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Conjugacy geodesics and growth in
dihedral Artin groups

Laura Ciobanu and Gemma Crowe

ABSTRACT. In this paper, we describe conjugacy geodesic representatives in
any dihedral Artin group G(m), m > 3, which we then use to calculate asymp-
totics for the conjugacy growth of G(m), and show that the conjugacy growth
series of G(m) with respect to the ‘free product’ generating set {x, y} is tran-
scendental. We prove two additional properties of G(m) that connect to con-
jugacy, namely that the permutation conjugator length function is constant,
and that the falsification by fellow traveler property (FFTP) holds with re-
spect to {x, y}. These imply that the language of all conjugacy geodesics in
G(m) with respect to {x, y} is regular.
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1. Introduction

Let G be a finitely generated group with generating set X. For any n > 0,
the conjugacy growth function c(n) = cg x(n) counts the number of conjugacy
classes with a minimal length representative of length n with respect to X. The
conjugacy growth series of G with respect to X is then defined as the generating
function for c(n). Conjugacy growth has been studied in a variety of differ-
ent groups [2, 14, 18, 21, 23], most recently including soluble Baumslag-Solitar
groups [4] and graph products [6]. All known results support the following
conjecture.
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Conjecture 1.1. [4, Conjecture 7.2] Conjugacy growth series of finitely presented
groups that are not virtually abelian are transcendental.

In this paper we study the conjugacy growth of dihedral Artin groups, that
is, Artin groups with generating set of size two; these are the groups G(m) =
(a,b | n(a,b) = ,,(b,a)), where m > 3 and ,,(a, b) is the word abab ... of
length m. The standard growth s(n), which counts elements rather than con-
jugacy classes, of dihedral Artin groups, has been computed over the standard
Artin generators {a, b} and the Garside generators [20]. It has also been com-
puted (by Fujii [12], and Edjvet and Johnson [8]) over what we denote as free
product generators {x, y} (see Definition 2.2), because the quotient of G(m) by
its centre is isomorphic to a free product of cyclic groups. Here we use their ge-
odesic normal forms to compute conjugacy geodesic representatives (minimal
length representatives, over the generators, for conjugacy classes) and obtain
the asymptotics of c¢(n), which together with analytic combinatorics tools give
our main result, Theorem 1.2. This provides further evidence supporting Con-
jecture 1.1.

Theorem 1.2. (Theorem 5.8 and Theorem 5.14) The conjugacy growth series of
any dihedral Artin group G(m) is transcendental, with respect to the free product
generating set.

An immediate application of Theorem 1.2 is that the conjugacy growth series
for the braid group B; = G(3) is transcendental, with respect to the free product
generating set. Whilst conjugacy growth has been previously studied in braid
groups [1, 24], we believe this is the first result which provides information
about its generating function. Since G(2p) = BS(p, p), we also get transcen-
dental conjugacy growth series for a new class of Baumslag-Solitar groups with
respect to their standard generating sets (see Definition 2.2).

The main tool used in [2, 4] to prove that the conjugacy growth series of a
group is transcendental was to show that conjugacy growth has asymptotics of

the form ~ & (see Definition 5.1), where s(n) ~ " is the (standard) growth
n

of elements. Sequences with asymptotics of the form ~ Z have transcendental

generating functions by [10, Thm. D). However, as threlz result below shows,
we don’t get this behaviour here in all cases, so a more involved argument to
find the conjugacy representatives and to count them is needed. In particular,
our analysis gives (collecting the results from Section 5.1 and 5.2) the following
asymptotics for the conjugacy growth function.

Proposition 5.15. The asymptotics of the conjugacy growth with respect to the
free product generating set in a dihedral Artin group G(m) are given by

- a ifmoddorm =4k, k > 1
C n)~ n
G(m),{x.y} = ifm=4k+2,k>1,

n

where a is the standard growth rate of G(m).
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Finally, we consider the language ConjGeo(G(m), X) of conjugacy geodesics
for dihedral Artin groups (see Section 2.1). This is known to be regular (that is,
recognised by a finite state automaton) with respect to the standard Artin and
Garside generators [5, Cor. 3.9, Thm. 3.15], but regularity is not necessarily
preserved under different generating sets (see for example [5, Section 5]). We
provide a third case of regularity, with respect to the free product generating
set.

Theorem 6.1. The language ConjGeo(G(m), X) is regular for dihedral Artin
groups, with respect to the free product generating set X = {x, y}.

To prove this result, we first study the permutation conjugator length func-
tion PCL; x, defined by Antolin and Sale in [3]. This function is of interest for
groups with (sub) linear time complexity for the conjugacy problem, and so di-
hedral Artin groups provide an interesting candidate to study [17, Prop. 3.1].
The PCL function has been shown to be constant in hyperbolic groups, and we
provide another example where the PCL function is constant.

Proposition 6.3. Let G(m) be a dihedral Artin group, and let X = {x, y} be the
Jfree product generating set. Then PCLg(y,) x is constant.

Secondly, we establish the falsification by fellow traveler property (FFTP) in
dihedral Artin groups. We note that the FFTP depends on the generating set
[22, Prop. 4.1], and that the FFTP has been shown for Artin groups of large
type, with respect to the standard generating set [16, Thm. 4.1], and Garside
groups, with respect to the Garside generators [15, Thm. 2.9]. We add a further
positive result with respect to the free product generating set.

Theorem 6.5. Let G(m) be a dihedral Artin group, and let X be the free product
generating set. Then (G(m), X) satisfy the FFTP.

Theorem 6.1 follows from Proposition 6.3 and Theorem 6.5, using [3, Prop.
2.3].

The structure of this paper is as follows. We provide information on conju-
gacy growth functions and Artin groups in Section 2, where we define the free
product generating set in dihedral Artin groups. In Section 3 and Section 4, we
describe conjugacy geodesic representatives, by splitting our cases for when the
edge labelling of our graph is either odd or even. In Section 5 we give asymp-
totics for ¢(n) and prove Theorem 1.2. Finally, in Section 6, we use results from
Section 3 and Section 4 to study the PCL function and the FFTP property, to
prove Proposition 6.3 and Theorem 6.5.

2. Preliminaries

All groups in this paper are finitely generated, and all finite generating sets
are inverse-closed.



468 LAURA CIOBANU AND GEMMA CROWE

2.1. Conjugacy geodesics and growth. We fix a group G and a finite gen-
erating set X of G. For words u,v € X*, we use u = v to denote equality of
words, and u =g v to denote equality of the group elements represented by u
and v. The (word) length of an element g € G, denoted by |g|, is the length of
a shortest word in X that represents g, i.e. |g| = min{|jw| | w € X*,w =5 g}.
In this case, we say w is a geodesic word, or simply a geodesic. If there exists
a unique word w of minimal length representing g, then we say w is a unique
geodesic. Otherwise w is a non-unique geodesic.

We will often write g ~ h to denote that g and h are conjugate, and write [g]
for the conjugacy class of g. The length of [g], denoted by |[g]|, is the shortest
length among all elements in [g], i.e. |[g]| = min{|h| | h ~ g}. A word w is
a conjugacy geodesic for [g] if it is a geodesic, and if it moreover represents an
element of shortest length in [g]. We define the conjugacy geodesic language of
G, with respect to X, where 7 : X* — G is the natural projection, as

ConjGeo(G, X) :={w € X* | l(w) = |[7r(w)]|}.

We define the cumulative conjugacy growth function of G with respect to X to be
the number of conjugacy classes whose length is < n, the strict conjugacy growth
function, denoted as c(n) = ¢ x(n), to be the number of conjugacy classes of
length = n, i.e.

c(n) = #{[g] | l[g]l = n},

and the conjugacy growth rate as lim,,_, , '/ ¢g x(n). For ease of computation we

shall work only with the strict version, and call that the conjugacy growth func-
tion. The conjugacy growth series C(z) = C¢ x(z) is defined to be the (ordinary)
generating function of c¢(n), so
C(z) = Z c(n)z".
n=0
All results in this paper can be easily extended to the cumulative version of the
conjugacy growth function and series (see [2]).

We call a formal power series f(z) rational if it can be expressed (formally)
as the ratio of two polynomials with integral coefficients, or equivalently, the
coefficients of f(z) satisfy a finite linear recursion. In the language of polyno-
mial rings, this is to say f(z) € Q(z). Furthermore, f(z) is irrational if it is
not rational. A formal power series is algebraic if it is in the algebraic closure
of Q(z), i.e. it is the solution to a polynomial equation with coefficients from
Q(z). Itis called transcendental if it is not algebraic.

2.2. Artin groups.

Definition 2.1. Let I be a finite simple graph, with vertex set V(I') and with
edges labelled by integers m; ; € Z5,. The Artin group A(T) is the group de-
fined by the following presentation:

AT =(V(@) | mi,j(ai, a;) = mi‘j(aj, a;) if the edge {q;, a;} is labelled m; ;),
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where mi’j(a, b) is the word abab ... oflength m; ;. If [V(I')| = 2, we say A(T') is
a dihedral Artin group.

We will refer to V(I') as the standard (Artin) generating set. For dihedral
Artin groups, the presentation with respect to the standard generating set is

G(m) =(a,b | y(a,b) = (b, a)). €y)

If m = 2, then G(m) is the free abelian group of rank two, and its conjugacy
growth series is rational [9], so we assume m > 3 throughout this paper.

We now define our alternative generating set for any dihedral Artin group,
which we will use to study conjugacy geodesics.

Definition 2.2. Let G(m) be the dihedral Artin group with presentation (1).
For m odd,

G(m) = (x,y | x* = y™),
by setting x = ,,(a,b),y = ab. For m even,
G(m) = (x,y | y~'xPy = xP) = BS(p, p),

where p = %, by setting x = ab,y = a; BS(p, p) denotes a Baumslag-Solitar
group. In both cases we refer to X = {x, y} as the free product generating set.

To compute the conjugacy growth of G(m), with respect to the free prod-
uct generating set, we consider conjugacy geodesic representatives in the case
where m is odd or even in turn.

3. Odd dihedral Artin groups: G2k + 1)

We first consider G(m) for m odd as given in Definition 2.2, i.e. G(m) =
(x,y | x2 = y™). Let A = x? and note the centre of G(m) is generated by A. We
often refer to A, c € Z, as the Garside element/part of a word. For notation, we
let m = 2k + 1.

3.1. Classification of geodesics. When considering geodesics, we use the nor-
mal forms derived in [12]. An independent classification of geodesic normal
forms was given in [13, Section 2.2]. We collect those results here while addi-
tionally justifying when the geodesics are unique per element or not.

All types of geodesics are presented in Table 1, and the reader may skip this
section and consult the overview in Table 1 directly.

Proposition 3.1. [12, Lemma 3.1, p. 484] Let g € G(m) and let w be a geodesic
representative for g. Then w can be represented as w = x“yb1 .. x%yb A¢ where
w satisfies one of the following mutually exclusive conditions (Where T € Z):
) c>0,0<5q;<1(1<i<7), g #02<Li<1),
—(k-1)<b;<k+1(1<i<7t), bj#0(1<i<t-1)
@) c<0,-1<q;<0(1<i<1), g #0(2<i<1),
—(k+1)<b;<k—-1(1<i<7t), bj#0(1Q<i<t-1)
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(3%) c=0,0<q<1(1<i<7), g ##02<i<1),
—(k—-1)<b;<k+1(1<i<1), bj#0(A<i<1-1).
c=0,-1<q;<0(1<i<1), a;#02<i<1),

37)

G _k+D<b<k-10<i<o), h#o0A<i<t—1).
B*Nn37) w=y’where—(k—-1)<b<k-1

(30) c=0,-1<q;<1(1<i<1), a;#02<i<1),

—(k+1)<b<k+1(1<i<7t), bj#0(1Q<i<t-1).

Later in the paper we will use (3) = 3") U (37)u (3T n37) 1 (3°). By [12,
Prop. 3.4], all words of the form (1) Li(2) U (3*)u(37) L (3* N 37) are geodesic,
so it remains to check when w € (3°) is geodesic. The proof of the following
result can be found in Section A.1.

Proposition 3.2. Ifw = x%yb .. x%yb:A¢ € (30) is geodesic, then ¢ = 0 and w
satisfies one of the following mutually exclusive conditions (Where t € Z):
(0<a,<1(1<i<), a#0(2<i<1),
(3*){-k<bh<k+1(1<i<1), bj#0(1<i<t-1),
\ there exists at least one y~* term.
((1<aq, <001 <i<), 4 #0(2<i<1)
(3°) {-(k+1)<b;<k(1<i<7), bj#0(1<i<T—-1),

there exists at least one y* term.
(C1<a,<1(1<i<7), a,#0(2<i<7),
(3%) ; there exist both x, x™! terms,
—k<b<k(1<i<7), bj#0(1<i<t-1).

From ([12], p. 489), all words in (1) U (2) u 3") L (3™) U (3t n 37) are
unique geodesics. To determine which words in (3°) are unique geodesics we
use Lemma 3.4 to establish when elements in (3) are not uniquely geodesic.
Definition 3.3. For w = x%yb1 . x%yb: € (3), define

Pos,(w) :=max{q; | q; > 0,1 <i <1},
Pos,(w) :=max{b; | b; 20,1 <i <7},
Neg (w) :=max{—q; | a; <0,1<i <7},
Negy(w) :=max{—b; | b; 0,1 <i <1}
Lemma 3.4. [12, Prop. 3.8] Let w € (3) be geodesic. Then w is a non-unique

geodesic representative if at least one of the following conditions holds: (1) Both x
and x~! terms exist in w, or (2) Pos,(w) + Negy(w) = m.

We consider the conditions from Lemma 3.4 for each type from Proposi-
tion 3.2 in turn. If w € (3%"), then the only rewrite rule we can apply to non-
unique geodesics is

Sy_ktyk+1Z =G syk“ty‘kz, (2)
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for some s, t,z € X*. In order to apply this rule, we need at least one y’“rl term
in w. Therefore, the set (3°) splits into two disjoint sets, which we denote by

(3°*U) u (3°*N), where (3°*U) is the set of unique geodesics (—k < b; < k),
and (3°*N) is the set of non-unique geodesics, i.e. there exist both y~Kand yk+1
terms.

Definition 3.5. Let 7 = 7; + 7,. Any Type (3°) geodesic can be written as
w= Ay KAy LA YA YA Y LY A (3)

where each A, (1 < s < 7+ 1) are reduced words over x, y, with any maximal
subword of the form y# in A, satisfying 8 € [—(k — 1),k] n Z 4. Here t; >
1,7, > 0, A; (A4 resp.) is either empty or ends (starts) with x, and Ay starts
and ends with x (2 < s < 7).

Type (3°FU) is the set of all Type (3°) geodesics where 7, = 0, i.e. of the
form

w=Ay Ay A yT*AL 4,

and Type (3°FN) is the set of all remaining Type (3°+) geodesics, i.e. with 7, > 1
and

W =g Aly_kAZy_k Arly_kA11+1yk+1Arl+2yk+l yk+1Arl+rz+1‘

Similarly, for (3°~) words, which are negative counterparts to (3°), we can
split (3°7) into two disjoint sets (3°~U) U (3°°N), where (3°U) is the set of
unique geodesics (—k < b; < k), and (3°~N) is the set of non-unique geodesics.

Definition 3.6. Let 7 = 7, + 7,. Any Type (3°7) geodesic can be written as
w= Ay EHD Ay~ Ay DAL YR AL oV VR A s @

where each A, (1 < s < 7+ 1) are reduced words over x, y, with any maximal
subword of the form y# in A, satisfying 8 € [k, k—1]n Z 4. Herety 20,75 2
1, A; (A;4; resp.) is either empty or ends (starts) with x~!, and A; starts and
ends with x™1 (2 < s < 7).

Type (3°~U) is the set of Type (3°~) geodesics with 7; = 0, so of the form
ApykAsyF . A, 11y, and Type (3°°N) is the set of all remaining Type (3°7)
geodesics, i.e. where 7; > 1, so of the form

Ay ED Ay~ AL ymE DAL LYRAL YR L YR AL

Finally, all words in (3%*) are non-unique geodesics, since we can apply the
rewrite rule
sxtx7lz =5 sxtxz, (5)

for any s, t,z € X* and pair of x and x™!. This is the only possible rewrite rule
by Lemma 3.4.
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Definition 3.7. Let 7 = 1; + 7,, a; = 1, and define the following tuple

X =(x%,x%, .. ,x%)=x"1Lx ..., x7 X, x, ..., x).

31 T

Any Type (3%) geodesic can be written as a word w respecting the X-tuple
structure:

w = xalybl xalybz e ybrl xa11+1ybr1+1 xa71+2 . xar1+r2ybr1+r2
= x~lybix=lybs  ybrxybasix | ybam,

3.2. Minimal length conjugacy representatives in odd dihedral Artin
groups. We now describe conjugacy geodesic representatives. To do this, we
use the sets A and B introduced in Definition 3.8 separately.

Definition 3.8. Let A = (1)U R)UGHUB)HUGBT N3HuU(3™U)u(3°U)
be the set of unique geodesics, and let B = (3°*N) U (3°°N) L (3%) be the set
of non-unique geodesics.

Definition 3.9. Let A be the set of all words in A which start and end with
opposite letters:

A={w=x%yh  x%ybA°e A|a, =0 b. =0}
Proposition 3.10. Let w,v € A have the form
w = x4y xFwyPr APy = x1yT1 . xOm yTm A,

Then w ~ v ifand only if ny, = n,, p = q, and the words x*1yP1 ... x%mw yPrw and
x%yn . xmy¥n are cyclic permutations of each other.

Proof. The reverse direction is clear, so suppose w ~ v. Let
u = x@yb | x%ybr A be geodesic and consider u~'wu. We first note the Gar-
side element remains unchanged since AT°APA¢ = AP. Also, we only have el-
ements from the same free product factor concatenating in either u~'w or wu,
but not both. We consider each type of concatenation in turn, and show that
if we change the power of the Garside element, we can reverse this procedure,
and so preserve the type of geodesic as defined in Definition 3.9.

First suppose the matching terms from the same factor consist of y letters.
Assuming free cancellation where possible, we have

ulwu =g yPrx L y7bi. x@ybr | x%nw P . ybr | xGrybe AP,

Note if 8, = —b;, then up to cyclic reduction u~lwu is a cyclic permutation of
w, which remains in the same geodesic type as defined in Definition 3.9. Since
u, w are both geodesic, we know that 8, + b, <mor g, +b; > —mexceptin
the following cases, where € = +1:

() Bn, = by =e(k +1),
(i) B,, = ¢k, by = e(k + 1) (and vice versa).
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Suppose 3, = b; = k + 1. After concatenation, yPrtbr = ym+1 \which can be
moved to the Garside element as follows:

ulwu =g ybrx—% L y~b . xyphr | x%wym+l | xacybe AP

=y brx~% L y7bhi . xTyh | X%y | x%ybe APFL

Since 8, = k + 1, we can assume w is of Type (1) or (3*). Also u~! ends with

1

y~b1 = y=&+1 "and so u='wu can be rewritten as follows:

-1

ulwu =g ybex~% L y~kHD L xaypB | x%w x2y . x% ybr AP

=g y brx~0 . y~k+D L yapbi  xFny | x8ybr AP
=g y brx~% L y~myk . x®ypbi | x%wy | x%pbr AP+

=g Y brx~% Yk xyh  xFwy . x% b AP,

Now u~wu is the same type (either (1) or (3*)) as w, and up to cyclic reduction
is a cyclic permutation of w. The remaining cases follow a similar strategy.
Otherwise, if 8, + by # 0, then u~lwu is equal to w up to cyclic reduction.

Now suppose the matching terms from the same factor consist of x letters.
Assuming free cancellation where possible, we have

Twu =g ybrx=% . y~bix=@ . xyphr | x%nw ybu . x@ybr | xrybe AP,

u
Again if a; = ay, then up to cyclic reduction u~wu is a cyclic permutation of
w, which remains in the required geodesic form as defined in Definition 3.9. If
a; # a;, then by Proposition 3.1 we can assume a; — a; = 2. First suppose
a; — a; = 2. Then we can move the x*~% = x? term to the Garside element,
which becomes AP*!, Since a; = 1, we can assume w is of Type (1) or (3%). We
note that u starts with x® = x~1, so we can rewrite as:

ulwu =g ybex% Ly hix2yh X% yPro - x"ybr | xGeybe AP
=G y—bfx—a, ...y‘blyﬁl xa"wyﬁnw . x_lybl xafybpr"'l
=G y—brx—ar --.y‘blyﬁl x“"wyﬁnw . x_zxybl xafyb,Ap+1
=6 ybx Ly Py P - xybr L xOcybe AR,

This term is now the same type of geodesic as w, and up to cyclic reduction
is a cyclic permutation of w. The case for a; — a; = —2 follows a symmetric
proof. This method also holds when y letters concatenate in u~'w or x letters
concatenate in wu. O

‘We now consider the set B, and construct a method which ensures we select
a unique representative from all possible geodesic forms. First recall that any
word w of Type (3°FN) can only be rewritten using Eq. (2). For choosing a
unique representative, we will choose words where all y~% appear leftmost in
the word, and all y**! appear rightmost the word, to match the form defined in
Definition 3.5. For conjugation, we no longer preserve this unique choice up to
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cyclic permutation. For example, consider w € (3°*N) of the form in Eq. (3),
ie.

w = A1y KAy E LA Yy TR AL YA YT YA L,
and its cyclic permutation
w' = yk+ Ary1Ary” Azy rly_kA1'1+1y AT1+2y - Ar

This is no longer the correct geodesic form of Definition 3.5, as we can apply
Eq. (2) to get

w' =g y_kAr+1A1y_kA2y_k Arlyk+1Arl+1yk+1Ar1+2yk+1 - Ar.

This rewrite only occurs when we cyclically permute y~* or y**! terms. There-
fore any cyclic permutation of w, written as our geodesic normal form from
Definition 3.5, is a cyclic permutation of elements in (A, ..., A;41), such that
blocks are separated by Y, = (y7%, ..., y7K, yk+L yk+l [ yk+) where Y, is
fixed.

This also occurs for any w of Type (3°"N): any cyclic permutation of w,
written as our geodesic normal form from Definition 3.6, is a cyclic permu-
tation of elements in (A,..., A.;;), such that blocks are separated by Y, =
(y~+D Ly~ D)k yk ., yk), where Y, is fixed.

Definition 3.11. (split cyclic permutation for Types (3°*N) and (3°~N))
Lett =17, + 7, with 7,7, > 1.
(i) Define tuples Yo . :Yp
{=(k +1),k}as:

of powers of y with a; € {—k,k + 1},b; €

71,72

0, = 0V, L,y = (K, yF, . yk phFL pktl kel
7 7
I (e R e e (O S ATh A )
7 .

Let w € (3°"N) be a geodesic based on Y, _ of the form
w = A1y Ay® Ay YAyt Ay zyafl“ YA
- Aly kAZy ‘L'ly_kA‘L'l +1y Arl +2y yk+1Ar+1’

where the A are words over x, y satisfying the conditions from Eq. (3).
Alternatively, let w € (3°~N) be a geodesic based on Y}, . of the form

w=AyIAYe LA YA YT AL YT Ly S Ay
= Ay E DAy~ A y= DAL L YRAL oy L YR AL,

where the A are words over x, y satisfying the conditions from Eq. (4).
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(ii) A split cyclic permutation of w as in (i) is one where the tuple Yo .
(wa2 resp.) is preserved and the A blocks are cyclically permuted;
that is, it is a geodesic w’ € (3°*N) (w’ € (3°~N) resp.) of one of the
following forms:

Case 1: all A blocks are preserved, andfor1 <t <7+1
w' = yhAYLALy YR A Ay A, L YR AL
Case 2: one of the A blocks is split; that is, for 1 < t < 7 + 1 write

Ay = A; Ay, as areduced product of prefix and suffix. Then
w' =AYy AYP L Y A Ay Ay L YR AL

Example 3.12. Consider the word w € (3°*N) of the form

w = xyxy 2xy2xy3xy~lxy.
We have highlighted the terms from the tuple Yo a as in Definition 3.11 (here
k = 2). The following is an example of a cyclic permutation of w:

w' = xy~xy xyxy2xy2xy>.
This differs from a split cyclic permutation of w, for example

w” = xy~Lxy2xyxy2xyixy’
is a split cyclic permutation of w.

Recall for any word in (3%), we can rewrite any pairs of x and x~! terms
using Eq. (5). For choosing a unique geodesic representative, we will choose
words where all x~! terms appear leftmost in the word, and all x terms appear
rightmost in the word, to match the form defined in Definition 3.7. For conjuga-
tion, again we no longer preserve this unique choice up to cyclic permutation.
For example, if w = x~1yPrx—1ybz  ybr xybasix . yPr+e is of the correct form,
we can consider a cyclic permutation of w of the form

w, — xyb‘l'1+sx . be1+‘(2 x_lybl e yb‘fl xyb‘rl+1 . be1+S71’

for some 7; < s < 7; + 7,. This is no longer of the correct form from Defi-
nition 3.7, since we have x terms occurring before x~! terms. In this case, we
apply Eq. (5) to w’ to move all x~! terms to the left, and all x terms to the right.

Definition 3.13. (split cyclic permutation for Type (3%*))
Let T = 71 + 7,, and define the following tuple

Xp oz = (x%,x%, ., x%) = (x7Lx7, L, x 7 X, X, X).
i) 7,
Let w € (3%) be a geodesic as in Definition 3.7:
w = xalyblxalybz ybfl xa‘[1+1yb‘rl+1xarl+2 xa‘:1+12yb‘rl+‘rz

= x~lybixlybr  ybaxybany | ybate,
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A split cyclic permutation of w is a geodesic w’ = x%yfix®2yfs b e (30%),
such that (yA1,yP2, ..., y¥<) is a cyclic permutation of (y1, y?2, ..., y7); w’ may
start with yA1.

Definition 3.14. Let B = B, L B_ L B,, where

(i) B, c (3°*N) is the set of all words of the form in Eq. (3),
(ii) B_ c (3°°N) is the set of all words of the form in Eq. (4),
(iii) B, c (3%%) is the set of all words of the form in Definition 3.7,

and for all w € B, w starts and ends with opposite letters.

Lo and

Proposition 3.15. Letw € B be based on a tuple Yarl,afz, Ybfl,bfz or X,
let v € B be based on Yaal,agz’ ngl,bc2 or X5, 5,- Then w ~ v if and only if

Ybfl,bfz = Ybﬁ’bq2 orX;, ., = Xg, 5, and w and v are equal

Ar,0r, — 7 0g.05,° 172

up to a split cyclic permutation.

Proof. We follow a similar method as in Proposition 3.10, but we need to addi-
tionally consider split cyclic permutations. Let w = x®yf1 ... yf» and consider
the word u~'wu where u = x%yb . x%ybA° is geodesic. Firstly suppose the
matching terms from the same factor consist of y letters. Assuming free can-
cellation where possible, we have

1

ulwu =g ybrx~% LyTh . xS yphr | xFnyPa . ybi | xGybe

Since u, w are both geodesic and w € (3°), we have —m < 8, +b; < mexceptin
the three cases as in the proof of Proposition 3.10. We consider the case where
B, = by = k + 1. We can move y™ to the Garside element:
ulwu =g ybrx% Ly7h . x®yphr | xFnymHl | xybe
=g ybrxT% L y7h . xHyh | xFnyx@ | xybeA,

Now u~! ends with y~21 = =&+ hich can be rewritten as

lwu =g yOrx=% .y~ x%yphr | xnym+l  xacybe

u-
=; y brx% L yTmyk . x®yph | xTyx® | x%ybeA
=g Y lrx"% Yk xyb  xTnyx® | x%ybe

by moving y~" to cancel with the Garside element. Up to cyclic reduction, in

order for u='wu € B, we then have to take a split cyclic permutation, to move
all y=% terms to the left of all y**! terms. The remaining cases follow a similar
strategy. Otherwise, if |3, + b;| # 0, then we can cyclically reduce to w.

Now suppose the matching terms consist of x letters. Assuming potential
free cancellations

ulwu =g ybex% Ly 7hixTa . x®yb | xnybn . xGiybr | xaeybe,

Again we can assume a; —a; = +2. Suppose a; —a; = 2,i.e. a; =1,a; = —1.
We can move the x? term to the Garside, and then reverse this procedure by
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moving the x* = x~! term to cancel with the Garside:
ulwu =g ybrx~% Ly hix2yPr | xybn . xlybi | x@ybe
=g y—bfx—af ___y—blyﬁl ...x“nyﬁn . x_lybl __‘xarbeA
= ybex =y Piphr | x%nyBu . x~2xybi | xGrybep
=G y_bfx_af ...y_blyﬁl x“nyﬁn . xybl xarybr_

Up to cyclic reduction, in order for u~'wu € B, we have to take a split cyclic
permutation, to move the x~! terms to the left of all x terms. The case for a; —
a, = —2is analogous. O

Corollary 3.16. Modulo cyclic permutations, the set A gives a set of minimal

length conjugacy representatives. Modulo split cyclic permutations, the set B gives
a set of minimal length conjugacy representatives.

Proof. We have shown that elements of A are conjugacy geodesics, unique up

to cyclic permutation by Proposition 3.10. Similarly elements of B are conju-
gacy geodesics, unique up to a split cyclic permutation by Proposition 3.15. It
remains to show that any element in G(m) is conjugate to an element repre-

sented by a word in A or B. This follows immediately since any geodesic of the

form in Proposition 3.1 can be cyclically permuted to a word in either Aor B,
using rewrite rules if necessary (for example Eq. (2) or Eq. (5)). O

Example 3.17. We consider examples of minimal length conjugacy represen-
tatives for

G(3) = (x,y | x> =y?).
Take the word u; = xyxyxy 1A% € A, which is of Type (1). Here u, is conju-
gate tov; = yxy~lxyxA3, whichis a cyclic permutation of u; (up to the Garside
element) by:

wluw = (xyx)™' - xyxyxy A3 - (xyx) =g yxy lxyxA3 = v,.
Now consider the word u, = x~1yx~1y~lxy € B, which is of Type (3°*). Here
u, is conjugate to v, = y~lx~lyx~lyx € B, which is a split cyclic permutation
of u,, by:
wlu,w = (x‘lyx‘l)_1 cxlyx Tty Tlxy - (xlyxTh)
=gy 'xyxlyx~!

— =1,-1,,,-1 —
=gy X yX "yx =0,

4. Even dihedral Artin groups: G(2p)
We now consider G(m) for m even, i.e. G(m) = (x,y | y"'xPy = xP), where
p= % > 2. Let A = xP and note the centre of G(m) is generated by A. When

considering geodesics, we use normal forms derived from [8] and similar to 8],
we split cases for when p is even or odd.
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4.1. Even dihedral groups G(2p): Case p = 2k > 4. In this section we as-
sume p = 2k > 4, and provide details of the case p = 2 in Section 4.1.3. We
collect all types of geodesics in Tables 2 and 3, so the reader may skip the details
here.

4.1.1. Classification of geodesics in G(2p), p = 2k > 4. For any word in
G(m) = G(4k), we can apply the following rewrite rules together with free
reduction without changing the group element represented:
RR1: Collect any power of the central term x2¥ to the right.
RR2: If o > 0> § and o + |§| > 2k, then replace a word ux®vx®w (ux°vx°w
resp.) by ux®+2vxo=2kw (ux~kvx9+kw resp.).
RR3: If ¢ > 0 > & and o + |§] = 2k, then replace a word ux®vx°w by
ux°vxow.
Note that RR1 and RR3 preserve word length, whilst RR2 decreases word length.

Proposition 4.1. Every element in G(4k) has a geodesic representative in one of
the following (freely reduced) forms:
Type 1. (xF1y® .. xFnyen Ay wherec,n > 1, g € [0,2k —1]NZ, w; € [1,2k —
1lnZ2<i<n),geZ(1<i<n),g#0(1<i<n-1).
Type 2. [(xF1iy®u ...yl )xd (y2ux?i ... x""i7)|*! for some k < j < 2k — 1, where
nj,m; >0,¢,6; € Z4 (1 <s <nj,1 <t < mj). Three separate cases
for different values of j:
@ Ifj = k sty € [=(k = D).KI N Zo, 7 € [-k.KINZo (1 < 5 <
(b) If j = 2k =1, usok—1y € [1,2k=1]NZ, yyau-1) € [-1,2k—2]NZ 4
(1<s<nj,1<t<my).
© Ifk < j <2k =1,y € [~k = j = 1,j10 Zoo, 11 € [~(2k -
Dj=1UNZyu»A<s<nj,1<t<m).
In all cases, x*1i, x"™/ may also equal 0.
Type 3. x%y“1x™ ... x"» wheren > 0,¢; € Z,0 (1 <i<n) a,v, € [—(k—1),k—
11nZv;e[-(k-1),k-1INnZ;, (1 <i<n-1).
Moreover, Types 1,2 and 3 are mutually exclusive.

The proof of this result can be found in Section A.2. We now propose an
alternative form for Type 2 geodesics from Proposition 4.1. The idea is to gather
all x/ and x~(*=)) terms, and note that all x/ terms must precede all x~(k=)
terms in the word due to RR3.

Definition 4.2. Lett = 7; + 7,. Any Type 2 geodesic from Proposition 4.1 can
be written in the form w as follows, for all k < j < 2k — 1:

w = A Apx) . Ap xIAp g xTRTDAL xR xRN AL L, (6)
where A; (1 < s < 7 + 1) are reduced words over x,y, with any maximal
subword of the form x in A; satisfying a € [-2k + j + 1, j — 1] N Z4,. Here
7, > 1,7, > 0, A; (A, resp.) is either empty or ends (starts) with y? for some
B € Z4, and A blocks start and end with yP for some g € Zy (2<s<1).
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In this form, we split Type 2 geodesics into two disjoint sets, denoted Type
2a U Type 2b, where Type 2a is the set of all Type 2 geodesics where 7, = 0, i.e.
of the form

w = AyxAyxd LA XA,
and Type 2b is the set of all remaining Type 2 geodesics with 7, > 1, i.e. of the
form

— ' j j —(2k—j —(2k—j —(2k—j
w =g Ayx!Ayx) A XA 14X ( J)AT1+2x @k=j) . x~ J)Ar1+rz+1'

4.1.2. Minimal length conjugacy representatives in G(4k). We now de-
scribe conjugacy geodesic representatives. To do this, we split geodesics into
sets C and D: Let ©; be the set of all Type 1 geodesics, G, be the set of all
Type 2a geodesics, and C; be the set of all Type 3 geodesics, and define C as
C = C; U G, U C;, whilst D is the set of all remaining geodesics, i.e. all Type
2b geodesics. The proof of the following result can be found in Section A.2.

Proposition 4.3. The set C consists of unique geodesics only, whereas D consists
of non-unique geodesics.

Definition 4.4. We define the following subset of C:
w = (xFiys L xknys A we @, uy;=0e¢, =0,
C={w=xHiys. .y wECy, uj=0s¢,;=0,
w = xMyc | ycn weets uuy=0s¢,=0.
For notation, we let C= 6’_1 L 6_2 U 8_3, where a =GN E, foralll1 <i<3.

Proposition 4.5. Let w,v € C have the form
w = xoqyﬁl x“"wyﬁ"w Ar’ L= xalyyl x"nuyynu A4,

Then w ~ v ifand only if n,, = n,, r = q and the words x*1yP1 ... x%w yPrw and
x%1yr" . x%mwy’m are cyclic permutations of each other.

Proof. The prooffollows a similar method to Proposition 3.10. Suppose w € 6_1
and, without loss of generality, assume r > 0. We consider conjugating w by
an element u = xMyP . x%yb<A° where q; € [—(2k — 1),2k — 11N Z 4, b; €
Zy, 1<i<1,1<j<1),andc € Zy. Note u need not be geodesic.

We can immediately ignore concatenation of y letters as these do not alter
the Garside element. Indeed if y letters concatenate, then this is equivalent to a
cyclic permutation. Therefore, up to free cancellation where possible, suppose

ulwu =g ybr L x"ax® | yProx® | ybeAT,

Sincew € G_land r > 0,wecanassume¢; € {1,2,...,2k—1},and so —(2k—2) <
a; —a; <4k — 2. Suppose a; — a; = 2k + d for some d € {0, 1, ..., 2k — 2}. We
can move x2¥ to the Garside element as follows:

utwu =g ybr L xdx2k | yPr x| ybe AT

=g y 0. xd . yPrxn—2k=d b AT+l
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We can then reverse this procedure by moving x ¢ from the x% term:

ulwu =g y b . xdx2k P x| ybe AT

=g y b .. x® .. yProyer—2k—d  ybc AT+l
=c vy x?d . yPrwxa—d  ybeAr,

Now u~lwu is a cyclic permutation of w, up to cyclic reduction, as required.
For all other values of a; — a;, we have that u~!wu is equal to w up to cyclic re-
duction. A symmetric argument holds when x letters concatenate in wu, which
completes the proof for words in €;. The proof for €, and C; follow a similar
case by case argument. 0

Now we consider cyclic geodesics in the set D. Recall D is the set of all Type
2 geodesics where m; > 1. For words in D, we do not have the same equivalent
geodesic types up to cyclic permutation. For example, recall Eq. (6) and suppose
we have

w = A Apx) A xI A  xTRDAL xR xCEDAL L L
Consider the cyclic permutation
w' = xR DA GAXTAyxd LA XA xRN AL xmCRD AL

This word is no longer of the correct geodesic form, since we can apply RR3 to
w’ to get

w' =g X Ap AixIAyxd LA xT DAL xRN AL LxCRED AL

This rewrite can only occur when we cyclically permute an x/ or x~%=/) term.
Therefore, any cyclic permutation of w written in geodesic normal form is a
cyclic permutation of elements in (Ay, ..., A;41), with the A;s separated by X =
(), o x), x~Ck=D  x=Ck=D | x~k=D)) where X is fixed. This idea holds for all
k<j<2k-1.

Definition 4.6. Let7 =7, + 7, letk < j <2k — 1.

(i) Fort,, 1, > 1,define a tuple X,
where:

of powers of x with a; € {j, —(2k—j)}

1,72

Xp o, = (x9,x%, L x%) = (0,0, ., xd, xR0 x=CR=D) x~(@k=))y,

31 )
Consider a geodesic w € D based on X, ., of the form
W= A1 XM Ax%2 LA xTAL XTI AL XTI L xS Ay
_ j j j —(2k—j —(2k—j —(2k—j
= Ay Apxd L Ap I A xT KD AL oxmCRED) | xCREDALL,

where the A blocks are all words over x, y satisfying the conditions
from Eq. (6).



CONJUGACY GEODESICS AND GROWTH IN DIHEDRAL ARTIN GROUPS 481

(ii) A split cyclic permutation of w is one where the tuple X . is preserved
and A, blocks are cyclically permuted: it is a geodesic w’ € D as in:
Case 1: all A, blocks are preserved, andfor1 <t <t+1

w = xMAXBA g XY AL A XS A L XA

Case 2: one of the A blocks is split, that is, for 1 < ¢ < 7 + 1 write

Ay = A; Ay, as areduced product of prefix and suffix. Then
W = A, xM AL X% L XS AL A xO Ay L XA,

(iii) Define a set D to be all words in D of the form in Definition 4.2, such
that words start and end with opposite factors, i.e. if A; starts with an
x-term (y-term resp.), then A, ; must end with a y-term (x-term resp.).
Note A; and A,,; may be empty, but they cannot both be empty - if this
were the case, we could cyclically permute the x~(*=/) which cancels
and adds to the Garside element when concatenated with x/.

Proposition4.7. Letw,v € D be based on tuples X,
andonly if X,

,andX, .. Thenw ~ vif

0, = X5, 0, and w and v are equal up to a split cyclic permutation.

Proof. The proofis similar to Proposition 4.5, and note by the discussion above
that if we consider a cyclic permutation of w, we need to take a split cyclic
permutation for v € D. Consider conjugating w = x*yP1 ... y#» by an element
u = x4yb | x%yb-A¢ where a; € [-(2k — 1), 2k —1] NZ40,bj € Z4o (1L <
7,1 < j < 1), and ¢ € Z4,. We assume up to free cancellation that utwu =g
ybe Lx@x%  yPax® . yPc. Since w € D, we can assume o € [—(2k — j —
1),jINZ 4. Also a; € [-(2k—1),2k—1]NZ 4y, and so -4k + j+2 < oy —a; <
2k + j — 1. Suppose a; — a; = 2k + ¢ where c € {0, ..., j — 1}. Then

ulwu =g ybr . xCx% L yPaxar | ybr

=g yr . xC . yPaxt—2k=c  ybep
=5 y 0. xC . yPaxcae  ybr,

Up to cyclic reduction, in order for u™lwu € D, we then have to apply RR3,
which is equivalent to a split cyclic permutation of w. The proof for a; — a; <
—2k follows a symmetric proof. For all other values of a; — a;, we have that
u~lwu is equal to w up to cyclic reduction. A symmetric argument holds when
X letters concatenate in wu, which completes the proof. O

Corollary 4.8. Modulo cyclic permutations, the set G gives a set of minimal length

conjugacy representatives. Modulo split cyclic permutations, the set D gives a set
of minimal length conjugacy representatives.

Proof. We have shown that the elements of € are conjugacy geodesics, unique

up to cyclic permutation by Proposition 4.5. Similarly the elements of D are
conjugacy geodesics, unique up to a split cyclic permutation by Proposition 4.7.
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It remains to show that any element in G(m) is conjugate to an element repre-
sented by a word in € or D. This follows immediately since any geodesic of the
form in Proposition 4.1 can be cyclically permuted to an element of either Cor
D, using the rewrite rules RR1 and RR3 if necessary. O

4.1.3. The even dihedral group G(4): p = 2k = 2. The classification of
geodesics follows similarly to Proposition 4.1, with some small differences when
k = 1. This can be derived from [8, Section 3] and we collect the types in Table
2. Type (3) geodesics from Proposition 4.1 reduce to words of the form y? where
B € Z4,. Also, similar to Definition 4.2, any Type 2 geodesic can be written in
the form

1

_ -1 - -1
W = A1 XAX ... Ap XA (1 X A X7 X A 11

where each A = y' (t € Z4y,1 < s <17, +71,+1). Note thatifr; =0or7, =0,
then w is in fact a Type 1 geodesic. This implies that the mutually exclusive
geodesic normal forms are:

(i) Type 1 geodesics, which are unique,
(ii) Type 2 geodesics such that 7,,7, > 1, which are non-unique, and
(iii) Type 3 geodesics, which are unique.

As before, let € consist of Type 1 geodesics which start and end with opposite let-

ters, and Type 3 geodesics. Let D consist of Type 2 geodesics such that 7,7, > 1,
which start and end with opposite letters. Analogous results to Proposition 4.5
and Proposition 4.7 follow using the same proof method.

Example 4.9. We consider examples of minimal length conjugacy representa-
tives for the group G(4) =~ BS(2, 2). First consider the word u; = xy>xy3xy?A2
€ @, which is of Type (1). Here u, is conjugate to the word v, = y~3xy2xy°xA2
€ @, which is a cyclic permutation of u; (up to the Garside element), by the
following relations:

-1
wluw = (xp°x) - xYxy3xy?A? - xySx =g y 3 xy?xy xA? = v,.

Now consider the word u, = yxy~2xy'lx~! € D, which is of Type (2). Here u,
is conjugate to v, = y2xyllxyx~! € D, which is a split cyclic permutation of
u,, by the following relations:

1

wluw = (yx)1 - yxy~xyxTl - (yx)

= ¥y xytxTlyx

1

— v 2ypllyyy-l —
=G Y "Xy Xyx - =0

4.2. The even dihedral group G(4k + 2): Case p = 2k + 1. From [8], the
geodesic normal form is almost identical to the p = 2k case, with some mi-
nor changes in the parameters. The same proofs will follow through from Sec-
tion 4.1, and so we give a summary of the key results only (see also Table 4).
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Proposition 4.10. Every element in G(4k + 2) has a geodesic representative of
one of:

Type 1. (xt1y& .. xHnysn A wherec,n > 1, u; € [0,2k]1NZ, w; € [1,2klNZ
2<i<n),geZ(1<i<n),g#00<i<n—-1)
Type 2. [(x*iy®u ...yl )xd (youx?1i ... x"™i7)]*! for some k + 1 < j < 2k, where
nj,m; >0, esj,étj €Z4H(1<s< nj,l1<t< mj). Three separate cases
for different values of j:
(@) If j = k+1, uggeqry € [=(k=1), k+1I0Z 1, Vies1) € [=k, kINZ 4
(1<s<n;,1<t<my).
(b) If j = 2k, psary € [1,2kI N Z, 7,01y € [-1,2k = 1] N Z4 (1 <5 <
(© Ifk <j <2k ps; € [-Q2k —j), jINZyo, vij €[-Ck—j+1),j -
1INZ4p (1 <s<nj;,1 <t <mj).
In all cases, x*1, x"™ii may also equal 0.
Type 3. x%y“1x” ...x"» wheren > 0,¢; € Z,, (1 <i < n), a,v, € [-k,k|NnZ,
Vi (S [—k,k]nz?go(l < i < n—l)

Moreover, Types 1,2 and 3 are mutually exclusive.

Definition 4.11. Let 7 = 7; + 7,. Any Type 2 geodesic from Proposition 4.10
can be written in the form w as follows, forall k < j <2k — 1.

w=Ax) . Ap XA x~RTIHDAL L xm @it @it DA L, (D)

where A; (1 < s < 7 + 1) are reduced words over x, y, with any maximal
subword of the form x“ in Ay satisfying « € [—(2k — j), j — 1] N Z,. Here
7, > 1,7, > 2, Ay (A, resp.) is either empty or ends (starts) with y? for some
B € Z4, and A, blocks start and end with y# for some g8 € Zyy (2<s<1).

In this form, we split Type 2 geodesics into two disjoint sets, denoted Type
2a U Type 2b, where Type 2a is the set of all Type 2 geodesics where 7, = 0, i.e.
of the form

w=Ax Ax) LA XA,
and Type 2b is the set of Type 2 geodesics with 7, > 1, i.e. of the form
W =g Ayx/ . Ap XAy xRV AL x| xmCE DAL L

Let ©; be the set of all Type 1 geodesics, C, be the set of all Type 2a geodesics,
and Cj; be the set of all Type 3 geodesics, and define C, D as

C:=CUCUC
while D is the set of all remaining geodesics, i.e. all Type 2b geodesics.

Proposition 4.12. The set C consists of unique geodesics, and D of non-unique
geodesics.
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Define the following subset of C:

w = (XFUys L xknyS AL we @, 1y =0o ¢, =0,
C={w=xriyai .y wE Cy, thj=0¢,;=0,
w = xH1yc . y&n weel; uy=0&¢,=0.

Define D to be all words in D of the form in Definition 4.11, such that words
start and end with opposite factors.

Corollary 4.13. Modulo cyclic permutations, the set [ gives a set of minimal

length conjugacy representatives. Modulo split cyclic permutations, the set D gives
a set of minimal length conjugacy representatives.

5. Conjugacy growth

In this section we show that the conjugacy growth series of dihedral Artin
groups is transcendental with respect to the free product generating set X =
{x, y}. This follows from determining the asymptotics of conjugacy growth c(n)
using the conjugacy geodesic representatives found in Section 3 and 4, which
are collected in Tables 1-4. The general strategy for computing the asymptotics
for c(n) is to use the fact that finding conjugacy class representatives amounts,
in most cases (but not all!), to picking words up to cyclic permutations.

Definition 5.1. A sequence a,, n > 1, has asymptotics f(n), denoted as a,, ~
f(n), if there exist two constants c;, ¢, such that ¢; f(n) < a, < c,f(n) for all
n>1.

Example 5.2. In G(3) the six words

xyxyxy™t,  yxyxy~lx, xyxy~lxy, .., ylxyxyx

are all the conjugacy geodesics in [xyxyxy~!] by Prop. 3.10, are of Type (3°*U),
and are cyclic permutations of each other (see also Example 3.17). It suffices to
pick one of these 6 words as representative for the conjugacy class [xyxyxy!]
and call this a ‘standard’ case.

In the ‘standard’ cases, when the geodesics are unique and conjugacy is es-
sentially cyclic permutation of letters, there are ~ ¢— representatives of length

n, up to cyclic permutations, where a” is the asymnptotics for the number of
words of length n in a set like (8), and c is a constant. It will be occasionally
convenient to take representatives up to cyclic permutation of ‘syllables’ x°y°
instead of single letters, with similar arguments but different constants.

However, for several ‘non-standard’ types of conjugacy geodesics, cyclic per-
mutation representatives do not capture conjugacy correctly, and split cyclic
permutation representatives must be considered (recall Corollaries 4.8, 4.13).
This makes the computations significantly harder.
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Example 5.3. In G(3), taking all the words of length n in a set of the form (8)
and dividing by n will not give the correct number of conjugacy classes for each
type. Take the word u, = x~tyx~1ty~lxy of Type (3°*); u, is not a unique geo-
desicbecause x 'y 'x =g xy~'x 7. Soforexampleu, = x'yxy~'x"y =g u,
is also a geodesic, and conjugacy geodesic as well.

We could consider the 6 cyclic permutations of u, and pick out one repre-
sentative, but this would be in the same conjugacy class as u;, which is not a
cyclic permutation of u,. This is why we restrict to counting words of Type (3°*)
only: we order all x and x~! to have the negative powers first, so (x~!, x 71, x),
and take representatives of the y terms (y, y~1, y), up to cyclic permutations of
the latter. This leads to split cyclic permutations of u, such as x 'yx~1y~lxy,
x~tyx~tyxy~!, .., which preserve the order (x~!, x~!, x), are all of Type (3°%),
and in the same conjugacy class. See also Example 3.12 and Definition 3.11.

In all instances finding conjugacy growth relies on first finding the standard
growth of sets of words with a given structure, as follows. Let x, y be two fixed
letters, and let £ and A be two (finite or infinite) subsets of Z,. Finding the
number of elements of length n, the growth series, and the growth rate for a set
As a asin (8), follows standard techniques (see [11, Thm. 1.1, p.27] or [8]). Note
that computing growth asymptotics of alternating products of x and y does not
depend on the nature of prefixes and suffixes, as explained below. Define

Agp 1= {x1y%1x%2y%2 ... xy0 | 1 < i <r,0; € X,5; € A}, (8)

and let A=y 5 D Ay 5 be the set containing Ay 5, where the words are allowed
to start and end with any letters, that is, are not required to start with x° and
end with y°: AZgp 1= {yoox1ydix92 ...y x% 1 | 1 < i < r,0; € %,8; €
A,09 € AU{0},0,,, € ZU{0}}. When the sets ¥ and A are given explicitly it is
often possible to find the growth rate of the set Ay 5, following [8, Lemma 2],
and compare this to the growth of A=y 4.

Proposition 5.4. (see [8, Lemma 2]) Let X(z) be the growth series of the set {x° |
o € 3} and A(z) be the growth series of the set {y° | § € A}. The growth series
of the set Ay 5 and the growth series of A=y 5 have the same denominator 1 —
2(z)A(z), and the growth rates of the two sets are the same.

5.1. Conjugacy growth in odd dihedral Artin groups. Recall that for odd
m > 3wehave G(m) = (x,y | x> = y"™),and letk = mT_l Any element in G(m)

can be represented by a geodesic word w = x%yb1 .. ybr A€ with A = x2, and we
classify these geodesics into several types, as in Table 1. We first compute the
asymptotics for the numbers of conjugacy classes with unique geodesic repre-
sentatives, so of Types (1), (2), (3*), (37), or (3" N 37). These exhibit ‘standard’
behaviour (as in Example 5.2), in that picking out cyclic permutation represen-
tatives is sufficient.



486 LAURA CIOBANU AND GEMMA CROWE

Reference ‘ Type ‘ Conditions on w = x%yb1 . x%ybr AC where T € Z, Unique/Non-unique
c>0,
@ 0<¢;<1(1Li<L7), a#0(2<i<1),
—(k-1)<b<k+1(1<i<7), b#01<i<r—1).
Proposition 3.1 c<0,
2 -1<q;<0(1<i<1), 4 #0(2<i<1), Unique
—(k+1)<b <k-1(1<i<7), bj#£0(1<i<r—1).
c=0,
(3Y) 0<aq;<1(1<i<), 4 #0(2<i<0),
—(k—=1)<b;<k+1(1<i<7), bj#0(A<i<t-1)
c=0,
37 “1<g;<0(1<i<7), 4 #£0(2<i<),
—(k+1)<b;<k-1(1<i<7), bj#0(1<Li<t—1).
(3t n37) w = y> where —(k —1) <b <k —1.
c=0
Proposition 3.2 ) 0<@<1(1<i<7), a;#0Q2<i<1),
efinition 3.5 -k <b; < 1<i<1), i 1<i<t—-1),
(Definition 3.5) k<b <k(1<i<t) b #0(1<i )

There exists at least one y~* term.

c=0
Proposition 3.2 @0 -1<a;<0(1<i<7), a4, #02<i<1),
(Definition 3.6) —k<b<k(1<i<r7), bj#0(1<i<t-1),
There exist at least one y¥ term.
c=0
Proposition 3.2 3*N) 0<a@<1(1<i<7), a;#02<i<1),
(Definition 3.5) —k<b;<k+1(1<i<r7), bj#0(1<i<t-1), Non-unique
There exist both y=% and y¥*+! terms.
c=0
Proposition 3.2 3N) -1<ag;<0(1<i<7), a;#02<i<1),
(Definition 3.6) —(k+1)<b;<k(1<i<7), bj#0(1<i<t-1),
There exist both y* and y~*+1 terms.
c=0
Proposition 3.2 ) -1<ag;<1(1<i<7), g #0(2<i<1),
(Definition 3.7) —k<b<k(1<i<7), bj#0(1<i<t-1),

There exist both x, x™! terms.

TABLE 1. Geodesics in odd dihedral Artin groups

Proposition 5.5. The number of all conjugacy classes of length n > 1 with repre-
sentatives of Types (1), (2), (3%), (37), or (3t N3~) has asymptotics ~ £—, where p

T;
is the real root of minimal absolutevalue of p(z) = 1—2z>—. .. —2zKk —zk+1 _zk+2,
Proof. There are only finitely many conjugacy classes with representatives of
Type (3t N 37) (see Table 1), so these will not play any role when computing
the conjugacy growth rates, or when establishing the complexity of the group
conjugacy series.
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We first consider Type (3*). Define the set A+ 1= {xybrxy? .- xybr | 1 <
i <r,—k+1<b; <k+1,b; # 0} consisting of words of Type (3*); these belong
to A (recall Definition 3.9). Let Sy 1= {xy% | =k +1 < b; <k +1,b; # 0}
be the set of ‘syllables’ that make up the words in A;+). Then A+ = 8(+3+)
(the free semigroup on 8+)), so the generating function for A+ is A+y(2) =

! (see [11, Thm. 1.1, p.27]), where
1—5(3+)(Z)

San(@) =22+ + 27K 4 Zk+1l 4 Zk+2 9)
is the generating function of 83+, so

1
_222 —_ .. _22k _Zk+1 _Zk+2.

(10)

Zk+2,

A (2) = N

Its denominator, that is, the polynomial p(z) = 1—2z2—-.. —2zk —zk+1

E) Moreover,
p'(a) <0for0 < a< %, so p is a simple root. Also, p(z) = (1—2z%)+(—2z>—
2z + - 4 (2K = 2K 4 (=K — ZF*?) if kis odd, and p(z) = (1 — 2z%) +
(=223 = 2z*) + -+ + (=21 — Z¥*+2) if k is even, and since each parenthesis is

> 0, p has no root in (—%, 0]. Thus the growth rate of the set Az+) is s \/5
P

satisfies p(0) = 1 and p (%) < 0,so it hasaroot p € (0, !

which implies (see [11, Section IV.5]) that the number of words of length n in
A3+ is asymptotically c(k)o™", where c(k) is a constant depending on k (and
therefore on m).

In order to find the growth of the conjugacy classes of Type (31), we count
the words in A3+ up to the cyclic permutation of the syllables in 8(3+). For each
word in A+ with r syllables there are r possible distinct cyclic permutations
unless that word is a non-trivial power. Given that the number of powers is neg-
ligible compared to the total number of words (to see this, suppose that an al-

phabet X consists of x > 1 letters; while the number of words of length n over X

. . 2 z
is x", the number of proper powers of length n is Zdln detn x4 < Z?z/l xi < x2™

n
7t
and

— 0asn — o), for fixed n and r the number of cyclic representatives
xn

of words in A3+ is ~ c(k)?. In a word of length n and r ‘syllables’ xy, since
each syllables has length at least 2 and at most k + 2, we get kl+2 <r< %, and
so the number a,, of cyclic representatives satisfies
" k+2)™"

pn <a, < c(k)—( P . (11)
The counting for Type (37) is exactly the same as there is a length-preserving bi-
jection between the sets (3*) and (37). Furthermore, there is a length-preserving
bijection between Types (1) and (2), so it suffices to consider Type (1). For Type
(1), we count words of a given length in the direct (or cartesian) product of the

c(k)

2
sets Ae+y and {A¢ = x% | ¢ > 1}; the growth series of the latter is 12—2, and
—z
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thus the growth series of geodesics of Type (1) is A(3+)(z)$ (see [11, Thm.
1.1, p.27]), with the same minimal value real root of the denominator as that of
Az+)(2), and therefore the same asymptotics as As+y. The cyclic representa-
tives are counted as for A;+(2).

Thus the conjugacy classes of length n > 1 of each of the Types (1), (2), (3%)

and (37) have asymptotics ~ “—, and their union will therefore have the same
n
asymptotics. (]

We still need to consider several kinds of conjugacy classes, those with repre-
sentatives of Types (3°+U), (3°*N), (3°~U), (3°~N) and (3°). It will be conve-
nient to consider unique and non-unique geodesic representatives together in
the context of Type (3°*), which are all the words of Types (3°*U) or (3°*N) (see
Proposition 3.2) (similarly, Type (3°~) geodesics are the words of Types (3°~U)
or (3°~N)) and we proceed with Types (3°+) and (3°7).

Proposition 5.6. The number of all conjugacy classes of length n > 1 with rep-

resentatives of Types (3°+) and (3°~) has asymptotics ~ “—, where 1 is the real
n

root of minimal absolute value of q(z) = 1 — 2z% — --- — 2zK+1,

Proof. Words in (3°*) have the form xy? ... xybr with —k < b; < k + 1 for
1 <i <r,where all the y‘k terms must appear before the y"Jrl terms. That is,
as in Definition 3.11, a word w € (3°*) will have the form

— —k -k k+1 k+1 k+1
W=A)y" ALY ALY T A YT YT A 41

where 7, > 0; the A; are words on {x,y/ | —(k — 1) < j < k}, starting and
ending with x. Using the relation y**! =; y7KA =; y~¥x? and the fact that x>
is central, we can replace all occurrences of y**! in w by y~*s to get

W =g w' = (Aly_k Afly_kAr1+1y_kA11+2y_k y_kA1'1+1'2+1) X% > (12)

u

and write w’ = ux??, where u is the word inside the parentheses; note that
— 1y —
lw| = |w'| =75 = [ul| + 7,

By Proposition 3.15 (see also Definition 3.11) finding conjugacy representatives
for Type (3°%) is equivalent to picking representatives, up to cyclic permuta-
tions, for the tuples (Ay, ..., A7 17,4+1), Where splitting some A; into two sub-
words is allowed (see Definition 3.11 (ii) Case 2). Counting words w of length
n and Type (3°%), up to the cyclic permutations of the A; blocks, is difficult,
since y~¥ and y**! have different lengths and number of occurrences.

We will instead consider the word u associated to each w of Type (3°*), as
in (12). Since |u| = |w| — 75, this is not a length-preserving correspondence,
however u and w have the same A;-tuple structure and for every u of length
< n, there is a unique w of length n corresponding to u. Then counting words
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of length n and Type (3°%), up to cyclic permutation, is equivalent to counting
words, up to cyclic permutation, with structure

Aly_k Arly_kArl+1y_kArl+2y_k y_kAr1+r2+1 (13)
of lengthn — 75, for 0 < 7, < ki+1 Words as in (13) can be collected (after

a cyclic permutation) to form the set Agory = {xyPixy? - xyb | 1 <@ <
r,—k < b; < k,b; # 0}. This set can be treated as in the proof of Proposition
5.5: start with the set {xy® | —k < b; < k,b; # 0}, with generating function
272 + -+ 4 22% + 22K to obtain

1 1

A(30+)(Z) = 1 =222 — ... —2zk+1 - q(z) (14)

as the generating function for the set.A5+). The denominator satisfies g(0) = 1
1 . 1
and q (ﬁ) < 0,soithasarootu € (0, NG
wisasimple root. Also, q(z) = (1—22z%)+ (=223 =2z*)+---+(=2zX =221 if k
isodd, and q(z) = (1—22%)+ (=223 —2z*)+--- 4+ (=2z**1) if k is even, and since
each parenthesis is positive, g has no root in (—%, 0]. Thus the denominator

q(z) gives asymptotics of K for the representatives, up to cyclic permutation,
n

). Moreover, q’(a) < 0 for 0 < «, so

of words of length n in A zo+).

However, words of Type (3°%) of length n correspond to words of a range of
lengths in Ao+ (as explained before, we consider the u counterpart for each
w), so ‘spherical’ growth for Type (3°") is equivalent to ‘cumulative’ or ‘ball’
growth for words of Type (13); the asymptotics for conjugacy representatives in
(3%)is

k+1 ’u—(n—i) ’u—n
n—i  n’ (s)

i=0
where the ~ holds by [7, Lemma 3.2], which proves the proposition. O

We finally consider the last type of conjugacy classes for G(2k + 1), that is,
the ones with representatives of Type (3°*); here conjugacy behaviour is ‘non-
standard’, as in Example 5.3. As in Proposition 5.6 and its proof, u is the real

root of minimal absolute value of g(z) = 1-2z2—---—2zF" and A30)(2) = %
q(z

Proposition 5.7. The growth series for the conjugacy classes with representatives
of Type (3°*) is given by Az0+)(2) + N(z), where Az0+(z) is a rational series with
coefficients having asymptotics ~ =", and N(z) is a series with coefficients having
growth rate < u*.

Proof. Recall that words of Type (3%*) have the form

x~1ybix=1 . ybaxybatix . xyPa+e and that counting conjugacy classes of Type
(3%%) is equivalent to picking representatives, up to cyclic permutations, for the
tuples (y1, ..., yP71, yPan1 | ybas+e) while keeping the X-structure fixed (see
Definition 3.7 and Proposition 3.15).
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Denote by L(3%) the words of Type (3°*), and recall the set A0+, from the
previous proof:

Agory = {xyP - xyPr | =k < by <k,b; #0,1 <i <},

Let¢ : L(3%) — Az0+y be the map extending ¢(x) = d(xY = x,6() = y,
and associate to every word w = x~1ybix—1 . yPruxybas | xybu+n of Type (3%%)
the word u = ¢p(w), so u = xybr ... xyPr, where r = 7, + 7,. Since the length of
a syllable xy? is > 2, we have 1 < r < —. Then |w| = |u|, u and w have the

same yPi-tuple structure, and the number of preimages of u in L(3%*) satisfies
#{¢~1(u)} = r; that is, there are r different w’s which project to the same u. So
we count representatives in A s+ up to cyclic permutation, and then multiply
the number of such representatives (of length n) by the appropriate number of
preimages in L(3%) to get the result about conjugacy classes of Type (3%%).
Suppose there are I, words of length n, and 1,, . words of length n and r syl-
lables (1 < r < n/2) in Aso+), respectively. The number of representatives of

length n, up to the cyclic permutation of the syllables, in Aso+) is > Zn/ 2 by

(*); moreover, since each representative with r syllables has r different prelm—
ages (under ¢) of Type (3%*), the number of conjugacy representatives of length

n and Type 3% is > Z:ﬁ l"T'"r = Zn/i l, = l,. The sum () is a lower bound for
the number of cyclic representatives in A z0+) because non-trivial powers have
fewer distinct cyclic permutations than non-powers, and the division should
be done by a proper divisor of r, and not r itself to get the correct number of
representatives.

The number c50. (1) of conjugacy classes of length n and Type (3%) is thus
equal to [, plus e,,, which is (a fraction of ) the number of the non-trivial powers
in A(30+). Thus the conjugacy growth series for Type (3%*) is the sum of the gen-
erating function for [, and the generating function for e,,. The first is A 30+)(2),
and the second is the growth series of a set which is negligible in A50+): that is,
the growth rate of e, is strictly smaller than that of A 30+), which by Proposition

5.6 is u~!. The result follows. O

Theorem 5.8. The conjugacy growth series of an odd dihedral Artin group
G(2k+1)is transcendental with respect to the free product generating set {x, y}.

Proof. We now sum up and compare the asymptotics for all conjugacy classes.
Let p and u be as in Propositions 5.5 and 5.6. Since p and u are roots of p(z) and
q(z), respectively, 0 = 1 —2u? (1 + +++ + pF71) = 1 =202 — ... — (pF+1 4 pk+2) |
and p**2? < p**+1since p < 1, so

1—-2p2(1+---+ uk‘l) >1-20% (14 +pF 1),

This implies that 4 < p, and so u=' > p~!. By Proposition 5. 5 the conjugacy
asymptotics for Types (1), (2), (3*), (37), or (3*n3™), which is ~ 2—, is therefore

dominated by that of Types (3°*) and (3°~), which is ~ 2
n
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By Proposition 5.7, the growth series of Type (3°*) splits into a rational power
series, which will not influence the global conjugacy series complexity, and the
series of a set whose growth is again dominated by Types (3°*) and (3%7).

Finally, by [10, Thm. D] the generating function for any sequence with asymp-
totics of the form (11), in our case £— (up to multiplicative constants), is tran-

n

scendental. O
Remark 5.9. We note that by [8] the growth rate of G(2k+1) is i, and a careful

analysis of the results in this section shows that the conjugacy growth rate is L
M

as well, since c(n) ~ u=".

5.2. Conjugacy growth for even dihedral Artin groups. We now study the

G(2p) = BS(p, p) groups, and treat p = 2, p > 2 even, and p odd separately.

5.2.1. Conjugacy growth for G(4) = BS(2,2). We now consider the conju-
gacy growth of the G(4) = BS(2, 2) group, and use Table 2.

Reference ‘ Type ‘ Form and conditions Unique/Non-unique

w = (xtayPr ., xHryBr AC)EL

c20,rz>1, .
(1) Unique
m €01} i =12=<i<r),

BEZALi<,F{#0ALi<r-1).

Section 4.1.3

w= yﬁl xyﬁzx yﬁrl xyﬁrl+1x—1yﬁrl+2x—l x—lyﬁr1+12+1’ ]
)] Non-unique
Bi € Zy, 71,7221

3) w=y5 pe Z 4 Unique

TABLE 2. Subcase of even dihedral Artin groups: BS(2,2) =
ey ly 'x?y =x*).(p=2)

Theorem 5.10. The conjugacy growth series of BS(2, 2) is transcendental, with
respect to the free product generating set. The conjugacy growth function sat-
isfies c¢(n) ~ 2"

Proof. First note that conjugacy classes of Type (3) have rational growth, so
we only need to focus on Types (1) and (2). The conjugacy growth for Type (1)
elements can be seen as (a scalar multiple of) the conjugacy growth of the direct
productof G, = Z/27 « Z = (x,y)and an infinite cyclic group G, generated by
A. Since G is (non-virtually cyclic) hyperbolic and G, is cyclic, the conjugacy
growth series of Type 1 elements is the product of a transcendental (by [2])
and a rational series, so is transcendental. Moreover, by standard arguments,

the asymptotics of Type (1) conjugacy classes is “n
growth rate of Z/2Z = Z (by [2]). A quick counting argument shows that in
facta™! = 2.

, where a~! is the standard
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Finding the asymptotics of conjugacy classes of Type (2) is similar to the
method used in the proof of Proposition 5.7. The only difference is that instead
of using the set {xy® ---xy? | =k < b; < k,b; # 0,1 < i < r} to project onto
and count representatives, up to cyclic permutation of the syllables, we take the
exponents b; to be unbounded, that is b; € Z. Thus the role of A3+ is now
taken by the hyperbolic (i.e. infinite order) elements in Z/2Z * Z, which have
rational growth series that we denote by S(z) and growth rate of .

Similar to Proposition 5.7, the conjugacy growth of Type (2) is equal to (a
scalar multiple of) the standard growth of hyperbolic elements of Z « Z /27,
plus the growth of a subset N of elements which are non-trivial powers in Z
Z/2Z. Thus the conjugacy series for Type (2) is the sum of the rational series
S(z) and that of a set with growth rate < 2. If we exclude the words counted
by S(z) (because they give ratlonahty) the remaining conjugacy classes of Type

(1) and (2) have asymptotics ~ —, as Type (1) dominates the asymptotics of

set N. Asin the previous section, th1s gives an overall transcendental conjugacy
growth series.

It can be seen from the above discussion that the dominating asymptotics
comes from S(z), which has a growth rate of 2, so the conjugacy growth asymp-
totics for BS(2, 2) is ~ 2". The standard growth rate of BS(2, 2) is 2 by [8, p.290],
so the conjugacy growth rate is the (standard, equal to the conjugacy) growth
rate of Z % Z /27, which is a~! =2 aswell. O

5.2.2. Conjugacy for the even dihedral Artin groups G(2p) = BS(p, p)
with p = 2k. In this section we assume k > 2 and use the classification of
geodesics in Table 3.

‘ Reference ‘ Type ‘ Form and conditions ‘ Uniqueness ‘

= (xt1ya _..X”nyEnAC)il
c,n>1,
wef0,2k—=1]nZ, u; €[1,2k—1]nZ (2 <i<n), Unique
6 €Z(1<i<n),g#0(1<i<n-1).
w= A A A XA s

k<j<2k-1,

Proposition 4.1 1)

@2a)
Prop. 4.1, Def. 4.2 Ay reduced words over x%, yF,

€[-2k+j+1,j—11NZ4,B € Zy

w= A AT A XA xTCRDAL o CRD  xmCREDAL L
(2b) A asin (2a) Non-unique

7,21

w = x%yrx? . xn
Proposition 4.1 3) n>0,6€Zy(1<i<n) Unique
a,v, €[-(k=1),k-1InZ, v;e[-(k=1),k-1]NnZ;, (1 <i<n-1)

TABLE 3. Even dihedral Artin groups: BS(p, p) with p = 2k > 2

First we establish which of the different types of geodesics grows fastest. This
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will turn out to be those of Type (2), that is, Type (2a) and Type (2b) taken
together.

Proposition 5.11. The growth rate of Type (3) words is larger than that of Type
(1) words.

Proof. First consider the growth rate of Type (1), noting that we can ignore the
Garside element A€, using the same argument as Proposition 5.5. Define the set
Say = {xy8 |ae[1,2k—1],8 € Z 4o}. Then the generating function for all

words of Type (1) which belong to € (recall Definition 4.4) is Cy(2) = #(Z),
=S

where

1 222 (1 +z + - + 2%2)
-z 1—-2z
The denominator of C(;)(z) is the polynomial

S =(z+z*+ - +2%1). 22

(@) =1-z-222(1+z+ - +z%72),

and one can show using a similar argument as in Proposition 5.5 that the growth
1

: 7)

positive root of p;(z). Now we consider the growth rate of Type (3). Define the

set 83)(z) = {x*yF | a € [-(k — 1),k — 1l, a # 0,8 € Zy} Then the

generating function of all words of Type (3) in Cis C3)(2) =

—n
1

of Type (1) has asymptotics ~ P where o1 € (0, is the smallest simple

1
—— where
1-83)(2)

1 4z (1+z+ - +252)
1—z 1-z '
The denominator of C(3)(z) is the polynomial

S (2) = (ZZ +2z22 4+ 4 zzk—l) 2z

p3(2)=1-z—-422(1+z+ - +2F72),
and similar to previous arguments (as in Section 5.1) the growth of Type (3) has

% where o3 € (O, %) is the simple root of smallest absolute
n

asymptotics ~
value.
We claim that p; < p;. Since p;(p;) = p3(p3) = 0, we get
0=1—p3—4p2(1+p3+ - +p2) =1—p; =202 (14 p; +..p%7?),
and p; < 1 implies p; + p2*7% < 2p,, p? + p2~3
PE + pF < 20571 50

< 207 and so forth until

1—p3—4p2(1+p3+ - +052) >1—p; — 202 (1420, + -+ +20571).
Now p; < %, s0 20571 < 2%_2 < 1since k > 2. Therefore 1 + 20¥™! < 2, and so
1—p3—4p2(1+p3+ - +p52) > 1—p; —4p2 (1+ 20, + - +2057%).

This implies that p; < o7, and so pl > pi. Therefore, the growth rate of Type
1
(3) is greater than that of Type (1). ’ O
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Proposition 5.12. The growth rate of words of Type (2) is greatest when j = k.

Proof. Recall that Type (2) is Type (2a) and (2b) together, and note that for a
fixed j the x exponents in (2a) have range € [—2k + j + 1, j], and the same
holds for the (2b) prefixes (i.e. A;x/A,x/ ... A; x/A, ,;) identical to words in
(2a), while in the suffixes x~ k=D A, ,x~Ck=D  x=Ck=D4_ . without x/
the range is € [—2k + j, j — 1]. The growth of Type (2b) words can be taken to
be the maximum between the growth of the prefixes (identical to (2a)) and the
suffixes, as in a direct product.

We first consider the prefixes of words of Type (2), that is, the words of form
(2a). For fixed j with k < j < 2k — 1 define 8, ;) := {x*y* | a € [-2k +
J+1,jl,a #0,8 € Z4}. Then the generating function for words of Type (2a)

with ﬁXCdj is pJ(Z) = ﬁ, where
ey

. , . 1
Sap(@ =2z +2z% + -+ + 2221 4 22T o 4 2T 22—

The denominator of D;(z) is
pi(z)=1-2z-2z2z+ - + 222771 4 227 4 ... 4 2)).
Let u; denote the smallest positive root of p;(z), and note u; < % < 1 since

p(0) =1 andp(%) < 0. We claim that u; > w forallk < j < 2k — 1. By
assumption we have

2k—j—1 2k—j j
0=1—p;— 2 (25 + -+ + 200 7 1T o ) = by

=1 — e = 20 (2t + -+ + 207 + ) = P

SO
2k—j—1 2k—j j
M+ 205 Qp + -+ 245 U T w)
=t + 2uue + -+ 20 + 1)
= R(uy).
Furthermore,
2k—j—1 2k—j j
B+ 20+ 2T R )

< uj+2u2u + - + zuj?‘l + ,u;.‘)
=R(u j)
because ¢j < 1and j > k. Then R(u;) > R(uy) gives u; > . and so 1> i,
Mk M
with equality only when k = j.

A similar argument shows that the growth rate v; of suffixes in Type (2b) is
maximal when j = kor j = k+1, thatis, v, = v;,;: in this case the range of the
x-exponents is [—k, k — 1] or [-(k — 1), k], the second interval being symmetric
to the first and giving a length-preserving bijection between the suffixes with
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J = k and those with j = k + 1. The range of x-exponents in (2a) is also
[—(k—1), k] for j = k so altogether the growth rate of Type (2) words is greatest
when j = k, and corresponds to x-exponents in [—(k — 1), k]. O

Theorem 5.13. The conjugacy growth series of BS(p, p) with p = 2k > 2 is
transcendental, with respect to the free product generating set.

Proof. When considering all types of geodesics in Table 3, we note that for
j = k the x-exponents of Type (2) words contain the range of x-exponents for
Type (3), and so will have a larger growth rate than Type (3). This, combined
with Proposition 5.11, implies that the growth rate of Type (2) when j = k
will dominate, so Type (1) and (3) do not play a role in the comjugacy growth
asymptotics.

For Type (2b), using similar arguments to those in Section 5.1 leads to count-
ing split cyclic representatives of words of the form

— k k k -k -k .k
W= A1 X" Apx" AL XFAL (1 X A 2 X X AL s

where A; are reduced words over x%, yf witha € [—(k—1), k— 1INZ 4, B € Z 4
(see Prop. 4.7). That is, we count the tuples (A, ..., A7 4, 41) up to cyclic per-
mutations, while keeping the X-structure fixed. Similar to the proof of Propo-
sition 5.7, the growth series of such split cyclic representatives is the sum of a
rational series whose coefficients have asymptotics ~ w, ", and a series whose
coefficients have growth rate strictly lower than ,ul:l.

For Type (2a) we get a conjugacy growth series whose coefficients have asymp-

totics 2, so the series is transcendental. Altogether, the conjugacy growth

n
asymptotics for BS(p, p) is /,1;1 (from Type (2b)) and the series is transcenden-
tal as the sum of a rational series (from Type (2b)) together with series whose

coefficients have asymptotics ~ B, O
n

5.2.3. Conjugacy for the even dihedral Artin groups G(2p) = BS(p, p),
P = 2k + 1. We use the classification of geodesics in Table 4 and similar tech-
niques as for p = 2k. We only sketch the main steps in our argument since they
follow the ideas from previous sections.

For Type (2) we proceed as in Proposition 5.12 and can show that the maxi-
mum growth rate for words of Type (2a) is obtained when j = k, and the range
of x-exponents is [—k, k|; in this case the range of x-exponents in the suffixes
in (2b) is [—(k + 1),k — 1]. For the suffixes of Type (2b) words, the maximum
growth rate is obtained when j = k + 1 and their x-exponents are in [—k, k],
which will give a range of [-(k — 1),k + 1] for (2a). Since there is a length-
preserving symmetry between the (2a) U (2b) words with j = k and those with
J = k + 1 we can choose j = k and conclude that the growth rate of Type (2)
reaches a maximum when j = k. The conjugacy growth of Type (2) classes can
then be obtained by counting cyclic representatives, as per Section 4.2, of words
of the form

— k k k —(k+1 —(k+1 —(k+1
W= A X" Apx" ... Ap X" A 11X ( )ATI+2x (k+1) | x— )Arl+rz+1'
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Here we use similar techniques as in Proposition 5.6: since x~k*1) = x=(k+Dxk
the central term x~**1 can be moved to the right to count words of the form

r_ k k k k k  k 1
W = A X Apx" A XTAL (1 XA 2 X" X ALy, 1A

similar to (12). The counting of conjugacy classes then boils down to the cumu-
lative growth of words like w’, up to cyclic permutation. This gives asymptotics
of the form ~ u~"/n, while the Type (3) conjugacy classes also give ~ ™" /n
asymptotics as the x-exponent range is the same. Type (2) and (3) dominate the
Type (1) growth to give transcendental conjugacy growth for BS(2k + 1, 2k + 1).

‘ Reference ‘ Type ‘ Form and conditions ‘ Unique/Non-unique ‘

w = (xH1ye .. xFnyn AC)EL

c,n>1,
w €[0,2klNZ, w; €[1,2klnZ (2 <i<n), Unique
§€Z(1<i<n),g#0(1<i<n—-1).

w=A;xIAx) . AL XA s

Proposition 4.10 1)

k<j<2k-1
(2a)
Prop. 4.10, Def. 4.11 A, reduced words over x"‘,yﬁ,

a€[-2k+j,j—-1nZ.,BEZ

W= Ay Agxd o Ag 3T Ag xR AL xR G DAL L,
(2b) A, asin (2a) Non-unique

T,2>1

w = x¥yax’ . x"

n>0
Proposition 4.10 3) Unique
a,v, €[k kINZ, v €[-kklnZyHy (1 <i<n-1)

€ €Zy(1<i<n)

TABLE 4. Subcase of even dihedral Artin groups: BS(p, p) with
p=2k+1

This together with Theorems 5.10 and 5.13 give:

Theorem 5.14. The conjugacy growth series of an even dihedral Artin group
is transcendental, with respect to the free product generating set.

5.3. Conjugacy growth asymptotics and growth rates. A careful analysis
(see Remark 5.9, Theorem 5.10, proofs of Theorems 5.13, 5.14) of the asymp-
totics obtained in the last sections, together with the explicit standard growth
rates of dihedral Artin groups from [12] and [8], gives the following.

Proposition 5.15. The asymptotics of the conjugacy growth with respect to the
free product generating set in a dihedral Artin group G(m) are given by

- a ifmoddorm =4k, k > 1
C n)n~ n
Glm){x.y} L ifm=4k+2,k>1,

n

where a is the standard growth rate of G(m).
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We then immediately get that the standard and conjugacy growth rates are
the same. The same result can be obtained via arguments involving languages
(see Remark 6.4).

Corollary 5.16. The conjugacy growth rate and the standard growth rate in a
dihedral Artin group G(m) are the same with respect to the free product generating

set. That is,
m ) Cam)xpi(n) = NS/ SG0m) ey (-

The standard growth rate has been studied intensively in a variety of groups,
and the limit is known to always exist. For the conjugacy growth the limit
doesn’t always exist ([18]), but the careful analysis of asymptotics shows that
it does for dihedral Artin groups.

6. Conjugacy geodesics in dihedral Artin groups
The aim of this section is to prove the following.

Theorem 6.1. The language ConjGeo(G(m), X) is regular for dihedral Artin
groups, with respect to the free product generating set X = {x, y}.

Our strategy uses two ingredients, the first of which concerns the permuta-
tion conjugacy length function, defined by Antolin and Sale [3]. If u,v € X*
represent conjugate elements in a group G = (X), then an element w € G is
a permutation conjugacy conjugator (PC-conjugator) for u and v if there exist
cyclic permutations v’ and v’ of u and v respectively, such that wu’ =5 v'w.
Define

PCLG x(u,v) := min{l(w) | w is a PC-conjugator for u and v}.
The permutation conjugacy length function of G is defined as
PCLg x := max{PCL; x(u,v) | u, v geodesics satisfying I(u) + l(v) < n}.
The following result links the PCL function to the language of conjugacy geodesics.

Proposition 6.2. [3, Prop. 2.3]
Suppose that PCLg x is constant. If (G, X) has the falsification by fellow traveler
property, then ConjGeo(G, X) is regular.

Using results from Section 3 and Section 4, we show that dihedral Artin
groups satisfy the two conditions of Proposition 6.2, with respect to the free
product generating set. We first establish the constant bound on the PCL func-
tion.

Proposition 6.3. Let G(m) be a dihedral Artin group, and let X = {x, y} be the
Jfree product generating set. Then PCLg(yy,) x is constant.

Proof. From Section 3, the language of conjugacy geodesics for odd dihedral
Artin groups is precisely

ConjGeo(G,X) = AU{w € B | w starts and ends with opposite letters}.



498 LAURA CIOBANU AND GEMMA CROWE

By Proposition 3.10, if two words u, v € A represent conjugate elements, then
they are equal up to a cyclic permutation, and so PCL; x(u,v) = 0 in these
cases. Now consider words of Type (3°*N). First note that for any word w €

(3°*N) n ConjGeo(G, X), then w =; w € B,, by applying Eq. (2) to relevant
powers. Therefore, for any u, v € (3°*N),

U=gU T =g, (16)

by Proposition 3.15, where S represents a split cyclic permutation, and u, v €
B,. In particular, if u,v € B, then PCL; x(u, v) = 0 by Proposition 3.15. We
claim that there exists a shorter sequence of the form u < w =5 v, where <
represents a cyclic permutation. To see this, let

u=Ay"Ay® ..y A, v=yAY2AL, YA,

for some 1 < t < 7 + 1, where the tuples (y*,...y%) and (y", ... y’-) consist
of 7; y7 terms and 7, y**! terms respectively, in any order within each tuple.
Note we can assume these tuples from u and v have the same number of y~*
terms and y**1 terms by Eq. (16). We can first cyclically permute u to a word w
of the form
w=yUrA Yt AL, YR A.

Then w =; v since the tuples (y%-1,...y%-2) and (y1, ..., yPr) are equivalent
by repeated applications of Eq. (2). Hence, PCL x(u,v) = 0. This method also
holds for words of Type (3°~N) and (3%*), which covers all words in ConjGeo(G, X).

From Section 4, the language of conjugacy geodesics for even dihedral Artin
groups is precisely

ConjGeo(G,X) = CufweD | w starts and ends with opposite letters}.

Showing PCL is constant is analogous to the odd cases, using Propositions 4.5
and 4.7. g

Remark 6.4. We can use [3, Proposition 2.2] and Proposition 6.3 to obtain a
different proof of Corollary 5.16, which establishes the equality of the exponen-
tial growth rate and exponential conjugacy growth rate of any dihedral Artin
groups with respect to the ‘free product’ generators.

For a group G = (X) and k > 0, we say w, w’ € X* k-fellow travel if for each
i >0, |prel.(w)‘1prei(w’)| < k. We say G = (X) satisfies the falsification by
fellow traveler property (FFTP) if, for some fixed constant k, any non-geodesic
word w € X* k-fellow travels with a shorter word.

We now prove the second condition of Proposition 6.2.

Theorem 6.5. Let G(m) be a dihedral Artin group, and let X be the free product
generating set. Then (G(m), X) satisfy the FFTP.

Proof. We will show that the Cayley graph T = T'(G, X) satisfies the FFTP by
working with labels of paths in T', which are words over X. Our strategy is to
consider odd and even cases in turn, and create a series of reductions, all of
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which have bounded fellow traveler constant, such that any words w € X*,
where we cannot apply any further reductions, is geodesic.

First consider the odd case G = {x,y | x? = y**1). Our series of reductions
is as follows:

(RO) If w € X* is not freely reduced, then it 2-fellow travels with a shorter
word that is obtained by performing a single free reduction to w.
(R1) If w € X* has the form w = w; x*w,x~fw; (resp. w = w;x W, x*w;),
with e € {1}, then w 4-fellow travels with w, w,x*w; (resp. w,x cw,ws).
(R2) If w € X* has the form w = w,y*x?'y~ws, with | € Zyyand € € {1},
then w 2-fellow travels with w; x?'ws.
(R3) If w € X* contains y? with |b| > k, then
(R3a) If|b| > k+1, then w (2k+2)-fellow travels with a shorter word, that
is obtained by replacing y*+2 by x?y~*=1 (resp. y~¥=2 by x~2yk-1).
(R3b) If|b| = k+1and w has the form w = w; xfw,y~*k+Dw;, (resp. w =
w;y~ kD, xfw,), with € € {+1}, then w (2k + 9)-fellow travels
with w; x~¢w,y**w; (resp. w;y*w,x~ws). To see this, notice that
w 4-fellow travels with w;x*x~%x*w,y~**+Dyw,  which then 2-
fellow travels with w;x¢w,x2¢y~¢k+Dw. which finally (2k + 3)-
fellow travels with w; x~w,y*w;.
(R3c) If |b| = k and w has the form w; x%*w,y % w; or w;y *w,x*ws;,
with ¢ € {+1}, then w 4-fellow travels with w,w,x*y*w;, which
then (2k + 1)-fellow travels with w;w,y*®*Dw;, (see Figure 1).

wy

FIGURE 1. Case (R3c)

(R4) If w € X* has the form w = w;y*x?ybw, with | € Zy, a- b > 0 and
la + b| > k + 1, then w 2a-fellow travels with w;x?y**Pw,, which by
(R3) (2k + 2)-fellow travels with a shorter word. By (R3) we can assume
that |a| < k + 1, otherwise we could have applied (R3) first. Hence,
w 2(a + k + 1)-fellow travels with a shorter word, provided that (R3)
cannot be applied (see Figure 2).

Let w € X* be aword for which we cannot apply any reduction (R0)-(R4). Since
x2 is central, we can move any x? terms to the right to obtain a word w’ of the
same length as w, representing the same element as w. Note that w is geodesic
if and only if w’ is geodesic, and we can apply a reduction from (R0)-(R4) to w
if and only if we can apply a reduction from (R0)-(R4) to w’. Thus, without loss
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FIGURE 2. Case (R4)

of generality we can assume w has the form

w = w0x21’ wo e xO‘Oyﬁlxal P yﬁnwxanw’

where ap,a, € {~1,0,1}, o; € {*1} (1 < i < n, —1),and §; € [~(k +
1),k+1]nZy (1 £ j £ ny,). We can assume [ has been chosen so that

t(w) = |2l] + ¢(wy). Let g € X™* be a geodesic word representing the same
element as w. Again we can assume g has the form

g= goxzs, 8o = xGOyyl x%1 ... yy”g xa”g ,

with 99,0, € {~1,0,1}, 0, € {1} A <i<ng—1),7; € [-(k+ 1),k +1]n
Zyy (1 < j < ng),and €(g) = |25 + £(go)-

Since g and w represent the same element of G, when viewed as elements of
G = C, % Cyyy = (x,y | x2 = y?+1 = 1), they represent the same element.
Therefore, w, and g, label paths with the same endpoints in T’ = I'(G,X), and
80 1, = Nng. Also, a, = Oifand only if oy = 0, and similarly ap, =0 if and only
if op, = 0. Wenow consider the x and y exponents of wy and g,, and when these
differ. We denote these by B = Brs s Bu ) ¥ = (V155 V), @ = (Ag, -oe, Ay
and ¢ = (gy,... ,ang). Note that if |5;| < k then 8; = y;, since one cannot
perform a reduction (R3) to w, or gy, and g, is geodesic. Therefore, if 8 and y
do not coincide at the i-th coordinate, then 3; = +k (resp. = F(k + 1)) and y;
= +(k + 1) (resp. = Fk).

Letc > 0be the number of different coordinatesof B andy. Leti; < --- < i. €
{1, ..., ng} such that Bij # Vij» and suppose there exists h, j such that §; '5zj < 0.
For simplicity, we denote 8;, by 5, and ﬁ’ij by ;. Similarly denote by y;, and y;
the corresponding coordinates of y. We cannot have |B,,| = |B;| = k+1, as then
we can apply (R3b) with some x° of opposite sign. If we have |8,| = |B;| = k,
then |y,| = |y;l = k+1andy,-y; < 0, and then we can apply (R3b) to
8o, which is a contradiction since g, is geodesic. Therefore |B,,| # |B;], which
implies that y, = B; and y; = Bj,. Then wy = w,yPrw,yPiws 2k + 2)-fellow
travels with w(’) = wyyPiw,yPrw;. For example, Figure 3 describes the case
where (8, 8;) = (k, —(k + 1)).

Notice that £(w}) = €(w,) and wy =¢ w), and so w = wyx? is geodesic if

and only if w’ = w)x? is geodesic. Let B’ be the vector of y exponents of w’.
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FIGURE 3. Two paths of the same length that (2k + 2)-fellow travel.

Then the number of disagreements between 8’ and y is ¢ — 2. Note also that
since we cannot apply (R0)-(R4) to w, we cannot apply them to w’. Hence, by
the previous argument, we can assume that one of the following holds:

(Y-) Forall B; #y;, ;i <0<y, (Y+) Forall B; #y;, 8 > 0> v;.

Let d > 0 be the number of different coordinates of & and . Similar to the
argument above, if there are h # j such that a, - ay, <0 and a;, # gy, and
a;, # 0;,, then we can change the signs of a;; and «;,, and obtain a word of
the same length as w, which represents the same element as w and (R0)-(R4)
are also satisfied. Hence, d has decreased by 2, and so we can assume that the
following condition holds.

(X+) Forall1 <i < msuch that a; # o; we have that a; = 1 and o; = —1.

Indeed, the other option is that for all i such that «; # o;, we have that a; = —1
and o; = 1. However we can assume (X+) by changing w and g by w™! and
g~ ! if necessary. Note that when assuming (X+), we have thatl > 0 and s < 0
by (R1). If (Y+) holds then g lwy =g x*4+9), Since w = g, this implies that
goxX(+d+0) — . g %% Sinces < 0andl,d,c > 0, we must have thats = = d =
¢ = 0. Hence, w = wy = gy = g and w is geodesic.

If (Y-) holds, then g lwy =¢ x*9-9) and similar to before we have that [ +
d—c=s.1fd =c=0,then wy = gy and s = [ = 0, therefore w = g and w is
geodesic. If ¢ # 0, then | = 0 = s. Indeed, otherwise if | > 0, then we can apply
(R3c) to w, and similarly if s < 0, then we can apply (R3c) to g. As no reduction
on w and g is possible, then [ = s = 0. Moreover,d = csincel +d —c = s. As
d > 0, then w, must contain a positive x-term, and then by (R3c) all the 3; # y;
must be equal to —k. But this means that all y; # 5; must be equal to k + 1 and
therefore ¢(w) = €(wy) = €(gy) — ¢ < €(g), which is a contradiction. Hence,
¢c=0.Ifd # 0,since 0 < s =l +d — ¢, then ¢ > 0. However this can’t hold
by the previous case, and so d = 0. This completes the proof for odd dihedral
Artin groups.

For even cases, recall G = (x,y | y~1xPy = xP). We give details of the proof
when p = 2k, and the case for p = 2k + 1 follows similarly. Again we define
our series of reductions, all of which have bounded fellow traveler constant.
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(RO) If w € X™ is not freely reduced then it 2-fellow travels with a shorter
word that is obtained by performing a single free reduction to w.
(R1) Ifw € X* has the form w = w; x?¢w,x~w; (resp. w = w;x " *w,x*w;,),
withe € {1} and 1 < | < 2k — 1, then it (4k)-fellow travels with
Wy w,x =Dy, (resp. wyx*Dw,w,).
(R2) If w € X* has the form w = w;y*x*!y~¢w,, with | # 0 and ¢ € {+1},
then it 2-fellow travels with w;x*!ws.
(R3) If w € X* has the form w = w;x w,x%w; (resp. w = w;x°wW,x°w;),
where 0 > 0 > § and o + |§| > 2k, then it 8k-fellow travels with
w; X%k, x+2kw, (resp. w = w;x0+ % w,x7 "k w,).
(R4) If w € X* has the form w = w,y*x**'yPw, with [ # 0, a - b > 0, then it
2a-fellow travels with w;x2klya+by,.
Let w € X* be a word for which we can not apply any reduction (R0)-(R4).
Since x2¥ is central, we can move all x% terms to the right to obtain a word
w’ of the same length as w, representing the same element as w. Note that w
is geodesic if and only if w’ is geodesic, and we cannot apply a reduction from
(RO)-(R4) to w if and only if we cannot apply a reduction from (R0)-(R4) to w’.
Thus, without loss of generality we can assume w has the form

w = w0x2kl, wy = x“Oyﬁl xal yﬁnw xanw ,

with ag, @, € [-(2k—1),2k-1]nZ, a; € [-2k—1),2k—1]NZ4 (1 <P <
ny—1),Bj € Z4 (1 < j < ny), and €(w) = [2kl| + €(wy). Letg € X* be a
geodesic word representing the same element as w. Similarly we can assume g
has the form

2ke

9

g= goxzks’ g = xaoyy1x01 y}’ng xang,
with g, Tn, € [~k -1),2k—-1]nZ,0; € [-2k —1),2k —=1]NZ 4, (1 Li <
ng—1),7; € Z4 (1 £ j < ng),and €(g) = |2ks| + €(go).

Since g and w represent the same element of G, when viewed as elements of
G = Cy * Z = (x,y | x* = 1), they represent the same element. Therefore,
w, and g, label paths with the same endpoints in ' = I'(G, X), and so n,, = g.
Also, ay = 0 if and only if oy = 0 and similarly Ay, =0 if and only if T, = 0.
Finally, note that §; = y; forall 1 < i < m, and so we consider the vectors
a = (ap, ..., ocng) and o = (o, ..., ang) of x exponents of wy and g.

Let d > 0 be the number of different coordinates of ¢ and g. Leti; < --- <
ig € {1,...,ng} such that a, # 0j, and suppose there exists h, j such that «;, -
a;, < 0. For simplicity, let us denote a;, by o, and a;, by a;. Similarly denote
by o), and o the corresponding coordinates of o. Without loss of generality let
ap > 0> a;and 0;, < 0 < 0}, and note that a, = 2k + 0, and a; = —2k + 0;.
Since g is geodesic, o + |oy,| = 0; — 0), < 2k, since otherwise we could apply
(R3). We then have

aptlaj| = 2k+oy+|-2k+0;| = 2k+0y+2k—0; = 4k—0;+0), > 4k—2k = 2k.

Since we cannot apply (R3) to wy, we require o), + |otj| < 2k, and so a), +
lej| = 2k = o; + |op|. This implies that a; = o), and a;, = ¢;. Then w, =
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w x*w,x% w; (4k — 2)-fellow travel with w(’) = w;x%w,x*w;. Notice that
t(wp) = ¢(wp) and wy =¢ w), so w = wex? is geodesic if and only if w’ =
w(’)xﬂ is geodesic. Let a’ be the vector of x exponents of w’. Then the number
of disagreements between a’ and o is d — 2. Note also that since we cannot
apply (R0)-(R4) to w, we cannot apply (R0)-(R4) to w’. Hence, by the previous
argument, we can assume that one of the following holds:

(X-) Foralla; # g;,a; < 0 < g;. (X+) Forall a; # g;, a; > 0> 0;.

Note that when assuming (X-), we have that I < 0 and s > 0 by (R1). Simi-
larly when assuming (X+), we have that! > 0 and s < 0.

If (X+) holds then g/ Ywy =g x**4. Asw =g g, thisimplies that gyx
ngst. Sinces < 0and!l,d > 0, we must have thats = [ = d = 0. If (X-) holds,
then galwo =; x *dandsol—d =s.1fd #0,thenl —s = d > 0. However
l—s <0,sincel <0ands > 0,andsos =1 = d = 0. In both cases,
w = wy = gy = g and w is geodesic. This completed the proof for p = 2k, and
the case for p = 2k + 1 follows a similar method. O

2k(l+d) —
( )_G

The proof of Theorem 6.1 follows from Proposition 6.2, Proposition 6.3 and
Theorem 6.5.

Appendix Appendix A Geodesic normal forms

Here we provide details on results from Section 3 and Section 4 about geo-
desic normal forms.

A.1 0dd dihedral Artin groups.

Lemma A.1. [12, Prop. 3.5] Let w € (3) begeodesicin G(m) = (x,y | x* = y™),
m = 2k + 1. Then the following conditions must all be satisfied:

(1) Pos,(w) + Neg (w) <2 (3) Pos,(w) + Negy(w) <k+1
(2) Posy(w) + Neg (w) <2k +1 (4) Pos,(w) + Neg (w) <k +1

Suppose w € (3%)is geodesic. If w contains an x term, then w cannot contain
a y~+1 term by Lemma A.1, since otherwise

Pos, (w) + Negy(w) =1+k+1>k+1.

Similarly, if w contains an x~! term, then w cannot contain a y**! term. More-
over, no element of Type (3°) is also of Type (1) or (2), since the conditions
in Proposition 3.1 are mutually exclusive. Therefore, we can split geodesics of
Type (30) into disjoint cases as in Proposition 3.2.
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A.2 Even dihedral Artin groups.

Proof of Proposition 4.1. Observe that each word listed in Proposition 4.1 is
reduced in the sense of HNN-extensions (see [19, Page 181]). To show each type
is mutually exclusive, we have six cases to check: (i) g,h € (1), (ii) g, h € (2),
(iii) g,h € (3), (iv) g e (1),h € (2),(v) g€ (1),h € (3),and (vi) g € (2),h €
(3). Since the proof method is similar for each case, we give details for Cases (i)
and (iv) only.

Suppose g,h € (1) and g = xM1y .. xFnysnAC =5 xMyP1 | xImyPnAd = p,
Without loss of generality, ¢,d > 1. Then gh‘1 must HNN-reduce to the trivial
word, and so a; — ¢; = 0 (mod 2k). Since a;, 4; € {0, 1, ... 2k — 1}, this forces
a; = p; = 0,and ¢; = ;. Continued reduction must occur, and so we have
n=ma = pande = B;foralll < i < n. Therefore, gh~! reduces to
A%=¢ = x2k(d=9) Since G(m) is torsion-free, ¢ = d, which proves (i).

Now suppose g € (1), h € (2) and

g = xFys L xFnyean AC =g (xHUye .yl )xd (yOuxT L X" = h.

Without loss of generality, ¢ > 1. For notation consider g='h = 1. This forces
M1j — M1 = 0 (mod 2k). If uy; > 0, then yy; = ;. Otherwise, we have y;; —
p1 = —2k, which gives x 72 = A™!. Also ¢; = ¢;;. This pattern of either free
cancellation or x~2 powers occurs for all pairs, and after continued reduction
we are left with x=2K(td) = 1 where d is the number of x~2¥ terms which
occur from g~th. Since G(m) is torsion-free and k > 2, then ¢ = —d. Thisis a

contradiction since ¢ > 1, and so g # h. O

Remark A.2. Since we use different notation to [8], we clarify which of their
geodesic forms is equivalent to each Type from Proposition 4.1. Case (2) from
[8] is equivalent to Type 1, and Case (5) from [8] is equivalent to Type 3. Due
to a small error, Case (4) is reduced to Case (3) in [8] (see Remark A.3), which
is then equivalent to Type 2. Finally, we have absorbed all words from Case (1)
of [8] within each of the three types from Proposition 4.1.

Proof of Proposition 4.3. The relation of G(m) implies that RR3 is the only
rewrite rule that we can apply to transform a geodesic into another geodesic.
We check whether RR3 applies to each set of geodesics.

C,: consider (x*1y€1 ... xHny$n A€)EL € @,. For all x, either w; > O or w; <0
forall 1 < i < n. In either case, RR3 never holds, and so these are unique
geodesics.

©,: The case where w = x/ is clear, so suppose w = x*1y% ... y*i/xJ. Then
Mik € [-(2k—j—1), jInZ 4 forall1 < i < n;. For RR3 to hold, we would need
some o > 0 > § where 0,6 € [-(2k — j — 1), j] N Z,, such that o + |5 = 2k.
However if that was the case, then

o+ 8| <j+2k—-—j—1=2k—-1<2k.

Hence, RR3 never holds, and so geodesics are unique.
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C5: consider x%y¢1x” ... x"» € C;. We have a,v; € [—(k — 1),k — 1] n Z for
all1 <i < n. Hence, if RR3 holds for some ¢ > 0 > §, then

o+ 6] £2(k—1)=2k -2 < 2k.

Hence, RR3 can never be applied, and so geodesics are unique. This completes
the set € of unique geodesics.

For the set D, assume w is of the form in Eq. (6). If RR3 holds for some
g >0>dsuchthato # jord # —(2k — j), then since 0,6 € [-2k — j —
1), j — 1] N Z 4, we have

C+ 8| <j-1+2k—j—1=2k—2< 2k,

which is a contradiction. The only other possibility to apply RR3 is using any
x/ and x~®%=J) terms. Since j + | — (2k — j)| = 2k, we can apply RR3 to rewrite
our word in the form

uxivx=Ck=NDy =5 ux~Ck=Dyxiw,

for all pairs of x/, x~*=/) terms. Hence, D consists of non-unique geodesics.
Ul

Remark A.3. In the original classification of geodesics in [8], there is a fourth
type of geodesic defined as follows when p = 2k:
Type 4. (xtkyer .. xhnkyen) xk (yex 101 . x?mydm) x 7k (yrixh . yrix*) where:

e n,m,l >0,

¢ €,60,Yu €EZyHp»(1<5s<n1<t<m1uxl),

« U € [—(k=1),kINZ4 1 <s<n),

e €[-(k-1),k=1INnZ4H A Lt <m),

e Ay €l-kk=1INnZyH A Lu<l).
Due to an error in the original paper, specifically uy # —k, Type 4 is in fact
equivalent to our Type 2 geodesics as defined in Proposition 4.1, when j = k.
This can be seen by the fact that v, 4, € [-k,k—1]NZ4, C [k, k]NZ4 (1 <
t<m,1<ux<l.
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