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Overfare of harmonic functions on
Riemann surfaces

Eric Schippers and Wolfgang Staubach

ABSTRACT. This is the first in a series of four papers developing a scattering
theory for harmonic functions/one-forms on Riemann surfaces. In this paper
we prove the following. Let % be a compact Riemann surface split into two
surfaces Z; and X, by a complex of quasicircles. Given a harmonic function
with L? derivatives on one of the pieces ;, there is a unique harmonic func-
tion with L? derivatives on the other piece T, with the same boundary val-
ues as the original function in a certain conformally invariant non-tangential
sense. We call the new harmonic function the overfare of the original func-
tion. This overfare map is well-defined and bounded with respect to Dirichlet
semi-norm provided that %, is connected. For Weil-Petersson quasicircles, it
is bounded with respect to the Sobolev H!-norm.
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1. Introduction

1.1. Statement of results and literature.

This paper is the first part of a longer work [29] establishing a scattering the-
ory of one-forms on Riemann surfaces, which we have divided into four parts.
A non-technical exposition of some aspects of this scattering theory can be
found in [33]. The scattering process starts by dividing a Riemann surface into
two pieces (which themselves may not be connected) by a collection of Jordan
curves. Alternatively, we can think of a compact surface obtained by sewing
together several surfaces, and the Jordan curves are the seams. Then one con-
siders functions or one-forms which are separately harmonic on the pieces, and
share boundary values on the seams. The function (or one-form) on one side
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of the surface is obtained from the function (or one-form) on the other side us-
ing a mapping which we refer to as "overfare”, which is the backbone of this
particular kind of scattering theory. In order that the results be applicable to
Teichmiiller theory and conformal field theory, it is necessary that these seams
can be quasicircles. Furthermore, much evidence exists that quasicircles are
analytically natural for the scattering theory [28].

This first paper develops the analytic theory of harmonic functions which
share boundary values on the seams. In the second paper [30], we develop
the theory of shared boundary values for one-forms, dealing with analytic and
cohomological issues which arise. These results are in turn applied in two pa-
pers developing the global analysis and geometry of the scattering process in
terms of integral operators of Schiffer [31, 32]. We prove index theorems for
these operators and it is shown that this scattering process is unitary. Also, deep
connections with both classical period matrices in geometry, and the Plemelj-
Sokhotski jump formula in function theory are illustrated.

Returning to the paper at hand, let % be a Riemann surface split into two
pieces Z; and X, by a Jordan curve or complex of curves. Given a harmonic
function with L? derivatives on one of the pieces =, (a Dirichlet harmonic func-
tion), we find its boundary values. The “overfare” is the harmonic function on
the other piece X, with the same boundary values as the original function. This
is well-defined and bounded provided that the curves in the complex are qua-
sicircles. Because the seams are quasicircles, which in general can be highly
irregular, there are many obstacles to overcome, even in the formulation of the
statement. Nevertheless, in the end one obtains a clear and clean picture.

The main results are that the overfare process is well-defined (Theorem
3.11) and is bounded with respect to the Dirichlet semi-norm (Theorem 3.43)
— that is, with respect to the L? norm on derivatives. We also establish bound-
edness with control of constants in the case of Weil-Petersson class quasicircles
(Theorem 3.42).

The results of this paper extend those in the case of the plane and Riemann
surfaces split by a single curve. These results have had applications to approxi-
mation theory in the plane [24] and on Riemann surfaces [35], conformal field
theory [22, 21], and global analysis of integral operators on Riemann surfaces
[27]. For a survey in the plane see [28].

For further applications to Teichmiiller theory and conformal field theory, it
was necessary to extend the overfare results to more general configurations of
sewn surfaces which arise there - one requires for example surfaces with many
boundary curves and disks sewn on; self-sewn surfaces; and surfaces sewn
along many curves. The purpose of this paper is to prove overfare results suffi-
cient to apply to these general cases. In [31, 32], the results of the present paper
together with [30] are applied to derive a unitary scattering theory; character-
ize solutions to the holomorphic boundary value problems for one-forms; gen-
eralize the Grunsky inequalities to collections of maps into compact Riemann
surfaces of genus g; and derive a generalized period map for bordered Riemann
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surfaces which unifies the classical period map for compact surfaces with the
Kirillov-Yuri’ev-Nag-Sullivan period mapping of universal Teichmdiller space.
The results of these sequels to this paper have also been used in approximation
theory of holomorphic one-forms on Riemann surfaces [34].

The method of proof involves a surgery technique, the core of which is that
a certain “bounce operator” is bounded (Theorem 3.24). This operator takes
harmonic functions on collars of boundary curves of a surface, to harmonic
functions on the entire surface with the same boundary values. This allows
us to use the boundedness of overfare in the plane to prove boundedness on
Riemann surfaces through “cutting and pasting”. Indeed this technique is itself
of interest and should have further applications.

To obtain these results, there are two analytic problems to be resolved. The
first is to define the boundary values in preparation for overfare, and the second
is to show the existence and continuous dependence of the overfare. The first
problem is in a certain sense independent of the boundary regularity, while the
second problem is more delicate and sensitive to the regularity of the curve.

In defining the boundary values, the nature of the approach to the bound-
ary can be defined either extrinsically in terms of the geometry of the ambient
space containing the curve, or in terms of the intrinsic geometry of the region
on which the function is defined. For example, since harmonic functions with
L? derivatives are in the Sobolev space H 1 for a wide class of curves, one could
consider the Sobolev trace to the boundary; in this case, one would need to take
into account the regularity of the boundary for this to be defined. The possibil-
ity of dealing with boundaries that may not be rectifiable would add additional
difficulties that brings one into the realm of geometric measure theory see [13],
[14]. Instead, our approach to boundary values proceeds intrinsically, viewing
the boundary as the ideal boundary of Z,, which does not depend on the ge-
ometry of the boundary in %. Indeed, it can be regarded as an analytic Jordan
curve in the double of %;.

Our intrinsic approach to boundary values in some sense originates with H.
Osborn [17], who considered the boundary values of harmonic Dirichlet func-
tions in planar domains X; along orthogonal trajectories of Green’s function of
that domain. This is conformally invariant and hence intrinsic, and can be for-
mulated in terms of the ideal boundary. We improve this “radial” approach by
defining a kind of conformally non-tangential boundary value (referred to as
CNT boundary values), in which non-tangential cones are defined in terms of
“collar charts” taking collar neighbourhoods of the boundary to annuli. Then,
a classical theorem of A. Beurling applies to show that the boundary values
exist except on a Borel set of logarithmic capacity zero in the circle under the
chart (we call this a null set). We show that this notion of boundary value is
independent of the choice of collar chart; this is essentially because the angle
of approach to the ideal boundary is a well-defined conformal invariant. Thus
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we show that the boundary values are defined not just along orthogonal trajec-
tories of Green’s function but along any non-tangentially approaching curve.
The independence of the boundary values on the choice of collar chart is a key
tool in the application of the cutting and sewing approach to boundary value
problems which we have developed in this and other papers [26], [27].

The overfare process, on the other hand, is extrinsic: the regularity of the
boundary curve is a crucial issue. We work with quasicircles; there are several
reasons for this choice. The first is geometric: at a foundational level, Teich-
miiller theory of bordered surfaces involves viewing these surfaces as subsets
of compact surfaces bounded by quasicircles. Classically, this is seen in the
quasi-Fuschsian model of Teichmiiller space [15]; for example, the universal
Teichmiiller space can be viewed as the set of (normalized) planar domains
bounded by quasicircles. The first author’s work with D. Radnell [19], [20] also
shows that the Teichmiiller space can be modelled via a set of punctured com-
pact surfaces capped by domains bounded by quasicircles, and that this leads
to a natural fibre structure on Teichmiiller space. This model and fibre struc-
ture has its roots in ideas of conformal field theory. Thus, in this work, we
choose quasicircles in order to have sufficient generality in order to provide the
groundwork for applying our results to Teichmdiller theory and conformal field
theory.

The second reason for choosing quasicircles is analytic. The authors showed
in [25] that in the Riemann sphere, the overfare exists and is bounded precisely
for quasicircles. This follows from a theorem of Nag-Sullivan/Vodopy’anov that
shows that quasisymmetries are precisely the bounded composition operators
on the homogeneous Sobolev space H'/2 on the circle. As we will see in the
third paper, this also relates to several characterizations of quasicircles in terms
of the Cauchy-type and Schiffer integral operators which play the main role in
this paper. A survey of such results in the Riemann sphere can be found in [28].

It should also be noted that the Sobolev theory techniques by themselves are
not sufficient in dealing with all aspects of the boundary value problems that
are involved in this paper, since Sobolev spaces involve functions defined up
to sets of Lebesgue measure zero. In fact, one needs to establish that bound-
ary values exist up to a set which maps under a collar chart to a Borel set of
logarithmic capacity zero in the unit circle. We call such sets null sets. By our
earlier results, for quasicircles, a set which is null with respect to a collar chart
on one side of the curve must be null with respect to a collar chart on the other
side. This fact is central to establishing a well-defined overfare of harmonic
functions. However, the claim fails if in the discussion above one replaces ca-
pacity zero with Lebesgue measure zero on the circles. Thus Sobolev theory on
its own is not sufficient.



OVERFARE OF HARMONIC FUNCTIONS ON RIEMANN SURFACES 325

As described above, in this paper we extend our previous overfare results
to Riemann surfaces divided by many curves, rather than just a single curve.
There is an obstacle to doing so. If the region X, is bounded by several curves,
but ¥, is not connected, then the Dirichlet seminorm is not controlled by the
Dirichlet norm of the input. This is because one may add different constants
to different connected components of X, driving up the seminorm of the over-
fare, while the Dirichlet norm on the originating surface is unchanged. If the
originating surface is connected, this issue does not arise, and we are able to
prove boundedness of overfare with respect to the Dirichlet seminorm.

One can also obtain boundedness with respect to a genuine norm if more
regularity is assumed. We introduce a conformally invariant Sobolev space
(Definition 3.20) with a norm in which, rather than adding the L? norm of the
function in the case of classical Sobolev spaces, we add an integral of the func-
tion around a boundary curve. With no connectivity assumptions, we obtain
boundedness of overfare with respect to this conformally invariant norm, for
curves with greater regularity. It suffices that the quasicircles are so-called Weil-
Petersson quasicircles. For both of these results, in this paper we use a more
flexible method of proof than in [26], which makes systematic use of bounded-
ness of the so-called bounce operator (see Definition 3.23).

Acknowledgements. The first author was partially supported by the Na-
tional Sciences and Engineering Research Council of Canada. The second au-
thor is grateful to Andreas Strémbergsson for partial financial support through
a grant from Knut and Alice Wallenberg Foundation. Finally we would like to
thank the referee for suggestions which improved the presentation of the pa-
per.

1.2. Outline of the paper. In Section 2 we gather the preliminary material
about Riemann surfaces, their boundaries, and spaces of harmonic and holo-
morphic functions and forms. Section 3 defines the conformally non-tangential
boundary values of Dirichlet bounded harmonic functions, and proves the exis-
tence and boundedness of the overfare map. Conformally non-tangential bound-
ary values are defined in Subsection 3.2. The so-called anchor lemmas (certain
boundary integrals are independent of the collar charts) can be found as Lem-
mas 3.14 and 3.15. The boundedness of the "bounce operator” is dealt with in
Subsection 3.5. The boundedness of composition operators associated to WP-
class quasisymmetries in Sobolev H'/2 space of the unit circle, is proven in Sub-
section 3.6. Finally the boundedness of the the overfare operator for general
quasicircles in proven in Subsection 3.6 as well.

2. Riemann surfaces, harmonic measures and Green’s function

2.1. About this section. This section gathers the definitions and basic results
used throughout the paper. This includes Dirichlet spaces of functions and
Bergman spaces of forms; Riemann surfaces, their boundaries and specialized
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charts called collar charts; sewing; Green’s functions on compact surfaces and
surfaces with boundary; Sobolev spaces; and harmonic measures and boundary
period matrices.

2.2. Bordered surfaces. We briefly recall the definition of a bordered surface
in order to remove any ambiguity. See for example [1] for a complete treatment.

In what follows we denote by A, ;, the annulus{z : a < |z| < b}. Let C
denote the complex plane, and C denote the Riemann sphere C U{co}. Let D =
{z € C : |z| < 1} denote the open unit disk, andletH = {z € C : Imz > 0}
denote the upper half plane. Let cl (H) denote its closure. In general we will
let cl denote closure throughout. Let S = {z € C : |z| = 1} denote the unit
circle.

Definition 2.1. We say that a connected Hausdorff topological space 2 is a
bordered Riemann surface if there is an atlas of charts ¢ : U — cl(H) with the
following properties.
(1) Each chartisalocal homeomorphism with respect to the relative topol-
ogy;
(2) Every point in £ is contained in the domain of some chart;
(3) Given any pair of charts ¢, : U, — cl(H), k = 1,2,if U; n U, is
non-empty, then ¢, o¢> ! is a biholomorphism on U; N U, N H.

This defines a distinction between interior and border points (see e.g. [1, pp
23-24]). That is, we say p is on the border if there is a chart in the atlas such
that ¢(p) is on the real axis, and p is in the interior if there a chart mapping p
to a point in H. In either case, if the claim holds for one chart, it holds for all of
them. We will denote the set of interior points by X and the set of border points
by 0%. We call 9% the border, and note that the border is also the topological
boundary of £ in 2. Observe that ¥ is a Riemann surface in the standard sense.

We will call a chart ¢ which contains a boundary point in its domain a “bound-
ary chart” or “border chart”. Let 29 be the double of £, which as a set consists of
% together with a set of conjugate points z for each z € Z; for points on the bor-
der, Z = z. An atlas is constructed as follows. Assume that ¢, : U, — cl(H),
k = 1,2, are charts such that U; n U, N 0% is non-empty. Then by the Schwarz
reflection principle, ¢,0¢; ! extends to a biholomorphism of an open set con-
taining ¢,(U; N U,). This open set can be taken to be the union of ¢,(U; N U,)
with its reflection in the real axis. In the usual construction of the double, any
chart ¢ which contains border points can be extended to a chart in the dou-
ble by reflection. By the above argument, the overlap map ¢,0¢; ! is a biholo-
morphism for any pair ¢;, ¢, of such extensions. Charts which do not contain
boundary points in their domain have conjugate charts with domains in £. This
defines the atlas on the double of ¢ of X.

Remark 2.2. Once the border structure is established as above, for convenience
we will allow interior charts to have image in C and not necessarily in H. In
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particular, we will also consider border charts which map into the closure of
the disk D = {z € C : |z| < 1}, with border points mapping to |z| = 1. Every
such chart is a border chart in the original sense after composition by a Mobius
transformation.

We consider bordered Riemann surfaces with n simple closed borders and g
handles. The precise definition is the following.

Definition 2.3. We say that X is a bordered Riemann surface of type (g, n), if it is
bordered (in the sense Definition 2.1), the border has n connected components,
each of which is homeomorphic to S!, and its double %¢ is a compact surface
of genus 2g + n — 1.

Visually, a bordered surface of type (g, n) is a g-handled surface bounded by
n simple closed curves. We order the borders and label them accordingly, so
that 0X = 0,2 U --- UJd, 2. The borders can be identified with analytic curves in
the double =%, and we can view the union 3 = ZUJZ as cl(X) where the closure
is taken in the double X<,

Finally, we observe that borders are conformally invariant. That is, if ¥; and
%, are bordered surfaces, then any biholomorphism f : £; — X, extends to
a homeomorphism of the borders. In fact, f extends to a biholomorphism be-
tween the doubles Z‘li and Zg which takes 0%, to d%,. Finally, if only one of the
two surfaces has a border, say Z,, then one can endow X, with a border using
f- In particular, there is a unique maximal border structure.

Remark 2.4. Note that if ¥ has type (g, n), the border structure is maximal, since
>4 is a compact surface.

Definition 2.5. We say that a homeomorphic image T of S is a strip-cutting
Jordan curve if it is contained in an open set U and there is a biholomorphism
¢ : U — A, forsome r < 1 < R, in such a way that ¢(T) is isotopic to S'. We
call U a doubly-connected neighbouhood of T" and ¢ a doubly-connected chart.

Remark 2.6. If T is a strip-cutting curve, by shrinking A, g, we can assume that
(1) ¢ extends biholomorphically to an open neighourhood of cl(U), (2), that
the boundary curves of U are themselves strip cutting (in fact analytic Jordan
curves), and (3) that T is isotopic to each of the boundary curves (using ¢! to
provide the isotopy).

Remark 2.7. An analytic Jordan curve is by definition strip-cutting.

Throughout the paper we consider nested Riemann surfaces. That is, we are
given a type (g, n) bordered surface X, another Riemann surface &% which is
compact, and a holomorphic inclusion map «(Z) C #. Assume that the clo-
sure of X is compact in #, and furthermore the boundary consists of n closed
strip-cutting Jordan curves, which do not intersect. In that case, the inclusion
map ¢ extends homeomorphically to a map from the border to the strip-cutting
Jordan curves. Thus 0Z is in one-to-one correspondence with its image under
the homeomorphic extension of ¢, and the image is the boundary of ((X) in the
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ordinary topological sense. For this reason, we will not notationally distinguish
¥ from (), and use the notation 0 for both the boundary of ((X) in % and the
abstract border of .

In fact, if the boundary of X is a strip-cutting Jordan curve, it is also a border.

Theorem 2.8. Let X be an open connected subset of a Riemann surface %. As-
sume that the topological boundary of £ in Z is a finite collectionT =T, U --- U
T, of strip-cutting Jordan curves. Furthermore suppose that there are doubly-
connected charts ¢, : U — Ay of Ty fork = 1,...,n (where A,’s are annuli)
such that the closures of U are mutually disjoint, and U \T consists of two con-
nected components, one of which is entirely contained in ¥ and one which is in
Z\Z. Then X is a bordered surface and the inclusion map is a homeomorphism.

Proof. First, observe that X has a unique complex structure compatible with
%, so we let o7 be an atlas compatible with this structure.

Let UI': denote the component of U \T" in X. Then <¢>k(U;r ) is an open subset
of C bounded by two Jordan curves, one of which is a boundary y of A, and one
of which is the Jordan curve ¢, (T"). By [7, Theorems 3.3, 3.4 Sect 15.3], there is
a biholomorphism ), : ¢k(U;) — A, ; which extends to a homeomorphism
of the boundaries, taking y to |z| = r and ¢, (") to S!. Adjoining the points in
I, to 2, Then

bl ol

is an atlas making ¥ U 0% into a bordered surface. O

Remark 2.9. The embedding of the border % in % need not be regular. That is,
the inclusion map does not extend to a smooth or analytic map from 0% onto its
image under inclusion ¢, unless the image consists of smooth or analytic curves.

By another application of [7, Theorems 3.3, 3.4 Sect 15.3], it is easily shown
thatif ¥, C %, and Z, C %, satisty the conditions above, and f : £; — X, is
a biholomorphism, then f extends continuously to a map taking each Jordan
curve in 0%, homeomorphically to one of the Jordan curves of 9%,.

It is helpful to have the following distinction in mind throughout the paper:
certain statements are “intrinsic” while others are “extrinsic”. Intrinsic state-
ments about a Riemann surface X are those which depend only on the surface
itself and are unchanged under a biholomorphism. For example, the border is
intrinsic, and the harmonic function which is one on 6, Z and 0 on other curves
is intrinsic. Extrinsic statements about a Riemann surfaces Z nested in another
surface %, are those which make reference to %. For example, “strip-cutting”
is an extrinsic property, as is the regularity of ((6Z). An example of an extrinsic
object is the restriction of Green’s function of % to X (see the next subsection
for the definition of Green’s functions).

When dealing with intrinsically phrased boundary value problems, regular-
ity of the boundary is not an issue, since we can treat the boundary as a border
and thus we have its analytic structure at our disposal. Examples of this are the
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Dirichlet problem (here with less regular data) and CNT boundary values of
Dirichlet bounded harmonic functions on X in Section 3.2. On the other hand,
when dealing with extrinsically phrased boundary value problems, regularity
of the boundary is a major concern. Overfare, in which the boundary values of
a harmonic function on X become data for the Dirichlet problem on #\Z, is of
this nature.

2.3. Collar charts. We define a kind of chart on bordered surfaces near the
boundary, which we call a collar chart.

Definition 2.10. Let X be a bordered Riemann surface of type (g, n). A biholo-
morphism ¢ : U — A, is called a collar chart of 0, Z (for some fixed k) if U is
an open set in X bounded by two Jordan curves % and T, such that T is isotopic
to 0, Z within the closure of U. A domain U is a collar neighbourhood of 3, Z if
it is the domain of some collar chart.

Proposition 2.11. Let X be a type (g, n) surface. Then every boundary curve 8; X
has a collar chart.

Proof. Let X¢ be the double of %, so that each boundary 3, is an analytic Jor-
dan curve and hence strip-cutting. Let Uy, U; , ¢ and ¥, be as in the proof of
Theorem 2.8. Then iy o¢y |+ is a collar chart. O
k
Furthermore, we have the following consequence of Carathéodory’s theo-
rem.

Theorem 2.12. Let X be a bordered surface and I" be a component of the border
which is homeomorphic to S'. If ¢ : U — A is a collar chart, then ¢ extends
continuously to 8, X. The extension is a homeomorphism of 0,Z onto S*.

Proof. T isan analytic Jordan curve in the double, and hence strip-cutting. Let
Y : V — A be a doubly-connected chart for I'. By shrinking V' we may assume
that the boundaries of (V) are Jordan curves. Then 1o¢~! maps A onto a
doubly-connected region bounded by Jordan curves, so the claim follows from
[7, Theorems 3.4 Sect 15.3]. O

To keep the notation simple, we will also denote the continuous extension
by ¢.

Remark 2.13 (Isotopy and extension). By shrinking r, for any collar chart ¢ :
U — A;, we can always assume that the inner boundary is an analytic curve
and ¢ has an analytic extension to this curve. Furthermore, H(t,8) = ¢~!(e‘e’®)
defines an isotopy between the level curve |¢| = r and 6, Z, running through
the level curves of |¢].

The homeomorphic extension is analytic on the border. This can be phrased
in various ways, one of which is as follows. Treat X as a subset of its double

>4 with involution z — Z. For a collar neighbourhood U of J, %, let Ut =
U U U U d,=. We then have
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Proposition 2.14. Let ¢ : U — A, be a collar chart. Let U = U U U U §; =
be the double of U. If % is included in its double 2%, then ¢ extends to a doubly-
connected chart ¢ of ;X mapping U onto the annulus A1 r satisfying p4(2) =

1/¢4(2).

Remark 2.15. In particular, the border charts give a well-defined meaning to
continuous, Ck, and analytic functions on ;X for k = 1,...,n. Similarly it
gives a meaning to continuous, C¥, and analytic vector fields or one-forms on
the boundary. For example, a one-form a on 8, X is continuous, C¥, or analytic
if its expression in a boundary chart ¢ : U — H near p is h(x) dx where h is
continuous, C¥ or analytic respectively, and this holds for all p € 3, Z. If the
property holds for any collection of boundary charts covering 9, Z then it holds
for all boundary charts. In particular, it is enough that the property in question
holds for one collar chart; that is, « is continuous, C¥, or analytic if and only
if in the local coordinates defined using ¢| 3 for a collar chart ¢, « is given by

h(e®) d6 where h is respectively continuous, C¥ or analytic on S'.
Finally, we have the following useful fact.

Proposition 2.16. Let X be a Riemann surface with border I' homeomorphic to
S, and let U and V be collar neighbourhoods of a boundary curve 8, X. There is
acollar chart ¢ : W — A, ; such that W C U Nn'V. Moreover r can be chosen so
that the inner boundary of W is containedin U N V.

Proof. By Remark 2.13 we can choose collar neighbourhoods U’ and V' whose
inner boundaries are analytic curves y; and y, contained in U and V, with cor-
responding collar charts ¢ and iy extending analytically to y; and y,. By
composing with 1y, we can assume that T = S', ¢(z) = z, U’ = A, for
somer,and y; ={z : |z| =}

Now let M be the maximum value of |y (z)| on y,, which exists because y,
is compact. In that case cl(A;;) € V' nU’ for s = (1 + M)/2. We may now
choose W = Ay, and ¢(z) = z to prove the claim. O

Proposition 2.17. Let T be a strip-cutting Jordan curve in %, and let ¢ : U —
A, g be a doubly-connected chart. There are collar charts 3, : U, — A with
Uy CUNZ for k = 1,2. U, may be chosen so that their inner boundaries are
analytic curves contained in U.

Proof. Applying the proof of Theorem 2.8 to each side of I" we obtain the de-
sired 9y. O

2.4. Function spaces and holomorphic and harmonic forms. In this pa-
per, we will denote by C positive constants in the inequalities whose value is not
crucial to the problem at hand. The value of C may differ from line to line, but
in each instance could be estimated if necessary. Moreover, when the values of
constants in our estimates are of no significance for our main purpose, then we
use the notation a < b as a shorthand for a < Cb. If a < band b < a then we
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write a ~ b.

On any Riemann surface, define the dual of the almost complex structure, *
in local coordinates z = x + iy, by

% (adx +bdy) =ady —bdx.

This is independent of the choice of coordinates. It can also be computed in
coordinates that for any complex function h

20h =dh +1i * dh. 2.1)

Definition 2.18. We say a complex-valued function f on an open set U is har-
monic if it is C> on U and d * df = 0. We say that a complex one-form « is
harmonic if it is C! and satisfies both da = 0 and d * a = 0.

Equivalently, harmonic one-forms are those which can be expressed locally
as df for some harmonic function f. Harmonic one-forms and functions must
of course be C*.

Denote complex conjugation of functions and forms with a bar, e.g. a. A
holomorphic one-form is one which can be written in coordinates as h(z) dz for
a holomorphic function h, while an anti-holomorphic one-form is one which

can be locally written h(z) dZ for a holomorphic function h.
Denote by L?(U) the set of one-forms w on an open set U which satisfy

]]w/\*@<oo
U

(observe that the integrand is positive at every point, as can be seen by writing
the expression in local coordinates). This is a Hilbert space with respect to the

inner product
(w1, ;) = [[ WA * ;. (2.2)
U

Definition 2.19. The Bergman space of holomorphic one forms is
AU) ={a € L>(U) : a holomorphic}. (2.3)

The anti-holomorphic Bergman space is denoted A(U). We will also denote
Anam(U) = {a € L*(U) : o harmonic}. (2.4)

Observe that A(U) and A(U) are orthogonal with respect to the inner prod-
uct (2.2). In fact we have the direct sum decomposition

Anarm(U) = AU) & AU). (2.5)

If we restrict the inner product to «, 8 € A(U) then since * ,E = iE, we have

(oc,ﬁ):ifoaAE.
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Denote the projections induced by this decomposition by
PU : Aharm(U) - A(U)
Pyt Apam(U) = A(U). (2.6)

Let f : U — V be a biholomorphism. We denote the pull-back of o €
Anarm (V) under f by f*a. Explicitly, if a is given in local coordinates w by

a(w)dw + b(w)dw and w = f(z), then the pull-back is given by
F* (a(w) dw + b(w) dw) = a(f(@)f'(2) dz + b(f(2)f'(2) dz.

The Bergman spaces are all conformally invariant, in the sense thatif f : U —
V is a biholomorphism, then f*A(V) = A(U) and f* preserves the inner prod-
uct. Similar statements hold for the anti-holomorphic and harmonic spaces.

Definition 2.20. We define the space A (U) as the subspace of exact ele-

harm

ments of Ay ,,(U), and similarly for A¢(X) and A¢(X).

We also consider one-forms which have zero boundary periods, which we
call semi-exact.

Definition 2.21. Let T be a bordered surface of type (g, n). We say that an L?
one-form o € Ay, (Z) is semi-exact if for any simple closed curve y homotopic
to a boundary curve 9,Z,
f a=0.
14

The class of semi-exact one-forms on X is denoted A}° _(Z). The holomorphic

and anti-holomorphic semi-exact one-forms are denoted by .A%(XZ) and As¢(X)
respectively.

The following spaces also play significant roles in this paper.

Definition 2.22. The Dirichlet spaces of functions are defined by
Dham(U) ={f : U—>C, f € C*}(U), : df € L>(U) and d = df = 0},
DWU)={f :U—->C : df € A(U)}, and
DWU)={f :U->C : df e A(U)}.

We can define a degenerate inner product on Dy,,.,,(U) by

(f’ g)Dharm(U) = (df’ dg)-/lharm(U)’
where the right hand side is the inner product (2.2) restricted to elements of
Aparm(U). The inner product can be used to define a seminorm on Dy, (U),
by letting

5, = @ AN
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We note that if one defines the Wirtinger operators via their local coordinate
expressions
of of

6f=a—zdz, 5f=Edz,

then the aforementioned inner product can be written as
F@)trmir =1 [ [05 758 =31 A 5] 27)
U

Although this implies that D(U) and D(U) are orthogonal, there is no direct
sum decomposition of Dy, (U) into D(U) and D(U). This is because in gen-
eral there exist exact harmonic one-forms whose holomorphic and anti-holo-
morphic parts are not exact.

Observe that the Dirichlet spaces are conformally invariant in the same sense
as the Bergman spaces. That is, if f : U — V is a biholomorphism then

Cih = hof
satisfies
Cs 1 D(V) - D)

and this is a seminorm preserving bijection. Similar statements hold for the
anti-holomorphic and harmonic spaces.

We also note that if h € D(U) and h(z) = ho¢~'(z) is the expression for h
in local coordinates z = ¢(w) in an open set ¢(U) C C, then we have the local

expression
(o = || I@PdA,
()

where dA, denotes Lebesgue measure in the z-plane. Similar expressions hold
for the other Dirichlet spaces.

Next we gather some results from the theory of Sobolev spaces which we
shall use in this paper.

Definition 2.23. For s € R, one defines the Sobolev space H(R"), which con-
sists of tempered distributions u such that

||u'||?—IS(Rn) =a - A)s/zu”izmn) = ’/R;n(l + [EPAE)]? dE < o,

where #i(§) is the Fourier transform of u defined by #i(§) = J, u(x) e 8 dx

and

1 §/2 530 Y pix-E
o |+ a e as

The homogeneous Sobolev space H¥(R"), is the space of tempered distributions
such that f,, [£]* [T(8)]* d& < .

(1 - Ay u(x) =
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The scales of Sobolev spaces that are of particular interest forusare s = 1, i%

(defined on various manifolds). For instance H'(R") consists of the space of
tempered distributions u for which

1

[ (f |Vu(x)|2dx+f |u|2dx)
" R (2.8)

= (I gy + ) < o0,

and H'/2(R") consists of the space of tempered distributions u for which

1

2 2
[ull /oy ©= ( f / Iul(;c) th(+y1)| dxdy + f |u|2dx>
Y R (2.9)

1

2
= (I gy + ) < o0

The Sobolev space H(S!), s > 0, will also play an important role in our
investigations, whose definition we also recall. Given f € L?(S') one defines
the Fourier coefficients and the Fourier series associated to f by

2
fn = f foeedo, f= S fme, (2.10)

n=—oo

where the convergence of the series is both in the L2-norm and also pointwise
almost everywhere. The Sobolev space H*(S') is defined by

H(SYH = {f e L*(SY) : Z (1+ |n|2)s I[f(n)]? < oo}. (2.11)

Like all other L?-based Sobolev spaces, H*(S!) is a Hilbert space and given
f, g € H(S!) their scalar product is given by

e

(fo@men= 2, 1+In?) fmsn), (2.12)
and so )
o0 1/2
||f||Hs<§1>=< > (1+|n|2)slf(n)|2) . (2.13)

Of particular interest in this paper, are the functions in the Sobolev space H/2(S!)
for which one also has the analogue of (2.9), i.e.

2 1/2
o = ( [ [ LEE e 414171 s) - @19
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As was shown by J. Douglas [8], for a function F € Dy,,.,(D) the restriction of
F to S' is in H'/2(S!), and if the boundary value of F is denoted by f then

2
17| f / ”()ggwmmmn 215)

We shall also recall the following useful embedding result, whose proof can
be found in [37].

Theorem 2.24. If1 < p < oo ands > 0 withs + 1> % then one has the
P

continuous inclusion (embedding)
H3(SY c LP(SH). (2.16)

Now regarding Sobolev spaces on manifolds, we first recall the definition of
Sobolev H5(M), s € R for compact manifolds M, see e.g. [3].

Definition 2.25. Let M be an n—dimensional smooth compact manifold with-
out boundary, with the smooth atlas (¢;,U;) and the corresponding smooth
partition of unity %; with ¢; > 0, supp; C U; and Zj ¥; = 1. Given s > 0,
the Sobolev spaces H¥(M) are the space of complex-valued L? functions on M
for which

If sy 2= 25 @507 | scany < oo (217)
J

The homogeneous Sobolev space HS(M) is defined using (2.17) by substituting
H3(R™) with H¥(R"™).

It is also well-known that different choices of the atlas and its corresponding
partition of unity, produces norms that are equivalent with (2.17).

Nextlet X be a smooth compact n-dimensional manifold with smooth bound-
ary bd(X) and fix a Riemannian structure on X. Use the Riemannian structure
to construct a collar neighbourhood N = bd(X) X I of the boundary bd(X) and
denote the (inward) normal coordinate by t € I = [0, 1]. We may assume that
X is a submanifold of a closed compact, smooth manifold M, which is the com-
pact double of X.

Definition 2.26. Let X be a smooth compact n-dimensional manifold with
boundary. We can regard X as a submanifold of a closed smooth n-dimensional
manifold M (i.e. M is compact without boundary as above). Then the space
H3(X) consists of the restrictions {Ru; u € H*(M)}where R : L>(M) — L*(X)
denotes the restriction operator u — u|y .

In this connection one also has the fundamental fact about Sobolev spaces
on manifolds with boundary that asserts that the trace map, i.e. the map

Tr :u - ulbd(X)
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1
S——

from H(X) —» H* 2(bd(X)) is continuous for s > %, see e.g. [3, Theorem 11.4,
p 68].

Ahead, we will show that the border structure on a Riemann surface induces
asmooth boundary in the Riemannian sense above, so that Sobolev trace can be
applied. In this section, we will keep the notation bd(X) to denote the boundary
in the sense above. Once it is established that the theory applies to the case of
the border of a Riemann surface, we will return to the notation 9X.

Occasionally, we will also use the invariance of the Sobolev space H® under
diffeomorphisms. We state this below as a lemma whose proof could be found
in Lemma 1.3.3 in [12], or even more explicitly as Theorem 9.2.3 in [?], or by us-
ing interpolation between the well-known results for Sobolev spaces of integer
scales.

Lemma 2.27. Lets € R and ¢ be a diffeomorphism of a bounded open set U; C
R" onto another bounded open set U, C R" such thatp € €*°(cl(U;)) and
P! € €®(cl(U,)). Then one has

||f°1/)||Hs(U1) ~ ||f||Hs(U2)-

The following result is quite useful in connection to the boundedness of cer-
tain operators which will be introduced later. In fact this theorem enables us to
turn our estimates into conformally invariant ones through suitable choices of
the norms involved in the estimates.

Theorem 2.28. Let X be a compact Riemannian manifold with smooth bound-
ary, for which the homogeneous and inhomogeneous Sobolev spaces are well de-
fined. Assume that .7 is a non-negative functional on H5(X), s > 0, with the
following properties:

(1) Z isreal-valued and forallc € C and f € H¥(X), #(cf) = |c|Z(f);

(2) For f € H5(X), there exists a constant C (independent of f) such that
0 <. Z(f) < Cllfllmscoys

(3) For f =1 oncl(X) one has that Z(f) # 0.
Then there are constants Cy and C, such that for f € H3(X) one has

1/2 1/2
C(IF s +FUN?) T < M fllico < Co(IF IPrso +(FU?) T (218)

1/2
Proof. Set®(f) := <||f||2HS(X)+(9’(f))2) . Then trivially one has that ®(f;+

f2) < ®(f,) + @(f,), and for any ¢ € C one has ®(cf) = |c|P(f). Moreover O
isinjective, since if ®(f) = 0 then || f|| = 0and .7 (f) = 0. The first equality

H(X)
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yields that f = constant, and from the second inequality and the assumption
on .7 it follows that f = 0. This shows that ®(-) defines a norm on H5(X).
Furthermore since the continuity of . implies that ®(f) < A|| f]|gs(x), a result
based on Banach’s open mapping theorem, see e.g. [23] Corollary 2.12b, yields
that ||f|| < B®(f). Taking C; = 1/A and C, = B we obtain (2.18). O

A useful corollary of this result is the following

Corollary 2.29. Let F € Dy,m(D)and let f denote the boundary value of F.
Then one has

L f |2ty = 1FQO)] + [|F|lp,,.. @) (2.19)
Proof. Since f € H/2(S'), we know that f € L3(S') and so

[oo]
f= 2, fmers,
n=—oo
with convergence almost everywhere, where f(n) is given by (2.10). Therefore,
for the harmonic extension F of f, one has that F(0) = f(0) and using Parseval’s
identity we obtain

. o 1/2
FO)I = 1fO1<( Y 1fmP) =\/%Ilfllm(81)- (2.20)
n=—oo T

Hence using (2.20) and (2.14) among others, one can easily check that the func-
tional

F(f) 1= |F(0)]
satisfies all the conditions of Theorem 2.28. Hence Theorem 2.28 and equation
(2.14) yield that

2 2
If(Z) fOP? 1/2
e = (PR + [ [ LB el lazi)
Finally, (2.15) and the elementary inequality ﬁ(|a| +|b]) < (Ja* + |b|2)1/2 <
|a| + |b| shows that (2.19) is valid. O

We also record a rather general fact that is often useful in connection to var-
ious boundedness results involving Sobolev spaces, see e.g. Theorem 2.6 in [6]
for a proof.

Theorem 2.30. Let Q be a domain whose boundary is locally the graph of a Lip-
schitz function (i.e. a Lipschitz domain). Then there exists a unique continuous
linear mappingy : HY(Q) — L?(bd(Q)) such that y(u) = Ulpaca)- In particular,
one has the estimate

f ul? S llullf g (2.21)
bd(Q)
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Now let us turn to Sobolev spaces on bordered Riemann surfaces. Let (%, h)
be a compact Riemann surface with metric k. In the case that % is the sphere or
torus, we let h be the spherical or Euclidean metric respectively. Otherwise, h is

the hyperbolic metric. Setdo(h) := /| deth;j| |dz|? which is the area-element

of #Z, where h;; are the components of the metric with respect to coordinates
Z = X, + ix,. We define the inhomogeneous and homogeneous Sobolev norms
and seminorms respectively of a function f defined on % as

Wtz = (/:/%df/\*ﬁ+/:/%|f|2do(h))%

=t (I 1)+ I V) (222)

Observe that the Dirichlet seminorm and the homogeneous Sobolev seminorm
|| - llzr1) are given by the same expression up to a constant.

We also note that since any two smooth metrics on % have comparable de-
terminants, choosing different metrics in the definitions above yield equivalent
norms. Now if # is a compact Riemann surface and X is an open subset of
with analytic boundary 0%, then the pull back of the metric h;; under the inclu-
sion map yields a metric on X. Using that metric, we can define the inhomo-
geneous and homogeneous Sobolev spaces H!(Z) and H(Z). However these
definitions will a-priori depend on the choice of the metric induced by %, due
to the non-compactness of Z, unless further conditions on X are specified.

We define Sobolev spaces on the border of a surface ¥ using the intrinsic
notion of border. Since the point is important, we embed it in a remark in order
to refer to it later.

Remark 2.31 (Sobolev spaces on the border). Whenever we consider the Sobolev
space H'/2(3%) in this paper, we assume that ¥ ¢ ¢ where 3¢ is the compact
double, so that X is an analytic curve (and in particular smooth) and thus an
embedded submanifold of R. Thus the charts on d% can be taken to be restric-
tions of charts from =¢. Equivalently, the boundary 3% is endowed with the
manifold structure obtained by treating it as the border of X.

Ahead we consider the case that £ C % and the topological boundary of
in Z is a quasicircle. Although the border of ¥ can be identified as a set with
the topological boundary of %, the inclusion map of the bordered surface £ into
Z is not an embedding in the differential geometric sense. In this situation, we
do not apply the Sobolev theory directly to the boundary d% as a subset of %,
but consider instead the Sobolev space on the abstract border or double 3¢ as
in Remark 2.31.

Regarding the homogeneous and inhomogeneous Sobolev spaces, it was
proved in [26] that
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Theorem 2.32. Let # be a compact surface and let ¥ C % be bounded by a
closed analytic curve I'. Fix a Riemannian metric Ay on Z as follows. If Z has
genus g > 1 then let Ay be the hyperbolic metric; if % has genus 1 then let Ay be
the Euclidean metric, and if % has genus 0 then let Ay, be a spherical metric. Let
HY(2) and H'(Z) denote the Sobolev spaces with respect to Ay. Then H(Z) =
HY\(Z) as sets.

2.5. Harmonic measures. We start with the definition of harmonic measure
in the context of bordered Riemann surfaces.

Definition 2.33. Let w;, k = 1,...,n be the unique harmonic function which
is continuous on the closure of £ and which satisfies
o, = { 1 on g%
k 0 on g%, j#k.
The one-forms dw,, are the harmonic measures. We denote the complex linear
span of the harmonic measures by .A;,,,(Z). Moreover we define

* Apm(E) ={x a : a € Ay (X))

By definition any element of A}, (%) is exact, and its anti-derivative w is con-
stant on each boundary curve. On the other hand, the elements of * A}, (Z)
are closed but not exact. Elements of A;,(Z) and * A}, (Z) extend real ana-
lytically to the border, in the sense that they are restrictions to X of harmonic
one-forms on the double. In particular they are square-integrable, which ex-
plains our choice of notation. Thus to summarize:

Proposition 2.34. Let T be a bordered surface of type (g, n). Then Ay, (Z) C
Ay (Z) and x Ahm(z) c Aharm(z)-

harm

Definition 2.35. The boundary period matrix I1 ;. of a non-compact surface =
of type (g, n) is defined by

ij:=f a)j*da)k=/ * dwy.
oz 0,2

J

Theorem 2.36. Ifwelet j, k run from 1 to n, omitting one fixed value m say, then
the resulting matrix I1;; is symmetric and positive definite.

Proof. The matrix is symmetric, because

ij—l'[kaf (coj*dcuk—cok*dcoj)=/](wjd*dwk—wkd*dcoj)=0.
oz z

Now let 44, ..., 4,, denote fixed real numbers, where 4,, is omitted from the
list. Define

n
w = Z lkwk
k=1
k#m
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then using the fact that w is harmonic we obtain (implicitly using Proposition

2.34)
ldewl)? = ﬂdam * dw = f WA * dw
b2 oz
:f Z/ljcoj % d Z/lkcuk
0\ j#m k#m
=20 20 M.
J#Em k#m
Since dwy, ..., dw, (omitting dw,,) are linearly independent, this completes
the proof. O

Thus IT ks Js k=1,..m,..,n(here (f) denotes omission) is an invertible ma-
trix, and we can specify n — 1 of the boundary periods of elements of * Aj, ., (Z).

2.6. Green’s functions. Another basic notion which is of fundamental im-
portance in our investigations is that of Green’s functions.

Definition 2.37. Let X be a type (g, n) surface. For fixed z € X, we define
Green’s function of Z to be a function Gx(w; z) such that
(1) for a local coordinate ¢ vanishing at z the function w — Gx(w;z) +
log |¢(w)| is harmonic in an open neighbourhood of z;
(2) limy,_¢ Gs(w; z) = 0 for any { € J%.

That such a function exists, follows from [1, I1.3 11H, III.1 4D], considering
T to be a subset of its double =¢.

Green’s function is conformally invariant. That is, if X is of type (g, n), and
f : £ — %' is conformal, then

Gy (f(w); f(2)) = Gy(w; 2). (2.23)
This follows from uniqueness of Green’s function, and the fact that a biholo-
morphism extends to a homeomorphism of the boundary curves.

2.7. Quasisymmetric mappings. Throughout this paper we will use the con-
cept of quasisymmetric mappings. Therefore, we recall the definitions of qua-
sisymmetries in plane and on Riemann surfaces. We start by defining the qua-
sisymmetric homeomorphisms of the circle.

Definition 2.38. An orientation-preserving homeomorphism h of S! is called
an orientation-preserving quasisymmetric mapping, iff there is a constant k > 0,
such that for every 8, and every 1 not equal to a multiple of 27, the inequality

l h(ei(6+zp)) _ h(eie)
h(ei®) — h(el®-¥))

S
holds. We say that h is an orientation-reversing quasisymmetry if hos is an
orientation-preserving quasisymmetry where s(e’) = e,
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A quasisymmetry is either an orientation-preserving or orientation-reversing

quasisymmetry.
We generalize this to general Riemann surfaces of type (g, n).

Definition 2.39. Fixk € {1,...,n}. Lett : S! — 6, be a homeomorphism.
We say that 7 is a quasisymmetry if there is a collar chart ¢ : U — A, ; of ;X
such that ¢ot is a quasisymmetry in the sense of Definition 2.38. We say that t
is orientation-preserving (resp. orientation-reversing) when ¢or is orientation-
preserving (resp. orientation-reversing).

Theorem 2.40. Let 7 : S' — ;% be a homeomorphism for some fixed k €
{1, ..., n}. If pot is a quasisymmetry of S! for some collar chart ¢ of 6, %, then pot
is a quasisymmetry of S! for any collar chart ¥ of 9, X.

Proof. If 7 is another collar chart, then (o¢~! is a conformal map from some
collar neighbourhood of S! to another collar neighbourhood of S'. It extends
homeomorphically to the boundary by Theorem 2.12. Thus by Schwarz re-
flection 1o¢~! extends to a conformal map of a neighbourhood of S'. Thus
Yot = Pog~Logor is also a quasisymmetry. O

In a similar way, we can define the notion of analytic parametrization.

Definition 2.41. We say that 7 is an analytic parametrization if ¢ot is analytic
for any collar chart ¢.

3. Conformally non-tangential limits and overfare of harmonic
functions

3.1. About this section. Since there are many technical details in proving
that overfare is well-defined and bounded, we give here an overview of the con-
structions and the argument.

First, we need a notion of boundary values; these are what we call confor-
mally non-tangential boundary values. They are defined in Section 3.2; briefly,
we use a collar chart to map the function near the boundary to the disk, and ap-
ply Beurling’s theorem on non-tangential boundary values of Dirichlet bounded
functions. We then show that this is independent of the choice of collar chart.

To prove that the overfare process makes sense, it must be shown that the
set of possible boundary values of Dirichlet bounded harmonic functions is the
same from either side. This requires, among other things, showing that a set
which is potential-theoretically negligible from the point of view of %, is also
potential-theoretically negligible from the point of view of Z,. To be precise, a
negligible set from the point of view of Z; (resp. X,) is a Borel set whose image
under a collar chart in X, (resp. Z,) is a set of logarithmic capacity zero. We
call such sets “null sets” with respect to Z; (resp. X,). The proof that null sets
with respect to Z; are also null with respect to Z, is accomplished by cutting
and pasting neighbourhoods of the boundary, applying a chart, and using the
corresponding result in the plane. This is done in Section 3.6.
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We will also prove that the overfare operator exists and is bounded, using
sewing techniques. The proof proceeds in steps. First, we show that a certain
“bounce operator” is bounded. This bounce operator acts entirely within one
surface, say X;. It takes Dirichlet bounded functions defined on a collar neigh-
bourhood of the collection of quasicircles, and produces the unique Dirichlet
bounded function on the Riemann surface ¥; with the same boundary values.
We show in Section 3.5 that this operator is bounded, by using the existence and
continuous dependence of solutions to the Dirichlet problem together with the
fact that the Sobolev trace is bounded. Then, we define a “local” overfare as fol-
lows. Given a function defined in a collar neighbourhood of a boundary curve
in ¥,, we cut out a tubular neighbourhood of a quasicircle, and map it into the
plane with a doubly connected chart. Using the fact that bounce and overfare
are bounded in the plane, we obtain a bounded map taking Dirichlet bounded
functions on a collar neighbourhood in Z; to Dirichlet bounded functions in a
collar neighbourhood in %,.

The overfare operator is then shown to be bounded in Section 3.6 by first
overfaring locally and then applying the bounce operator on %,. Since every
step is bounded, this will complete the proof.

In previous works of the authors, only one curve was involved. This meant
that constant functions overfare to constant functions. For this reason, it was
sufficient to work with the Dirichlet seminorm. However, if there are many
curves, it is possible that many constants are involved, and indeed it is even
possible that the overfare of a locally constant function is a non-constant func-
tion. It is then possible to drive up the Dirichlet seminorm on one side while it
is unchanged on the other.

If the originating surface is connected, this problem does not arise. In this
case, we show that overfare is bounded with respect to the Dirichlet seminorm
for general quasicircles. On the other hand, to control the constants, we need to
work with a true norm. We introduce a conformally invariant norm in Section
3.3, which can be given in several equivalent forms. We show that for quasi-
circles with greater regularity the overfare is bounded with respect to this true
norm. This conformally invariant norm also plays an important role in the the-
ory of boundary values of L?> harmonic one-forms established in the second pa-
per in this series. In Section 3.3 we also establish two “anchor lemmas” which
are necessary to rigorously define boundary integrals of pairings of Dirichlet
bounded functions with L? forms. This is necessary for definition of the norm
which controls constants, and will also play a role in the sequels to this paper
[30, 31, 32].

3.2. CNT limits and boundary values of functions and forms. In this sec-
tion, we define a notion of non-tangential limit which is conformally invariant.
Existence of this limit is independent of coordinate. In a sense, this is the natu-
ral notion of non-tangential limit on the border of a Riemann surface. The main
idea is that any border chart determines a notion of non-tangential approach to
a point on the boundary, and the compatibility of border charts implies that this
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notion is independent of chart.

We now give the precise definition. First, we recall the definition of non-
tangential limit on the upper half plane and the disk D. For 6 € (0,7 /2) and
p € JH define the wedge

Vpg={z€H :7m/2-0<arg(z—p)<m/2+6}.

Let h : U — C be a function defined on an open set U in H which contains a
halfdisk D, ={z : |z— p| <r,z € H}.

Definition 3.1. We say that h has a non-tangential limit at p if

lim h|Vp‘enU

z—p
exists for every 6 € (0, 7/2).

Similarly, we can define non-tangential limit for functions & on open subsets
U of D containing a set D, = {z : |z — p| < r,z € D}. A non-tangential wedge
in D with vertex at p € S! is a set of the form

W(p,M)={zeD: |p—-z| <M1-|z|)}

for some M € (1, o). We say that a function & : D — C has a non-tangential
limit at p if the limit of h|y,(, yny @z — p exists for all M € (1, o). One may
equivalently use Stolz angles, that is sets of the form

S(p,ax) ={z : arg(1 — pz) < a, |z| < pcosa}

where o € (0,7/2) [18, p6].

It is easily seen that if T : D — D is a disk automorphism, then / has a
non-tangential limit at p if and only if hoT has a non-tangential limit at T(p).
A similar statement holds for non-tangential limits in the upper half plane. Fi-
nally, observe that if T is a Mobius transformation from D to H then a function
h on a subset of the upper half plane has a non-tangential limit at p if and only
if hoT has a non-tangential limit at T=!(p).

We now define conformally non-tangential limits. Let U be an open subset
ofZandleth : U — C. Let p € d%. We say that h is “defined near p” if
there is a boundary chart ¢ : V — cl(H) such that ¢(U) contains a half-disk
D, ={z:|z—p|<r, zeH}

Definition 3.2. Let X be a Riemann surface with border d%. Fix p € 0Z and let
h : U — C be defined near p. We say that h has a conformally non-tangential
limit at p if there is a boundary chart ¢ : V — cl(H) such that p € V and ho¢!
has a non-tangential limit at ¢(p).

We will use the acronym CNT in place of “conformally non-tangential”.

The following theorem shows that the existence of the CNT limit does not de-
pend on the chart, in the sense that the condition of the definition holds either
for all boundary charts or none.
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Proposition 3.3. For fixed p € 0%, leth : U — C be defined near p and let
h have a CNT limit equal to ¢ at p. Then the CNT limit is independent of the
boundary chart used in Definition 3.2. That is, for any boundary charty : W —
H, hoyp~! has a non-tangential limit equal to ¢ at P(p). The same claims holds
for boundary chartsp : W — D™,

Proof. Assume that ho¢~! has a non-tangential limit equal to ¢ at ¢(p) for
some boundary chart ¢ : V — H. Lety : W — H be any other boundary
chart near p. By the Schwarz reflection principle, ¢op~! extends to a biholo-
morphism from an open neighbourhood of ¥(p) to an open neighbourhood of
¢(p). In particular, for any non-tangential wedge V', ¢ there isadisk D at ¢(p)
such that ¢gop=1(D n Vy(p),e) 1s contained in a non-tangential wedge at ¢(p).
Thus the limit as z approaches ¥(p) of hoyp~! = hogogorp~! within DN Ve
equals ¢. O

It follows immediately from the definition of CNT limits that they are confor-
mally invariant. Although this is a simple consequence it deserves to be high-
lighted.

Theorem 3.4 (Conformal invariance of CNT limits). Let X be a bordered Rie-
mann surface and h : U — C be a function defined near p € 0%. If F : £, - X
is a conformal map, then h has a CNT limit of ¢ at p ifand only if hoF has a CNT
limit of ¢ at F~1(p).

Next, we define a potentially-theoretically negligible set on the border which
we call a null set. We first need a lemma.

Lemma 3.5. Let X be a type (g, n) bordered surface and let ¢ : Uy — A, ; be
collar charts of a boundary curve 9;% for k = 1,2 and some fixed j € {1, ..., n}.
LetI C 9, be a Borel set. Then ¢, (I) has logarithmic capacity zero if and only if
¢, (I) has logarithmic capacity zero.

Proof. IfK C S! = {z : |z| = 1}is a Borel set of logarithmic capacity zero,
and ¢ is a quasisymmetry, then ¢(K) has logarithmic capacity zero [25, Theo-
rem 2.9]. Since the inverse of a quasisymmetric map is also a quasisymmetry
(and in particular a homeomorphism), we see that a Borel set K has logarithmic
capacity zero if and only if ¢(K) is a Borel set of logarithmic capacity zero.
Now let ¢, : U; — A, ;and ¢, : U, - A, ; be collar charts such that
U, and U, are in . By Lemma 2.12, ¢1o¢2-1 has a homeomorphic extension to
S'. By the Schwarz reflection principle, it has an extension to a conformal map
of an open neighbourhood of S, so it is an analytic diffeomorphism of S and
in particular a quasisymmetry. Thus ¢,(I) has logarithmic capacity zero if and
only if ¢, (I) has capacity zero. This completes the proof. O

The previous lemma motivates and justifies the following definition.

Definition 3.6. Let X be a bordered Riemann surface of type (g, n). We say that
a Borel set I C 8,2 is a null set if $(I) is a set of logarithmic capacity zero in S*
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for some collar chart ¢ of 3, Z. We say that a Borel set I in % is null if it is a
union of null sets I;, C 3,2, k =1, ...,n.

We also have the following two results:
Proposition 3.7. IfI, and I, are null in 0, X then I; U I, is null.

Proof. It is enough to show that the union of Borel sets I; and I, of logarith-
mic capacity zero in S* are of logarithmic capacity zero. By Choquet’s theorem,
the outer capacity of I; and I, equal their capacity. Since outer capacity is sub-
additive, the outer capacity of I; U I, is zero. The claim follows from another
application of Choquet’s theorem. O

Harmonic functions which are Dirichlet bounded near a border have CNT
boundary values except possibly on a null set.

Theorem 3.8. Let X be a bordered Riemann surface of type (g, n). Let Uy be a
collar neighbourhood of 0, % for some k € {1,...,n}. If h € Dy, (Uy) then h has
CNT boundary values on 9, Z\I for some null set I C 9, .

Proof. By conformal invariance of the Dirichlet space and CNT boundary val-
ues (Theorem 3.4), it is enough to prove this for an annulus in the plane, which
is a special case of [26, Theorem 3.12]. O

Remark 3.9. The non-tangential boundary values agree with the Sobolev trace
up to a set of measure zero, if the boundary is sufficiently regular. This holds
for example if we treat the border as an analytic curve in the double.

In fact if one has an (g, 8) domain Q (in the plane these are quasidisks) with
Ahlfors-regular boundary in the sense of Definition 1.1 of [5], then using The-
orem 8.7 (iii) in [5] and taking s = 1, p = 2 and n = 2, we have that their
condition s — n]_Td =1- % = % € (0, 00) is satisfied. Thus, Theorem
8.7 (iii) in [5] yields that the Sobolev trace belonging to H'/?(3Q) agrees al-
most everywhere (since the 1-dimensional Hausdorff measure on 0Q is the 1-
dimensional Lebesgue measure) with the non-tangential limit of the function
h € H'(Q). Note that chord-arc domains, are examples of (¢, §) domains with

Ahlfors-regular boundary.

Theorem 3.10. Let X be a bordered surface of type (g, n). If h € Dy (Z), then
there is a null set I C 0Z such that h has CNT boundary values on Z\I. If H is
any element of Dy, () with CNT boundary values which agree with those of h
except possibly on a null set J, then h = H.

Proof. The first claim follows directly from Theorem 3.8. For the uniqueness
part, it is well-known that if X is a smooth compact Riemannian manifold with
boundary, then the Dirichlet problem

Au=20

ulsx = f € H2(3X) (1)
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has a unique solution that satisfies

Ul < Cllfllaeex),

see e.g. [36, Proposition 1.7, p 382]. Using this together with Remark 3.9 it
follows that if H = h up to a null set on 0% then h = H. O

A suitable adaptation of the proof of [26, Theorem 3.17] also yields

Theorem 3.11. Let X be a bordered surface of type (g, n) and let U;, C X be collar
neighbourhoods of 0;Z for k = 1,...,n. Let hy € Dpam(Uy) fork = 1,...,n.
There is a function H € Dy, (Z) whose CNT boundary values agree with those
of hy on 0, Z up to a null set foreach k =1, ..., n.

We thus make the following definition.

Definition 3.12. Let X be a Riemann surface and let T" be a finite collection
of borders of £ each of which is homeomorphic to S!. Given functions h; :
I'\I; — C where I, and I, are null sets, we say that h; ~ h, if h; and h, are
both defined on I'\I for some null set I and h; = h, on I'\I. The Osborn space
F(T) is the set of equivalence classes of such functions.

Remark 3.13. It follows from the results of this section that every element of
HY 2(T), which is defined almost everywhere, has a unique extension to an el-
ement of F((I") which is defined except possibly on a null set.

3.3. Anchor lemmas, boundary integrals, and a conformally invariant
Dirichlet norm. Having defined the notion of CNT boundary values in the
previous section, we establish two lemmas which allow us to consistently define
integrals of the form
f ah
T

where T is a boundary curve of a Riemann surface, « is an L? harmonic one-
form in a collar neighbourhood of T, and h is a harmonic function with finite
Dirichlet norm in a collar neighbourhood of I'. Moreover the integral, as far as
h is concerned, depends only on the CNT boundary values of h on T.

We do this by evaluating the integral along curves which approach I in the
limit. Let Z be a Riemann surface of type (g, n), T'y be one of its boundary curves,
and ¢ : A - Abeacollar chart for I';,. By Remark 2.13, setting C, =1{z : |z| =
r}forr € (0,1)

I’ = ¢(C,) (3.2)
is an isotopy of analytic Jordan curves on [R, 1] for some R € (0, 1), such that
Il =TY.

k k

The following two lemmas show that the limiting integrals are well-defined
in the sense that they are independent of the choice of limiting curves (the first
anchor lemma), and depend only on the boundary values (the second anchor
lemma).
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Lemma 3.14 (First anchor lemma). Let ¢ : A — A be a collar chart of Ty in
Ly, andlet T} = ¢(C)). Let a € A(A). Forany h € Dyy(A)

lim | a(w)h(w)
r/'1 I‘;

exists. Furthermore, this quantity is independent of the collar chart.

Proof. Existence follows from Stokes’ theorem, since

lim | a(w)h(w) = / a(w)h(w) + f/ an Eh(w). (3.3)
r/1Jrr T A,

where A, is the region bounded by I', and I';.. This existence argument of course

applies to any choice of collar chart.

We need to show that it gives the same result regardless of the choice. By
change of variables, it is enough to prove this in the situation that one of the
collar charts ¢ is of I', = S* as a boundary of A = A, 1, and ¢ = Id. The curves
I‘; are then just |z| = r. Let ¢’ : A’ — A’ be some other collar chart of S!. Let
¥, denote the isotopy induced by ¢

Fix any € > 0 and choose R such that

lim/ oc(w)h(w)—/ a(w)h(w)| < e/2
r/1 r R
/A Ve
and _
lleellacaplIoRliZETs < €/2 (34)

where A} is the region bounded by S and yf. Since yy is compact, |z| has a
maximum M < 1 on yfj. For any r > M, I',_is contained in A}, and does not
intersect yf. If we let B denote the region bounded by these two curves, then
BC A;e. Therefore using Cauchy-Schwarz’s inequality we deduce that

limf oc(w)h(w)—f a(w)h(w)
St I

< limf oc(w)h(w)—f a(w)h(w)
"y, g

oc(w)h(w) oc(w)h(w)

/] a(w) A 6h(w)‘

+ lllLacappl13hl s

3
+

2
<E
<3
which by (3.4) proves the claim. O

Henceforth we will denote this limiting integral by

/oc(w)h(w) or / a(w)h(w)

Tk D)
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if ', = 9%, where the notation is justified by Lemma 3.14.
We now show that the integral depends only on the CNT boundary values of
the harmonic function 4 in the integral above.

Lemma 3.15 (Second anchor lemma). Let A be a collar neighbourhood of Ty, in
%, forsomek € {1, ..., n}. If hy and h, are any two elements of Dy, (A) with the
same CNT boundary values on Ty up to a null set, then for any a € A(A)

f (W) (w) = f (w)hy(w).
£

CIh)
Proof. By Lemma 3.14 we may use any collar chart to determining a limiting
sequence of curves. By Proposition 2.16 we can find a collar chart whose do-
main is in A. Since the integral along a curve is invariant under composition
with a conformal map, it is enough to prove this for T, = S' and A = A, ; for
some r, with limiting curves I', given by |z| = r. We can apply [27, Theorem
4.7] or [28, Lemma 3.21] to (h; — h,) in this case. O

In summary, the limiting integral of h against any a € A(A) exists and de-
pends only on the CNT boundary values of A.

Remark 3.16. We will often consider the situation where the Riemann surface
¥ is a subset of a compact surface &, where the boundary is irregular (such as
a quasicircle). However the anchor lemmas involve only the assumption that
the boundary is a border (and hence, a collar chart exists). In particular, no
reference is made to any outside surface, and thus they apply in the situation
above.

We now obtain two explicit collar charts which arise naturally from the har-
monic measure and Green’s function. These two canonical collar charts are
very useful in association with the evaluation of certain boundary integrals.
The first lemma tackles the case of the collar chart from harmonic measure.

Lemma 3.17 (Collar chart from harmonic measure). Let X be a type (g, n) Rie-
mann surface for n > 1. Let w, be the harmonic function which is one on 0;.Z and
0 on the other boundary curves. Let ¢ be the multi-valued holomorphic function
with real part w,, — 1 and set

iak=if *dwk.
0z

k

Then
#(z) = exp 27/ ay)

is a collar chart on some collar neighbourhood U of 0. Z. Furthermore
— k4
* dwy, = 27T¢ do,

and thus for any h € Dy .., (U) we have

aj ,
h * dw, = —/ hog(e®)db.
/az 27 Jsu

k
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Proof. It is clear that ¢ takes level curves w, = 1 — ¢ to curves |z| = e~¢ for
¢ sufficiently small. Observe that dRey) = dwy, so the harmonic conjugate of
w, — 1 is a primitive of % dw;. By the definition of a;, this shows that ¢ is
single-valued. An application of the argument principle shows that the map is
a bijection for some collar neighbourhood defined by 0 < € < s for some fixed
s. This proves the first claim.

The second claim follows from

d6 =dImlogy = e * dwy.
Ak

The final claim follows from a change of variables and the second claim. [
We also have

Lemma 3.18 (Collar chart from Green’s function). Let X be a type (g, n) Rie-
mann surface and let Gs, be Green’s function of X. For fixed p, let p(w) be the
multi-valued holomorphic function with real part Gs(w; p). Setting

i, = f % dGy(; p)

3,2
it holds that
¢(w) = exp2rp(w)/ay)

is a collar chart on some open neighbourhood U of 0, X.
Proof. The proof is similar to that of the above, and can be found in [26]. [

The important property of these two collar charts is that the limiting curves
are level curves of the harmonic measure and Green’s function respectively.

A useful application is the following extension of the well-known reproduc-
ing property of Green’s function.

Proposition 3.19. Let X be a type (g, n) Riemann surface and let Gy, be its Green’s
function. Let TY denote the level curves of Green’s function for any fixed p € Z.
Forany h € Dy (Z)

1 ) 1
h(z) = —Ef * d,Gs(w; 2)h(w) = — ll\t\% o fp * d,Gs(w; z)h(w).
4% e

We also have
hz) = -+ f 6 Gs(w; Zh(w).
i Jys

Proof. We prove the first displayed equation. By Lemma 3.14, the integral on
the left is well-defined, that is, the right hand side is the same no matter what
the choice of p is. Thus we may assume that p = z. In that case, Stokes’ theo-
rem and the harmonicity of & yield that

sz*dh=€f xdh = 0.
r¢ re
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From here, the proof proceeds in the usual way using Green’s identity
| (Gatwi ) < dhtw) = hew) « dGsuwi o) -
rE

(Gs(w; p) * dh(w) — h(w) * dGx(w; p))
yr

where y, is a curve |w — p| = r in some local coordinate, and letting r \, 0.

To prove the second displayed equation, choose the limiting curves to be level
curves of Gx(-; z); again, this can be done by Lemma 3.14. Along such curves
dGs = 0, so that

0,Gs(w; z) = % % d, Gy
by equation (2.1), which proves the claim. O

Note that, this is usually written in terms of an integral around the boundary,
under the assumption that & is more regular.

3.4. Conformallyinvariant Sobolevnorms. Wenow define conformally in-
variant norms on Dirichlet-bounded harmonic functions. The idea is motivated
by the case of the disk as follows. To turn the Dirichlet semi-norm of harmonic
functions & on the disk into a norm, one usually adds a value at a point to the

norm, say |h(0)|, which equals
f h(e®) do
N

But on a Riemann surface we do not have a distinguished point or a canonically

determined measure d6 on the borders. We therefore replace d6 with more

general quantities associated to harmonic measures or Green’s function.
Given h € Dy () we set

1

27

eﬁﬂk :=f hk * dCUk.
0z

In the case that n = 1, fix a point p € X \ U; and define instead

o= f hy # dGs(w, p), (3.5)
0.z

1

where Gs(w, p) is Green’s function of Z.

Definition 3.20. Set U = U; U---UU, asabove. Let H! _.(U) be the harmonic
Dirichlet space Dy,,m(U) endowed with the norm

n 1
MRl i= (I, o)+ 20 141) (3.6)
k=1
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Assuming the Riemann surface X is connected, we can choose any fixed bound-
ary curve 0,Z say, and define the norm

2 2\
Rl o= (IRIB, o+ 17412) (3.7)
(where any of the .7, could in fact be used in place of .J7;,).

We can also use Green’s function to define the norm in the case thatn > 1,
as the following lemma shows. The different characterizations will be of use to
us later.

Lemma 3.21. Let X be a connected Riemann surface of type (g, n). For any fixed
point p € Z, the norms given by

IR, 5 =I1AI5 o+ 1R
2

— 2
- ||h||2)harm(2) +

b

L f 6 G (w; PR(w)

e\0 7Tl T
€

where T, are the level curves of Green’s function based at p, and the H ;onf (Z) norm
are equivalent.

Proof. If n = 1 there is nothing to prove. First we note thatif U C X is a small
neighbourhood of p € X then by the mean-value theorem for harmonic func-
tions and Jensens inequality we have that |h(p)|? S ||h||i2 =) which confirms
condition (2) of Theorem 2.28. Therefore, since conditions (1) and (3) of that
theorem are also trivially satisfied, the Lemma follows. O

Theorem 3.22. Let X be a connected Riemann surface of type (g, n). Then, the

H Clonf (2) norm is equivalent to the H' () norm. In particular, any choice of bound-

ary curve in the definition of Hionf(Z) leads to an equivalent norm.

Proof. We note that for any integer 0 < k < n, |7%;| > 0, fakz w* dwy = — j;,k *
dawy # 0, and || < C||h||m (), by the Cauchy-Schwarz inequality and (2.21).
Similarly in the case that n = 1 and we use * dGy to define .74. Therefore
Theorem 2.28 yields the desired result. (]

3.5. The bounce operator. Let X be a bordered surface of type (g, n) and let
Uy C Z be collar neighbourhoods of 6, X for k = 1,...,n. Let hy, € Dy (Uy)
for k = 1,...,n. Recall that by Theorems 3.10 and 3.11, there is a unique H €
Dharm(Z) whose CNT boundary values agree with those of i on 9, X up to a null
set for each k = 1,...,n. This fact allows us to define the following operator,
which plays a major role in what follows.

Definition 3.23. Set U = U; U---UU, andlet h : U — C be the function
whose restriction to Uy, is h; for each k = 1, ..., n. We define
GU,Z : 2)harm(U) - Dharm(z)
h—H
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where H is the unique element of Dy, (£) with CNT boundary values agreeing
with & up to a null set, which exists by Theorem 3.10. We call this operator the
bounce operator.

By conformal invariance of CNT limits, the bounce operator is conformally
invariant, that is, if f : £ — ¥’ is a biholomorphism and f(U) = U’, then

GU,ZCf = CfGU’,Z" (38)

Theorem 3.24 (Boundedness of bounce operator). Let X and Uy be as above for
k =1,..,n. Then Gy is bounded from H}__.(U) to H. .(%).

con

Remark 3.25. Note that a proof of the special case of Theorem 3.24 can be found
in [28], Theorem 4.6.

Proof. The goal is to show thatif U = U; U---U U, andifh : U —» Cisa
function in Dy, (U) whose restriction to Uy, is h; for each k = 1,..., n, then

IGuzhlla @ S 17l w),

for h € Dy (U). First, observe that we can assume that the inner boundary

of Uy is analytic. To see this, let Ul’{ C Uy be a collar neighbourhood whose

inner boundary is analytic. Since || hy|y |z W) < el (U’ it is enough
k con

con

to show that Gy 5 is bounded with respect to the H! _.(U”) norm, where U’ =
U] U---U U, C U. In what follows, we relabel the new sets by removing the
primes.

Next, observe that because CNT boundary values and the Dirichlet norms
are conformally invariant, it is enough to prove this for analytic strip-cutting
curves 0, Z, and this can be arranged for example by embedding X in its double.
Thus, we can assume that dU, is analytic.

Furthermore by the result on the unique Sobolev extension, see e.g. [36, Propo-
sition 4.5, p 356] and the fact that 3,2 C dU,, yields that

I rlaz l2@e) < N Rlas llmeeuy = 1dlaw,)- (3.9)

Also, since 0% = u;zlakz, given the Dirichlet data h|ak2, k=1,..,n,oneach
of the boundary components, Theorem 3.10 yields that the unique harmonic
extension H of the boundary values h|; 5 satisfies

n
IH|me) S Z | hlss llE1728,5)- (3.10)
k=1

Now since H = Gy 3 h, using (3.9) and (3.10) one has

n

Gy s hllme) S Z el e S Al - (3.11)
k=1

1/2
Now let #(h) := (ZZ=1 |,%7{|2) then .7 is clearly non-negative, and
(3.12) yields that
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n 2
FW=(Y

1/2
k=1 akZ

Assume for the moment that the inner boundary of Uy, is an analytic curve
7k (this can be arranged by taking a level curve of the collar chart of U; and
considering a new domain U]’c C Uy). By Stokes’ theorem we have

/ h’k * dCL)k = ﬂ dhk/\ * dCUk —/. h’k * dCL)k (3.12)
0k Uk Yk

k

where we give y, the same orientation as J,Z. Furthermore the definition
(3.12), the Cauchy-Schwarz inequality, (3.9) and Theorem 2.30 yield that

n n
Foo < 1 [ dnnsdod+ X1 [ s dod S by G13)
k=1 Uk k=1 Y7k
Now if we had to choose new domains U]’c C Uy to arrange that y, were analytic,
since ||hk||H1(U;() < |lhgllp v,y we see that (3.13) holds in general.
This shows that .% is a bounded linear functional on H'(U) and thereby the
conditions of Theorem 2.28 are all satisfied. Hence using (3.11) and Theorem
2.28 we obtain

1/2
16y hllines) S Il S (IR, + ()

(3.14)

con

n 1/2
SR, )+ ) 172) " SRl oy

Now Theorem 3.22 on equivalence of the norms ends the proof of the bound-
edness of the bounce operator. (]

Now as an illuminating example, choose X = D and U = A where A = A, ;.
Choosing p = 01in (3.5), we observe that «* dG = d6 where 0 is angle in polar
coordinates z = re’® on D. Thus

M = f h(e'®)do,
S

that is, it is just the constant term in the Fourier expansion of the trace of h to
the boundary. Using this fact it is elementary to show that

Proposition 3.26. The subset G5 pD(A) is dense in H ionf([D).

Proof. Given f € Hgonf(ID) and ¢ > 0, take a polynomial p(z) € D(A) such
that || f — p|| (D) <E Now since G4 pf = f, Theorem 3.24 yields that
If = Gapplla @) = 1Gap(f = Pllw:_@ SIIf =Pl <& (3.15)

which proves the desired density. O
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In order to prove a density result in the case of many boundary curves, we
need the following lemma.

Lemma 3.27. Let X be a Riemann surface of type (g, n). For any collar neigh-
bourhood ¢ : U — A of a border 0, %, the map

.l 1
C¢ : Hconf(U) - Hconf(A)
is a bounded isomorphism.

Proof. Note that we can treat J, X as an analytic curve in the double and in
fact there is a biholomorphism of a doubly-connected neighbourhood of 3, % in
the double to a doubly-connected neighbourhood of S!. So after localizations
and partition of unity on the boundary structure of Z, and using Theorem 2.28,
matters reduce to Lemma 2.27. ([

We will also need the following when we study overfare in the next section.

Proposition 3.28. Let X be a type (g, n) Riemann surface. Let ¢, : Uy — Ay
be a collection of collar charts of the boundaries 0, fork = 1,...,nand let U =
U, U---UU,. Then the restriction map

Ryy @ H. (Z)— H. .(U)

conf conf
is bounded.

Proof. This follows from the definitions of the norms (3.6), (3.7) and Theorem
3.22. O

We may now prove the following:

Theorem 3.29. Let X be a type (g, n) Riemann surface. LetU = U;U---UU,, bea
union of collar neighbourhoods Uy, of 9;%. Then Gy sD(U) is dense in Hgonf(z).

Proof. The proof relies on a factorization trick. Let F;, : U, — Ay be collar
charts, and denote A" = A; X --- X A, and D" = D X --- X D, and define
F : U - AbyF(z) = (F{(2),..., F,(z)). Define the restriction maps

RE,U . Dharm(z) - Dharm(U)
hw h|y

and similarly
n n
RD"A" : @ ﬂharm(D) - @ @harm(Ak)
k=1

(hyy o ) (hm\l hn|An).

Now
CrRpnan @ H. (D") - H_.(U)

con
is bounded by Lemma 3.27, where we put the direct sum norm on Hclonf(ID”).
Similarly
Cp-Ryy @ H! (2) - H. (A"
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is bounded. Thus

P = GU,Z CF RDn,An . Hclonf(an) - HC1

onf(an)

is bounded by Theorem 3.24, as is
p_l = GAn’DnCF—l RE,U'

The fact that this is the inverse of p follows from conformal invariance of CNT
boundary values.

Again by conformal invariance of CNT boundary values and the definition
of the bounce operator, we have the factorization

GU,Z =p GA",D" CF—I.

Since Cr-1 is a bounded invertible map by Lemma 3.27, and we have shown that
p is a bounded invertible map, then density follows from Proposition 3.26. [J

3.6. Overfare of harmonic functions. In this section, we show that given a
collection of quasicircles I' separating a Riemann surface % into two compo-
nents X; and XZ,, given h; € Dy,m(Zy) there is an hy € Dy, (Z,) with the
same boundary values up to a negligible set. We call h, the overfare of h;.

We saw that for the Dirichlet space, the negligible sets are null sets. However,
a null set with respect to X, is not obviously null with respect to ,. we show
that this is true for quasicircles. Furthermore, for quasicircles, the overfare
exists and is a bounded map with respect to the Dirichlet seminorms, when the
originating surface %, is connected. We will also show that that the overfare
map is bounded with respect to HclOnf in the general case, if we assume that the
quasicircle is more regular. As we shall see ahead, the so-called Weil-Petersson
class quasicircles are sufficient for this purpose.

Definition 3.30. We say that a simple closed curve in C is a quasicircle if it is
the image of S! under a quasiconformal map of the plane.

A simple closed curve I in a Riemann surface R is a quasicircle if there is
an open set U containing I and a biholomorphism ¢ : U — A where A is an
annulus in C, such that ¢(T') is a quasicircle.

By definition, a quasicircle is a strip-cutting Jordan curve.

There is a class of quasicircles, called Weil-Petersson quasicircles, that arise
naturally and frequently in geometric function theory, Teichmdiller theory, the
theory of Schramm-Loewner evolution, and conformal field theory.

Definition 3.31. We say that a quasicircle in C is a Weil-Petersson class qua-
sicircle (or WP quasicircle) if there is a conformal map f : D — Q where Q is
one of the connected components of the complement, such that the Schwarzian
derivative S(f) = f"/f' —3/2(f" /f')? satisfies

ff (1 - |zPRIs(HPYEAE o
D 2i
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We say that a quasicircle I' in a Riemann surface % is a WP class quasicircle
if there is an open set U containing I' and a biholomorphism ¢ : U — A where
A is an annulus, such that ¢(T") is a WP quasicircle.

One characterization of WP quasicircles is that T" is a WP quasicircle if and
onlyif the f in the definition above has a quasiconformal extension whose Bel-

trami differential is Lﬁyp(ID_) where D™ = {z : |z| > 1} U {o0}, and L}Zlyp([D_)

is the set of L? functions with respect to the hyperbolic metric of the disk. As
with the case of general quasicircles, there are in fact a large number of char-
acterizations of WP quasicircles. C. Bishop [4] has listed over twenty, many of
which are new. His paper also contains other far-reaching generalizations of
the concept of WP quasicircles to higher dimensions.

Having the definition of quasicircles at hand, we consider the following sit-
uation.

Definition 3.32. Let &% be a compact Riemann surface, and let 'y, ...,T,,, be a
collection of quasicircles in Z. DenoteI' = I'; U---UT',,,. We say that I" separates
Z into ¥, and %, if

(1) there are doubly-connected neighbourhoods Uy of Ty for k = 1,...,n
such that U, N U; is empty for all j # k,

(2) one of the two connected components of U \I'y is in X;, while the other
isin X,;

(B) Z\I' =Z,UZy;

(4) Z\T consists of finitely many connected components;

(5) %, and Z, are disjoint.

Briefly, ¥, and %, are the two “sides” of T, and each side is a finite union of
Riemann surfaces.

Proposition 3.33. Let # be a compact Riemann surfaceand’ = T'yU---UT,, be
a collection of quasicircles separating % into X, and %,. Then X, and %, are each
a finite union of bordered surfaces. For k = 1,2, the inclusion map of % into #
extends continuously to the border 0, %, and this extension is a homeomorphism
ontoI.

Proof. This follows immediately from Theorem 2.8. (]

Thus, we will identify 0%, and 0%, pointwise with T'. It is important to note
that the border structure is entirely independent of the inclusion map, and fur-
thermore the border structures induced by %; and X, do not agree in general
(unless the curves are analytic). In particular, a border chart in %; does not in
general extend to a chart in &% which is also a border chart of %,, unless the
curves I'y, are analytic.

It is not obvious that a null set in 0%, is null in 0Z,, even though they are the
same set. This holds for quasicircles.
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Theorem 3.34. Let # be a Riemann surface (not necessarily compact) and T’ =
I't U -+ UT,, be a collection of quasicircles separating % into £, and X,. Then
I CTisnullin 0%, if and only if I is null in 0%,.

Proof. It is enough that this is true for a single boundary curve I';,. Let# :
U — V be a doubly-connected chart in a neighbourhood of I'. By shrinking
U if necessary, we can assume that U is bounded by analytic curves y; and y,
in ¥; and X, respectively, and that » has a conformal extension to an open set
containing the closure of U so that 5(y;) and n(y,) are analytic curves in C. Let
¢ : A — A beacollar chart in a neighbourhood of T'in X, and 3 : B - Bbea
collar chart in a neighbourhood of T" in Z,. Let Q* denote the bounded compo-
nent of the complement of (T") in C and Q~ denote the unbounded component.
We assume that 7 takes U N £, into QF, again by composing with z — 1/z if
necessary. Finally, by possibly shrinking the domain of 7 again, we can assume
that the analytic curve y; is contained in the domain of ¢.

Thus, ¢pon~! is a conformal map of a collar neighbourhood W of n(I') in Q*
onto a collar neighbourhood of S! in D, whose inner boundary ¢(y;) is an ana-
lytic curve. By the previous paragraph it has a conformal extension to an open
neighbourhood of 7(y,), and thus the restriction of ¢oz~! is an analytic diffeo-
morphism from 7(y;) to ¢(y;). Thus if we let W’ be the simply connected set
in Q* bounded by 7(y,), then there is a quasiconformal map F of W’ with a
homeomorphic extension to 7(y;) equalling on~!. The map

[ F(2 zew’
®(@) = { gon~'(z) z €W UG

is therefore a quasiconformal map from Q% to D. A similar argument shows
that on~! has a quasiconformal extension to a map from Q™ to D.

Since 5n(T") is a quasicircle, there is a quasiconformal reflection r of the plane
which fixes each point in 7(T"). Thus pon~toro(¢on=1)~! has an extension to
an (orientation reversing) quasiconformal self-map of the disk. Thus it extends
continuously to a quasisymmetry of S!, which takes Borel sets of capacity zero
to Borel sets of capacity zero. Furthermore, on S!, this map equals o¢~!. Since
the same argument applies to ¢op~!, we have shown that ¢(I) has capacity zero
in St if and only if (I) has capacity zero in S!. This completes the proof. [

(3.16)

Definition 3.35. In the case that X is a finite union of connected Riemann
surfaces X, ..., X, we define the Dirichlet seminorm on these components by

N
1Bl = 2 [Pl
k=1

and similarly for the holomorphic and anti-holomorphic Dirichlet spaces, Berg-
man spaces, etc.

Dharm(zk)

The overfare map was shown to exist and be bounded in the plane.

Theorem 3.36. Let T be a quasicircle in C, and let Q,; and Q, be the connected
components of the complement of T. For all hy € Dyy(Qy) there is an h, €
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Dharm(€,) whose CNT boundary values agree with those of h, up to a null set,
and one has the estimate

P2l Dyrm(@2) S 111l Dy (@)
Proof. See [26] Theorem 3.25. O

In particular, we have well-defined operators

001,02 : 2)harm(z“l) - 2)harm(z"z)
and
092,91 : Dharm(zz) - ﬂharm(zl)-

If the quasicircle is more regular, we can also control the H 1

norm.
conf

Definition 3.37 (BZM quasicircle). Let T be a quasicircle in C, and let O,
and Q, denote the connected components of the complement. We say that T’
is a bounded zero mode quasicircle (BZM for short), if Og o, and Og, o, are
bounded with respect to H. ().

A quasicircle I'in a compact Riemann surface & is called an BZM quasicircle
if there is an open set U containing I" and a conformal map ¢ : U — A onto an

annulus A C C such that ¢(T') is a BZM quasicircle.

In this connection we have the following theorem which is built upon deep
results regarding flows of Sobolev-vector fields on the unit circle, and also a ba-
sic result regarding the action of the group of quasisymmetries of the unit circle,
by bounded automorphisms on the homogeneous Sobolev space H'/3(S!) (the
action is essentially a composition).

Theorem 3.38. WP quasicircles are BZM quasicircles.

Proof. It is enough to show that for a WP-class quasisymmetric homeomor-
phism of the circle ¢, the composition operator Cy is bounded on the Sobolev

space H/2(Sh).

Here we note that by the results of A. Figalli [10] and F. Gay-Balmaz and T.
Ratiu [11], for a WP-class quasisymmetry ¢ on S! both ¢ and its inverse ¢! are
in H3/27¢(SY) for all € > 0. In particular, $~! € H'(S!) in the case thate = 1/2.
Therefore using change of variables and Cauchy-Schwarz’s inequality one has

16 ey = [ 1700 = [ 15P1671Y1 <

1/2 1/2
(L)L 16R) ™ < U 16
st st

Now if f € H'/2(S'), then the Sobolev embedding (2.16) with p = 4 and
5= é yields that

(3.17)

flzasty S NS lerzsyy- (3.18)
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Thus taking the square root of both sides of (3.17), and using (3.18), we obtain
for f € H'/2(S') that
—1n1/2
ICs llzzesty S I s I8 sy < I sy (3.19)
Moreover, by a result of Vodop’yanov-Nag-Sullivan [38] and [16], we also
know that
ICs fllenragsty S 1S i sty- (3.20)
Consequently (3.19) and (3.20) yield that

ICs fllmracsty = [ICsf sty + ICe f llr2¢st)
S I ey + 1 ety S W ey (3.21)

Note also that the hidden constants in the final estimates of (3.19) and (3.20)
only depend on ¢, which yield the same thing for the last estimate in (3.21). [J

Remark 3.39. Regarding the implicit exponentials in the calculations above, let
us assume that the angle in the image of the quasisymmetric homeomorphism
x - S! = Slisy(8), so that

el = y(e®).
One could write the estimate in terms of either ¢ or y. If ¥’(z) denotes the
derivative of y with respect to z, and ¢ denotes the derivative with respect to 6,

we would have .
d') — X’(eie)i-
x(€®)
From this it immediately follows that

191 = 1x' ().
In particular the outcome of the estimate is unaffected by the choice.

The next three theorems concern existence and boundedness of the overfare
operator for general curve complexes. Their proofs are somewhat involved and
will be approached together in stages.

Theorem 3.40 (Existence of overfare). Let % be a compact Riemann surface
andletT' =T, U---UT,, be a collection of quasicircles separating # into %, and
%,. Let hy € Dy (Z1). Thereis a hy, € Dyorm(Z,) whose CNT boundary values
agree with those of h, up to a null set, and this h, is unique.

This theorem, which we will prove shortly, allows the definition of the over-
fare operator, which plays an important role in the scattering theory that is de-
veloped in [31, 32].

Definition 3.41. With the assumption of Theorem 3.40, we define the overfare
operator Oy, 5, by
021,22 : 2)harm(z"l) - 2)harrn(z;z)
hy — h,
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One obviously has that
022’21021’22 = Id
and of course one can switch the roles of ¥; and %,.
The overfare operator is conformally invariant. Thatis, if f : Z - %' isa

biholomorphism and we set f(Z;) = Z;{ for k = 1, 2 then it follows immediately
from conformal invariance of CNT limits that

021,chf = CfOZ’I’E’Z. (322)

Notation. If 3, and %, are clear from context, we will denote the overfare op-
erator by Oy 5.

We will also obtain two results on boundedness of this operator with respect
to H. . and the Dirichlet seminorm.

Theorem 3.42 (Bounded overfare theorem for BZM quasicircles). Let % be a
compact Riemann surface and letT' =Ty U --- U T, be a collection of BZM qua-
sicircles separating # into X, and Z,. There is a constant C such that

1012kl ) < CliRllE (=)
forallh € Dy (Z9).

One can also obtain Dirichlet boundedness for general quasicircles, but one
must assume that the originating surface is connected.

Theorem 3.43 (Bounded overfare theorem for general quasicircles). Let % be
a compact Riemann surface and letT' = T'y U---UT,, be a collection of quasicircles
separating # into ¥, and X,. Assume that X, is connected. There is a constant C
such that

101,22l D m(25) < ClIAl D51
forallh € Dy (Z9).

The remainder of the section is dedicated to proving these three theorems.

Lemma 3.44. Let % be a Riemann surface and let T be a quasicirclein #%. Let ¢
U — A be a doubly-connected chart, and let U, U, be the connected components
of U\I. There is an operator

O(¢)1,2 : 2)harm(Ul) - Dharm(UZ)

such that the CNT boundary values of O(¢), ,h agree with those of h up to a null
set, and a C such that

10(P)1 20l Dy m(w) < CllAllDy )
IfT is a BZM quasicircle, then there is a C' such that for all h € Dy, (U7)

||0(¢)1,2h||Hclonf(U2) < C,Hh”Hclonf(Ul)'
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Proof. LetQ, and Q, be the connected components of C\¢(T") containing ¢(U;)
and ¢(U,) respectively. We then have abounded overfare Oq, o, : Dharm(Q1) —
Dharm(€,) by Theorem 3.36. Furthermore, the bounce operator Gyy,) o, is

bounded with respect to Dy, by [28, Theorem 4.6]. Defining

I’lz = C¢RQZ,U2091’QZG¢(U1)’91C¢_1 hls (323)

by conformal invariance of the Dirichlet seminorm we have proven the first
claim. The second claim follows by definition of BZM quasicircles, using The-
orem 3.24, and Proposition 3.28. ([

We call (3.23) the local overfare of induced by ¢. It is non-canonical in the
sense that it depends on ¢. Since the values on the other boundaries of U are
not specified, the local overfare is not unique.

On the other hand, the overfare to X, is unique. By combining local overfare
with the bounce operator, we can show that the overfare exists.

Proof. (of Theorem 3.40). Let ¢, : U¥ — A¥ be the doubly-connected charts
corresponding to the curves I'y,...,T',,. Denote U;.‘ =Uknz j- Given h €
Dharm(Z1), Lemma 3.44 produces a collection of functions H§ € Dharm(U’z‘)
whose boundary values agree with h.

For each connected component Zé of Z,, let Uj denote the union of those
U§ which lie in this component. We now apply the bounce operator GUJ-,ZQ' :
Dparm(U )= Dharm(Zé) on each component separately to obtain a harmonic
function in Dy, (2,) whose CNT boundary values agree with h. O

We now prove the boundedness for BZM quasicircles.

Proof. (of Theorem 3.42). The idea is the same as in the previous proof, ex-
cept that we must keep track of the bounds. Let ¢, : U — AF be doubly-
connected charts corresponding to the curves I'y, ..., I',,, and let Ulk be the com-
ponents of U, \T' in %, for | = 1,2. Let C = sup{Cy,...,C,,} where Cy,...,C,,
are the constants in the second estimate of Lemma 3.44 for the local overfares
from Dharm(Uf) to Dharm(Ué‘) determined by ¢, for k = 1,...,m. For any
h; € Dyarm(Z1) we have therefore a collection of functions H;‘ S Dharm(Ué‘)
such that

2]

€ || mlgs

< Climllm ) (3.24)

<
H (UM = 1o gky T
f( 2 ) Hconf(Ul )

where we have also used Proposition 3.28.

Now let Z;, ..., 2, be the connected components of %,. For each fixed j €
1,..,s,1letU i be the union of those U’z‘ which are in Zé, and let hg be the func-
tion whose restriction to Uj agrees with the corresponding functions H’Z‘. By
Theorem 3.24 there is a constant C;. such that

||GUj,22hé||Hclonf(22) < C;”héHHl (U) (3.25)

con
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Combining (3.24) and (3.25) we obtain
3 ) ’
||GUj,zgh2”H§0nf(zg) < mCCillmllg =)

(where the m appears because there are at most m curves bounding the com-
ponent Eé).
Set C" = sup{mCC!, ..., mCC!}. If we now let h, be the function on =, whose

restriction to Zé is GU- 5 hi for j = 1,...,s, we have that the CNT boundary
J=2
values of h, agree with those of h; and

N
J ’
= ~ j i< .
||h2||Hclonf(22) 121:1 ||GUsz£h2||Hclonf(Zé) <sC ||h1||HC10nf(21)

O

To prove boundedness with respect to the Dirichlet seminorm, we require
three lemmas.

Lemma 3.45. Let # be a compact Riemann surface and T be a collection of qua-
sicircles separating % into components Z; and Z,. Assume that %, is connected.
IfT has the property that

||01,2h||HC10nf(22) < K||h||Hgonf(zl)
then T also has the property that
||01’2h||9harm(22) S K”hllpharm(zl)'

Proof. Denote by h®" the evaluation of & at a fixed point p (alternatively, it can
be chosen to be the integral 7%, for some fixed k, see Definition 3.20). For all ¢
constant on X; we have

102113, o =012+ o < [01,(h+O)P,

harm(zz) conf(ZZ)
2 2
=K ||h * c”Hclonf(zl)
— K2 2 ev|2
=K (”h”ﬂharm(zl) + |(h+C) | )'
The claim follows by choosing c such that ¢®¥ = —h®". g

Lemma 3.46. Fork = 1,2 let T’y be a quasicircle in a Riemann surface %, and
let Uy be collar neighbourhoods of T'. Let f . U, — U, be a quasiconformal
map of an open neighbourhood of U, U I'y which takesT'; toT,. Leth : U, — C.
Then h has a CNT limit of £ at p € T, if and only if hof has a CNT limit of € at

X (p).

Proof. By conformal invariance of CNT boundary values, it’s enough for this
to hold for I'y, = St for k = 1,2, and a quasiconformal map f : A, — A, where
A, ={z :r<|z| <1l}and A, = {z : s < |z| < 1}. For a proof of this fact see
[26]. O
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Lemma 3.47. Let # be a compact Riemann surface,andI' =T; U...UT,, bea
collection of quasicircles separating Z into components %, and Z,. Let Uy, ..., U,
be collar neighbourhoods of T'y, ..., T, in T',. There is a quasiconformal map f :
A — X' which is conformal on the complement of the closure of U; U --- U U,
such that f(T}) is analytic fork =1, ..., m.

Proof. This was proven in [26] for a single quasicircle using a sewing argu-
ment. The proof extends to a complex of curves without issue. O

With these three lemmas in hand, we may now prove boundedness with re-
spect to the Dirichlet seminorm.

Proof. (of Theorem 3.43). By Lemma 3.47 there is a quasiconformal map f :
% — #', which is conformal on X, and takes each quasicircle I'; to an analytic
curve F;.. Denote 3} = f(Z;) and ¥, = f(Z,).

By quasi-invariance of the Dirichlet norm, there is a fixed K such that for any
h € Dpam(Z;) we have

||Oz’1,2;(h°f_1)°f||H1(zz) < K||Oz’l,z’z(h°f_1)||Dha,m(z’2)- (3.26)

Now analytic curves are WP quasicircles, so by Theorems 3.38 and 3.42,
Oz > is bounded with respect to Héonf. Since 2’1 is connected, by Lemma 3.45

there is a K’ such that

10 5 (ho f Dl pymczyy < K hof My
=K'||hllp,,. =) (3.27)

where the second equality is just invariance of Dirichlet energy under confor-
mal maps.
Finally, by Lemma 3.46, Oy, 5 h has the same CNT boundary values as

Oy 5 (hof™)of. Let
F 1= 0y y(hof of = Oy x.h

Then F € H'(Z,) by Theorem 2.32. Then using F| oz, = 0, the harmonicity
of Oy, », h and the Sobolev space Stokes’ theorem (see e.g. Theorem 4.3.1 page
133 in [9]; note that we treat 8%, as analytic in the double), which also works
for manifolds with several oriented boundary curves, one can show that

f 5(021,221’1) /\a_F =0.

Zy
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This yields that
105, 2.k, ) <1105, s, bl o+ IFIZ, o
= 110z, 5,hll}, 5 ) +2Re ffz 3(0s, 5,h) AOF
2
FIFIZ, (3.28)
= ||02/1,2;(hof_1)°f||in(zz)’

which is just the manifestation of the Dirichlet principle. Therefore we have

10z, 5, kllp,,..z,) < [1O0s ,z;(hof_1)°f||H1(zz)' (3.29)

1

The claim follows from (3.26), (3.27), (3.29). O

Definition 3.48. For a Riemann surface X, with finitely many connected com-
ponents, let Dy,.,(Z) be the equivalence classes of Dy ,,,,(Z) modulo functions
which are constant on each connected component of Z.

It is clear that on Dy, () the Dirichlet seminorm becomes a norm.

Let Z be a compact Riemann surface, separated by quasicircles into £; and
Z,. If Z; is connected and c is a constant, then Oy, 5, is also constant on X, so
the operator

021,22 : bharm(zl) - @harm(zz) (3~30)
is well-defined. We have

Corollary 3.49. Let % be a compact Riemann surface, separated by quasicircles
into £, and %,. Assume that £, is connected. Then Os, ..z, is bounded with respect
to the Dirichlet norm.

One further observation must be made. As a set, 02, = I' = 0%,. By Theo-
rem 3.40 and Theorem 3.34, we now have the following striking result.

Corollary 3.50. Let # be a compact Riemann surfaceand' =T, U ---UT,, be
a family of quasicircles separating % into £, and Z,. Then

5‘[(521) = }[(622).
We can now define
H() = H(0Z,) = H(Z,).

This result requires the fact that I' consists of quasicircles and does not appear
to hold in general. In the case of the Riemann sphere, the authors have shown
that it holds with a Dirichlet-bounded identification of the spaces, precisely for
quasicircles [25].
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