t = 0 and hence H = ((bc)’ca). We see that
(be)[(be)*cal(be)™ = (be)**2ca and (ad)[(bc)*cal(ad)™! = (be)’c(ad)?a. This
implies n = m = 2, again as above excluding this case.

Finally assume s = t = 0 and H = (ca). Conjugating ca by (bc) and (ad) will
show as above that n = m = 2, excluding this case also. O

Standard O.R. Quotient Type 5 Non-Abelian Action

Let n and s be a positive integers with n even. Let N = ((bc)"*(ad)®). Then,
N < 7,((B6, n)) isomorphic to Z. Computing we have (bc)ﬁ(ad)s(t v)=(t+
s,—v). Letp : RxD? - R ><D2/((bc) (ad)®) =V, be the covering map where

2mit mt

V, is a solid torus, defined by p(t,v) = (e s ,ves ). The induced maps a,, b;,
¢, and d; on V; are defined as follows: al(u, v) = (u,uv), by(u,v) = (u,uv),
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—2mi —27i —mi
c1(u,v) = (u,uve » )and d;(u,v) = (ue s ,uve s ). The group generated by
ai, by, ¢; and d; is denoted by G5 and

Gs =(ay,by,cq,d; | az = b2 = C = = (byc))" = (ayd 1)m = 1

[a;,bi] =[ay,c;] = [by,dq] = [C1,d1] =1, (b1C1) (ald1)2 =1)
= ((byc1)o_1{c1) X (a1dy)o_1{a1))/ ~ = (Z,0_12Z3) X (Z,y0_12Z3)] ~.

It follows that V', /G5 = (B6,n). We now extend G5 over V,, thus extending
Gsover L(2,1) =V, U, V,. Since a : V| — V, is defined by a(u, v) = (uv?,v),
a computation shows the following: aa;a~!(u,v) = (u, uv), ocbloc‘l(u,v) =

—4mi —27i —mi

(u,uv), ac;at(u,v) = (we » ,uve » )and ad,a"(u,v) = (u,uve s ).

4rmi 2m

Since byc;(u,v) =(ue » ,ve » ), we obtalnacoverlng map p; : V, = V,/(bicy)
= V,(2) defined by p;(u,v) = (uz uv ) The induced maps a,, b, and d, on

2711

V,(2) are defined by a,(u, v) = (u,v), by(u,v) = (u v) and d,(u,v) = (u,ve s ).

A computation shows that a,d,(u,v) = (u,ve s ). We obtain a covering map
5 1 Va(2) = V,(2)/{a,d,) = V,(2s). The induced map a; on V,(2s) is defined

by a;(u,v) = (u,v). It follows that V,(2s)/{as) = (B6,2s). Let m = 2s.
Summarizing the above results, we define homeomorphisms a,, by, ¢; and
d; on RP3 =V, U, V, as follows:
a;(u,v) = {

(u,uv), if(u,v) €V,
(u,uv), if(u,v) €V,

(u,uv), if(u,v) eV,
bi(u,v)=4_"_ .
(u,uv), if(u,v) €V,
ﬂ
(u,uve n» ), if (u,v) € V;
c1(u,v) = ; —azi _omi

(ue » ,uve » ), if(u,v) €V,
L

-

—47i —2mi
ue m ,uve m ), if(u,v) eV
dl(u’ U) =3 ( —27i ) ( ) !
(u,uve m ), if (u,v) € V,.

\

The group generated by a,, b;, ¢; and d, is Gs. This defines an action @5 :
Gs — Homeop; (RP?) such that

RP?/@s = (B6,n) Uy, (B6,m) = Oy, ((B6, n), (B6, m))

for some homeomorphism hg : 0(B6,n) — 9(B6,m). It follows by Lemma 26
in [KO21b] that Oh;((B6, n), (B6, m)) is homeomorphic to Oy ((B6, n), (B6, m)).
Composing with a fixed homeomorphism, fix a covering map v5 : RP3 —
O ((B6, n), (B6, m)) and note that ¢5(Gs) is the group of covering translations.
We call s a Standard Quotient Type 5 Non-Abelian Action on RP3 with quotient
type O, ((B6, n), (B6, m)).
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Proposition 3.14. Letv : RP? — Op ((B6,n),(B6,m)) be a regular cover-
ing map such that 7,(0p ((B6, n), (B6, m)))/v. (1 (RP?)) is not abelian. Then

v, (m(RP?)) = ((bc)g(ad)% where n and m are both even.

Proof. Ifv : RP? —» RP3/p = On ((B6, n),(B6, m)) is the covering map, then
v,(m(RP?)) = H is a Z, normal subgroup of 71(Op ((B6, n), (B6, m))). We will
show that the first and second cases in Proposition 3.13 are excluded. If H =

((ad)2), then note that (ad) is identified with (yz), which has a fixed point in
the universal covering space of (B6, m). By Corollary 5.2 in [KO22], the cover-

ing corresponding to (ad): is not a manifold. When H = ((bc)2), we see that
(bc) has a fixed point in the universal covering space of (B6, n) excluding this

case also. Thus case 3) of Proposition 3.13 applies where H = {(bc)z(ad)z) =
v,.(m (RP?)). O

Theorem 3.15. Let ¢ : G — Homeop (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ = Oy, ((B6,n),(B6,m)). Then m and n are both
even and the following is true:
1) G is isomorphic to Gs = (ay, by, c;,dy | a} = b) = & = d2 = (byey)" =
(ad)™ =1,[a,b1] = [ay,¢1] = [by,d1] = [c1,di] = 1,(bycy)2 (ardy) 2 = 1)
= ((bycr)o_i{er)) X (ardy)o_{ar1))/ ~ = (Z,0123) X (Zyyo_1Z5)] ~.
2) The action ¢ is conjugate to s, the Standard O.R. Quotient Type 5-Action.

Proof. The proof is similar to that of Theorem 3.3 together with Proposition
3.14 is used. ]

Quotient Type 6: Orbifold (B7,n) Uy, (B7,m)
Orbifold (B7, n): Define maps a, b, c on R x D? as follows: a(t,v) = (—t —1,v),

b(t,v) = (—t,ver) and c(t,v) = (t,v). The orbifold (B7,n) = R x D?/{a, b, c)
and its fundamental group is

m((B7,n)) ={a,b,c | a®> = b*" = ¢? = [a,b?] = [a,c] = 1,cbc™! = b7!)
= ((abtab)o_;(a))o({byo_i{c)) = (Zo_1Z;)o(Zp0_1 Z,).

Note also that bab™! = b~lab. For convenience if we let d = ab~'ab, then
bdb~' =d~!, bab™! = ad and cdc™! = d. A computation shows that if n and s

N s—1
are both even, then d2b" = b"~5(ab)®. If n and s are both odd, then d 2 ab™ =
b"3(ab)®.

Orbifold (B7, m): Define maps x, y, z on R X D? as follows: x(t,v) = (—=t—1,0),

y(t,v) = (—t, vez)) and z(t,v) = (t,0). The orbifold (B7, m) = R x D?/{x, y, z)
having fundamental group

ﬂl((B7a m)) = (x,y,z | x2 = yzm = Z2 = [x’yz] = [x,z] = 1,ZyZ_1 = y_1>
= ((xy~ xy)o_1(x)o((y)o_1(2)) = (Zo_1Z3)0(Zymo 1 Zy).
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Orbifold Oy, ((B7, n), (B7, m)):

By [KO21b] and [KO22], there is a homeomorphism kg : d(B7,n) — 6(B7, m)
inducing an isomorphism which makes the following identifications: a = z,
b = zyx, ¢ = yxy~'. Thus the fundamental group of On ((B7,n),(B7,m)) is

(a,b,c|a®=b* = (ab~lab)™ =c? = [a,b?] = [a,c] = 1,cbc™! = b71)
= ((ab™ab)o_{a))o({byo_1(c)) = (Z;y0_1Z;)0(Zrp0_1 Z,).

Proposition 3.16. Let H be an orientable normal subgroup of the fundamental
group 7t1(0p, ((B7, n), (B7, m))), which is isomorphic to Z,, and let

Q = m1(0y,,((B7,n),(B7,m)))/H
be the quotient group. If Q is not abelian, then one of the following is true:

1) m and n are both even, H = (d2 b") = (b"™(ab)™) and Q = {(a, b, c | a*
= b?" = ¢? = (ab~lab)™ = [a,b?] = [a,c] = 1,cbc™! = b~ L, b* ™ (ab)™ = 1)
= (Zmo_1Z3)o(Zrp0_123)] ~.

2)niseven, H=(b")and Q ={a,b,c | a®> = b*" = ¢*> = (ab~lab)™ =
[a,b?] = [a,c] = 1,cbc™ = b1, b" = 1) =(Z,,,0_1Z,)o(Z,0_12Z>).

3)miseven, H={(d2)and Q ={a,b,c | a*> = b*" = ¢? = (ab~lab)" =

[a,b%] = [a,c] = 1,cbc™) = b=L,d = 1) = (Zmo_,Z)o(Z0_1Z,).
2
4) m and n are both odd, H = (b""™(ab)™) and Q = {(a,b,c | a*> = b*" =
¢ = (ab~lab)" = [a,b?] = [a,c] = 1,cbc™! = b~L,p" ™(ab)™ = 1) =
(Zmo_1Z3)0(Zyp0125)] ~.

Proof. The group H = (d*a‘b'c®) is isomorphic to Z,, where d = ab™'ab,
0<s<m0<t<2nandeg = 0orl. Since a, b and c are orientation
reversing elements, it follows that d is orientation preserving. Being that H is
an orientation preserving subgroup, we have the following cases to consider:
Case I) t is even, and either ¢; = ¢, =0 or ¢; = ¢, = 1; Case II) ¢ is odd, and
eithere; =lande, =0o0re¢; =0ande, = 1.

Case I: t is even.
We consider first the situation when ¢; = ¢, =0, and thus H = (d*b’). Assume
s #0andt # 0. Since ¢t is even, it follows that b* commutes with d, and thus 1

= (d*b")? = d*b*'. This implies s = %, t = nand H = (d>b"). One can verify
that H is indeed a normal subgroup showing 1) in the proposition. If s = 0 and

t # 0, it follows that H = (b") where n is even. Furthermore, H is normal giving
2) in the statement of the proposition. Suppose now that s # 0 and t = 0. In

this case, m is even and H = (d 2 ) showing 3).

Assume €¢; = ¢, = 1 and hence H = (d*ab’c). If s = 0 and H = (ab’c), then
we always have 1 = (ab’c)? giving no new information. By normality, ab’c =
b(ab'c)b~! = adb'*?c, which implies m = 1, b> = 1 and n = 1. Since ¢ is even,
we must have ¢ = 0. Thusn = m = 1, 7,(0,, ((B7,1),(B7,1))) = Z, X Z, X Z,
implying Q abelian, thus we are ruling out this case. We now suppose t = 0
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and H = (d®ac). It always follows that 1 = (d*ac)?. Normality implies d*ac =

b(d*ac)b™! = d=5"lab?c = d—5"'b%ac. Therefore, b> = 1,n = land s = mT_l

m—1 m—1

1-m
Conjugating by ayieldsd 2 ac=a(d > ac)a ! =d 2 ac, which implies d =1

and m = 1. Again, we obtain an abelian quotient ruling out this case. Finally,
we suppose s # 0 and ¢ # 0. In this case, it always follows that 1 = (d*ab‘c)? so
that we do not obtain any new information. By normality, we must have d*ab‘c
= b(d*ab’c)b~! = d=5"tab'*2c, which implies s = mT_l, b%2 =1andn = 1. Since

t < 2niseven, t = 0 giving a contradiction.

Case II: ¢ is odd.

We suppose ¢; = 1 and ¢, = 0, and thus H = (d®ab’). If s = 0 and thus H =
(ab), then 1 = (ab")? = db?. This impliesd =1,m = 1andt = n. Thus H =
(ab™) and Q = Z,,0_,Z,. Note that ab” = b"~(ab)! since b raised to an even
power commutes with a, thus proving 4) for m = 1. Suppose s # 0 and H =
(d*ab"). Since H = Z,, 1 = (d*ab')? = d>*1b%,s0 s = mT_l implying m is odd,

m—1
and t = n which is also odd. Thus H = {d Tlab”), and one can check that this
is always a normal subgroup. Recall thatd 2 ab™ = b"™(ab)™, giving case 5).

Assume now that ¢ = 0 and ¢, = 1, and thus H = (d*b'c). If s = 0
and H = (b’c), then it always follows that 1 = (b’c)?>. By normality, b’c =
a(b‘c)a”! = db'c. Thusd = 1, m = 1 and the orbifold fundamental group is
Z, X (Zyy0_17,). Again, by normality, b'c = c(b'c)c™! = b~'c, implying t = n.
Furthermore, b"c = b(b"c)b~! = b"*2c. This implies b> = 1 and n = 1. Thus
n = m = 1so that 7,(0, ((B7,1),(B7,1))) = Z, X (Z, X Z,), which is abelian
and thus we exclude this case.

We now suppose s # 0. A computation shows that (d*b’c)? = 1 is always
true. Suppose m # 1. By normality, d*b’c = a(d*b'c)a™! = d=*'b’c, and

m+1 m+1
thus s = mTH # 0and H = (d 2 b'c). Again, by normality, we have d 2 b'c =
m+1 —-m—1
b(d™> blc)b=' =d 2 b'*?c, which implies d™*! = 1. Henced = 1and m = 1,
contradicting the fact that m # 1. Hence m = 1and H = (b‘c). Using normality,
we have b'c =b(b'c)b~! =b'*2c,or b*> = 1. Thus n = 1, 7,(0;,((B7,1),(B7,1)))
= Z, X Z, X Z, which is abelian and thus we may exclude this case also. [

Standard O.R. Quotient Type 6 Non-Abelian Action

Let n and m be positive integers such that n = m(mod 2). Let N =(b"~"(ab)™)
be a subgroup of 7z, ((B7, n)). Note that N < 7,((B7, n)) isomorphic to Z. A cal-
culation shows that b"~"(ab)™(t,v) = (t — m, —v). We obtain a covering map

2mit wit

p : RxD? - RxD?/(b"™(ab)™) = V, defined by p(t,v) = (e m ,ven ). The

—2mi —mi

induced maps a,, b;, ¢; on V; are defined as follows: a;(u,v) = (ue = ,uve m ),
i i

—4mi —27i
b,(u,v) = (w,uve ), ¢;(u,v) = (u,uv). Thus, d;(u,v) = (ue = ,ve = ) where
d=q bl_lalbl. The group generated by a;, b; and c; is denoted by G4 and
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Ge=(ar,by,ci|ai=b"=c}=[a;,bi]=[as,c;]=1,¢1byc; = byt bF (a1 by)™ = 1)

= ((dy)o_i{ar))o({b1)o_1{c1))/ ~ = (Z;yo_1Z3)0(Zp012Z3)] ~.

It follows that V; /G4 = (B7, n).
Next, we will extend G over V,, and thus over L(2,1) = V; U, V. A compu-
—Zm —m —mi

, O )=a(uv e m ,uve m )= (u,uve m ).
i

27i 71

tation shows aa;a ' (u,v) = aa;(u"1v?

Similar computations show ab;a~'(u,v) = (ue » ,uver ), and ac;a " (u,v) =
(u, uv). These maps extend over V,, thus the maps on V, are defined as follows:

—mi 2mi

a,(u,v) =(u,uve » ),b;(u,v)=(ue uven) and c1(u, v) = (u, uv). A straight

4ami

forward calculation shows bz(u v) = (uen ,ven ) In contrast to all previous
types, there are two cases to consider depending on whether m and n are both
even or odd.

First, we suppose both m and n are even. Then, b?(u, v) = (u, —v) giving

us a fixed point. We obtain a covering map p; : V, — V, /(bf) =V,(2)
defined by pl(u v) = (uz, qu) The induced maps on V,(2) are defined by

a,(u, v) = (u,venm ) b,(u,v) = (—u,v) and c,(u, v) = (u, v). Since b,a,(u,v) =

(—u,ve m ), we obtain a covering map p, : V,(2) = V,(2)/(b,a,) =V,(m) de-
fined by p,(u, v) = (u?, uv2). The induced maps b; and c; on V,(m) are defined
by b;(u,v) = (u, —v) and c;(u, v) = (u, uv). Now, c3bs(u,v) = (u, —v) so that
V,(m)/{c3bs) = (BO,m). We can see that the fixed point set of the map c3b; is
Fix(csb3) ={(1,ri),(—1,ri) |—1 < r < 1}. Further observe that ¢;(1, ri) = (1, ri)
and c;(—1,ri) = (=1, —ri). This implies that if ¢, is the induced map on (B0, m),
then (B0, m)/{c4) = (B7,m) =V, /{a;, by, ¢1).

The second case is when both m and n are odd. As a result, bf is fixed-point-
free and we obtain a covering map p; : V, - V,/ (bf) = V,(1) defined by

n—1

p1(u,v) = (", u 2 v). The induced maps on V(1) are defined by a,(u,v) =

(u,uve m ), by(u,v) = (—u, —uv) and c,(u,v) = (u,uv). The map b,a,(u,v) =
(u, —vem ). We obtain a covering map p, : V,(1) = V,(1)/(b,a,) = V,(m) de-
fined by p,(u.v) = (u, v"™). The induced maps b5 and c; are defined on V,(m) as
follows: bs(u, v) = (u, —u™v)and c;(u, v) = (u, Hmv), hence b;c;(u, v) = (u, —).
A similar argument as the one above shows that V, /(a;, by, ¢;) = (B7,m).

Summarizing the above results, we define homeomorphisms a,, b;, ¢; on
RP3 =V, U, V, as follows:

—2mi —mi

(ue m ,uven ), if(u,v)€V;
al(u’ U) = —7i

(u, uve m ), if (u,v) € v,



ORIENTATION REVERSING ACTIONS ON RP3 309

H,Hve§ , if(u,v)eVv
o) = | ETE). i@ EV;
(ue n ,uver), if(u,v)evV,

(u,uv), if(u,v) eV,

al0) =) T, if o) €V,

Letd, = a;b; la,b;. The group generated by a;, by, ¢; is G,. This defines an
action g, : G — Homeop, (RP?) such that RP* /¢ = (B7,n) U (B7,m) =
Ohé((B7, n), (B7, m)) for some homeomorphism h; : 0(B7,n) —» 0(B7,m). It
follows by Lemma 27 in [KO21b] that Ohg((B7, n), (B7, m)) is homeomorphic to
Op, ((B7,n),(B7,m)). Composing with a fixed homeomorphism, fix a covering
map v, : RP? — O, ((B7,n),(B7, m)) and note that ¢4(Gy) is the group of cov-
ering translations. We call ¢¢ a Standard Quotient Type 6 Non-Abelian Action
on RP? with quotient type orbifold Oy, ((B7, n), (B7, m)).

Proposition 3.17. Letv : RP? — Oy, ((B7,n),(B7,m)) be a regular cover-
ing map such that 7,(0y,,((B7, n), (B7, m))) /v, (1 (RP?)) is not abelian. Then
v,(m(RP3)) = (b"™(ab)™) where m = n(mod 2).

Proof. Ifv : RP?® —» RP3/p = Oy, ((B7,n),(B7, m)) is the covering map, then
v,(m(RP3)) = H is a Z, normal subgroup of 71(0p, ((B7, n), (B7, m))). We will
show that cases 2) and 3) in by Proposition 3.16 are excluded. If H = (b") where
n is even, then b"(¢t,v) = (t, —v), which has a fixed point. By Corollary 5.2 in

[KO22], the covering corresponding to b" is not a manifold. Suppose H (d_)
Note that d = ab~'ab is identified with z(zyx)~ z(zyx) =zx ly~1z- yx =

xlzy~lzyx = x~1y?x = y?. Since y?(t,v) = (t,ve n ) it follows that d 2 (t,v)
= (t,—v), which has a fixed point. Thus we also exclude this case by use of
Corollary 5.2 in [KO22]. Thus cases 1) and 4) of Proposition 3.16 apply where
H = (b""™(ab)™) = v,(m,(RP?)) and m = n(mod 2). O

Theorem 3.18. Letp : G — Homeop; (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ = Oy, ((B7,n),(B7,m)). Then, m = n(mod 2) and
the following is true:

1) Gg =(ay, by, c; | af = b%n = C% = [apbf] =[a;,¢] = bf_m(albﬂm =1

Clblcl_l = b1_1>
= ((dy)o_1{a1))o((br)o_i{c1))/ ~=(Zno_1Z5)0(Zy,0_1Z;)] ~, where

dy = a;b]'a;by.

2) The action ¢ is conjugate to @, the Standard O.R. Quotient Type 6-Action.

Proof. The proof is similar to that of Theorem 3.3 and uses Proposition 3.17.
O
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Quotient Type 7: Orbifold (B1,n) Uy, (B8, m)

2mi
Orbifold (B1, n): Define maps a, b, c on R x D? as follows: a(t,v) = (t,ve ™ ),
b(t,v) =(—t,v),and c(t,v) = (% — t,v). The orbifold (B1,n) = R x D?/{a, b, c)
and its fundamental group is

m1((B1,n)) ={(a,b,c|a” =b*>=c?>=[a,c] =1,bab™! = a7 )
=(a)o({b) x (c)) = Z,0(Z, * Z,).

Orbifold (B8, m): Define maps x, y and z on RxD? as follows: x(t,v) = (—t,,ven),

y(t,v) = (t,v) and z(t,v) = (1 — t,ven ). We remark that the three maps are
orientation reversing. The orbifold (B8, m) = R X D?/{x,y, z) and the corre-
sponding fundamental group is
71 (B8, m)) =(x,y,z | x*" = y* = 2" = 1L,yxy ' = x7',yzy ' = 271,
X2 = ZZ>
= (xz7ho((x)o_1(¥)) = Zo(Zyy0_1Z5).
Orbifold Oy, ((B1, n), (B8, m)):

Again by [KO21b] and [KO22], there is a homeomorphism h; : d(B1,n) -
d(B8, m) inducing an isomorphism which makes the following identifications:
a=(xz7!)™' =zx7!,b=yx and ¢ = y. As a result, the fundamental group of
this quotient orbifold becomes

71(0y,, ((BL,n),(B8,m))) =(a,b,c | a" = b* =c* =[a,c] =1,bab™' = a™",
(ch)™ =1)
=(ayo((b) * (c)/{(cb)*™)) =(a)o({cb)o_;(c)/{(cb)*™))
= Z,0Dih(Z,,,),

where c is an orientation reversing element.

Proposition 3.19. Let H be an orientable normal subgroup of the fundamental
group 7,(0y,, ((B1, n), (B8, m))), which is isomorphic to Z,, and let

Q = (O, ((B1,n), (B8, m)))/H
be the quotient group. If Q is not abelian, then one of the following is true:

1) Either m > landnisevenorm = landn > 6iseven, H = {az) and
Q={(a,b,c|a®* = b? =c? = [a,c] = 1,bab™! = a7},(ch)*™ = a2 =1)=
ZQODih(ZZm).

2

2) mis even and eithern > 2orm > 4, H = {(cb)") and Q ={a,b,c | a" =
b?>=c?=Ja,c] =1,bab™! = a7, (cb)" = 1) = Z,0Dih(Z,,).

3) m and n are both even, H = {a2(cb)™) and Q ={a,b,c | a”* = b*> = ¢* =
[a,c] =1,bab™! = a7, (ch)*™ = az2(cb)™ = 1) = Z,0Dih(Z,,,)] ~.

Proof. The group H = {(a’(cb)'c) is isomorphic to Z,, where 0 < s < n,0 <

t < 2mand ¢ = 0 or 1. Since c reverses the orientation, either ¢ is even and
e=0,ortisoddande = 1.
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Casel: tisevenande =0

Ift = 0and s # 0, then H = (a®) where a® = 1, giving us s = g Since bab™!

=a!and [a,c] = 1, H is normal and Q is isomorphic to Z»oDih(Z,,,). The
2

condition in 1) is needed for Q to be a non-abelian group.

On the other hand, if t # 0 and s = 0, then H = {(cb)!). As (cb)* =1, we
have t = m. Observe [a,(cb)?] = 1 and (cb)? is inverted by means of conjuga-
tion by b and c respectively. Since t = m is even, it follows that H is normal.
Furthermore, Q is isomorphic to Z,,0Dih(Z,,) and the condition in 2) is needed
for Q to be a non-abelian group.

Now, suppose s # 0 and t # 0, hence H = {a’(cb)'). It is easy to check

a*(cb)a S(cb)[ =s%%(cb)*, ast is an even number, which must equal 1. It follows
that s = - andt = m. Moreover, [a, (cb)?] = [b, a2(cb)m] [c,az(cb)"] =1
showing H is normal and giving 3).

CaseIl: tisodd and € = 1.

In this case, we have H =((cb)’c) or H = {(a*(cb)'c) dependingons = Qors #
0 respectively. However, regardless to the value of s, the normality condition of
H forces us to conclude n = 2 and m = 1 (See [KO22], Proposition 5.16 Case
IT of proof). Thus, 771(0y,((B1,2),(B8,1))) = Z, X Z, X Z, resulting in Case II
being excluded. O

Standard O.R. Quotient Type 7 Non-Abelian Action

Let n and s be positive integers such that n = 0(mod 2). Let N = (a2 (cb)**)
be a subgroup of 7;((B1,n)). We see N < 7;((B1, n)) isomorphic to Z. Simple

calculations show that az (cb)zs(t v) = (t+s, —v), and we obtain a covering map

2mit mt

p:RxD? - RXDZ/(aZ(cb)ZS) V, defined by p(t,v)=(e5 e s ) The in-
duced maps a;, by, ¢; on 18} are defined as follows: a;(u,v) = (u, ve n ) b,(u,v)

= (u,v), ¢;(u,v) = (ue s, uve 2s) We use G- to denote the group generated by
a;, by and ¢;, we obtain

Gy =(ap,by,¢ | af = b2 = C = [ay,¢;] = 1,bya; by '= 1 0y (C1b > =1)
= (a)o((by) * <C1>) =Z O(Zz % Zy)] ~.

It follows that V', /G, = (B1, n).
The next step is to extend G, over V, and thus over L(2,1) = V; U, V,. Re-
call that the attaching map a : dV; — 9V, is defined by a(u,v) = (u~tv?,v),

Zm 4ri 27n
hence aa;a!(u,v) = aa;(u™'v?,v) = a(u=1v?, ve™ ) = (ue n ,ve n ). Like-
wise, ab;a (u,v) = (u,v) and ac;a~(u, v) = (u, uve2s) These maps extend to

V, and we relabel them a;, b; and c; respectively. Since a} (u, v) = (u,—v) has
fixed points, our covering map p; : V, — V,/{a;) = V,(2) becomes p;(u,v)
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= (uz, uUz). The induced maps on V,(2) are defined by b,(u,v) = (u,v) and

-7l

c(u,v) = (u,ve s ). A composition of the two induced maps is ¢,b,(u,v) =

—7i —27i
(u,ves ), hence (c,b,)*(u,v) = (u,ve s ). Thus, we obtain a further cover-
ing map p, : V5(2) = V,(2)/{(c;b2)*) = V,(2s) defined by p,(u,v) = (u,v®).
The induced maps bs, c; on V,(2s) are defined by b;(u, v) = (u, v) and c5(u, v)
= (u, —v) respectively. Moreover, V,(2s)/{(bs) = (B0, 2s) and c, is induced on
(B0, 25). Consequently, we obtain (B0, 25)/(cs) = (B8, 2s) =V, /{ay, by, c;). Let
m = 2s.
As a summary based upon the above calculations, we define homeomor-
phisms a;, by, ¢; on RP? =V, U, V, as follows:
27mi
(u,ven), if (u,v) eV,
al(u’ U) = 4ni 27
(ue n,ven), if(u,v)evV,

(u,v), if(u,v) eV,

bi(u,v) =4 _ _
V=105, itwo) eV,
(ue m ,uven), if(u,v) eV,
Cl(u9 U) = i
(u, uvem), if (u,v) € V,.

The group generated by a,, by, ¢; is G;. This defines an action ¢; : G; —
Homeop (RP?) where RP*/g; = (B1,1n) Uy, (B8, m) = O ((B1, n), (B8, m)) for
some homeomorphism h; : 0(B1,n) — 0(B8, m). It follows by Lemma 29 in
[KO21b] that Oh;((Bl, n), (B8, m)) ~ Oy, ((B1, n), (B8, m)). Composing with a
fixed homeomorphism, we obtain a fixed covering map
v; ¢ RP? — 0y ((B7,n),(B7,m)) and note that ¢;(G,) is the group of cov-
ering translations. We call ¢, a Standard Quotient Type 7 Non-Abelian Action
on RP3 with quotient type Oy, ((B1, n), (B8, m)).

Proposition 3.20. Letv : RP? — Oy, ((B1,n), (B8, m)) be a regular cover-
ing map such that 7,(0y,,((B1, n), (B8, m))) /(1 (RP?)) is not abelian. Then

v, (m(RP?)) = (ag(cb)m) where n and m are both even.

Proof. Ifv : RP? —» RP3/p = Oy, ((B1,n), (B8, m)) is the covering map, then
(711 (RP?)) = H is a Z, normal subgroup of 71(0p,((B1, n), (B8, m))). We will
show that 1) and 2) in Proposition 3.19 are eliminated. If H = (a®), then a(t, v)

2mi
= (t,ven ); and if H = ((cb)™), then (cb)™ is identified with x™ which is de-
fined by x™(t,v) = (t, —v) operating on the universal covering space of (B8, m).
Therefore, the maps a and (cb)™ have a fixed point in the universal covering
space of (B1,n) and (B8, m) respectively. Thus, the covering corresponding to
each H is not a manifold by Corollary 5.2 in [KO22]. Consequently, 3) in Propo-

sition 3.19 applies and H = (a2 (cb)™) = v,.(7r1(RP?)), O
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Theorem 3.21. Let¢ : G — Homeop (RP?) be a finite non-abelian action such
that the quotient space RP3 /¢ = On,((B1,n), (B8, m)). Then, both m and n are
even integers and the following is true:

1) Gy =(ay, by, ¢y | a;l = b% = C% = [ay,¢;] = (e,by)*" = af(clbl)m =1,
blalbl_l - a1_1>
=(ap)o({c1b1)o_1{c1))/ ~ = Z,0Dih(Z5p,)/ ~.
2) The action ¢ is conjugate to ¢, the Standard O.R. Quotient Type 7-Action.

Proof. By using Proposition 3.20, its proof is similar to the one in Theorem
3.3. O

4. Examples

In this section, we will provide examples of non-abelian actions on RP?
which do not respect a genus 1 Heegaard decomposition. All these actions will
leave a one-sided projective plane invariant. We will begin by describing the
twisted I-bundle W over the projective plane P?. More details concerning fi-
nite group actions on W may be found in [KO18]. It will be convenient to use
W(X,;Y) to denote an orbifold which is a twisted I-bundle over X with bound-
ary Y, and therefore W = W(P?; S?).

For S2x1, define a fixed-point free orientation preserving involution ct : S$?x
I - S$?xIbya(z,t)=(i(z),1—t). Themapi: S*> = S?is the antipodal map.
The quotient manifold S? x I /{a) = W is a twisted I-bundle over the one-sided
projective plane P2, Let v: S> x I — W be the covering map and note that
v(S? x {1/2}) = P? is a one-sided projective plane and v(S? x {0, 1}) is the 2-
sphere boundary of W. The levels of W are v(S? x {t}), and a homeomorphism
h of W is level preserving if h(v(S? x {t})) = v(S? x {t}). We may view W as
the set of equivalence classes {[z,t] | (z,t) is equivalent to (i(z),1 — t)}. If B3
is a 3-ball, then the manifold obtained by identifying B> to W is RP3, and
we decompose RP3 = B3 U W. We will first construct actions on W, and then
extend them to B3.

Example 4.1. S, and S, X Z, actions on RP3.

The octahedral group O = S,, which is the symmetric group on 4 elements
with presentation {(a,b | a*> = b*> = (ab)* = 1). Now S, acts on S? and com-
mutes with the antipodal map i with quotient space the 2-orbifold %(2, 3,4) =
S?/S,. The underlying space of £(2, 3, 4) is a 2-sphere with cone points of orders
2, 3 and 4. The map i induces an orientation reversing involution (a reflection)

i on (2, 3,4) whose quotient space is the orbifold O" (See Figure 3).
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3(2,3,4) on
Figure 3

Define maps A, B and g on S? x I as follows: A(z,t) = (a(z),t), B(z,t) =
(b(z),t)and p(z,t) = (z,1—t). Since all these maps commute with the covering
translation «, they induce maps A, B and p on W defined by Az, t] = [a(2), t],
B|z,t] = [b(2),t] and p[z,t] = [z,1 — t] = [i(z),t]. The group acting on W
generated by these elements (A, B, p) = S; X Z,. The orientation preserving
subgroup is S, since p is orientation reversing.

We first consider the orientation preserving subgroup S, acting on W. The
orbifold W(0"; 2(2,3,4)) = W /S, is £(2,3,4) x [0,1/2]/(2,1/2) =~ (i(2),1/2),
which is an orientable twisted I-bundle over O" with boundary 2(2, 3,4). This
can be seen by the following diagram:

S?xI _— S?x1/{A,B) = 2(2,3,4) x I

l l

W =S?x1/{a) —— W/{A,B) = W(0";2(2,3,4)) = £(2,3,4) x I /{a)

The map a : 2(2,3,4) X I - X(2,3,4) x I is defined by a(z,t) = (i(z),1 — t).
Next, we extend the S, action to the 3-ball B* by coning. The quotient space
B3 /S, is the orbifold B3(2,3,4). The underlying space of B3(2,3,4) is a 3-ball
whose exceptional set is a graph with three edges labeled with the numbers 2,
3, and 4 meeting at a single vertex labeled with the number 24 (see Figure 4).

B(2,3,4)
Figure 4

It follows that RP3 /S, = B(2,3,4) U W(0"; (2, 3, 4)).

By [KM91], any orientation preserving action on a solid torus is isomorphic
to either Z,,, X Z; or Dih(Z,, X Z;). Since the symmetric group S, is not isomor-
phic to either of these two groups, we have the following lemma.
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Lemma 4.2. The symmetric group S, acts on RP3 and does not preserve a genus
1 Heegaard decomposition. The quotient space

RP3/S, = B(2,3,4) U W(0O";2(2,3,4)).

We consider the entire action of S, XZ, on RP? by first considering the action
on W. For the covering map S? xI — S?xI/{A, B) = %(2, 3,4) X I the induced
maps p; and a on X(2, 3,4) X I are defined by p;(z,t) = (z,1 —t) and a(z, t) =
(i(z),1 — t). We obtain a covering map %(2,3,4) X I — 2(2,3,4) X I /{p1a) =
O™ x I. Finally, the induced map p on O" x I is defined by p(z,t) = (z,1 — t),
and O" x I/(p) = W /S, X Z, is homeomorphic to the orbifold O" x I with
one boundary component O" x {1}, and the mirrored 2-orbifold mO”" equaling
O" x {0} (see Figure 4). Denote this orbifold by m(0" x I).

If  is the induced action on RP3/S, = B(2,3,4) U W(0"; 2(2,3,4)), then
by the previous paragraph W(0";2(2,3,4))/{(p) = m(O" x I). It follows that
Plp(2,3,4) is areflection. The orbifold B(2, 3,4)/(p) has underlying space a 3-ball,
with half the boundary a mirrored disk containing a graph of singular points
with three edges labeled with the numbers 2, 3 and 4 meeting at a single vertex
labeled with the number 24. The other half of the boundary is O" (see Figure
5). Denote this orbifold by mB3(2, 3,4), and note that d(mB3(2, 3,4)) = O".

mB(2,3,4)
Figure 5

This shows that RP3/S, X Z, = mB(2,3,4) U m(O" x I), and we have the
following corollary.

Corollary 4.3. The symmetric group Sy X Z acts on RP* and does not preserve a
genus 1 Heegaard decomposition. The quotient space RP? /S, X7, =mB(2, 3,4)U
m(O" x I).

Example 4.4. S, action on RP3.

The octahedral group O = S, = (ai, b) where i is the antipodal map which
acts on S? and reverses orientation. The quotient space S?/{ai, b) is the orbifold
T" (See Figure 6), and by [KO18] the induced map i, : T" — T" is a reflection
that exchanges the two cone points of order 3 and fixes the cone point of order
2. It follows that the quotient space T" /(i,) = O".

Define maps A; and B; on S?xI by A,(z, t) = (ia(z), t) and B,(z, t) = (b(2), t).
The quotient space S? X I /{(A;,B;) = T" x I. Recall that a(z,t) = (i(z),1 — t),
and the induced map @, : T" xI — T" x I is defined by a;(z, t) = (i;(z), 1 —t).
The orbifold quotient space W(0O"; T?) = T" xI /(@) is T" x[0,1/2]/(z,1/2) ~
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(i1(2), 1/2), which is a twisted I-bundle over O" with boundary T". Let A; and
B; be the induced maps on W. We obtain the following commutative diagram:

S?xI —_— S?xI/{(A,B))=T"xI

l l

W =S2XI/{a) —— W/(A;,By)=W(O"Th) =T"xI/(a;)
This shows that S, = (A, B;) acts on W with quotient space W /(A{,B;) =
W (O"; T") being a twisted I-bundle over O" with boundary T".

We now extend the action S, over the ball B3 by coning. The orbifold quotient
B3/S,isacone over the orbifold T". In other words, B3 /S, = T"xI /(T"x{1}) ~x

= C(T") (see Figure 6).
24
3 3 3 @ 3
2 2
c(Th) Th

Figure 6

Therefore, we obtain the orientation reversing S,-sction on RP3 such that RP3/S,
= C(T") U W(O"; T™). Thus, we have the following lemma.

Lemma 4.5. The symmetric group S, acts on RP? reversing orientation and not
preserving any genus 1 Heegaard decomposition. The quotient space RP3 /S, =
c(Th uw(or;Th).

The groups As, As X Z,, A4 and A4 X Z, can also be constructed as above
to act on RP3. It follows by [KO18] that the alternating groups A5 and A, each
acts on P? with quotient spaces P?/As = I" and P?/A, = T (see Figure 7).

" T
Figure 7

As above, we let W(I";2(2, 3, 5)) and W(TV; 2(2, 3, 3)) be twisted I-bundles
over I" and TV with boundaries (2, 3, 5) and X(2, 3, 3) respectively. The orb-
ifolds m(I" x I) and m(T" x I) are quotients of I" x I and T" x I respectively
with d(m(I" x I)) = I" and d(m(T® x I)) = T'. Defined similarly as B(2, 3,4),
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we have the orbifolds B(2, 3, 5) and B(2, 3,3). Their quotients by involutions
are mB(2, 3, 5) and mB(2, 3, 3) having boundaries I h and TV respectively. We
obtain the following lemma.

Lemma 4.6. The groups As, AsXZ,, Ay and Ay X Z, act on RP3, do not preserve
any Heegaard torus, and have the following quotient spaces:

D RP3/As = W(I";2(2,3,5)) UB(2,3,5).
2)RP3 /A5 x Z, = m(I" x I) UmB(2,3, 5).
3)RP3/A, = W(TY; 2(2,3,3)) UB(2,3,3).
4HRP3/A, X Z, = m(T° X I) UmB(2,3,3).

5. Main results

In this section we state and prove the main result. We recall the definitions
of the following groups:

n
-1 -1 n 2m 2 . m
G =(w,q | qwa; =w;,wi =a" =Lw/a" =1)

=(wy)o_{ay))/ ~=(Zno_1Zym)/ ~.
G, =(ay,by,c1 | af = bf = Cfm =[a;,¢1] = Lblalbl_l = al_l,clblcl_l = biay,
(brc) "™ =1) = ({ay)o_1{by1))o{c1)/ ~ = Dih(Z,)0Z,,,/ ~ if n, m are even.
Gy =(ay,by,¢; | af = b2 =cf™ = [ay,¢1] = L,byay by = a',e1bye! = byay,
(bic)" el =1) =(ay)o_1{c1) = Z,0_1Z,,, if n, m are odd.

Gy ={ay,by,c; | at = b} =} =[ay,by] = [ay,¢;] =1L eybyet = b]!

1= 10
bla =1)=(bo_i{e)) X {a@)/ ~=Dih(Z,) X Z/ ~.

G4 = <a1, bll a%n = b% = (albl)zm = 1, bla%bl_l = a_z, a?(albl)m = 1)

= (<a%>°—1<a1b1>)°<b1>/ ~=(Zno1Zym)oZs] ~.
Gs =(ay,by,c1,dy | a} = b5 = ¢} = (bye)" =d} = (ayd)™ =1,

[ay,b1] = [a1,¢1] = [b1,di] = [c1,d1] = 1, (bicy)2(ardy) 2 = 1)

= ((byc1)o_1{e1) X {a1dy)o_1{ay))/ ~ = Dih(Z,) x Dih(Z,,)/ ~.
Ge={a1, by, c1la} =by" =ci=[ay,b}]=[ar,c;]1=1,¢1byc] ' =b7 1, by ™ (a1b)™ =1) =
({d1)o_1{a;))o({by)o_1{c1))/ ~ = Dih(Z,,)oDih(Z;,)/ ~.

G71=(a1,b1,cl | a;l = bf = Cf = [a;,¢] = (c1by)™™ = af (¢1by)™ = 1,b1alb1_1 =
a; ) ={ap)o({cr1by)o_i{c1))/ ~ = Z,0Dih(Z;,)/ ~.
Theorem 5.1. Let ¢ : G — Homeop, (RP?) be an orientation-reversing finite

non-abelian action which preserves a genus 1 Heegaard decomposition. Then one
of the following cases is true where G is isomorphic to G; for1 <i <7 :
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1) G, =(Z,0_12Z,,,)/ ~ where n, m are even and
3 ~
RP /qo - Ohl((Al’ n)’ (BS’ m))
2) G, = Dih(Z,)oZ,,/ ~ if n, m are even, or Gy = Z,,0_Z,,, if n, m are both
odd, and
RP3 /@ =~ 0y,((A3,n), (B4, m))
in both cases.
3)G; =Din(Z,) X Z,,] ~, where n > 2, m are even and
RP3/¢p ~ O, ((A2,n), (B3, m)).

4) Gy =(Z,0_1Z5,)07Z,/ ~, where n, m are even and
RP?/g ~ Oy, ((B2, n), (B2, m)).

5) Gs = Dih(Z,) X Dih(Z,,)/ ~, where n, m are even and
RP? /¢ ~ O, ((B6, n), (B6, m)).

6) Gg = Dih(Z,,)oDih(Z,,)/ ~, where m = n(mod 2) and
RP3/p ~ Oy, ((B7,n),(B7,m)).

7) G; = Z,,0Dih(Z,,,)/ ~, where m, n are even and
RP3 /¢ ~ 0y, ((B1,n), (B8, m)).

Furthermore, in each individual case i), where 1 < i < 7, ¢ is equivalent to ¢;, the
Standard Quotient Type i Non-Abelian Action.

Proof. By Propositions 34 and 35 in [KO21b] we have the following relations:
Oy, ((A1,2),(B5,1)) ~ 04,((B2,1),(B2,1)),
Oy,((A2,2),(B3,2)) ~ 0, ((B7,1),(B7,1)),

Oy, ((A2,1),(B3,2)) = Oy, ((B1,1),(B8, 1)),
Op,((A2,2),(B3,1)) ~ O, ((B6, 1), (B6, 1)).

Furthermore, except for these four pairs, the non-orientable orbifolds having an
Euler number zero genus 1 Heegaard decomposition are distinct up to home-
omorphism. Comparing these four pairs of orbifolds with the orbifolds in the
statement of the theorem, we see that the orbifolds listed in cases 1) - 7) of the
theorem are distinct.

Letp : G — Homeop (RP?) be an orientation-reversing finite non-abelian
action which preserves a genus 1 Heegaard decomposition. We may write RP3
= V| Uy V), where each V! for i = 1, 2 is a ¢(G)-invariant solid torus and
a' 1 V| — V) isahomeomorphism. By [KM91], the non-orientable 3-orbifold
quotient Vl.’/go(G) is one of the orbifolds (A1, n),..., (A3,n), (B1, n),..., (B8, n).
Letting v : RP?® — RP?/9(G) be the orbifold covering map, we see that
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RP3/9(G) = O:(X,Y) where X and Y are one of the orbifolds listed above and
£ : 0X — 9Y is a homeomorphism. It follows that 71 (0:(X,Y)) is a finite
fundamental group since v, (;(RP?)) = Z, has finite index equal to the order
of G. By Theorem 2.1, Og(X ,Y) is homeomorphic to one of the seven orbifolds
listed in the chart and the statement of the theorem. Applying Theorems 3.3,

3.6, 3.9, 3.12, 3.15, 3.18 and 3.21 proves the result. O
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