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Conjugacy geodesics and growth in
dihedral Artin groups

Laura Ciobanu and Gemma Crowe

Abstract. In this paper, we describe conjugacy geodesic representatives in
any dihedralArtin group𝐺(𝑚),𝑚 ≥ 3, whichwe thenuse to calculate asymp-
totics for the conjugacy growth of𝐺(𝑚), and show that the conjugacy growth
series of 𝐺(𝑚) with respect to the ‘free product’ generating set {𝑥, 𝑦} is tran-
scendental. We prove two additional properties of 𝐺(𝑚) that connect to con-
jugacy, namely that the permutation conjugator length function is constant,
and that the falsification by fellow traveler property (FFTP) holds with re-
spect to {𝑥, 𝑦}. These imply that the language of all conjugacy geodesics in
𝐺(𝑚) with respect to {𝑥, 𝑦} is regular.
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1. Introduction
Let 𝐺 be a finitely generated group with generating set 𝑋. For any 𝑛 ≥ 0,

the conjugacy growth function 𝑐(𝑛) = 𝑐𝐺,𝑋(𝑛) counts the number of conjugacy
classes with a minimal length representative of length 𝑛 with respect to 𝑋. The
conjugacy growth series of 𝐺 with respect to 𝑋 is then defined as the generating
function for 𝑐(𝑛). Conjugacy growth has been studied in a variety of differ-
ent groups [2, 14, 18, 21, 23], most recently including soluble Baumslag-Solitar
groups [4] and graph products [6]. All known results support the following
conjecture.

Received June 5, 2024.
2020Mathematics Subject Classification. 20E45, 20F36, 05E16.
Key words and phrases. Conjugacy growth, dihedral Artin groups, conjugator length, FFTP..

ISSN 1076-9803/2025

465

http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2025/Vol31.htm


466 LAURA CIOBANU AND GEMMA CROWE

Conjecture 1.1. [4, Conjecture 7.2]Conjugacy growth series of finitely presented
groups that are not virtually abelian are transcendental.

In this paper we study the conjugacy growth of dihedral Artin groups, that
is, Artin groups with generating set of size two; these are the groups 𝐺(𝑚) =
⟨𝑎, 𝑏 | 𝑚(𝑎, 𝑏) = 𝑚(𝑏, 𝑎)⟩, where 𝑚 ≥ 3 and 𝑚(𝑎, 𝑏) is the word 𝑎𝑏𝑎𝑏 … of
length 𝑚. The standard growth 𝑠(𝑛), which counts elements rather than con-
jugacy classes, of dihedral Artin groups, has been computed over the standard
Artin generators {𝑎, 𝑏} and the Garside generators [20]. It has also been com-
puted (by Fujii [12], and Edjvet and Johnson [8]) over what we denote as free
product generators {𝑥, 𝑦} (see Definition 2.2), because the quotient of 𝐺(𝑚) by
its centre is isomorphic to a free product of cyclic groups. Here we use their ge-
odesic normal forms to compute conjugacy geodesic representatives (minimal
length representatives, over the generators, for conjugacy classes) and obtain
the asymptotics of 𝑐(𝑛), which together with analytic combinatorics tools give
our main result, Theorem 1.2. This provides further evidence supporting Con-
jecture 1.1.

Theorem 1.2. (Theorem 5.8 and Theorem 5.14) The conjugacy growth series of
any dihedral Artin group 𝐺(𝑚) is transcendental, with respect to the free product
generating set.

An immediate application of Theorem 1.2 is that the conjugacy growth series
for the braid group𝐵3 = 𝐺(3) is transcendental, with respect to the free product
generating set. Whilst conjugacy growth has been previously studied in braid
groups [1, 24], we believe this is the first result which provides information
about its generating function. Since 𝐺(2𝑝) = BS(𝑝, 𝑝), we also get transcen-
dental conjugacy growth series for a new class of Baumslag-Solitar groups with
respect to their standard generating sets (see Definition 2.2).
The main tool used in [2, 4] to prove that the conjugacy growth series of a

group is transcendental was to show that conjugacy growth has asymptotics of
the form ∼ 𝛼𝑛

𝑛
(see Definition 5.1), where 𝑠(𝑛) ∼ 𝛼𝑛 is the (standard) growth

of elements. Sequences with asymptotics of the form∼ 𝛼𝑛

𝑛
have transcendental

generating functions by [10, Thm. D]. However, as the result below shows,
we don’t get this behaviour here in all cases, so a more involved argument to
find the conjugacy representatives and to count them is needed. In particular,
our analysis gives (collecting the results from Section 5.1 and 5.2) the following
asymptotics for the conjugacy growth function.

Proposition 5.15. The asymptotics of the conjugacy growth with respect to the
free product generating set in a dihedral Artin group 𝐺(𝑚) are given by

𝑐𝐺(𝑚),{𝑥,𝑦}(𝑛) ∼ {
𝛼𝑛 if𝑚 odd or𝑚 = 4𝑘, 𝑘 ≥ 1
𝛼𝑛

𝑛
if𝑚 = 4𝑘 + 2, 𝑘 ≥ 1,

where 𝛼 is the standard growth rate of 𝐺(𝑚).
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Finally, we consider the language 𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺(𝑚), 𝑋) of conjugacy geodesics
for dihedral Artin groups (see Section 2.1). This is known to be regular (that is,
recognised by a finite state automaton) with respect to the standard Artin and
Garside generators [5, Cor. 3.9, Thm. 3.15], but regularity is not necessarily
preserved under different generating sets (see for example [5, Section 5]). We
provide a third case of regularity, with respect to the free product generating
set.

Theorem 6.1. The language 𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺(𝑚), 𝑋) is regular for dihedral Artin
groups, with respect to the free product generating set 𝑋 = {𝑥, 𝑦}.

To prove this result, we first study the permutation conjugator length func-
tion PCL𝐺,𝑋 , defined by Antolín and Sale in [3]. This function is of interest for
groups with (sub) linear time complexity for the conjugacy problem, and so di-
hedral Artin groups provide an interesting candidate to study [17, Prop. 3.1].
The PCL function has been shown to be constant in hyperbolic groups, and we
provide another example where the PCL function is constant.

Proposition 6.3. Let 𝐺(𝑚) be a dihedral Artin group, and let 𝑋 = {𝑥, 𝑦} be the
free product generating set. Then PCL𝐺(𝑚),𝑋 is constant.

Secondly, we establish the falsification by fellow traveler property (FFTP) in
dihedral Artin groups. We note that the FFTP depends on the generating set
[22, Prop. 4.1], and that the FFTP has been shown for Artin groups of large
type, with respect to the standard generating set [16, Thm. 4.1], and Garside
groups, with respect to the Garside generators [15, Thm. 2.9]. We add a further
positive result with respect to the free product generating set.

Theorem 6.5. Let 𝐺(𝑚) be a dihedral Artin group, and let 𝑋 be the free product
generating set. Then (𝐺(𝑚), 𝑋) satisfy the FFTP.

Theorem 6.1 follows from Proposition 6.3 and Theorem 6.5, using [3, Prop.
2.3].
The structure of this paper is as follows. We provide information on conju-

gacy growth functions and Artin groups in Section 2, where we define the free
product generating set in dihedral Artin groups. In Section 3 and Section 4, we
describe conjugacy geodesic representatives, by splitting our cases for when the
edge labelling of our graph is either odd or even. In Section 5 we give asymp-
totics for 𝑐(𝑛) and prove Theorem 1.2. Finally, in Section 6, we use results from
Section 3 and Section 4 to study the PCL function and the FFTP property, to
prove Proposition 6.3 and Theorem 6.5.

2. Preliminaries
All groups in this paper are finitely generated, and all finite generating sets

are inverse-closed.
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2.1. Conjugacy geodesics and growth. We fix a group 𝐺 and a finite gen-
erating set 𝑋 of 𝐺. For words 𝑢, 𝑣 ∈ 𝑋∗, we use 𝑢 = 𝑣 to denote equality of
words, and 𝑢 =𝐺 𝑣 to denote equality of the group elements represented by 𝑢
and 𝑣. The (word) length of an element 𝑔 ∈ 𝐺, denoted by |𝑔|, is the length of
a shortest word in 𝑋 that represents 𝑔, i.e. |𝑔| = min{|𝑤| ∣ 𝑤 ∈ 𝑋∗, 𝑤 =𝐺 𝑔}.
In this case, we say 𝑤 is a geodesic word, or simply a geodesic. If there exists
a unique word 𝑤 of minimal length representing 𝑔, then we say 𝑤 is a unique
geodesic. Otherwise 𝑤 is a non-unique geodesic.
We will often write 𝑔 ∼ ℎ to denote that 𝑔 and ℎ are conjugate, and write [𝑔]

for the conjugacy class of 𝑔. The length of [𝑔], denoted by |[𝑔]|, is the shortest
length among all elements in [𝑔], i.e. |[𝑔]| = min{|ℎ| ∣ ℎ ∼ 𝑔}. A word 𝑤 is
a conjugacy geodesic for [𝑔] if it is a geodesic, and if it moreover represents an
element of shortest length in [𝑔]. We define the conjugacy geodesic language of
𝐺, with respect to 𝑋, where 𝜋∶ 𝑋∗ → 𝐺 is the natural projection, as

𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋) ∶= {𝑤 ∈ 𝑋∗ | 𝑙(𝑤) = |[𝜋(𝑤)]|}.
We define the cumulative conjugacy growth function of𝐺 with respect to𝑋 to be
the number of conjugacy classeswhose length is≤ 𝑛, the strict conjugacy growth
function, denoted as 𝑐(𝑛) = 𝑐𝐺,𝑋(𝑛), to be the number of conjugacy classes of
length = 𝑛, i.e.

𝑐(𝑛) = #{[𝑔] ∣ |[𝑔]| = 𝑛},

and the conjugacy growth rate as lim𝑛→∞
𝑛
√
𝑐𝐺,𝑋(𝑛). For ease of computationwe

shall work only with the strict version, and call that the conjugacy growth func-
tion. The conjugacy growth series 𝐶(𝑧) = 𝐶𝐺,𝑋(𝑧) is defined to be the (ordinary)
generating function of 𝑐(𝑛), so

𝐶(𝑧) =
∞∑

𝑛=0
𝑐(𝑛)𝑧𝑛.

All results in this paper can be easily extended to the cumulative version of the
conjugacy growth function and series (see [2]).
We call a formal power series 𝑓(𝑧) rational if it can be expressed (formally)

as the ratio of two polynomials with integral coefficients, or equivalently, the
coefficients of 𝑓(𝑧) satisfy a finite linear recursion. In the language of polyno-
mial rings, this is to say 𝑓(𝑧) ∈ ℚ(𝑧). Furthermore, 𝑓(𝑧) is irrational if it is
not rational. A formal power series is algebraic if it is in the algebraic closure
of ℚ(𝑧), i.e. it is the solution to a polynomial equation with coefficients from
ℚ(𝑧). It is called transcendental if it is not algebraic.

2.2. Artin groups.

Definition 2.1. Let Γ be a finite simple graph, with vertex set 𝑉(Γ) and with
edges labelled by integers 𝑚𝑖,𝑗 ∈ ℤ≥2. The Artin group 𝐴(Γ) is the group de-
fined by the following presentation:

𝐴(Γ) = ⟨𝑉(Γ) | 𝑚𝑖,𝑗 (𝑎𝑖, 𝑎𝑗) = 𝑚𝑖,𝑗 (𝑎𝑗, 𝑎𝑖) if the edge {𝑎𝑖, 𝑎𝑗} is labelled 𝑚𝑖,𝑗⟩,
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where 𝑚𝑖,𝑗 (𝑎, 𝑏) is the word 𝑎𝑏𝑎𝑏 … of length𝑚𝑖,𝑗. If |𝑉(Γ)| = 2, we say 𝐴(Γ) is
a dihedral Artin group.

We will refer to 𝑉(Γ) as the standard (Artin) generating set. For dihedral
Artin groups, the presentation with respect to the standard generating set is

𝐺(𝑚) = ⟨𝑎, 𝑏 | 𝑚(𝑎, 𝑏) = 𝑚(𝑏, 𝑎)⟩. (1)

If 𝑚 = 2, then 𝐺(𝑚) is the free abelian group of rank two, and its conjugacy
growth series is rational [9], so we assume𝑚 ≥ 3 throughout this paper.
We now define our alternative generating set for any dihedral Artin group,

which we will use to study conjugacy geodesics.

Definition 2.2. Let 𝐺(𝑚) be the dihedral Artin group with presentation (1).
For𝑚 odd,

𝐺(𝑚) ≅ ⟨𝑥, 𝑦 | 𝑥2 = 𝑦𝑚⟩,
by setting 𝑥 = 𝑚(𝑎, 𝑏), 𝑦 = 𝑎𝑏. For𝑚 even,

𝐺(𝑚) ≅ ⟨𝑥, 𝑦 | 𝑦−1𝑥𝑝𝑦 = 𝑥𝑝⟩ = BS(𝑝, 𝑝),
where 𝑝 = 𝑚

2
, by setting 𝑥 = 𝑎𝑏, 𝑦 = 𝑎; BS(𝑝, 𝑝) denotes a Baumslag-Solitar

group. In both cases we refer to 𝑋 = {𝑥, 𝑦} as the free product generating set.

To compute the conjugacy growth of 𝐺(𝑚), with respect to the free prod-
uct generating set, we consider conjugacy geodesic representatives in the case
where𝑚 is odd or even in turn.

3. Odd dihedral Artin groups: G(𝟐𝒌 + 𝟏)
We first consider 𝐺(𝑚) for 𝑚 odd as given in Definition 2.2, i.e. 𝐺(𝑚) ≅

⟨𝑥, 𝑦 | 𝑥2 = 𝑦𝑚⟩. Let ∆ = 𝑥2 and note the centre of 𝐺(𝑚) is generated by ∆. We
often refer to ∆𝑐, 𝑐 ∈ ℤ, as theGarside element/part of a word. For notation, we
let𝑚 = 2𝑘 + 1.

3.1. Classificationof geodesics. When considering geodesics, weuse thenor-
mal forms derived in [12]. An independent classification of geodesic normal
forms was given in [13, Section 2.2]. We collect those results here while addi-
tionally justifying when the geodesics are unique per element or not.
All types of geodesics are presented in Table 1, and the reader may skip this

section and consult the overview in Table 1 directly.

Proposition 3.1. [12, Lemma 3.1, p. 484] Let 𝑔 ∈ 𝐺(𝑚) and let 𝑤 be a geodesic
representative for 𝑔. Then 𝑤 can be represented as 𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐, where
𝑤 satisfies one of the following mutually exclusive conditions (where 𝜏 ∈ ℤ>0):

(1) {𝑐 > 0, 0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 − 1) ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(2) {𝑐 < 0, −1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 − 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).
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(
3+
)
{𝑐 = 0, 0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 − 1) ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(3−) {𝑐 = 0, −1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 − 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(3+ ∩ 3−) 𝑤 = 𝑦𝑏 where −(𝑘 − 1) ≤ 𝑏 ≤ 𝑘 − 1.
(
30
)
{𝑐 = 0, −1 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

Later in the paper we will use (3) = (3+) ⊔ (3−) ⊔ (3+ ∩ 3−) ⊔
(
30
)
. By [12,

Prop. 3.4], all words of the form (1) ⊔ (2) ⊔ (3+) ⊔ (3−) ⊔
(
3+ ∩ 3−

)
are geodesic,

so it remains to check when 𝑤 ∈
(
30
)
is geodesic. The proof of the following

result can be found in Section A.1.

Proposition 3.2. If𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐 ∈
(
30
)
is geodesic, then 𝑐 = 0 and𝑤

satisfies one of the following mutually exclusive conditions (where 𝜏 ∈ ℤ>0):

(
30+

) ⎧

⎨
⎩

0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

there exists at least one 𝑦−𝑘 term.

(
30−

) ⎧

⎨
⎩

−1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

there exists at least one 𝑦𝑘 term.

(
30∗

) ⎧

⎨
⎩

−1 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),
there exist both 𝑥, 𝑥−1 terms,

−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

From ([12], p. 489), all words in (1) ⊔ (2) ⊔ (3+) ⊔ (3−) ⊔ (3+ ∩ 3−) are
unique geodesics. To determine which words in

(
30
)
are unique geodesics we

use Lemma 3.4 to establish when elements in (3) are not uniquely geodesic.
Definition 3.3. For 𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏 ∈ (3), define

Pos𝑥(𝑤) ∶= max{𝑎𝑖 ∣ 𝑎𝑖 ≥ 0, 1 ≤ 𝑖 ≤ 𝜏},
Pos𝑦(𝑤) ∶= max{𝑏𝑖 ∣ 𝑏𝑖 ≥ 0, 1 ≤ 𝑖 ≤ 𝜏},
Neg𝑥(𝑤) ∶= max{−𝑎𝑖 ∣ 𝑎𝑖 ≤ 0, 1 ≤ 𝑖 ≤ 𝜏},
Neg𝑦(𝑤) ∶= max{−𝑏𝑖 ∣ 𝑏𝑖 ≤ 0, 1 ≤ 𝑖 ≤ 𝜏}.

Lemma 3.4. [12, Prop. 3.8] Let 𝑤 ∈ (3) be geodesic. Then 𝑤 is a non-unique
geodesic representative if at least one of the following conditions holds: (1) Both 𝑥
and 𝑥−1 terms exist in 𝑤, or (2) Pos𝑦(𝑤) + Neg𝑦(𝑤) = 𝑚.

We consider the conditions from Lemma 3.4 for each type from Proposi-
tion 3.2 in turn. If 𝑤 ∈

(
30+

)
, then the only rewrite rule we can apply to non-

unique geodesics is
𝑠𝑦−𝑘𝑡𝑦𝑘+1𝑧 =𝐺 𝑠𝑦𝑘+1𝑡𝑦−𝑘𝑧, (2)
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for some 𝑠, 𝑡, 𝑧 ∈ 𝑋∗. In order to apply this rule, we need at least one 𝑦𝑘+1 term
in 𝑤. Therefore, the set

(
30+

)
splits into two disjoint sets, which we denote by(

30+𝑈
)
⊔
(
30+𝑁

)
, where

(
30+𝑈

)
is the set of unique geodesics (−𝑘 ≤ 𝑏𝑖 ≤ 𝑘),

and
(
30+𝑁

)
is the set of non-unique geodesics, i.e. there exist both 𝑦−𝑘 and 𝑦𝑘+1

terms.

Definition 3.5. Let 𝜏 = 𝜏1 + 𝜏2. Any Type
(
30+

)
geodesic can be written as

𝑤 = 𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝑦𝑘+1𝐴𝜏1+𝜏2+1, (3)

where each 𝐴𝑠 (1 ≤ 𝑠 ≤ 𝜏 + 1) are reduced words over 𝑥, 𝑦, with any maximal
subword of the form 𝑦𝛽 in 𝐴𝑠 satisfying 𝛽 ∈ [−(𝑘 − 1), 𝑘] ∩ ℤ≠0. Here 𝜏1 ≥
1, 𝜏2 ≥ 0, 𝐴1 (𝐴𝜏+1 resp.) is either empty or ends (starts) with 𝑥, and 𝐴𝑠 starts
and ends with 𝑥 (2 ≤ 𝑠 ≤ 𝜏).
Type

(
30+𝑈

)
is the set of all Type

(
30+

)
geodesics where 𝜏2 = 0, i.e. of the

form
𝑤 = 𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦

−𝑘𝐴𝜏1+1,

andType
(
30+𝑁

)
is the set of all remainingType

(
30+

)
geodesics, i.e. with 𝜏2 ≥ 1

and

𝑤 =𝐺 𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝑦𝑘+1𝐴𝜏1+𝜏2+1.

Similarly, for
(
30−

)
words, which are negative counterparts to

(
30+

)
, we can

split
(
30−

)
into two disjoint sets

(
30−𝑈

)
⊔
(
30−𝑁

)
, where

(
30−𝑈

)
is the set of

unique geodesics (−𝑘 ≤ 𝑏𝑖 ≤ 𝑘), and
(
30−𝑁

)
is the set of non-unique geodesics.

Definition 3.6. Let 𝜏 = 𝜏1 + 𝜏2. Any Type
(
30−

)
geodesic can be written as

𝑤 = 𝐴1𝑦−(𝑘+1)𝐴2𝑦−(𝑘+1)…𝐴𝜏1𝑦
−(𝑘+1)𝐴𝜏1+1𝑦

𝑘𝐴𝜏1+2𝑦
𝑘 …𝑦𝑘𝐴𝜏1+𝜏2+1, (4)

where each 𝐴𝑠 (1 ≤ 𝑠 ≤ 𝜏 + 1) are reduced words over 𝑥, 𝑦, with any maximal
subword of the form 𝑦𝛽 in𝐴𝑠 satisfying 𝛽 ∈ [−𝑘, 𝑘−1]∩ℤ≠0. Here 𝜏1 ≥ 0, 𝜏2 ≥
1, 𝐴1 (𝐴𝜏+1 resp.) is either empty or ends (starts) with 𝑥−1, and 𝐴𝑠 starts and
ends with 𝑥−1 (2 ≤ 𝑠 ≤ 𝜏).
Type

(
30−𝑈

)
is the set of Type

(
30−

)
geodesics with 𝜏1 = 0, so of the form

𝐴1𝑦𝑘𝐴2𝑦𝑘 …𝐴𝜏2+1𝑦
𝑘, and Type

(
30−𝑁

)
is the set of all remaining Type

(
30−

)

geodesics, i.e. where 𝜏1 ≥ 1, so of the form

𝐴1𝑦−(𝑘+1)𝐴2𝑦−(𝑘+1)…𝐴𝜏1𝑦
−(𝑘+1)𝐴𝜏1+1𝑦

𝑘𝐴𝜏1+2𝑦
𝑘 …𝑦𝑘𝐴𝜏1+𝜏2+1.

Finally, all words in
(
30∗

)
are non-unique geodesics, since we can apply the

rewrite rule
𝑠𝑥𝑡𝑥−1𝑧 =𝐺 𝑠𝑥−1𝑡𝑥𝑧, (5)

for any 𝑠, 𝑡, 𝑧 ∈ 𝑋∗ and pair of 𝑥 and 𝑥−1. This is the only possible rewrite rule
by Lemma 3.4.
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Definition 3.7. Let 𝜏 = 𝜏1 + 𝜏2, 𝑎𝑖 = ±1, and define the following tuple
𝑋 = (𝑥𝑎1 , 𝑥𝑎2 , … , 𝑥𝑎𝜏) = (𝑥−1, 𝑥−1, … , 𝑥−1

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
𝜏1

, 𝑥, 𝑥, … , 𝑥
⏟⎴⏟⎴⏟

𝜏2

).

Any Type
(
30∗

)
geodesic can be written as a word 𝑤 respecting the 𝑋-tuple

structure:

𝑤 = 𝑥𝑎1𝑦𝑏1𝑥𝑎1𝑦𝑏2 …𝑦𝑏𝜏1𝑥𝑎𝜏1+1𝑦𝑏𝜏1+1𝑥𝑎𝜏1+2 …𝑥𝑎𝜏1+𝜏2𝑦𝑏𝜏1+𝜏2

= 𝑥−1𝑦𝑏1𝑥−1𝑦𝑏2 …𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1𝑥 …𝑦𝑏𝜏1+𝜏2 .

3.2. Minimal length conjugacy representatives in odd dihedral Artin
groups. We now describe conjugacy geodesic representatives. To do this, we
use the sets 𝒜 and ℬ introduced in Definition 3.8 separately.

Definition 3.8. Let𝒜 = (1) ⊔ (2) ⊔ (3+) ⊔ (3−) ⊔ (3+ ∩ 3−) ⊔
(
30+𝑈

)
⊔
(
30−𝑈

)

be the set of unique geodesics, and let ℬ =
(
30+𝑁

)
⊔
(
30−𝑁

)
⊔
(
30∗

)
be the set

of non-unique geodesics.

Definition 3.9. Let 𝒜 be the set of all words in 𝒜 which start and end with
opposite letters:

𝒜 = {𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐 ∈ 𝒜 | 𝑎1 = 0 ⇔ 𝑏𝜏 = 0}.

Proposition 3.10. Let 𝑤, 𝑣 ∈ 𝒜 have the form

𝑤 = 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤∆𝑝, 𝑣 = 𝑥𝜎1𝑦𝛾1 …𝑥𝜎𝑛𝑣 𝑦𝛾𝑛𝑣∆𝑞.

Then𝑤 ∼ 𝑣 if and only if 𝑛𝑤 = 𝑛𝑣, 𝑝 = 𝑞, and the words 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 and
𝑥𝜎1𝑦𝛾1 …𝑥𝜎𝑛𝑣 𝑦𝛾𝑛𝑣 are cyclic permutations of each other.

Proof. The reverse direction is clear, so suppose 𝑤 ∼ 𝑣. Let
𝑢 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐 be geodesic and consider 𝑢−1𝑤𝑢. We first note the Gar-
side element remains unchanged since ∆−𝑐∆𝑝∆𝑐 = ∆𝑝. Also, we only have el-
ements from the same free product factor concatenating in either 𝑢−1𝑤 or 𝑤𝑢,
but not both. We consider each type of concatenation in turn, and show that
if we change the power of the Garside element, we can reverse this procedure,
and so preserve the type of geodesic as defined in Definition 3.9.
First suppose the matching terms from the same factor consist of 𝑦 letters.

Assuming free cancellation where possible, we have

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝.
Note if 𝛽𝑛 = −𝑏1, then up to cyclic reduction 𝑢−1𝑤𝑢 is a cyclic permutation of
𝑤, which remains in the same geodesic type as defined in Definition 3.9. Since
𝑢,𝑤 are both geodesic, we know that 𝛽𝑛𝑤 +𝑏1 < 𝑚 or 𝛽𝑛𝑤 +𝑏1 > −𝑚 except in
the following cases, where 𝜀 = ±1:

(i) 𝛽𝑛𝑤 = 𝑏1 = 𝜀(𝑘 + 1),
(ii) 𝛽𝑛𝑤 = 𝜀𝑘, 𝑏1 = 𝜀(𝑘 + 1) (and vice versa).
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Suppose 𝛽𝑛𝑤 = 𝑏1 = 𝑘 + 1. After concatenation, 𝑦𝛽𝑛𝑤+𝑏1 = 𝑦𝑚+1, which can be
moved to the Garside element as follows:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝑚+1…𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝+1.

Since 𝛽𝑛𝑤 = 𝑘 + 1, we can assume 𝑤 is of Type (1) or (3+). Also 𝑢−1 ends with
𝑦−𝑏1 = 𝑦−(𝑘+1), and so 𝑢−1𝑤𝑢 can be rewritten as follows:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−(𝑘+1) ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤𝑥2𝑦 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−(𝑘+1) ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝+1

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑚𝑦𝑘 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝+1

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦𝑘 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝.

Now 𝑢−1𝑤𝑢 is the same type (either (1) or (3+)) as𝑤, and up to cyclic reduction
is a cyclic permutation of 𝑤. The remaining cases follow a similar strategy.
Otherwise, if 𝛽𝑛𝑤 + 𝑏1 ≠ 0, then 𝑢−1𝑤𝑢 is equal to 𝑤 up to cyclic reduction.
Now suppose the matching terms from the same factor consist of 𝑥 letters.

Assuming free cancellation where possible, we have

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑥−𝑎1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝.

Again if 𝑎1 = 𝛼1, then up to cyclic reduction 𝑢−1𝑤𝑢 is a cyclic permutation of
𝑤, which remains in the required geodesic form as defined in Definition 3.9. If
𝑎1 ≠ 𝛼1, then by Proposition 3.1 we can assume 𝛼1 − 𝑎1 = ±2. First suppose
𝛼1 − 𝑎1 = 2. Then we can move the 𝑥𝛼1−𝑎1 = 𝑥2 term to the Garside element,
which becomes ∆𝑝+1. Since 𝛼1 = 1, we can assume𝑤 is of Type (1) or (3+). We
note that 𝑢 starts with 𝑥𝑎1 = 𝑥−1, so we can rewrite as:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑥2𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑥−1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑥−1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝+1

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑥−2𝑥𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝+1

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 ⋅ 𝑥𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑝.

This term is now the same type of geodesic as 𝑤, and up to cyclic reduction
is a cyclic permutation of 𝑤. The case for 𝛼1 − 𝑎1 = −2 follows a symmetric
proof. This method also holds when 𝑦 letters concatenate in 𝑢−1𝑤 or 𝑥 letters
concatenate in 𝑤𝑢. □

We now consider the setℬ, and construct a method which ensures we select
a unique representative from all possible geodesic forms. First recall that any
word 𝑤 of Type

(
30+𝑁

)
can only be rewritten using Eq. (2). For choosing a

unique representative, we will choose words where all 𝑦−𝑘 appear leftmost in
the word, and all 𝑦𝑘+1 appear rightmost the word, to match the form defined in
Definition 3.5. For conjugation, we no longer preserve this unique choice up to
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cyclic permutation. For example, consider 𝑤 ∈
(
30+𝑁

)
of the form in Eq. (3),

i.e.

𝑤 = 𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝑦𝑘+1𝐴𝜏1+𝜏2+1,

and its cyclic permutation

𝑤′ = 𝑦𝑘+1𝐴𝜏+1𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝐴𝜏.

This is no longer the correct geodesic form of Definition 3.5, as we can apply
Eq. (2) to get

𝑤′ =𝐺 𝑦−𝑘𝐴𝜏+1𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
𝑘+1𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝐴𝜏.

This rewrite only occurs when we cyclically permute 𝑦−𝑘 or 𝑦𝑘+1 terms. There-
fore any cyclic permutation of 𝑤, written as our geodesic normal form from
Definition 3.5, is a cyclic permutation of elements in (𝐴1, … , 𝐴𝜏+1), such that
blocks are separated by 𝑌𝑎 =

(
𝑦−𝑘, … , 𝑦−𝑘, 𝑦𝑘+1, 𝑦𝑘+1, … , 𝑦𝑘+1

)
, where 𝑌𝑎 is

fixed.
This also occurs for any 𝑤 of Type

(
30−𝑁

)
: any cyclic permutation of 𝑤,

written as our geodesic normal form from Definition 3.6, is a cyclic permu-
tation of elements in (𝐴1, … , 𝐴𝜏+1), such that blocks are separated by 𝑌𝑏 =(
𝑦−(𝑘+1), … , 𝑦−(𝑘+1), 𝑦𝑘, 𝑦𝑘, … , 𝑦𝑘

)
, where 𝑌𝑏 is fixed.

Definition 3.11. (split cyclic permutation for Types
(
30+𝑁

)
and

(
30−𝑁

)
)

Let 𝜏 = 𝜏1 + 𝜏2 with 𝜏1, 𝜏2 ≥ 1.
(i) Define tuples 𝑌𝑎𝜏1,𝜏2 , 𝑌𝑏𝜏1,𝜏2 of powers of 𝑦 with 𝑎𝑖 ∈ {−𝑘, 𝑘 + 1}, 𝑏𝑖 ∈

{−(𝑘 + 1), 𝑘} as:

𝑌𝑎𝜏1,𝜏2 = (𝑦𝑎1 , 𝑦𝑎2 , … , 𝑦𝑎𝜏) = (𝑦−𝑘, 𝑦−𝑘, … , 𝑦−𝑘
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝜏1

, 𝑦𝑘+1, 𝑦𝑘+1, … , 𝑦𝑘+1
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

𝜏2

),

𝑌𝑏𝜏1,𝜏2 =
(
𝑦𝑏1 , 𝑦𝑏2 , … , 𝑦𝑏𝜏

)
= (𝑦−(𝑘+1), 𝑦−(𝑘+1), … , 𝑦−(𝑘+1)

⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟
𝜏1

, 𝑦𝑘, 𝑦𝑘, … , 𝑦𝑘
⏟⎴⎴⏟⎴⎴⏟

𝜏2

).

Let 𝑤 ∈
(
30+𝑁

)
be a geodesic based on 𝑌𝑎𝜏1,𝜏2 of the form

𝑤 = 𝐴1𝑦𝑎1𝐴2𝑦𝑎2 …𝐴𝜏1𝑦
𝑎𝜏1𝐴𝜏1+1𝑦

𝑎𝜏1+1𝐴𝜏1+2𝑦
𝑎𝜏1+2 …𝑦𝑎𝜏𝐴𝜏+1

= 𝐴1𝑦−𝑘𝐴2𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝑦𝑘+1𝐴𝜏+1,

where the 𝐴𝑠 are words over 𝑥, 𝑦 satisfying the conditions from Eq. (3).
Alternatively, let 𝑤 ∈

(
30−𝑁

)
be a geodesic based on 𝑌𝑏𝜏1,𝜏2 of the form

𝑤 = 𝐴1𝑦𝑎1𝐴2𝑦𝑎2 …𝐴𝜏1𝑦
𝑎𝜏1𝐴𝜏1+1𝑦

𝑎𝜏1+1𝐴𝜏1+2𝑦
𝑎𝜏1+2 …𝑦𝑎𝜏𝐴𝜏+1

= 𝐴1𝑦−(𝑘+1)𝐴2𝑦−(𝑘+1)…𝐴𝜏1𝑦
−(𝑘+1)𝐴𝜏1+1𝑦

𝑘𝐴𝜏2+2𝑦
𝑘 …𝑦𝑘𝐴𝜏+1,

where the 𝐴𝑠 are words over 𝑥, 𝑦 satisfying the conditions from Eq. (4).
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(ii) A split cyclic permutation of 𝑤 as in (i) is one where the tuple 𝑌𝑎𝜏1,𝜏2
(𝑌𝑏𝜏1,𝜏2 resp.) is preserved and the 𝐴𝑠 blocks are cyclically permuted;
that is, it is a geodesic 𝑤′ ∈

(
30+𝑁

)
(𝑤′ ∈

(
30−𝑁

)
resp.) of one of the

following forms:
Case 1: all 𝐴𝑠 blocks are preserved, and for 1 ≤ 𝑡 ≤ 𝜏 + 1

𝑤′ = 𝑦𝑎1𝐴𝑡𝑦𝑎2𝐴𝑡+1…𝑦𝑎𝜏−𝑡+2𝐴𝜏+1𝐴1𝑦𝑎𝜏−𝑡+3𝐴2…𝑦𝑎𝜏𝐴𝑡−1.
Case 2: one of the 𝐴𝑠 blocks is split; that is, for 1 ≤ 𝑡 ≤ 𝜏 + 1 write
𝐴𝑡 = 𝐴𝑡1𝐴𝑡2 as a reduced product of prefix and suffix. Then

𝑤′ = 𝐴𝑡2𝑦
𝑎1𝐴𝑡+1𝑦𝑎2 …𝑦𝑎𝜏−𝑡+1𝐴𝜏+1𝐴1𝑦𝑎𝜏−𝑡+2𝐴2…𝑦𝑎𝜏𝐴𝑡1 .

Example 3.12. Consider the word 𝑤 ∈ (30+𝑁) of the form
𝑤 = 𝑥𝑦𝑥𝑦−2𝑥𝑦−2𝑥𝑦3𝑥𝑦−1𝑥𝑦3.

Wehave highlighted the terms from the tuple𝑌𝑎𝜏1 ,𝑎𝜏2 as in Definition 3.11 (here
𝑘 = 2). The following is an example of a cyclic permutation of 𝑤:

𝑤′ = 𝑥𝑦−1𝑥𝑦3𝑥𝑦𝑥𝑦−2𝑥𝑦−2𝑥𝑦3.
This differs from a split cyclic permutation of 𝑤, for example

𝑤′′ = 𝑥𝑦−1𝑥𝑦−2𝑥𝑦𝑥𝑦−2𝑥𝑦3𝑥𝑦3

is a split cyclic permutation of 𝑤.
Recall for any word in

(
30∗

)
, we can rewrite any pairs of 𝑥 and 𝑥−1 terms

using Eq. (5). For choosing a unique geodesic representative, we will choose
words where all 𝑥−1 terms appear leftmost in the word, and all 𝑥 terms appear
rightmost in theword, tomatch the formdefined inDefinition 3.7. For conjuga-
tion, again we no longer preserve this unique choice up to cyclic permutation.
For example, if𝑤 = 𝑥−1𝑦𝑏1𝑥−1𝑦𝑏2 …𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1𝑥 …𝑦𝑏𝜏1+𝜏2 is of the correct form,
we can consider a cyclic permutation of 𝑤 of the form

𝑤′ = 𝑥𝑦𝑏𝜏1+𝑠𝑥 …𝑦𝑏𝜏1+𝜏2𝑥−1𝑦𝑏1 …𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1 …𝑦𝑏𝜏1+𝑠−1 ,
for some 𝜏1 ≤ 𝑠 ≤ 𝜏1 + 𝜏2. This is no longer of the correct form from Defi-
nition 3.7, since we have 𝑥 terms occurring before 𝑥−1 terms. In this case, we
apply Eq. (5) to𝑤′ to move all 𝑥−1 terms to the left, and all 𝑥 terms to the right.

Definition 3.13. (split cyclic permutation for Type
(
30∗

)
)

Let 𝜏 = 𝜏1 + 𝜏2, and define the following tuple
𝑋𝜏1,𝜏2 = (𝑥𝑎1 , 𝑥𝑎2 , … , 𝑥𝑎𝜏) = (𝑥−1, 𝑥−1, … , 𝑥−1

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
𝜏1

, 𝑥, 𝑥, … , 𝑥
⏟⎴⏟⎴⏟

𝜏2

).

Let 𝑤 ∈
(
30∗

)
be a geodesic as in Definition 3.7:

𝑤 = 𝑥𝑎1𝑦𝑏1𝑥𝑎1𝑦𝑏2 …𝑦𝑏𝜏1𝑥𝑎𝜏1+1𝑦𝑏𝜏1+1𝑥𝑎𝜏1+2 …𝑥𝑎𝜏1+𝜏2𝑦𝑏𝜏1+𝜏2

= 𝑥−1𝑦𝑏1𝑥−1𝑦𝑏2 …𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1𝑥 …𝑦𝑏𝜏1+𝜏2 .
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A split cyclic permutation of 𝑤 is a geodesic 𝑤′ = 𝑥𝑎1𝑦𝛽1𝑥𝑎2𝑦𝛽2 …𝑦𝛽𝜏 ∈
(
30∗

)
,

such that
(
𝑦𝛽1 , 𝑦𝛽2 , … , 𝑦𝛽𝜏

)
is a cyclic permutation of

(
𝑦𝑏1 , 𝑦𝑏2 , … , 𝑦𝑏𝜏

)
; 𝑤′ may

start with 𝑦𝛽1 .

Definition 3.14. Let ℬ = ℬ+ ⊔ ℬ− ⊔ ℬ∗, where
(i) ℬ+ ⊂

(
30+𝑁

)
is the set of all words of the form in Eq. (3),

(ii) ℬ− ⊂
(
30−𝑁

)
is the set of all words of the form in Eq. (4),

(iii) ℬ∗ ⊂
(
30∗

)
is the set of all words of the form in Definition 3.7,

and for all 𝑤 ∈ ℬ, 𝑤 starts and ends with opposite letters.

Proposition 3.15. Let 𝑤 ∈ ℬ be based on a tuple 𝑌𝑎𝜏1 ,𝑎𝜏2 , 𝑌𝑏𝜏1 ,𝑏𝜏2 or 𝑋𝜏1,𝜏2 , and
let 𝑣 ∈ ℬ be based on 𝑌𝑎𝜎1 ,𝑎𝜎2 , 𝑌𝑏𝜎1 ,𝑏𝜎2 or 𝑋𝜎1,𝜎2 . Then 𝑤 ∼ 𝑣 if and only if
𝑌𝑎𝜏1 ,𝑎𝜏2 = 𝑌𝑎𝜎1 ,𝑎𝜎2 , 𝑌𝑏𝜏1 ,𝑏𝜏2 = 𝑌𝑏𝜎1 ,𝑏𝜎2 or 𝑋𝜏1,𝜏2 = 𝑋𝜎1,𝜎2 , and 𝑤 and 𝑣 are equal
up to a split cyclic permutation.

Proof. We follow a similar method as in Proposition 3.10, but we need to addi-
tionally consider split cyclic permutations. Let 𝑤 = 𝑥𝛼1𝑦𝛽1 …𝑦𝛽𝑛 and consider
the word 𝑢−1𝑤𝑢 where 𝑢 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐 is geodesic. Firstly suppose the
matching terms from the same factor consist of 𝑦 letters. Assuming free can-
cellation where possible, we have

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏 .
Since 𝑢,𝑤 are both geodesic and𝑤 ∈ (30), we have−𝑚 < 𝛽𝑛+𝑏1 < 𝑚 except in
the three cases as in the proof of Proposition 3.10. We consider the case where
𝛽𝑛 = 𝑏1 = 𝑘 + 1. We can move 𝑦𝑚 to the Garside element:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝑚+1…𝑥𝑎𝜏𝑦𝑏𝜏

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝑥𝑎1 …𝑥𝑎𝜏𝑦𝑏𝜏∆.

Now 𝑢−1 ends with 𝑦−𝑏1 = 𝑦−(𝑘+1), which can be rewritten as
𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝑚+1…𝑥𝑎𝜏𝑦𝑏𝜏

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑚𝑦𝑘 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝑥𝑎1 …𝑥𝑎𝜏𝑦𝑏𝜏∆
=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦𝑘 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝑥𝑎1 …𝑥𝑎𝜏𝑦𝑏𝜏 ,

by moving 𝑦−𝑚 to cancel with the Garside element. Up to cyclic reduction, in
order for 𝑢−1𝑤𝑢 ∈ ℬ, we then have to take a split cyclic permutation, to move
all 𝑦−𝑘 terms to the left of all 𝑦𝑘+1 terms. The remaining cases follow a similar
strategy. Otherwise, if |𝛽𝑛 + 𝑏1| ≠ 0, then we can cyclically reduce to 𝑤.
Now suppose the matching terms consist of 𝑥 letters. Assuming potential

free cancellations

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑥−𝑎1 ⋅ 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏 .
Again we can assume 𝛼1 − 𝑎1 = ±2. Suppose 𝛼1 − 𝑎1 = 2, i.e. 𝛼1 = 1, 𝑎1 = −1.
We can move the 𝑥2 term to the Garside, and then reverse this procedure by



CONJUGACY GEODESICS AND GROWTH IN DIHEDRAL ARTIN GROUPS 477

moving the 𝑥𝑎1 = 𝑥−1 term to cancel with the Garside:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑥2𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑥−1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏

=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑥−1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆
=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑥−2𝑥𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆
=𝐺 𝑦−𝑏𝜏𝑥−𝑎𝜏 …𝑦−𝑏1𝑦𝛽1 …𝑥𝛼𝑛𝑦𝛽𝑛 ⋅ 𝑥𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏 .

Up to cyclic reduction, in order for 𝑢−1𝑤𝑢 ∈ ℬ, we have to take a split cyclic
permutation, to move the 𝑥−1 terms to the left of all 𝑥 terms. The case for 𝛼1 −
𝑎1 = −2 is analogous. □

Corollary 3.16. Modulo cyclic permutations, the set 𝒜 gives a set of minimal
length conjugacy representatives. Modulo split cyclic permutations, the setℬ gives
a set of minimal length conjugacy representatives.

Proof. We have shown that elements of𝒜 are conjugacy geodesics, unique up
to cyclic permutation by Proposition 3.10. Similarly elements of ℬ are conju-
gacy geodesics, unique up to a split cyclic permutation by Proposition 3.15. It
remains to show that any element in 𝐺(𝑚) is conjugate to an element repre-
sented by a word in𝒜 orℬ. This follows immediately since any geodesic of the
form in Proposition 3.1 can be cyclically permuted to a word in either 𝒜 or ℬ,
using rewrite rules if necessary (for example Eq. (2) or Eq. (5)). □

Example 3.17. We consider examples of minimal length conjugacy represen-
tatives for

𝐺(3) = ⟨𝑥, 𝑦 ∣ 𝑥2 = 𝑦3⟩.
Take the word 𝑢1 = 𝑥𝑦𝑥𝑦𝑥𝑦−1∆3 ∈ 𝒜, which is of Type (1). Here 𝑢1 is conju-
gate to 𝑣1 = 𝑦𝑥𝑦−1𝑥𝑦𝑥∆3, which is a cyclic permutation of 𝑢1 (up to theGarside
element) by:

𝑤−1𝑢1𝑤 = (𝑥𝑦𝑥)−1 ⋅ 𝑥𝑦𝑥𝑦𝑥𝑦−1∆3 ⋅ (𝑥𝑦𝑥) =𝐺 𝑦𝑥𝑦−1𝑥𝑦𝑥∆3 = 𝑣1.
Now consider the word 𝑢2 = 𝑥−1𝑦𝑥−1𝑦−1𝑥𝑦 ∈ ℬ, which is of Type (30∗). Here
𝑢2 is conjugate to 𝑣2 = 𝑦−1𝑥−1𝑦𝑥−1𝑦𝑥 ∈ ℬ, which is a split cyclic permutation
of 𝑢2, by:

𝑤−1𝑢2𝑤 =
(
𝑥−1𝑦𝑥−1

)−1 ⋅ 𝑥−1𝑦𝑥−1𝑦−1𝑥𝑦 ⋅
(
𝑥−1𝑦𝑥−1

)

=𝐺 𝑦−1𝑥𝑦𝑥−1𝑦𝑥−1

=𝐺 𝑦−1𝑥−1𝑦𝑥−1𝑦𝑥 = 𝑣2.

4. Even dihedral Artin groups: 𝑮(𝟐𝒑)
We now consider 𝐺(𝑚) for𝑚 even, i.e. 𝐺(𝑚) ≅ ⟨𝑥, 𝑦 | 𝑦−1𝑥𝑝𝑦 = 𝑥𝑝⟩, where

𝑝 = 𝑚
2
≥ 2. Let ∆ = 𝑥𝑝 and note the centre of 𝐺(𝑚) is generated by ∆. When

considering geodesics, we use normal forms derived from [8] and similar to [8],
we split cases for when 𝑝 is even or odd.
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4.1. Even dihedral groups 𝑮(𝟐𝒑): Case 𝒑 = 𝟐𝒌 ≥ 𝟒. In this section we as-
sume 𝑝 = 2𝑘 ≥ 4, and provide details of the case 𝑝 = 2 in Section 4.1.3. We
collect all types of geodesics in Tables 2 and 3, so the readermay skip the details
here.

4.1.1. Classification of geodesics in 𝑮(𝟐𝒑), 𝒑 = 𝟐𝒌 ≥ 𝟒. For any word in
𝐺(𝑚) = 𝐺(4𝑘), we can apply the following rewrite rules together with free
reduction without changing the group element represented:
RR1: Collect any power of the central term 𝑥2𝑘 to the right.
RR2: If 𝜎 > 0 > 𝛿 and 𝜎+ |𝛿| > 2𝑘, then replace a word 𝑢𝑥𝛿𝑣𝑥𝜎𝑤 (𝑢𝑥𝜎𝑣𝑥𝛿𝑤

resp.) by 𝑢𝑥𝛿+2𝑘𝑣𝑥𝜎−2𝑘𝑤 (𝑢𝑥𝜎−2𝑘𝑣𝑥𝛿+2𝑘𝑤 resp.).
RR3: If 𝜎 > 0 > 𝛿 and 𝜎 + |𝛿| = 2𝑘, then replace a word 𝑢𝑥𝛿𝑣𝑥𝜎𝑤 by

𝑢𝑥𝜎𝑣𝑥𝛿𝑤.
Note thatRR1 andRR3preserveword length, whilst RR2decreasesword length.

Proposition 4.1. Every element in 𝐺(4𝑘) has a geodesic representative in one of
the following (freely reduced) forms:
Type 1. (𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1 where 𝑐, 𝑛 ≥ 1, 𝜇1 ∈ [0, 2𝑘 − 1] ∩ ℤ, 𝜇𝑖 ∈ [1, 2𝑘 −

1] ∩ ℤ (2 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ∈ ℤ (1 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝑛 − 1).
Type 2. [(𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦𝜖𝑛𝑗𝑗 )𝑥𝑗(𝑦𝛿1𝑗𝑥𝛾1𝑗 …𝑥𝛾𝑚𝑗𝑗 )]±1 for some 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1, where

𝑛𝑗, 𝑚𝑗 ≥ 0, 𝜖𝑠𝑗, 𝛿𝑡𝑗 ∈ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗). Three separate cases
for different values of 𝑗:
(a) If 𝑗 = 𝑘, 𝜇𝑠𝑘 ∈ [−(𝑘 − 1), 𝑘] ∩ ℤ≠0, 𝛾𝑡𝑘 ∈ [−𝑘, 𝑘] ∩ ℤ≠0 (1 ≤ 𝑠 ≤

𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
(b) If 𝑗 = 2𝑘−1, 𝜇𝑠(2𝑘−1) ∈ [1, 2𝑘−1]∩ℤ, 𝛾𝑡(2𝑘−1) ∈ [−1, 2𝑘−2]∩ℤ≠0

(1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
(c) If 𝑘 < 𝑗 < 2𝑘 − 1, 𝜇𝑠𝑗 ∈ [−(2𝑘 − 𝑗 − 1), 𝑗] ∩ ℤ≠0, 𝛾𝑡𝑗 ∈ [−(2𝑘 −

𝑗), 𝑗 − 1] ∩ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
In all cases, 𝑥𝜇1𝑗 , 𝑥𝛾𝑚𝑗𝑗 may also equal 0.

Type 3. 𝑥𝛼𝑦𝜖1𝑥𝜈1 …𝑥𝜈𝑛 where 𝑛 ≥ 0, 𝜖𝑖 ∈ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛), 𝛼, 𝜈𝑛 ∈ [−(𝑘 − 1), 𝑘 −
1] ∩ ℤ, 𝜈𝑖 ∈ [−(𝑘 − 1), 𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

Moreover, Types 1,2 and 3 are mutually exclusive.

The proof of this result can be found in Section A.2. We now propose an
alternative form for Type 2 geodesics from Proposition 4.1. The idea is to gather
all 𝑥𝑗 and 𝑥−(2𝑘−𝑗) terms, and note that all 𝑥𝑗 terms must precede all 𝑥−(2𝑘−𝑗)
terms in the word due to RR3.

Definition 4.2. Let 𝜏 = 𝜏1 + 𝜏2. Any Type 2 geodesic from Proposition 4.1 can
be written in the form 𝑤 as follows, for all 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1:

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏1+𝜏2+1, (6)

where 𝐴𝑠 (1 ≤ 𝑠 ≤ 𝜏 + 1) are reduced words over 𝑥, 𝑦, with any maximal
subword of the form 𝑥𝛼 in 𝐴𝑠 satisfying 𝛼 ∈ [−2𝑘 + 𝑗 + 1, 𝑗 − 1] ∩ ℤ≠0. Here
𝜏1 ≥ 1, 𝜏2 ≥ 0, 𝐴1 (𝐴𝜏+1 resp.) is either empty or ends (starts) with 𝑦𝛽 for some
𝛽 ∈ ℤ≠0, and 𝐴𝑠 blocks start and end with 𝑦𝛽 for some 𝛽 ∈ ℤ≠0 (2 ≤ 𝑠 ≤ 𝜏).
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In this form, we split Type 2 geodesics into two disjoint sets, denoted Type
2𝑎 ⊔ Type 2𝑏, where Type 2𝑎 is the set of all Type 2 geodesics where 𝜏2 = 0, i.e.
of the form

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1,

and Type 2𝑏 is the set of all remaining Type 2 geodesics with 𝜏2 ≥ 1, i.e. of the
form

𝑤 =𝐺 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏1+𝜏2+1.

4.1.2. Minimal length conjugacy representatives in 𝑮(𝟒𝒌). We now de-
scribe conjugacy geodesic representatives. To do this, we split geodesics into
sets 𝒞 and 𝒟: Let 𝒞1 be the set of all Type 1 geodesics, 𝒞2 be the set of all
Type 2𝑎 geodesics, and 𝒞3 be the set of all Type 3 geodesics, and define 𝒞 as
𝒞 ∶= 𝒞1 ⊔ 𝒞2 ⊔ 𝒞3, whilst 𝒟 is the set of all remaining geodesics, i.e. all Type
2𝑏 geodesics. The proof of the following result can be found in Section A.2.
Proposition 4.3. The set 𝒞 consists of unique geodesics only, whereas𝒟 consists
of non-unique geodesics.

Definition 4.4. We define the following subset of 𝒞:

𝒞 =
⎧

⎨
⎩

𝑤 = (𝑥𝜇1𝑗𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1 𝑤 ∈ 𝒞1, 𝜇1𝑗 = 0 ⇔ 𝜖𝑛 = 0,
𝑤 = 𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦𝜖𝑛𝑗𝑗 𝑤 ∈ 𝒞2, 𝜇1𝑗 = 0 ⇔ 𝜖𝑛𝑗𝑗 = 0,
𝑤 = 𝑥𝜇1𝑦𝜖1 …𝑦𝜖𝑛 𝑤 ∈ 𝒞3, 𝜇1 = 0 ⇔ 𝜖𝑛 = 0.

For notation, we let 𝒞 = 𝒞1 ⊔ 𝒞2 ⊔ 𝒞3, where 𝒞𝑖 = 𝒞𝑖 ∩ 𝒞, for all 1 ≤ 𝑖 ≤ 3.

Proposition 4.5. Let 𝑤, 𝑣 ∈ 𝒞 have the form
𝑤 = 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤∆𝑟, 𝑣 = 𝑥𝜎1𝑦𝛾1 …𝑥𝜎𝑛𝑣 𝑦𝛾𝑛𝑣∆𝑞.

Then 𝑤 ∼ 𝑣 if and only if 𝑛𝑤 = 𝑛𝑣, 𝑟 = 𝑞 and the words 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑛𝑤 𝑦𝛽𝑛𝑤 and
𝑥𝜎1𝑦𝛾1 …𝑥𝜎𝑛𝑣 𝑦𝛾𝑛𝑣 are cyclic permutations of each other.

Proof. Theproof follows a similarmethod to Proposition 3.10. Suppose𝑤 ∈ 𝒞1
and, without loss of generality, assume 𝑟 > 0. We consider conjugating 𝑤 by
an element 𝑢 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐, where 𝑎𝑖 ∈ [−(2𝑘 − 1), 2𝑘 − 1] ∩ ℤ≠0, 𝑏𝑗 ∈
ℤ≠0, (1 ≤ 𝑖 ≤ 𝜏, 1 ≤ 𝑗 ≤ 𝜏), and 𝑐 ∈ ℤ≠0. Note 𝑢 need not be geodesic.
We can immediately ignore concatenation of 𝑦 letters as these do not alter

the Garside element. Indeed if 𝑦 letters concatenate, then this is equivalent to a
cyclic permutation. Therefore, up to free cancellation where possible, suppose

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏 …𝑥−𝑎1𝑥𝛼1 …𝑦𝛽𝑛𝑤𝑥𝑎1 …𝑦𝑏𝜏∆𝑟.
Since𝑤 ∈ 𝒞1 and 𝑟 > 0, we can assume𝛼1 ∈ {1, 2, … , 2𝑘−1}, and so−(2𝑘−2) ≤
𝛼1 − 𝑎1 ≤ 4𝑘 − 2. Suppose 𝛼1 − 𝑎1 = 2𝑘 + 𝑑 for some 𝑑 ∈ {0, 1, … , 2𝑘 − 2}. We
can move 𝑥2𝑘 to the Garside element as follows:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏 …𝑥𝑑𝑥2𝑘 …𝑦𝛽𝑛𝑤𝑥𝑎1 …𝑦𝑏𝜏∆𝑟

=𝐺 𝑦−𝑏𝜏 …𝑥𝑑 …𝑦𝛽𝑛𝑤𝑥𝛼1−2𝑘−𝑑 …𝑦𝑏𝜏∆𝑟+1.
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We can then reverse this procedure by moving 𝑥−2𝑘 from the 𝑥𝑎1 term:

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏 …𝑥𝑑𝑥2𝑘 …𝑦𝛽𝑛𝑤𝑥𝑎1 …𝑦𝑏𝜏∆𝑟

=𝐺 𝑦−𝑏𝜏 …𝑥𝑑 …𝑦𝛽𝑛𝑤𝑥𝛼1−2𝑘−𝑑 …𝑦𝑏𝜏∆𝑟+1

=𝐺 𝑦−𝑏𝜏 …𝑥𝑑 …𝑦𝛽𝑛𝑤𝑥𝛼1−𝑑 …𝑦𝑏𝜏∆𝑟.

Now 𝑢−1𝑤𝑢 is a cyclic permutation of 𝑤, up to cyclic reduction, as required.
For all other values of 𝛼1−𝑎1, we have that 𝑢−1𝑤𝑢 is equal to𝑤 up to cyclic re-
duction. A symmetric argument holdswhen 𝑥 letters concatenate in𝑤𝑢, which
completes the proof for words in 𝒞1. The proof for 𝒞2 and 𝒞3 follow a similar
case by case argument. □

Now we consider cyclic geodesics in the set𝒟. Recall𝒟 is the set of all Type
2 geodesics where𝑚𝑗 ≥ 1. For words in𝒟, we do not have the same equivalent
geodesic types up to cyclic permutation. For example, recall Eq. (6) and suppose
we have

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏1+𝜏2+1.

Consider the cyclic permutation

𝑤′ = 𝑥−(2𝑘−𝑗)𝐴𝜏+1𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝐴𝜏.

This word is no longer of the correct geodesic form, since we can apply RR3 to
𝑤′ to get

𝑤′ =𝐺 𝑥𝑗𝐴𝜏+1𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
−(2𝑘−𝑗)𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝐴𝜏.

This rewrite can only occur when we cyclically permute an 𝑥𝑗 or 𝑥−(2𝑘−𝑗) term.
Therefore, any cyclic permutation of 𝑤 written in geodesic normal form is a
cyclic permutation of elements in (𝐴1, … , 𝐴𝜏+1), with the 𝐴𝑖s separated by 𝑋 =(
𝑥𝑗, … 𝑥𝑗, 𝑥−(2𝑘−𝑗), 𝑥−(2𝑘−𝑗), … 𝑥−(2𝑘−𝑗)

)
, where𝑋 is fixed. This idea holds for all

𝑘 ≤ 𝑗 ≤ 2𝑘 − 1.

Definition 4.6. Let 𝜏 = 𝜏1 + 𝜏2, let 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1.
(i) For 𝜏1, 𝜏2 ≥ 1, define a tuple𝑋𝜏1,𝜏2 of powers of 𝑥with 𝑎𝑖 ∈ {𝑗, −(2𝑘−𝑗)}

where:

𝑋𝜏1,𝜏2 = (𝑥𝑎1 , 𝑥𝑎2 , … , 𝑥𝑎𝜏) = (𝑥𝑗, 𝑥𝑗, … , 𝑥𝑗
⏟⎴⎴⏟⎴⎴⏟

𝜏1

, 𝑥−(2𝑘−𝑗), 𝑥−(2𝑘−𝑗), … , 𝑥−(2𝑘−𝑗)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝜏2

).

Consider a geodesic 𝑤 ∈ 𝒟 based on 𝑋𝜏1,𝜏2 of the form

𝑤 = 𝐴1𝑥𝑎1𝐴2𝑥𝑎2 …𝐴𝜏1𝑥
𝑎𝜏1𝐴𝜏1+1𝑥

𝑎𝜏1+1𝐴𝜏1+2𝑥
𝑎𝜏1+2 …𝑥𝑎𝜏𝐴𝜏+1

= 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗)𝐴𝜏1+2𝑥
−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏+1,

where the 𝐴𝑠 blocks are all words over 𝑥, 𝑦 satisfying the conditions
from Eq. (6).
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(ii) A split cyclic permutation of 𝑤 is one where the tuple 𝑋𝜏1,𝜏2 is preserved
and 𝐴𝑠 blocks are cyclically permuted: it is a geodesic 𝑤′ ∈ 𝒟 as in:
Case 1: all 𝐴𝑠 blocks are preserved, and for 1 ≤ 𝑡 ≤ 𝜏 + 1

𝑤′ = 𝑥𝑎1𝐴𝑡𝑥𝑎2𝐴𝑡+1…𝑥𝑎𝜏−𝑡+2𝐴𝜏+1𝐴1𝑥𝑎𝜏−𝑡+3𝐴2…𝑥𝑎𝜏𝐴𝑡−1.
Case 2: one of the 𝐴𝑠 blocks is split, that is, for 1 ≤ 𝑡 ≤ 𝜏 + 1 write
𝐴𝑡 = 𝐴𝑡1𝐴𝑡2 as a reduced product of prefix and suffix. Then

𝑤′ = 𝐴𝑡2𝑥
𝑎1𝐴𝑡+1𝑥𝑎2 …𝑥𝑎𝜏−𝑡+1𝐴𝜏+1𝐴1𝑥𝑎𝜏−𝑡+2𝐴2…𝑥𝑎𝜏𝐴𝑡1 .

(iii) Define a set 𝒟 to be all words in 𝒟 of the form in Definition 4.2, such
that words start and end with opposite factors, i.e. if 𝐴1 starts with an
𝑥-term (𝑦-term resp.), then𝐴𝜏+1must end with a 𝑦-term (𝑥-term resp.).
Note𝐴1 and𝐴𝜏+1may be empty, but they cannot both be empty - if this
were the case, we could cyclically permute the 𝑥−(2𝑘−𝑗) which cancels
and adds to the Garside element when concatenated with 𝑥𝑗.

Proposition 4.7. Let𝑤, 𝑣 ∈ 𝒟 be based on tuples𝑋𝜏1,𝜏2 and𝑋𝜎1,𝜎2 . Then𝑤 ∼ 𝑣 if
and only if𝑋𝜏1,𝜏2 = 𝑋𝜎1,𝜎2 , and𝑤 and 𝑣 are equal up to a split cyclic permutation.

Proof. The proof is similar to Proposition 4.5, and note by the discussion above
that if we consider a cyclic permutation of 𝑤, we need to take a split cyclic
permutation for 𝑣 ∈ 𝒟. Consider conjugating 𝑤 = 𝑥𝛼1𝑦𝛽1 …𝑦𝛽𝑛 by an element
𝑢 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐, where 𝑎𝑖 ∈ [−(2𝑘−1), 2𝑘 −1]∩ℤ≠0, 𝑏𝑗 ∈ ℤ≠0 (1 ≤ 𝑖 ≤
𝜏, 1 ≤ 𝑗 ≤ 𝜏), and 𝑐 ∈ ℤ≠0. We assume up to free cancellation that 𝑢−1𝑤𝑢 =𝐺
𝑦−𝑏𝜏 …𝑥−𝑎1𝑥𝛼1 …𝑦𝛽𝑛𝑥𝑎1 …𝑦𝑏𝜏 . Since 𝑤 ∈ 𝒟, we can assume 𝛼1 ∈ [−(2𝑘 − 𝑗 −
1), 𝑗]∩ℤ≠0. Also 𝑎1 ∈ [−(2𝑘−1), 2𝑘−1]∩ℤ≠0, and so−4𝑘+𝑗+2 ≤ 𝛼1−𝑎1 ≤
2𝑘 + 𝑗 − 1. Suppose 𝛼1 − 𝑎1 = 2𝑘 + 𝑐 where 𝑐 ∈ {0, … , 𝑗 − 1}. Then

𝑢−1𝑤𝑢 =𝐺 𝑦−𝑏𝜏 …𝑥𝑐𝑥2𝑘 …𝑦𝛽𝑛𝑥𝑎1 …𝑦𝑏𝜏

=𝐺 𝑦−𝑏𝜏 …𝑥𝑐 …𝑦𝛽𝑛𝑥𝛼1−2𝑘−𝑐 …𝑦𝑏𝜏∆
=𝐺 𝑦−𝑏𝜏 …𝑥𝑐 …𝑦𝛽𝑛𝑥𝛼1−𝑐 …𝑦𝑏𝜏 .

Up to cyclic reduction, in order for 𝑢−1𝑤𝑢 ∈ 𝒟, we then have to apply RR3,
which is equivalent to a split cyclic permutation of 𝑤. The proof for 𝛼1 − 𝑎1 ≤
−2𝑘 follows a symmetric proof. For all other values of 𝛼1 − 𝑎1, we have that
𝑢−1𝑤𝑢 is equal to𝑤 up to cyclic reduction. A symmetric argument holds when
𝑥 letters concatenate in 𝑤𝑢, which completes the proof. □

Corollary 4.8. Modulo cyclic permutations, the set𝒞 gives a set ofminimal length
conjugacy representatives. Modulo split cyclic permutations, the set𝒟 gives a set
of minimal length conjugacy representatives.

Proof. We have shown that the elements of 𝒞 are conjugacy geodesics, unique
up to cyclic permutation by Proposition 4.5. Similarly the elements of 𝒟 are
conjugacy geodesics, unique up to a split cyclic permutation by Proposition 4.7.
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It remains to show that any element in 𝐺(𝑚) is conjugate to an element repre-
sented by a word in 𝒞 or𝒟. This follows immediately since any geodesic of the
form in Proposition 4.1 can be cyclically permuted to an element of either 𝒞 or
𝒟, using the rewrite rules RR1 and RR3 if necessary. □

4.1.3. The even dihedral group 𝑮(𝟒): 𝒑 = 𝟐𝒌 = 𝟐. The classification of
geodesics follows similarly to Proposition 4.1, with some small differenceswhen
𝑘 = 1. This can be derived from [8, Section 3] and we collect the types in Table
2. Type (3) geodesics fromProposition 4.1 reduce to words of the form 𝑦𝛽 where
𝛽 ∈ ℤ≠0. Also, similar to Definition 4.2, any Type 2 geodesic can be written in
the form

𝑤 = 𝐴1𝑥𝐴2𝑥 …𝐴𝜏1𝑥𝐴𝜏1+1𝑥
−1𝐴𝜏1+2𝑥

−1…𝑥−1𝐴𝜏1+𝜏2+1,
where each𝐴𝑠 = 𝑦𝑡 (𝑡 ∈ ℤ≠0, 1 ≤ 𝑠 ≤ 𝜏1+𝜏2+1). Note that if 𝜏1 = 0 or 𝜏2 = 0,
then 𝑤 is in fact a Type 1 geodesic. This implies that the mutually exclusive
geodesic normal forms are:

(i) Type 1 geodesics, which are unique,
(ii) Type 2 geodesics such that 𝜏1, 𝜏2 ≥ 1, which are non-unique, and
(iii) Type 3 geodesics, which are unique.

As before, let𝒞 consist of Type 1 geodesicswhich start and endwith opposite let-
ters, andType 3 geodesics. Let𝒟 consist of Type 2 geodesics such that 𝜏1, 𝜏2 ≥ 1,
which start and end with opposite letters. Analogous results to Proposition 4.5
and Proposition 4.7 follow using the same proof method.

Example 4.9. We consider examples of minimal length conjugacy representa-
tives for the group𝐺(4) ≅ BS(2, 2). First consider theword 𝑢1 = 𝑥𝑦5𝑥𝑦−3𝑥𝑦2∆2
∈ 𝒞, which is of Type (1). Here 𝑢1 is conjugate to the word 𝑣1 = 𝑦−3𝑥𝑦2𝑥𝑦5𝑥∆2
∈ 𝒞, which is a cyclic permutation of 𝑢1 (up to the Garside element), by the
following relations:

𝑤−1𝑢1𝑤 =
(
𝑥𝑦5𝑥

)−1 ⋅ 𝑥𝑦5𝑥𝑦−3𝑥𝑦2∆2 ⋅ 𝑥𝑦5𝑥 =𝐺 𝑦−3𝑥𝑦2𝑥𝑦5𝑥∆2 = 𝑣1.

Now consider the word 𝑢2 = 𝑦𝑥𝑦−2𝑥𝑦11𝑥−1 ∈ 𝒟, which is of Type (2). Here 𝑢2
is conjugate to 𝑣2 = 𝑦−2𝑥𝑦11𝑥𝑦𝑥−1 ∈ 𝒟, which is a split cyclic permutation of
𝑢2, by the following relations:

𝑤−1𝑢2𝑤 = (𝑦𝑥)−1 ⋅ 𝑦𝑥𝑦−2𝑥𝑦11𝑥−1 ⋅ (𝑦𝑥)
=𝐺 𝑦−2𝑥𝑦11𝑥−1𝑦𝑥
=𝐺 𝑦−2𝑥𝑦11𝑥𝑦𝑥−1 = 𝑣2.

4.2. The even dihedral group 𝑮(𝟒𝒌 + 𝟐): Case 𝒑 = 𝟐𝒌 + 𝟏. From [8], the
geodesic normal form is almost identical to the 𝑝 = 2𝑘 case, with some mi-
nor changes in the parameters. The same proofs will follow through from Sec-
tion 4.1, and so we give a summary of the key results only (see also Table 4).
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Proposition 4.10. Every element in 𝐺(4𝑘 + 2) has a geodesic representative of
one of:

Type 1. (𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1 where 𝑐, 𝑛 ≥ 1, 𝜇1 ∈ [0, 2𝑘] ∩ ℤ, 𝜇𝑖 ∈ [1, 2𝑘] ∩ ℤ
(2 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ∈ ℤ (1 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

Type 2. [(𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦𝜖𝑛𝑗𝑗 )𝑥𝑗(𝑦𝛿1𝑗𝑥𝛾1𝑗 …𝑥𝛾𝑚𝑗𝑗 )]±1 for some 𝑘 + 1 ≤ 𝑗 ≤ 2𝑘, where
𝑛𝑗, 𝑚𝑗 ≥ 0, 𝜖𝑠𝑗, 𝛿𝑡𝑗 ∈ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗). Three separate cases
for different values of 𝑗:
(a) If 𝑗 = 𝑘+1, 𝜇𝑠(𝑘+1) ∈ [−(𝑘−1), 𝑘+1]∩ℤ≠0, 𝛾𝑡(𝑘+1) ∈ [−𝑘, 𝑘]∩ℤ≠0

(1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
(b) If 𝑗 = 2𝑘, 𝜇𝑠(2𝑘) ∈ [1, 2𝑘] ∩ ℤ, 𝛾𝑡(2𝑘) ∈ [−1, 2𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑠 ≤

𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
(c) If 𝑘 < 𝑗 < 2𝑘, 𝜇𝑠𝑗 ∈ [−(2𝑘 − 𝑗), 𝑗] ∩ ℤ≠0, 𝛾𝑡𝑗 ∈ [−(2𝑘 − 𝑗 + 1), 𝑗 −

1] ∩ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛𝑗, 1 ≤ 𝑡 ≤ 𝑚𝑗).
In all cases, 𝑥𝜇1𝑗 , 𝑥𝛾𝑚𝑗𝑗 may also equal 0.

Type 3. 𝑥𝛼𝑦𝜖1𝑥𝜈1 …𝑥𝜈𝑛 where 𝑛 ≥ 0, 𝜖𝑖 ∈ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛), 𝛼, 𝜈𝑛 ∈ [−𝑘, 𝑘] ∩ ℤ,
𝜈𝑖 ∈ [−𝑘, 𝑘] ∩ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

Moreover, Types 1,2 and 3 are mutually exclusive.

Definition 4.11. Let 𝜏 = 𝜏1 + 𝜏2. Any Type 2 geodesic from Proposition 4.10
can be written in the form 𝑤 as follows, for all 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1.

𝑤 = 𝐴1𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗+1)𝐴𝜏1+2𝑥
−(2𝑘−𝑗+1)…𝑥−(2𝑘−𝑗+1)𝐴𝜏1+𝜏2+1, (7)

where 𝐴𝑠 (1 ≤ 𝑠 ≤ 𝜏 + 1) are reduced words over 𝑥, 𝑦, with any maximal
subword of the form 𝑥𝛼 in 𝐴𝑠 satisfying 𝛼 ∈ [−(2𝑘 − 𝑗), 𝑗 − 1] ∩ ℤ≠0. Here
𝜏1 ≥ 1, 𝜏2 ≥ 2, 𝐴1 (𝐴𝜏+1 resp.) is either empty or ends (starts) with 𝑦𝛽 for some
𝛽 ∈ ℤ≠0, and 𝐴𝑠 blocks start and end with 𝑦𝛽 for some 𝛽 ∈ ℤ≠0 (2 ≤ 𝑠 ≤ 𝜏).
In this form, we split Type 2 geodesics into two disjoint sets, denoted Type

2𝑎 ⊔ Type 2𝑏, where Type 2𝑎 is the set of all Type 2 geodesics where 𝜏2 = 0, i.e.
of the form

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1,

and Type 2𝑏 is the set of Type 2 geodesics with 𝜏2 ≥ 1, i.e. of the form

𝑤 =𝐺 𝐴1𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1𝑥

−(2𝑘−𝑗+1)𝐴𝜏1+2𝑥
−(2𝑘−𝑗+1)…𝑥−(2𝑘−𝑗+1)𝐴𝜏1+𝜏2+1.

Let 𝒞1 be the set of all Type 1 geodesics, 𝒞2 be the set of all Type 2𝑎 geodesics,
and 𝒞3 be the set of all Type 3 geodesics, and define 𝒞,𝒟 as

𝒞 ∶= 𝒞1 ⊔ 𝒞2 ⊔ 𝒞3

while𝒟 is the set of all remaining geodesics, i.e. all Type 2𝑏 geodesics.

Proposition 4.12. The set 𝒞 consists of unique geodesics, and 𝒟 of non-unique
geodesics.
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Define the following subset of 𝒞:

𝒞 =
⎧

⎨
⎩

𝑤 = (𝑥𝜇1𝑗𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1 𝑤 ∈ 𝒞1, 𝜇1𝑗 = 0 ⇔ 𝜖𝑛 = 0,
𝑤 = 𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦𝜖𝑛𝑗𝑗 𝑤 ∈ 𝒞2, 𝜇1𝑗 = 0 ⇔ 𝜖𝑛𝑗𝑗 = 0,
𝑤 = 𝑥𝜇1𝑦𝜖1 …𝑦𝜖𝑛 𝑤 ∈ 𝒞3, 𝜇1 = 0 ⇔ 𝜖𝑛 = 0.

Define 𝒟 to be all words in 𝒟 of the form in Definition 4.11, such that words
start and end with opposite factors.

Corollary 4.13. Modulo cyclic permutations, the set 𝒞 gives a set of minimal
length conjugacy representatives. Modulo split cyclic permutations, the set𝒟 gives
a set of minimal length conjugacy representatives.

5. Conjugacy growth
In this section we show that the conjugacy growth series of dihedral Artin

groups is transcendental with respect to the free product generating set 𝑋 =
{𝑥, 𝑦}. This follows from determining the asymptotics of conjugacy growth 𝑐(𝑛)
using the conjugacy geodesic representatives found in Section 3 and 4, which
are collected in Tables 1–4. The general strategy for computing the asymptotics
for 𝑐(𝑛) is to use the fact that finding conjugacy class representatives amounts,
in most cases (but not all!), to picking words up to cyclic permutations.

Definition 5.1. A sequence 𝑎𝑛, 𝑛 ≥ 1, has asymptotics 𝑓(𝑛), denoted as 𝑎𝑛 ∼
𝑓(𝑛), if there exist two constants 𝑐1, 𝑐2 such that 𝑐1𝑓(𝑛) ≤ 𝑎𝑛 ≤ 𝑐2𝑓(𝑛) for all
𝑛 ≥ 1.

Example 5.2. In 𝐺(3) the six words

𝑥𝑦𝑥𝑦𝑥𝑦−1, 𝑦𝑥𝑦𝑥𝑦−1𝑥, 𝑥𝑦𝑥𝑦−1𝑥𝑦, … , 𝑦−1𝑥𝑦𝑥𝑦𝑥

are all the conjugacy geodesics in [𝑥𝑦𝑥𝑦𝑥𝑦−1] by Prop. 3.10, are of Type (30+𝑈),
and are cyclic permutations of each other (see also Example 3.17). It suffices to
pick one of these 6 words as representative for the conjugacy class [𝑥𝑦𝑥𝑦𝑥𝑦−1]
and call this a ‘standard’ case.

In the ‘standard’ cases, when the geodesics are unique and conjugacy is es-
sentially cyclic permutation of letters, there are ∼ 𝑐 𝛼

𝑛

𝑛
representatives of length

𝑛, up to cyclic permutations, where 𝛼𝑛 is the asymptotics for the number of
words of length 𝑛 in a set like (8), and 𝑐 is a constant. It will be occasionally
convenient to take representatives up to cyclic permutation of ‘syllables’ 𝑥𝜎𝑦𝛿
instead of single letters, with similar arguments but different constants.
However, for several ‘non-standard’ types of conjugacy geodesics, cyclic per-

mutation representatives do not capture conjugacy correctly, and split cyclic
permutation representatives must be considered (recall Corollaries 4.8, 4.13).
This makes the computations significantly harder.
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Example 5.3. In 𝐺(3), taking all the words of length 𝑛 in a set of the form (8)
and dividing by 𝑛will not give the correct number of conjugacy classes for each
type. Take the word 𝑢2 = 𝑥−1𝑦𝑥−1𝑦−1𝑥𝑦 of Type (30∗); 𝑢2 is not a unique geo-
desic because𝑥−1𝑦−1𝑥 =𝐺 𝑥𝑦−1𝑥−1. So for example𝑢′2 = 𝑥−1𝑦𝑥𝑦−1𝑥−1𝑦 =𝐺 𝑢2
is also a geodesic, and conjugacy geodesic as well.
We could consider the 6 cyclic permutations of 𝑢2 and pick out one repre-

sentative, but this would be in the same conjugacy class as 𝑢′2, which is not a
cyclic permutation of 𝑢2. This is whywe restrict to countingwords of Type (30∗)
only: we order all 𝑥 and 𝑥−1 to have the negative powers first, so (𝑥−1, 𝑥−1, 𝑥),
and take representatives of the 𝑦 terms (𝑦, 𝑦−1, 𝑦), up to cyclic permutations of
the latter. This leads to split cyclic permutations of 𝑢2 such as 𝑥−1𝑦𝑥−1𝑦−1𝑥𝑦,
𝑥−1𝑦𝑥−1𝑦𝑥𝑦−1, … , which preserve the order (𝑥−1, 𝑥−1, 𝑥), are all of Type (30∗),
and in the same conjugacy class. See also Example 3.12 and Definition 3.11.

In all instances finding conjugacy growth relies on first finding the standard
growth of sets of words with a given structure, as follows. Let 𝑥, 𝑦 be two fixed
letters, and let Σ and Λ be two (finite or infinite) subsets of ℤ≠0. Finding the
number of elements of length 𝑛, the growth series, and the growth rate for a set
𝒜Σ,Λ as in (8), follows standard techniques (see [11, Thm. I.1, p.27] or [8]). Note
that computing growth asymptotics of alternating products of 𝑥 and 𝑦 does not
depend on the nature of prefixes and suffixes, as explained below. Define

𝒜Σ,Λ ∶= {𝑥𝜎1𝑦𝛿1𝑥𝜎2𝑦𝛿2 ⋯𝑥𝜎𝑟𝑦𝛿𝑟 ∣ 1 ≤ 𝑖 ≤ 𝑟, 𝜎𝑖 ∈ Σ, 𝛿𝑖 ∈ Λ}, (8)

and let 𝒜≣
Σ,Λ ⊃ 𝒜Σ,Λ be the set containing 𝒜Σ,Λ, where the words are allowed

to start and end with any letters, that is, are not required to start with 𝑥𝜎 and
end with 𝑦𝛿: 𝒜≣

Σ,Λ ∶= {𝑦𝜎0𝑥𝜎1𝑦𝛿1𝑥𝜎2 ⋯𝑦𝛿𝑟𝑥𝜎𝑟+1 ∣ 1 ≤ 𝑖 ≤ 𝑟, 𝜎𝑖 ∈ Σ, 𝛿𝑖 ∈
Λ, 𝜎0 ∈ Λ ∪ {0}, 𝜎𝑟+1 ∈ Σ ∪ {0}}.When the sets Σ and Λ are given explicitly it is
often possible to find the growth rate of the set 𝒜Σ,Λ, following [8, Lemma 2],
and compare this to the growth of 𝒜≣

Σ,Λ.

Proposition 5.4. (see [8, Lemma 2]) Let Σ(𝑧) be the growth series of the set {𝑥𝜎 ∣
𝜎 ∈ Σ} and Λ(𝑧) be the growth series of the set {𝑦𝛿 ∣ 𝛿 ∈ Λ}. The growth series
of the set 𝒜Σ,Λ and the growth series of 𝒜≣

Σ,Λ have the same denominator 1 −
Σ(𝑧)Λ(𝑧), and the growth rates of the two sets are the same.

5.1. Conjugacy growth in odd dihedral Artin groups. Recall that for odd
𝑚 ≥ 3we have𝐺(𝑚) = ⟨𝑥, 𝑦 ∣ 𝑥2 = 𝑦𝑚⟩, and let 𝑘 = 𝑚−1

2
.Any element in𝐺(𝑚)

can be represented by a geodesic word𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑦𝑏𝜏∆𝑐 with ∆ = 𝑥2, and we
classify these geodesics into several types, as in Table 1. We first compute the
asymptotics for the numbers of conjugacy classes with unique geodesic repre-
sentatives, so of Types (1), (2), (3+), (3−), or (3+ ∩ 3−). These exhibit ‘standard’
behaviour (as in Example 5.2), in that picking out cyclic permutation represen-
tatives is sufficient.
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Reference Type Conditions on 𝑤 = 𝑥𝑎1𝑦𝑏1 …𝑥𝑎𝜏𝑦𝑏𝜏∆𝑐, where 𝜏 ∈ ℤ>0 Unique/Non-unique

Proposition 3.1

(1)
𝑐 > 0,

0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−(𝑘 − 1) ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

Unique(2)
𝑐 < 0,

−1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 − 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(3+)
𝑐 = 0,

0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−(𝑘 − 1) ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(3−)
𝑐 = 0,

−1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 − 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1).

(3+ ∩ 3−) 𝑤 = 𝑦𝑏 where −(𝑘 − 1) ≤ 𝑏 ≤ 𝑘 − 1.

Proposition 3.2

(Definition 3.5)
(30+𝑈)

𝑐 = 0

0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

There exists at least one 𝑦−𝑘 term.

Proposition 3.2

(Definition 3.6)
(30−𝑈)

𝑐 = 0

−1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

There exist at least one 𝑦𝑘 term.

Proposition 3.2

(Definition 3.5)
(30+𝑁)

𝑐 = 0

0 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 + 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

There exist both 𝑦−𝑘 and 𝑦𝑘+1 terms.
Non-unique

Proposition 3.2

(Definition 3.6)
(30−𝑁)

𝑐 = 0

−1 ≤ 𝑎𝑖 ≤ 0 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−(𝑘 + 1) ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

There exist both 𝑦𝑘 and 𝑦−(𝑘+1) terms.

Proposition 3.2

(Definition 3.7)
(30∗)

𝑐 = 0

−1 ≤ 𝑎𝑖 ≤ 1 (1 ≤ 𝑖 ≤ 𝜏), 𝑎𝑖 ≠ 0 (2 ≤ 𝑖 ≤ 𝜏),

−𝑘 ≤ 𝑏𝑖 ≤ 𝑘 (1 ≤ 𝑖 ≤ 𝜏), 𝑏𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝜏 − 1),

There exist both 𝑥, 𝑥−1 terms.

Table 1. Geodesics in odd dihedral Artin groups

Proposition 5.5. The number of all conjugacy classes of length 𝑛 ≥ 1with repre-
sentatives of Types (1), (2), (3+), (3−), or (3+∩3−) has asymptotics∼ 𝜌−𝑛

𝑛
, where 𝜌

is the real root ofminimal absolute value of𝑝(𝑧) = 1−2𝑧2−⋯−2𝑧𝑘−𝑧𝑘+1−𝑧𝑘+2.

Proof. There are only finitely many conjugacy classes with representatives of
Type (3+ ∩ 3−) (see Table 1), so these will not play any role when computing
the conjugacy growth rates, or when establishing the complexity of the group
conjugacy series.
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We first consider Type (3+). Define the set 𝒜(3+) ∶= {𝑥𝑦𝑏1𝑥𝑦𝑏1 ⋯𝑥𝑦𝑏𝑟 ∣ 1 ≤
𝑖 ≤ 𝑟, −𝑘+1 ≤ 𝑏𝑖 ≤ 𝑘+1, 𝑏𝑖 ≠ 0} consisting of words of Type (3+); these belong
to 𝒜 (recall Definition 3.9). Let 𝒮(3+) ∶= {𝑥𝑦𝑏𝑖 ∣ −𝑘 + 1 ≤ 𝑏𝑖 ≤ 𝑘 + 1, 𝑏𝑖 ≠ 0}
be the set of ‘syllables’ that make up the words in 𝒜(3+). Then 𝒜(3+) = 𝒮+(3+)
(the free semigroup on 𝒮(3+)), so the generating function for𝒜(3+) is𝒜(3+)(𝑧) =

1
1−𝒮(3+)(𝑧)

(see [11, Thm. I.1, p.27]), where

𝒮(3+)(𝑧) = 2𝑧2 +⋯+ 2𝑧𝑘 + 𝑧𝑘+1 + 𝑧𝑘+2 (9)

is the generating function of 𝒮(3+), so

𝒜(3+)(𝑧) =
1

1 − 2𝑧2 −⋯− 2𝑧𝑘 − 𝑧𝑘+1 − 𝑧𝑘+2
. (10)

Its denominator, that is, the polynomial 𝑝(𝑧) = 1−2𝑧2−⋯−2𝑧𝑘−𝑧𝑘+1−𝑧𝑘+2,
satisfies 𝑝(0) = 1 and 𝑝 ( 1

√
2
) < 0, so it has a root 𝜌 ∈ (0, 1

√
2
). Moreover,

𝑝′(𝛼) < 0 for 0 < 𝛼 < 1
√
2
, so 𝜌 is a simple root. Also, 𝑝(𝑧) = (1−2𝑧2)+(−2𝑧3−

2𝑧4) + ⋯ + (−𝑧𝑘 − 𝑧𝑘+1) + (−𝑧𝑘 − 𝑧𝑘+2) if 𝑘 is odd, and 𝑝(𝑧) = (1 − 2𝑧2) +
(−2𝑧3 − 2𝑧4) + ⋯ + (−𝑧𝑘+1 − 𝑧𝑘+2) if 𝑘 is even, and since each parenthesis is
> 0, 𝑝 has no root in (− 1

√
2
, 0]. Thus the growth rate of the set 𝒜(3+) is

1
𝜌
>
√
2,

which implies (see [11, Section IV.5]) that the number of words of length 𝑛 in
𝒜(3+) is asymptotically 𝑐(𝑘)𝜌−𝑛, where 𝑐(𝑘) is a constant depending on 𝑘 (and
therefore on𝑚).
In order to find the growth of the conjugacy classes of Type (3+), we count

thewords in𝒜(3+) up to the cyclic permutation of the syllables in 𝒮(3+). For each
word in 𝒜(3+) with 𝑟 syllables there are 𝑟 possible distinct cyclic permutations
unless that word is a non-trivial power. Given that the number of powers is neg-
ligible compared to the total number of words (to see this, suppose that an al-
phabet𝑋 consists of 𝑥 > 1 letters; while the number of words of length 𝑛 over𝑋
is 𝑥𝑛, the number of proper powers of length𝑛 is∑𝑑|𝑛,𝑑≠𝑛 𝑥

𝑑 < ∑𝑛∕2
𝑖=1 𝑥

𝑖 < 𝑥
𝑛
2
+1,

and 𝑥
𝑛
2 +1

𝑥𝑛
→ 0 as 𝑛 → ∞), for fixed 𝑛 and 𝑟 the number of cyclic representatives

of words in𝒜(3+) is ∼ 𝑐(𝑘)𝜌
−𝑛

𝑟
. In a word of length 𝑛 and 𝑟 ‘syllables’ 𝑥𝑦𝑏𝑖 , since

each syllables has length at least 2 and at most 𝑘 + 2, we get 𝑛
𝑘+2

≤ 𝑟 ≤ 𝑛
2
, and

so the number 𝑎𝑛 of cyclic representatives satisfies

𝑐(𝑘)𝜌
−𝑛

𝑛 ≤ 𝑎𝑛 ≤ 𝑐(𝑘)(𝑘 + 2)𝜌−𝑛
𝑛 . (11)

The counting for Type (3−) is exactly the same as there is a length-preserving bi-
jection between the sets (3+) and (3−). Furthermore, there is a length-preserving
bijection between Types (1) and (2), so it suffices to consider Type (1). For Type
(1), we count words of a given length in the direct (or cartesian) product of the
sets 𝒜(3+) and {∆𝑐 = 𝑥2𝑐 ∣ 𝑐 ≥ 1}; the growth series of the latter is 𝑧2

1−𝑧2
, and
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thus the growth series of geodesics of Type (1) is 𝒜(3+)(𝑧)
𝑧2

1−𝑧2
(see [11, Thm.

I.1, p.27]), with the same minimal value real root of the denominator as that of
𝒜(3+)(𝑧), and therefore the same asymptotics as 𝒜(3+). The cyclic representa-
tives are counted as for 𝒜(3+)(𝑧).
Thus the conjugacy classes of length 𝑛 ≥ 1 of each of the Types (1), (2), (3+)

and (3−) have asymptotics ∼ 𝜌−𝑛

𝑛
, and their union will therefore have the same

asymptotics. □

We still need to consider several kinds of conjugacy classes, those with repre-
sentatives of Types (30+𝑈), (30+𝑁), (30−𝑈), (30−𝑁) and (30∗). It will be conve-
nient to consider unique and non-unique geodesic representatives together in
the context of Type (30+), which are all thewords of Types (30+𝑈) or (30+𝑁) (see
Proposition 3.2) (similarly, Type (30−) geodesics are the words of Types (30−𝑈)
or (30−𝑁)) and we proceed with Types (30+) and (30−).

Proposition 5.6. The number of all conjugacy classes of length 𝑛 ≥ 1 with rep-
resentatives of Types (30+) and (30−) has asymptotics ∼ 𝜇−𝑛

𝑛
, where 𝜇 is the real

root of minimal absolute value of 𝑞(𝑧) = 1 − 2𝑧2 −⋯− 2𝑧𝑘+1.

Proof. Words in (30+) have the form 𝑥𝑦𝑏1 …𝑥𝑦𝑏𝑟 with −𝑘 ≤ 𝑏𝑖 ≤ 𝑘 + 1 for
1 ≤ 𝑖 ≤ 𝑟, where all the 𝑦−𝑘 terms must appear before the 𝑦𝑘+1 terms. That is,
as in Definition 3.11, a word 𝑤 ∈ (30+) will have the form

𝑤 = 𝐴1𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

𝑘+1𝐴𝜏1+2𝑦
𝑘+1…𝑦𝑘+1𝐴𝜏1+𝜏2+1,

where 𝜏2 ≥ 0; the 𝐴𝑖 are words on {𝑥, 𝑦𝑗 ∣ −(𝑘 − 1) ≤ 𝑗 ≤ 𝑘}, starting and
ending with 𝑥. Using the relation 𝑦𝑘+1 =𝐺 𝑦−𝑘∆ =𝐺 𝑦−𝑘𝑥2 and the fact that 𝑥2
is central, we can replace all occurrences of 𝑦𝑘+1 in 𝑤 by 𝑦−𝑘s to get

𝑤 =𝐺 𝑤′ =
(
𝐴1𝑦−𝑘 …𝐴𝜏1𝑦

−𝑘𝐴𝜏1+1𝑦
−𝑘𝐴𝜏1+2𝑦

−𝑘 …𝑦−𝑘𝐴𝜏1+𝜏2+1
)

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
𝑢

𝑥2𝜏2 , (12)

and write 𝑤′ = 𝑢𝑥2𝜏2 , where 𝑢 is the word inside the parentheses; note that

|𝑤| = |𝑤′| − 𝜏2 = |𝑢| + 𝜏2.

By Proposition 3.15 (see also Definition 3.11) finding conjugacy representatives
for Type (30+) is equivalent to picking representatives, up to cyclic permuta-
tions, for the tuples (𝐴1, … , 𝐴𝜏1+𝜏2+1), where splitting some 𝐴𝑖 into two sub-
words is allowed (see Definition 3.11 (ii) Case 2). Counting words 𝑤 of length
𝑛 and Type (30+), up to the cyclic permutations of the 𝐴𝑖 blocks, is difficult,
since 𝑦−𝑘 and 𝑦𝑘+1 have different lengths and number of occurrences.
We will instead consider the word 𝑢 associated to each 𝑤 of Type (30+), as

in (12). Since |𝑢| = |𝑤| − 𝜏2, this is not a length-preserving correspondence,
however 𝑢 and 𝑤 have the same 𝐴𝑖-tuple structure and for every 𝑢 of length
≤ 𝑛, there is a unique 𝑤 of length 𝑛 corresponding to 𝑢. Then counting words
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of length 𝑛 and Type (30+), up to cyclic permutation, is equivalent to counting
words, up to cyclic permutation, with structure

𝐴1𝑦−𝑘 …𝐴𝜏1𝑦
−𝑘𝐴𝜏1+1𝑦

−𝑘𝐴𝜏1+2𝑦
−𝑘 …𝑦−𝑘𝐴𝜏1+𝜏2+1 (13)

of length 𝑛 − 𝜏2, for 0 ≤ 𝜏2 ≤ 𝑛
𝑘+1

. Words as in (13) can be collected (after
a cyclic permutation) to form the set 𝒜(30+) = {𝑥𝑦𝑏1𝑥𝑦𝑏1 ⋯𝑥𝑦𝑏𝑟 ∣ 1 ≤ 𝑖 ≤
𝑟, −𝑘 ≤ 𝑏𝑖 ≤ 𝑘, 𝑏𝑖 ≠ 0}. This set can be treated as in the proof of Proposition
5.5: start with the set {𝑥𝑦𝑏𝑖 ∣ −𝑘 ≤ 𝑏𝑖 ≤ 𝑘, 𝑏𝑖 ≠ 0}, with generating function
2𝑧2 +⋯+ 2𝑧𝑘 + 2𝑧𝑘+1 to obtain

𝒜(30+)(𝑧) =
1

1 − 2𝑧2 −⋯− 2𝑧𝑘+1
= 1
𝑞(𝑧)

(14)

as the generating function for the set𝒜(30+). The denominator satisfies 𝑞(0) = 1
and 𝑞 ( 1

√
2
) < 0, so it has a root 𝜇 ∈ (0, 1

√
2
). Moreover, 𝑞′(𝛼) < 0 for 0 < 𝛼, so

𝜇 is a simple root. Also, 𝑞(𝑧) = (1−2𝑧2)+(−2𝑧3−2𝑧4)+⋯+(−2𝑧𝑘−2𝑧𝑘+1) if 𝑘
is odd, and 𝑞(𝑧) = (1−2𝑧2)+(−2𝑧3−2𝑧4)+⋯+(−2𝑧𝑘+1) if 𝑘 is even, and since
each parenthesis is positive, 𝑞 has no root in (− 1

√
2
, 0]. Thus the denominator

𝑞(𝑧) gives asymptotics of 𝜇
−𝑛

𝑛
for the representatives, up to cyclic permutation,

of words of length 𝑛 in 𝒜(30+).
However, words of Type (30+) of length 𝑛 correspond to words of a range of

lengths in 𝒜(30+) (as explained before, we consider the 𝑢 counterpart for each
𝑤), so ‘spherical’ growth for Type (30+) is equivalent to ‘cumulative’ or ‘ball’
growth for words of Type (13); the asymptotics for conjugacy representatives in
(30+) is

𝑛
𝑘+1∑

𝑖=0

𝜇−(𝑛−𝑖)
𝑛 − 𝑖 ∼ 𝜇−𝑛

𝑛 , (15)

where the ∼ holds by [7, Lemma 3.2], which proves the proposition. □

We finally consider the last type of conjugacy classes for 𝐺(2𝑘 + 1), that is,
the ones with representatives of Type (30∗); here conjugacy behaviour is ‘non-
standard’, as in Example 5.3. As in Proposition 5.6 and its proof, 𝜇 is the real
root ofminimal absolute value of 𝑞(𝑧) = 1−2𝑧2−⋯−2𝑧𝑘+1 and𝒜(30+)(𝑧) =

1
𝑞(𝑧)

.

Proposition 5.7. The growth series for the conjugacy classes with representatives
of Type (30∗) is given by𝒜(30+)(𝑧) +𝑁(𝑧), where𝒜(30+)(𝑧) is a rational series with
coefficients having asymptotics∼ 𝜇−𝑛, and𝑁(𝑧) is a series with coefficients having
growth rate < 𝜇−1.
Proof. Recall that words of Type (30∗) have the form
𝑥−1𝑦𝑏1𝑥−1…𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1𝑥 …𝑥𝑦𝑏𝜏1+𝜏2 and that counting conjugacy classes of Type
(30∗) is equivalent to picking representatives, up to cyclic permutations, for the
tuples (𝑦𝑏1 , … , 𝑦𝑏𝜏1 , 𝑦𝑏𝜏1+1 , … , 𝑦𝑏𝜏1+𝜏2 ) while keeping the 𝑋-structure fixed (see
Definition 3.7 and Proposition 3.15).
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Denote by 𝐿(30∗) the words of Type (30∗), and recall the set 𝒜(30+) from the
previous proof:

𝒜(30+) = {𝑥𝑦𝑏1 ⋯𝑥𝑦𝑏𝑟 ∣ −𝑘 ≤ 𝑏𝑖 ≤ 𝑘, 𝑏𝑖 ≠ 0, 1 ≤ 𝑖 ≤ 𝑟}.

Let 𝜙 ∶ 𝐿(30∗) → 𝒜(30+) be the map extending 𝜙(𝑥) = 𝜙(𝑥−1) = 𝑥, 𝜙(𝑦) = 𝑦,
and associate to everyword𝑤 = 𝑥−1𝑦𝑏1𝑥−1…𝑦𝑏𝜏1𝑥𝑦𝑏𝜏1+1 …𝑥𝑦𝑏𝜏1+𝜏2 of Type (30∗)
the word 𝑢 = 𝜙(𝑤), so 𝑢 = 𝑥𝑦𝑏1 …𝑥𝑦𝑏𝑟 , where 𝑟 = 𝜏1 + 𝜏2. Since the length of
a syllable 𝑥𝑦𝑏𝑖 is ≥ 2, we have 1 ≤ 𝑟 ≤ |𝑢|

2
. Then |𝑤| = |𝑢|, 𝑢 and 𝑤 have the

same 𝑦𝑏𝑖 -tuple structure, and the number of preimages of 𝑢 in 𝐿(30∗) satisfies
#{𝜙−1(𝑢)} = 𝑟; that is, there are 𝑟 different 𝑤’s which project to the same 𝑢. So
we count representatives in 𝒜(30+) up to cyclic permutation, and then multiply
the number of such representatives (of length 𝑛) by the appropriate number of
preimages in 𝐿(30∗) to get the result about conjugacy classes of Type (30∗).
Suppose there are 𝑙𝑛 words of length 𝑛, and 𝑙𝑛,𝑟 words of length 𝑛 and 𝑟 syl-

lables (1 ≤ 𝑟 ≤ 𝑛∕2) in 𝒜(30+), respectively. The number of representatives of
length 𝑛, up to the cyclic permutation of the syllables, in 𝒜(30+) is ≥

∑𝑛∕2
𝑟=1

𝑙𝑛,𝑟
𝑟

(∗); moreover, since each representative with 𝑟 syllables has 𝑟 different preim-
ages (under 𝜙) of Type (30∗), the number of conjugacy representatives of length
𝑛 and Type 30∗ is≥ ∑𝑛∕2

𝑟=1
𝑙𝑛,𝑟
𝑟
𝑟 = ∑𝑛∕2

𝑟=1 𝑙𝑛,𝑟 = 𝑙𝑛. The sum (∗) is a lower bound for
the number of cyclic representatives in 𝒜(30+) because non-trivial powers have
fewer distinct cyclic permutations than non-powers, and the division should
be done by a proper divisor of 𝑟, and not 𝑟 itself to get the correct number of
representatives.
The number 𝑐30∗(𝑛) of conjugacy classes of length 𝑛 and Type (30∗) is thus

equal to 𝑙𝑛, plus 𝑒𝑛, which is (a fraction of) the number of the non-trivial powers
in𝒜(30+). Thus the conjugacy growth series for Type (30∗) is the sum of the gen-
erating function for 𝑙𝑛 and the generating function for 𝑒𝑛. The first is𝒜(30+)(𝑧),
and the second is the growth series of a set which is negligible in𝒜(30+): that is,
the growth rate of 𝑒𝑛 is strictly smaller than that of𝒜(30+), which by Proposition
5.6 is 𝜇−1. The result follows. □

Theorem 5.8. The conjugacy growth series of an odd dihedral Artin group
𝐺(2𝑘+1) is transcendental with respect to the free product generating set {𝑥, 𝑦}.

Proof. We now sum up and compare the asymptotics for all conjugacy classes.
Let 𝜌 and 𝜇 be as in Propositions 5.5 and 5.6. Since 𝜌 and 𝜇 are roots of 𝑝(𝑧) and
𝑞(𝑧), respectively, 0 = 1− 2𝜇2

(
1 +⋯+ 𝜇𝑘−1

)
= 1− 2𝜌2−⋯−

(
𝜌𝑘+1 + 𝜌𝑘+2

)
,

and 𝜌𝑘+2 < 𝜌𝑘+1 since 𝜌 < 1, so
1 − 2𝜇2

(
1 +⋯+ 𝜇𝑘−1

)
> 1 − 2𝜌2

(
1 +⋯+ 𝜌𝑘−1

)
.

This implies that 𝜇 < 𝜌, and so 𝜇−1 > 𝜌−1. By Proposition 5.5, the conjugacy
asymptotics for Types (1), (2), (3+), (3−), or (3+∩3−), which is∼ 𝜌−𝑛

𝑛
, is therefore

dominated by that of Types (30+) and (30−), which is ∼ 𝜇−𝑛

𝑛
.
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By Proposition 5.7, the growth series of Type (30∗) splits into a rational power
series, which will not influence the global conjugacy series complexity, and the
series of a set whose growth is again dominated by Types (30+) and (30−).
Finally, by [10, Thm. D] the generating function for any sequencewith asymp-

totics of the form (11), in our case 𝜇−𝑛

𝑛
(up to multiplicative constants), is tran-

scendental. □

Remark 5.9. Wenote that by [8] the growth rate of𝐺(2𝑘+1) is 1
𝜇
, and a careful

analysis of the results in this section shows that the conjugacy growth rate is 1
𝜇

as well, since 𝑐(𝑛) ∼ 𝜇−𝑛.

5.2. Conjugacy growth for even dihedral Artin groups. Wenow study the
𝐺(2𝑝) = BS(𝑝, 𝑝) groups, and treat 𝑝 = 2, 𝑝 > 2 even, and 𝑝 odd separately.

5.2.1. Conjugacy growth for 𝑮(𝟒) = 𝐁𝐒(𝟐, 𝟐). We now consider the conju-
gacy growth of the 𝐺(4) = BS(2, 2) group, and use Table 2.

Reference Type Form and conditions Unique/Non-unique

Section 4.1.3

(1)

𝑤 = (𝑥𝜇1𝑦𝛽1 …𝑥𝜇𝑟𝑦𝛽𝑟∆𝑐)±1

𝑐 ≥ 0, 𝑟 ≥ 1,

𝜇1 ∈ {0, 1}, 𝜇𝑖 = 1 (2 ≤ 𝑖 ≤ 𝑟),

𝛽𝑖 ∈ ℤ (1 ≤ 𝑖 ≤ 𝑟), 𝛽𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝑟 − 1).

Unique

(2)
𝑤 = 𝑦𝛽1𝑥𝑦𝛽2𝑥 …𝑦𝛽𝜏1𝑥𝑦𝛽𝜏1+1𝑥−1𝑦𝛽𝜏1+2𝑥−1…𝑥−1𝑦𝛽𝜏1+𝜏2+1 ,

𝛽𝑖 ∈ ℤ≠0, 𝜏1, 𝜏2 ≥ 1
Non-unique

(3) 𝑤 = 𝑦𝛽 , 𝛽 ∈ ℤ≠0 Unique

Table 2. Subcase of even dihedral Artin groups: BS(2, 2) =
⟨𝑥, 𝑦 ∣ 𝑦−1𝑥2𝑦 = 𝑥2⟩. (𝑝 = 2)

Theorem 5.10. The conjugacy growth series of BS(2, 2) is transcendental, with
respect to the free product generating set. The conjugacy growth function sat-
isfies 𝑐(𝑛) ∼ 2𝑛.

Proof. First note that conjugacy classes of Type (3) have rational growth, so
we only need to focus on Types (1) and (2). The conjugacy growth for Type (1)
elements can be seen as (a scalarmultiple of) the conjugacy growth of the direct
product of𝐺1 = ℤ∕2ℤ ∗ ℤ = ⟨𝑥, 𝑦⟩ and an infinite cyclic group𝐺2 generated by
∆. Since 𝐺1 is (non-virtually cyclic) hyperbolic and 𝐺2 is cyclic, the conjugacy
growth series of Type 1 elements is the product of a transcendental (by [2])
and a rational series, so is transcendental. Moreover, by standard arguments,
the asymptotics of Type (1) conjugacy classes is 𝛼−𝑛

𝑛
, where 𝛼−1 is the standard

growth rate of ℤ∕2ℤ ∗ ℤ (by [2]). A quick counting argument shows that in
fact 𝛼−1 = 2.
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Finding the asymptotics of conjugacy classes of Type (2) is similar to the
method used in the proof of Proposition 5.7. The only difference is that instead
of using the set {𝑥𝑦𝑏1 ⋯𝑥𝑦𝑏𝑟 ∣ −𝑘 ≤ 𝑏𝑖 ≤ 𝑘, 𝑏𝑖 ≠ 0, 1 ≤ 𝑖 ≤ 𝑟} to project onto
and count representatives, up to cyclic permutation of the syllables, we take the
exponents 𝑏𝑖 to be unbounded, that is 𝑏𝑖 ∈ ℤ. Thus the role of 𝒜(30+) is now
taken by the hyperbolic (i.e. infinite order) elements inℤ∕2ℤ ∗ ℤ, which have
rational growth series that we denote by 𝑆(𝑧) and growth rate of 𝛼−1.
Similar to Proposition 5.7, the conjugacy growth of Type (2) is equal to (a

scalar multiple of) the standard growth of hyperbolic elements of ℤ ∗ ℤ∕2ℤ,
plus the growth of a subset 𝑁 of elements which are non-trivial powers in ℤ ∗
ℤ∕2ℤ. Thus the conjugacy series for Type (2) is the sum of the rational series
𝑆(𝑧) and that of a set with growth rate < 2. If we exclude the words counted
by 𝑆(𝑧) (because they give rationality), the remaining conjugacy classes of Type
(1) and (2) have asymptotics ∼ 2−𝑛

𝑛
, as Type (1) dominates the asymptotics of

set𝑁. As in the previous section, this gives an overall transcendental conjugacy
growth series.
It can be seen from the above discussion that the dominating asymptotics

comes from 𝑆(𝑧), which has a growth rate of 2, so the conjugacy growth asymp-
totics for 𝐵𝑆(2, 2) is∼ 2𝑛. The standard growth rate of 𝐵𝑆(2, 2) is 2 by [8, p.290],
so the conjugacy growth rate is the (standard, equal to the conjugacy) growth
rate of ℤ ∗ ℤ∕2ℤ, which is 𝛼−1 = 2 as well. □

5.2.2. Conjugacy for the even dihedral Artin groups 𝑮(𝟐𝒑) = 𝐁𝐒(𝒑, 𝒑)
with 𝒑 = 𝟐𝒌. In this section we assume 𝑘 ≥ 2 and use the classification of
geodesics in Table 3.

Reference Type Form and conditions Uniqueness

Proposition 4.1 (1)

𝑤 = (𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1

𝑐, 𝑛 ≥ 1,
𝜇1 ∈ [0, 2𝑘 − 1] ∩ ℤ, 𝜇𝑖 ∈ [1, 2𝑘 − 1] ∩ ℤ (2 ≤ 𝑖 ≤ 𝑛),

𝜖𝑖 ∈ ℤ (1 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

Unique

Prop. 4.1, Def. 4.2
(2𝑎)

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1,

𝑘 ≤ 𝑗 ≤ 2𝑘 − 1,
𝐴𝑠 reduced words over 𝑥𝛼, 𝑦𝛽,

𝛼 ∈ [−2𝑘 + 𝑗 + 1, 𝑗 − 1] ∩ ℤ≠0, 𝛽 ∈ ℤ≠0

(2𝑏)
𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥

𝑗𝐴𝜏1+1𝑥
−(2𝑘−𝑗)𝐴𝜏1+2𝑥

−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏1+𝜏2+1,
𝐴𝑠 as in (2𝑎)

𝜏2 ≥ 1

Non-unique

Proposition 4.1 (3)
𝑤 = 𝑥𝛼𝑦𝜖1𝑥𝜈1 …𝑥𝜈𝑛

𝑛 ≥ 0, 𝜖𝑖 ∈ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛)
𝛼, 𝜈𝑛 ∈ [−(𝑘 − 1), 𝑘 − 1] ∩ ℤ, 𝜈𝑖 ∈ [−(𝑘 − 1), 𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛 − 1)

Unique

Table 3. Even dihedral Artin groups: BS(𝑝, 𝑝) with 𝑝 = 2𝑘 > 2

First we establish which of the different types of geodesics grows fastest. This
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will turn out to be those of Type (2), that is, Type (2a) and Type (2b) taken
together.

Proposition 5.11. The growth rate of Type (3) words is larger than that of Type
(1) words.

Proof. First consider the growth rate of Type (1), noting that we can ignore the
Garside element∆𝑐, using the same argument as Proposition 5.5. Define the set
𝒮(1) ∶= {𝑥𝛼𝑦𝛽 | 𝛼 ∈ [1, 2𝑘 − 1], 𝛽 ∈ ℤ≠0}. Then the generating function for all
words of Type (1) which belong to 𝒞 (recall Definition 4.4) is 𝒞(1)(𝑧) =

1
1−𝒮(1)(𝑧)

,

where

𝒮(1)(𝑧) =
(
𝑧 + 𝑧2 +⋯+ 𝑧2𝑘−1

)
⋅ 2𝑧 1

1 − 𝑧 =
2𝑧2

(
1 + 𝑧 +⋯+ 𝑧2𝑘−2

)

1 − 𝑧
The denominator of 𝒞(1)(𝑧) is the polynomial

𝑝1(𝑧) = 1 − 𝑧 − 2𝑧2
(
1 + 𝑧 +⋯+ 𝑧2𝑘−2

)
,

and one can showusing a similar argument as in Proposition 5.5 that the growth

of Type (1) has asymptotics ∼ 𝜌−𝑛1
𝑛
, where 𝜌1 ∈ (0, 1

√
2
) is the smallest simple

positive root of 𝑝1(𝑧). Now we consider the growth rate of Type (3). Define the
set 𝒮(3)(𝑧) ∶= {𝑥𝛼𝑦𝛽 | 𝛼 ∈ [−(𝑘 − 1), 𝑘 − 1], 𝛼 ≠ 0, 𝛽 ∈ ℤ≠0}. Then the
generating function of all words of Type (3) in 𝒞 is 𝒞(3)(𝑧) =

1
1−𝒮(3)(𝑧)

, where

𝒮(3)(𝑧) =
(
2𝑧 + 2𝑧2 +⋯+ 2𝑧𝑘−1

)
⋅ 2𝑧 1

1 − 𝑧 =
4𝑧2

(
1 + 𝑧 +⋯+ 𝑧𝑘−2

)

1 − 𝑧 .

The denominator of 𝒞(3)(𝑧) is the polynomial
𝑝3(𝑧) = 1 − 𝑧 − 4𝑧2

(
1 + 𝑧 +⋯+ 𝑧𝑘−2

)
,

and similar to previous arguments (as in Section 5.1) the growth of Type (3) has
asymptotics ∼ 𝜌−𝑛3

𝑛
, where 𝜌3 ∈

(
0, 1

2

)
is the simple root of smallest absolute

value.
We claim that 𝜌3 < 𝜌1. Since 𝑝1(𝜌1) = 𝑝3(𝜌3) = 0, we get
0 = 1 − 𝜌3 − 4𝜌23

(
1 + 𝜌3 +⋯+ 𝜌𝑘−23

)
= 1 − 𝜌1 − 2𝜌21

(
1 + 𝜌1 + …𝜌2𝑘−21

)
,

and 𝜌1 < 1 implies 𝜌1 + 𝜌2𝑘−21 < 2𝜌1, 𝜌21 + 𝜌2𝑘−31 < 2𝜌21 and so forth until
𝜌𝑘−11 + 𝜌𝑘1 < 2𝜌𝑘−11 , so

1 − 𝜌3 − 4𝜌23
(
1 + 𝜌3 +⋯+ 𝜌𝑘−23

)
> 1 − 𝜌1 − 2𝜌21

(
1 + 2𝜌1 +⋯+ 2𝜌𝑘−11

)
.

Now 𝜌1 <
1
2
, so 2𝜌𝑘−11 < 1

2𝑘−2
≤ 1 since 𝑘 ≥ 2. Therefore 1 + 2𝜌𝑘−11 < 2, and so

1 − 𝜌3 − 4𝜌23
(
1 + 𝜌3 +⋯+ 𝜌𝑘−23

)
> 1 − 𝜌1 − 4𝜌21

(
1 + 2𝜌1 +⋯+ 2𝜌𝑘−21

)
.

This implies that 𝜌3 < 𝜌1, and so
1
𝜌3
> 1

𝜌1
. Therefore, the growth rate of Type

(3) is greater than that of Type (1). □
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Proposition 5.12. The growth rate of words of Type (2) is greatest when 𝑗 = 𝑘.

Proof. Recall that Type (2) is Type (2a) and (2b) together, and note that for a
fixed 𝑗 the 𝑥 exponents in (2a) have range ∈ [−2𝑘 + 𝑗 + 1, 𝑗], and the same
holds for the (2b) prefixes (i.e. 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥

𝑗𝐴𝜏1+1) identical to words in
(2a), while in the suffixes 𝑥−(2𝑘−𝑗)𝐴𝜏1+2𝑥

−(2𝑘−𝑗)…𝑥−(2𝑘−𝑗)𝐴𝜏1+𝜏2+1 without 𝑥
𝑗

the range is ∈ [−2𝑘 + 𝑗, 𝑗 − 1]. The growth of Type (2b) words can be taken to
be the maximum between the growth of the prefixes (identical to (2a)) and the
suffixes, as in a direct product.
We first consider the prefixes of words of Type (2), that is, the words of form

(2a). For fixed 𝑗 with 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1 define 𝒮(2,𝑗) ∶= {𝑥𝛼𝑦𝛽 | 𝛼 ∈ [−2𝑘 +
𝑗 + 1, 𝑗], 𝛼 ≠ 0, 𝛽 ∈ ℤ≠0}. Then the generating function for words of Type (2a)
with fixed 𝑗 is𝒟𝑗(𝑧) =

1
1−𝒮(2,𝑗)(𝑧)

, where

𝒮(2,𝑗)(𝑧) =
(
2𝑧 + 2𝑧2 +⋯+ 2𝑧2𝑘−𝑗−1 + 𝑧2𝑘−𝑗 +⋯+ 𝑧𝑗

)
⋅ 2𝑧 1

1 − 𝑧 .

The denominator of𝒟𝑗(𝑧) is

𝑝𝑗(𝑧) = 1 − 𝑧 − 2𝑧
(
2𝑧 +⋯+ 2𝑧2𝑘−𝑗−1 + 𝑧2𝑘−𝑗 +⋯+ 𝑧𝑗

)
.

Let 𝜇𝑗 denote the smallest positive root of 𝑝𝑗(𝑧), and note 𝜇𝑗 <
1
2
< 1 since

𝑝(0) = 1 and 𝑝
( 1
2

)
< 0. We claim that 𝜇𝑗 ≥ 𝜇𝑘 for all 𝑘 ≤ 𝑗 ≤ 2𝑘 − 1. By

assumption we have

0 = 1 − 𝜇𝑗 − 2𝜇𝑗
(
2𝜇𝑗 +⋯+ 2𝜇2𝑘−𝑗−1𝑗 + 𝜇2𝑘−𝑗𝑗 +⋯+ 𝜇𝑗𝑗

)
= 𝑝𝑗(𝜇𝑗)

= 1 − 𝜇𝑘 − 2𝜇𝑘
(
2𝜇𝑘 +⋯+ 2𝜇𝑘−1𝑘 + 𝜇𝑘𝑘

)
= 𝑝𝑘(𝜇𝑘).

so

𝜇𝑗 + 2𝜇𝑗(2𝜇𝑗 +⋯+ 2𝜇2𝑘−𝑗−1𝑗 + 𝜇2𝑘−𝑗𝑗 +⋯+ 𝜇𝑗𝑗)

= 𝜇𝑘 + 2𝜇𝑘(2𝜇𝑘 +⋯+ 2𝜇𝑘−1𝑘 + 𝜇𝑘𝑘)
= 𝑅(𝜇𝑘).

Furthermore,

𝜇𝑗 + 2𝜇𝑗(2𝜇𝑗 +⋯+ 2𝜇2𝑘−𝑗−1𝑗 + 𝜇2𝑘−𝑗𝑗 +⋯+ 𝜇𝑗𝑗)

≤ 𝜇𝑗 + 2𝜇𝑗(2𝜇𝑗 +⋯+ 2𝜇𝑘−1𝑗 + 𝜇𝑘𝑗 )
= 𝑅(𝜇𝑗)

because 𝜇𝑗 < 1 and 𝑗 ≥ 𝑘. Then 𝑅(𝜇𝑗) ≥ 𝑅(𝜇𝑘) gives 𝜇𝑗 ≥ 𝜇𝑘 and so
1
𝜇𝑘

≥ 1
𝜇𝑗
,

with equality only when 𝑘 = 𝑗.
A similar argument shows that the growth rate 𝜈𝑗 of suffixes in Type (2b) is

maximal when 𝑗 = 𝑘 or 𝑗 = 𝑘+1, that is, 𝜈𝑘 = 𝜈𝑘+1: in this case the range of the
𝑥-exponents is [−𝑘, 𝑘−1] or [−(𝑘−1), 𝑘], the second interval being symmetric
to the first and giving a length-preserving bijection between the suffixes with
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𝑗 = 𝑘 and those with 𝑗 = 𝑘 + 1. The range of 𝑥-exponents in (2a) is also
[−(𝑘−1), 𝑘] for 𝑗 = 𝑘 so altogether the growth rate of Type (2) words is greatest
when 𝑗 = 𝑘, and corresponds to 𝑥-exponents in [−(𝑘 − 1), 𝑘]. □

Theorem 5.13. The conjugacy growth series of BS(𝑝, 𝑝) with 𝑝 = 2𝑘 > 2 is
transcendental, with respect to the free product generating set.
Proof. When considering all types of geodesics in Table 3, we note that for
𝑗 = 𝑘 the 𝑥-exponents of Type (2) words contain the range of 𝑥-exponents for
Type (3), and so will have a larger growth rate than Type (3). This, combined
with Proposition 5.11, implies that the growth rate of Type (2) when 𝑗 = 𝑘
will dominate, so Type (1) and (3) do not play a role in the comjugacy growth
asymptotics.
For Type (2b), using similar arguments to those in Section 5.1 leads to count-

ing split cyclic representatives of words of the form

𝑤 = 𝐴1𝑥𝑘𝐴2𝑥𝑘 …𝐴𝜏1𝑥
𝑘𝐴𝜏1+1𝑥

−𝑘𝐴𝜏1+2𝑥
−𝑘 …𝑥−𝑘𝐴𝜏1+𝜏2+1,

where𝐴𝑖 are reducedwords over𝑥𝛼, 𝑦𝛽 with𝛼 ∈ [−(𝑘−1), 𝑘−1]∩ℤ≠0, 𝛽 ∈ ℤ≠0
(see Prop. 4.7). That is, we count the tuples (𝐴1, … , 𝐴𝜏1+𝜏2+1) up to cyclic per-
mutations, while keeping the 𝑋-structure fixed. Similar to the proof of Propo-
sition 5.7, the growth series of such split cyclic representatives is the sum of a
rational series whose coefficients have asymptotics ∼ 𝜇−𝑛𝑘 , and a series whose
coefficients have growth rate strictly lower than 𝜇−1𝑘 .
ForType (2a)we get a conjugacy growth serieswhose coefficients have asymp-

totics
𝜇−𝑛𝑘
𝑛
, so the series is transcendental. Altogether, the conjugacy growth

asymptotics for 𝐵𝑆(𝑝, 𝑝) is 𝜇−1𝑘 (from Type (2b)) and the series is transcenden-
tal as the sum of a rational series (from Type (2b)) together with series whose
coefficients have asymptotics ∼ 𝜇−𝑛𝑘

𝑛
. □

5.2.3. Conjugacy for the even dihedral Artin groups 𝑮(𝟐𝒑) = 𝐁𝐒(𝒑, 𝒑),
𝒑 = 𝟐𝒌 + 𝟏. We use the classification of geodesics in Table 4 and similar tech-
niques as for 𝑝 = 2𝑘. We only sketch themain steps in our argument since they
follow the ideas from previous sections.
For Type (2) we proceed as in Proposition 5.12 and can show that the maxi-

mum growth rate for words of Type (2a) is obtained when 𝑗 = 𝑘, and the range
of 𝑥-exponents is [−𝑘, 𝑘]; in this case the range of 𝑥-exponents in the suffixes
in (2b) is [−(𝑘 + 1), 𝑘 − 1]. For the suffixes of Type (2b) words, the maximum
growth rate is obtained when 𝑗 = 𝑘 + 1 and their 𝑥-exponents are in [−𝑘, 𝑘],
which will give a range of [−(𝑘 − 1), 𝑘 + 1] for (2a). Since there is a length-
preserving symmetry between the (2a) ∪ (2b) words with 𝑗 = 𝑘 and those with
𝑗 = 𝑘 + 1 we can choose 𝑗 = 𝑘 and conclude that the growth rate of Type (2)
reaches a maximumwhen 𝑗 = 𝑘. The conjugacy growth of Type (2) classes can
then be obtained by counting cyclic representatives, as per Section 4.2, of words
of the form

𝑤 = 𝐴1𝑥𝑘𝐴2𝑥𝑘 …𝐴𝜏1𝑥
𝑘𝐴𝜏1+1𝑥

−(𝑘+1)𝐴𝜏1+2𝑥
−(𝑘+1)…𝑥−(𝑘+1)𝐴𝜏1+𝜏2+1.
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Hereweuse similar techniques as in Proposition 5.6: since𝑥−(𝑘+1) = 𝑥−(2𝑘+1)𝑥𝑘,
the central term 𝑥−(2𝑘+1) can be moved to the right to count words of the form

𝑤′ = 𝐴1𝑥𝑘𝐴2𝑥𝑘 …𝐴𝜏1𝑥
𝑘𝐴𝜏1+1𝑥

𝑘𝐴𝜏1+2𝑥
𝑘 …𝑥𝑘𝐴𝜏1+𝜏2+1∆

𝑙,
similar to (12). The counting of conjugacy classes then boils down to the cumu-
lative growth of words like𝑤′, up to cyclic permutation. This gives asymptotics
of the form ∼ 𝜇−𝑛∕𝑛, while the Type (3) conjugacy classes also give ∼ 𝜇−𝑛∕𝑛
asymptotics as the 𝑥-exponent range is the same. Type (2) and (3) dominate the
Type (1) growth to give transcendental conjugacy growth for BS(2𝑘+1, 2𝑘+1).

Reference Type Form and conditions Unique/Non-unique

Proposition 4.10 (1)

𝑤 = (𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1

𝑐, 𝑛 ≥ 1,
𝜇1 ∈ [0, 2𝑘] ∩ ℤ, 𝜇𝑖 ∈ [1, 2𝑘] ∩ ℤ (2 ≤ 𝑖 ≤ 𝑛),
𝜖𝑖 ∈ ℤ (1 ≤ 𝑖 ≤ 𝑛), 𝜖𝑖 ≠ 0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

Unique

Prop. 4.10, Def. 4.11
(2𝑎)

𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥
𝑗𝐴𝜏1+1,

𝑘 ≤ 𝑗 ≤ 2𝑘 − 1
𝐴𝑠 reduced words over 𝑥𝛼, 𝑦𝛽,

𝛼 ∈ [−2𝑘 + 𝑗, 𝑗 − 1] ∩ ℤ≠0, 𝛽 ∈ ℤ

(2𝑏)
𝑤 = 𝐴1𝑥𝑗𝐴2𝑥𝑗 …𝐴𝜏1𝑥

𝑗𝐴𝜏1+1𝑥
−(2𝑘−𝑗+1)𝐴𝜏1+2𝑥

−(2𝑘−𝑗+1)…𝑥−(2𝑘−𝑗+1)𝐴𝜏1+𝜏2+1,
𝐴𝑠 as in (2𝑎)

𝜏2 ≥ 1

Non-unique

Proposition 4.10 (3)

𝑤 = 𝑥𝛼𝑦𝜖1𝑥𝜈1 …𝑥𝜈𝑛

𝑛 ≥ 0
𝛼, 𝜈𝑛 ∈ [−𝑘, 𝑘] ∩ ℤ, 𝜈𝑖 ∈ [−𝑘, 𝑘] ∩ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛 − 1)

𝜖𝑖 ∈ ℤ≠0 (1 ≤ 𝑖 ≤ 𝑛)

Unique

Table 4. Subcase of even dihedral Artin groups: BS(𝑝, 𝑝)with
𝑝 = 2𝑘 + 1

This together with Theorems 5.10 and 5.13 give:

Theorem 5.14. The conjugacy growth series of an even dihedral Artin group
is transcendental, with respect to the free product generating set.

5.3. Conjugacy growth asymptotics and growth rates. A careful analysis
(see Remark 5.9, Theorem 5.10, proofs of Theorems 5.13, 5.14) of the asymp-
totics obtained in the last sections, together with the explicit standard growth
rates of dihedral Artin groups from [12] and [8], gives the following.

Proposition 5.15. The asymptotics of the conjugacy growth with respect to the
free product generating set in a dihedral Artin group 𝐺(𝑚) are given by

𝑐𝐺(𝑚),{𝑥,𝑦}(𝑛) ∼ {
𝛼𝑛 if𝑚 odd or𝑚 = 4𝑘, 𝑘 ≥ 1
𝛼𝑛

𝑛
if𝑚 = 4𝑘 + 2, 𝑘 ≥ 1,

where 𝛼 is the standard growth rate of 𝐺(𝑚).
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We then immediately get that the standard and conjugacy growth rates are
the same. The same result can be obtained via arguments involving languages
(see Remark 6.4).

Corollary 5.16. The conjugacy growth rate and the standard growth rate in a
dihedral Artin group𝐺(𝑚) are the samewith respect to the free product generating
set. That is,

lim
𝑛→∞

𝑛
√
𝑐𝐺(𝑚),{𝑥,𝑦}(𝑛) = lim

𝑛→∞
𝑛
√
𝑠𝐺(𝑚),{𝑥,𝑦}(𝑛).

The standard growth rate has been studied intensively in a variety of groups,
and the limit is known to always exist. For the conjugacy growth the limit
doesn’t always exist ([18]), but the careful analysis of asymptotics shows that
it does for dihedral Artin groups.

6. Conjugacy geodesics in dihedral Artin groups
The aim of this section is to prove the following.

Theorem 6.1. The language 𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺(𝑚), 𝑋) is regular for dihedral Artin
groups, with respect to the free product generating set 𝑋 = {𝑥, 𝑦}.
Our strategy uses two ingredients, the first of which concerns the permuta-

tion conjugacy length function, defined by Antolín and Sale [3]. If 𝑢, 𝑣 ∈ 𝑋∗

represent conjugate elements in a group 𝐺 = ⟨𝑋⟩, then an element 𝑤 ∈ 𝐺 is
a permutation conjugacy conjugator (PC-conjugator) for 𝑢 and 𝑣 if there exist
cyclic permutations 𝑢′ and 𝑣′ of 𝑢 and 𝑣 respectively, such that 𝑤𝑢′ =𝐺 𝑣′𝑤.
Define

PCL𝐺,𝑋(𝑢, 𝑣) ∶= min{𝑙(𝑤) | 𝑤 is a PC-conjugator for 𝑢 and 𝑣}.
The permutation conjugacy length function of 𝐺 is defined as

PCL𝐺,𝑋 ∶= max{PCL𝐺,𝑋(𝑢, 𝑣) | 𝑢, 𝑣 geodesics satisfying 𝑙(𝑢) + 𝑙(𝑣) ≤ 𝑛}.
The following result links the PCL function to the language of conjugacy geodesics.

Proposition 6.2. [3, Prop. 2.3]
Suppose that PCL𝐺,𝑋 is constant. If (𝐺, 𝑋) has the falsification by fellow traveler
property, then 𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋) is regular.
Using results from Section 3 and Section 4, we show that dihedral Artin

groups satisfy the two conditions of Proposition 6.2, with respect to the free
product generating set. We first establish the constant bound on the PCL func-
tion.

Proposition 6.3. Let 𝐺(𝑚) be a dihedral Artin group, and let 𝑋 = {𝑥, 𝑦} be the
free product generating set. Then PCL𝐺(𝑚),𝑋 is constant.
Proof. From Section 3, the language of conjugacy geodesics for odd dihedral
Artin groups is precisely

𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋) = 𝒜 ⊔ {𝑤 ∈ ℬ | 𝑤 starts and ends with opposite letters}.



498 LAURA CIOBANU AND GEMMA CROWE

By Proposition 3.10, if two words 𝑢, 𝑣 ∈ 𝒜 represent conjugate elements, then
they are equal up to a cyclic permutation, and so PCL𝐺,𝑋(𝑢, 𝑣) = 0 in these
cases. Now consider words of Type

(
30+𝑁

)
. First note that for any word 𝑤 ∈

(30+𝑁) ∩ 𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋), then 𝑤 =𝐺 𝑤 ∈ ℬ+, by applying Eq. (2) to relevant
powers. Therefore, for any 𝑢, 𝑣 ∈ (30+𝑁),

𝑢 =𝐺 𝑢
𝑠
←→ 𝑣 =𝐺 𝑣, (16)

by Proposition 3.15, where
𝑠
←→ represents a split cyclic permutation, and 𝑢, 𝑣 ∈

ℬ+. In particular, if 𝑢, 𝑣 ∈ ℬ+, then PCL𝐺,𝑋(𝑢, 𝑣) = 0 by Proposition 3.15. We
claim that there exists a shorter sequence of the form 𝑢 ↔ 𝑤 =𝐺 𝑣, where↔
represents a cyclic permutation. To see this, let

𝑢 = 𝐴1𝑦𝑎1𝐴2𝑦𝑎2 …𝑦𝑎𝜏𝐴𝜏+1, 𝑣 = 𝑦𝑏1𝐴𝑡𝑦𝑏2𝐴𝑡+1…𝑦𝑏𝜏𝐴𝑡−1,
for some 1 ≤ 𝑡 ≤ 𝜏 + 1, where the tuples (𝑦𝑎1 , … 𝑦𝑎𝜏) and (𝑦𝑏1 , … 𝑦𝑏𝜏) consist
of 𝜏1 𝑦−𝑘 terms and 𝜏2 𝑦𝑘+1 terms respectively, in any order within each tuple.
Note we can assume these tuples from 𝑢 and 𝑣 have the same number of 𝑦−𝑘
terms and 𝑦𝑘+1 terms by Eq. (16). We can first cyclically permute 𝑢 to a word𝑤
of the form

𝑤 = 𝑦𝑎𝑡−1𝐴𝑡𝑦𝑎𝑡𝐴𝑡+1…𝑦𝑎𝑡−2𝐴𝑡−1.
Then 𝑤 =𝐺 𝑣 since the tuples (𝑦𝑎𝑡−1 , … 𝑦𝑎𝑡−2) and (𝑦𝑏1 , … , 𝑦𝑏𝜏) are equivalent
by repeated applications of Eq. (2). Hence, PCL𝐺,𝑋(𝑢, 𝑣) = 0. This method also
holds forwords of Type (30−𝑁) and (30∗), which covers allwords in𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋).
From Section 4, the language of conjugacy geodesics for even dihedral Artin

groups is precisely

𝖢𝗈𝗇𝗃𝖦𝖾𝗈(𝐺, 𝑋) = 𝒞 ⊔ {𝑤 ∈ 𝒟 | 𝑤 starts and ends with opposite letters}.
Showing PCL is constant is analogous to the odd cases, using Propositions 4.5
and 4.7. □

Remark 6.4. We can use [3, Proposition 2.2] and Proposition 6.3 to obtain a
different proof of Corollary 5.16, which establishes the equality of the exponen-
tial growth rate and exponential conjugacy growth rate of any dihedral Artin
groups with respect to the ‘free product’ generators.

For a group 𝐺 = ⟨𝑋⟩ and 𝑘 ≥ 0, we say 𝑤,𝑤′ ∈ 𝑋∗ k-fellow travel if for each
𝑖 ≥ 0, |pre𝑖(𝑤)−1pre𝑖(𝑤′)| ≤ 𝑘. We say 𝐺 = ⟨𝑋⟩ satisfies the falsification by
fellow traveler property (FFTP) if, for some fixed constant 𝑘, any non-geodesic
word 𝑤 ∈ 𝑋∗ 𝑘-fellow travels with a shorter word.
We now prove the second condition of Proposition 6.2.

Theorem 6.5. Let 𝐺(𝑚) be a dihedral Artin group, and let 𝑋 be the free product
generating set. Then (𝐺(𝑚), 𝑋) satisfy the FFTP.
Proof. We will show that the Cayley graph Γ = Γ(𝐺, 𝑋) satisfies the FFTP by
working with labels of paths in Γ, which are words over 𝑋. Our strategy is to
consider odd and even cases in turn, and create a series of reductions, all of
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which have bounded fellow traveler constant, such that any words 𝑤 ∈ 𝑋∗,
where we cannot apply any further reductions, is geodesic.
First consider the odd case 𝐺 = ⟨𝑥, 𝑦 ∣ 𝑥2 = 𝑦2𝑘+1⟩. Our series of reductions

is as follows:
(R0) If 𝑤 ∈ 𝑋∗ is not freely reduced, then it 2-fellow travels with a shorter

word that is obtained by performing a single free reduction to 𝑤.
(R1) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑥2𝜀𝑤2𝑥−𝜀𝑤3 (resp. 𝑤 = 𝑤1𝑥−𝜀𝑤2𝑥2𝜀𝑤3),

with 𝜀 ∈ {±1}, then𝑤 4-fellow travelswith𝑤1𝑤2𝑥𝜀𝑤3 (resp. 𝑤1𝑥−𝜀𝑤2𝑤3).
(R2) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑦𝜀𝑥2𝑙𝑦−𝜀𝑤3, with 𝑙 ∈ ℤ≠0 and 𝜀 ∈ {±1},

then 𝑤 2-fellow travels with 𝑤1𝑥2𝑙𝑤3.
(R3) If 𝑤 ∈ 𝑋∗ contains 𝑦𝑏 with |𝑏| ≥ 𝑘, then

(R3a) If |𝑏| > 𝑘+1, then𝑤 (2𝑘+2)-fellow travelswith a shorterword, that
is obtained by replacing 𝑦𝑘+2 by𝑥2𝑦−(𝑘−1) (resp. 𝑦−𝑘−2 by𝑥−2𝑦𝑘−1).

(R3b) If |𝑏| = 𝑘+1 and𝑤 has the form𝑤 = 𝑤1𝑥𝜀𝑤2𝑦−𝜀(𝑘+1)𝑤3 (resp. 𝑤 =
𝑤1𝑦−𝜀(𝑘+1)𝑤2𝑥𝜀𝑤3), with 𝜀 ∈ {±1}, then 𝑤 (2𝑘 + 9)-fellow travels
with 𝑤1𝑥−𝜀𝑤2𝑦𝜀𝑘𝑤3 (resp. 𝑤1𝑦𝜀𝑘𝑤2𝑥−𝜀𝑤3). To see this, notice that
𝑤 4-fellow travels with 𝑤1𝑥𝜀𝑥−2𝜀𝑥2𝜀𝑤2𝑦−𝜀(𝑘+1)𝑤3, which then 2-
fellow travels with 𝑤1𝑥−𝜀𝑤2𝑥2𝜀𝑦−𝜀(𝑘+1)𝑤3, which finally (2𝑘 + 3)-
fellow travels with 𝑤1𝑥−𝜀𝑤2𝑦𝜀𝑘𝑤3.

(R3c) If |𝑏| = 𝑘 and 𝑤 has the form 𝑤1𝑥2𝜀𝑤2𝑦−𝑘𝜀𝑤3 or 𝑤1𝑦−𝑘𝜀𝑤2𝑥2𝜀𝑤3,
with 𝜀 ∈ {±1}, then 𝑤 4-fellow travels with 𝑤1𝑤2𝑥2𝜀𝑦−𝑘𝜀𝑤3, which
then (2𝑘 + 1)-fellow travels with 𝑤1𝑤2𝑦𝜀(𝑘+1)𝑤3 (see Figure 1).

𝑤1

𝑥2 𝑥2

𝑤2

𝑤2
𝑦𝑘

𝑤3

𝑦𝑘+1

Figure 1. Case (R3c)

(R4) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑦𝑎𝑥2𝑙𝑦𝑏𝑤2 with 𝑙 ∈ ℤ≠0, 𝑎 ⋅ 𝑏 > 0 and
|𝑎 + 𝑏| > 𝑘 + 1, then 𝑤 2𝑎-fellow travels with 𝑤1𝑥2𝑙𝑦𝑎+𝑏𝑤2, which by
(R3) (2𝑘+2)-fellow travels with a shorter word. By (R3) we can assume
that |𝑎| ≤ 𝑘 + 1, otherwise we could have applied (R3) first. Hence,
𝑤 2(𝑎 + 𝑘 + 1)-fellow travels with a shorter word, provided that (R3)
cannot be applied (see Figure 2).

Let𝑤 ∈ 𝑋∗ be aword forwhichwe cannot apply any reduction (R0)-(R4). Since
𝑥2 is central, we can move any 𝑥2 terms to the right to obtain a word 𝑤′ of the
same length as 𝑤, representing the same element as 𝑤. Note that 𝑤 is geodesic
if and only if 𝑤′ is geodesic, and we can apply a reduction from (R0)-(R4) to 𝑤
if and only if we can apply a reduction from (R0)-(R4) to𝑤′. Thus, without loss
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𝑤1

𝑦𝑎 𝑦𝑎

𝑥2𝑙

𝑥2𝑙
𝑦𝑏

𝑤2

𝑦𝑘−1

𝑥2

Figure 2. Case (R4)

of generality we can assume 𝑤 has the form

𝑤 = 𝑤0𝑥2𝑙, 𝑤0 = 𝑥𝛼0𝑦𝛽1𝑥𝛼1 ⋯𝑦𝛽𝑛𝑤𝑥𝛼𝑛𝑤 ,
where 𝛼0, 𝛼𝑛𝑤 ∈ {−1, 0, 1}, 𝛼𝑖 ∈ {±1} (1 ≤ 𝑖 ≤ 𝑛𝑤 − 1), and 𝛽𝑗 ∈ [−(𝑘 +
1), 𝑘 + 1] ∩ ℤ≠0 (1 ≤ 𝑗 ≤ 𝑛𝑤). We can assume 𝑙 has been chosen so that
𝓁(𝑤) = |2𝑙| + 𝓁(𝑤0). Let 𝑔 ∈ 𝑋∗ be a geodesic word representing the same
element as 𝑤. Again we can assume 𝑔 has the form

𝑔 = 𝑔0𝑥2𝑠, 𝑔0 = 𝑥𝜎0𝑦𝛾1𝑥𝜎1 ⋯𝑦𝛾𝑛𝑔𝑥𝜎𝑛𝑔 ,
with 𝜎0, 𝜎𝑛𝑔 ∈ {−1, 0, 1}, 𝜎𝑖 ∈ {±1} (1 ≤ 𝑖 ≤ 𝑛𝑔 − 1), 𝛾𝑗 ∈ [−(𝑘 + 1), 𝑘 + 1] ∩
ℤ≠0 (1 ≤ 𝑗 ≤ 𝑛𝑔), and 𝓁(𝑔) = |2𝑠| + 𝓁(𝑔0).
Since 𝑔 and 𝑤 represent the same element of 𝐺, when viewed as elements of

𝐺 ≅ 𝐶2 ∗ 𝐶2𝑘+1 = ⟨𝑥, 𝑦 ∣ 𝑥2 = 𝑦2𝑘+1 = 1⟩, they represent the same element.
Therefore, 𝑤0 and 𝑔0 label paths with the same endpoints in Γ = Γ(𝐺, 𝑋), and
so 𝑛𝑤 = 𝑛𝑔. Also, 𝛼0 = 0 if and only if 𝜎0 = 0, and similarly 𝛼𝑛𝑔 = 0 if and only
if𝜎𝑛𝑔 = 0. We now consider the 𝑥 and 𝑦 exponents of𝑤0 and 𝑔0, andwhen these
differ. We denote these by 𝛽𝛽𝛽 = (𝛽1, … , 𝛽𝑛𝑔), 𝛾𝛾𝛾 = (𝛾1, … , 𝛾𝑛𝑔), 𝛼𝛼𝛼 = (𝛼0, … , 𝛼𝑛𝑔)
and 𝜎𝜎𝜎 = (𝜎0, … , 𝜎𝑛𝑔). Note that if |𝛽𝑖| < 𝑘 then 𝛽𝑖 = 𝛾𝑖, since one cannot
perform a reduction (R3) to 𝑤0 or 𝑔0, and 𝑔0 is geodesic. Therefore, if 𝛽𝛽𝛽 and 𝛾𝛾𝛾
do not coincide at the 𝑖-th coordinate, then 𝛽𝑖 = ±𝑘 (resp. = ∓(𝑘 + 1)) and 𝛾𝑖
= ±(𝑘 + 1) (resp. = ∓𝑘).
Let 𝑐 ≥ 0 be the number of different coordinates of𝛽𝛽𝛽 and𝛾𝛾𝛾. Let 𝑖1 < ⋯ < 𝑖𝑐 ∈

{1, … , 𝑛𝑔} such that 𝛽𝑖𝑗 ≠ 𝛾𝑖𝑗 , and suppose there exists ℎ, 𝑗 such that 𝛽𝑖ℎ ⋅𝛽𝑖𝑗 < 0.
For simplicity, we denote 𝛽𝑖ℎ by 𝛽ℎ and 𝛽𝑖𝑗 by 𝛽𝑗. Similarly denote by 𝛾ℎ and 𝛾𝑗
the corresponding coordinates of 𝜸 . We cannot have |𝛽ℎ| = |𝛽𝑗| = 𝑘+1, as then
we can apply (R3b) with some 𝑥𝜀 of opposite sign. If we have |𝛽ℎ| = |𝛽𝑗| = 𝑘,
then |𝛾ℎ| = |𝛾𝑗| = 𝑘 + 1 and 𝛾ℎ ⋅ 𝛾𝑗 < 0, and then we can apply (R3b) to
𝑔0, which is a contradiction since 𝑔0 is geodesic. Therefore |𝛽ℎ| ≠ |𝛽𝑗|, which
implies that 𝛾ℎ = 𝛽𝑗 and 𝛾𝑗 = 𝛽ℎ. Then 𝑤0 = 𝑤1𝑦𝛽ℎ𝑤2𝑦𝛽𝑗𝑤3 (2𝑘 + 2)-fellow
travels with 𝑤′

0 = 𝑤1𝑦𝛽𝑗𝑤2𝑦𝛽ℎ𝑤3. For example, Figure 3 describes the case
where (𝛽ℎ, 𝛽𝑗) = (𝑘, −(𝑘 + 1)).
Notice that 𝓁(𝑤′

0) = 𝓁(𝑤0) and 𝑤0 =𝐺 𝑤′
0, and so 𝑤 = 𝑤0𝑥2𝑙 is geodesic if

and only if 𝑤′ = 𝑤′
0𝑥

2𝑙 is geodesic. Let 𝛽𝛽𝛽′ be the vector of 𝑦 exponents of 𝑤′.
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𝑤1

𝑤2

𝑤2

𝑤3

𝑦𝑘

𝑦𝑘+1

𝑦𝑘+1

𝑦𝑘

Figure 3. Two paths of the same length that (2𝑘 + 2)-fellow travel.

Then the number of disagreements between 𝛽𝛽𝛽′ and 𝛾𝛾𝛾 is 𝑐 − 2. Note also that
since we cannot apply (R0)-(R4) to 𝑤, we cannot apply them to 𝑤′. Hence, by
the previous argument, we can assume that one of the following holds:

(Y–) For all 𝛽𝑖 ≠ 𝛾𝑖, 𝛽𝑖 < 0 < 𝛾𝑖. (Y+) For all 𝛽𝑖 ≠ 𝛾𝑖, 𝛽𝑖 > 0 > 𝛾𝑖.

Let 𝑑 ≥ 0 be the number of different coordinates of 𝛼𝛼𝛼 and 𝜎𝜎𝜎. Similar to the
argument above, if there are ℎ ≠ 𝑗 such that 𝛼𝑖𝑗 ⋅ 𝛼𝑖ℎ < 0 and 𝛼𝑖𝑗 ≠ 𝜎𝑖𝑗 and
𝛼𝑖ℎ ≠ 𝜎𝑖ℎ , then we can change the signs of 𝛼𝑖𝑗 and 𝛼𝑖ℎ , and obtain a word of
the same length as 𝑤, which represents the same element as 𝑤 and (R0)–(R4)
are also satisfied. Hence, 𝑑 has decreased by 2, and so we can assume that the
following condition holds.
(X+) For all 1 ≤ 𝑖 ≤ 𝑚 such that 𝛼𝑖 ≠ 𝜎𝑖 we have that 𝛼𝑖 = 1 and 𝜎𝑖 = −1.

Indeed, the other option is that for all 𝑖 such that 𝛼𝑖 ≠ 𝜎𝑖, we have that 𝛼𝑖 = −1
and 𝜎𝑖 = 1. However we can assume (X+) by changing 𝑤 and 𝑔 by 𝑤−1 and
𝑔−1 if necessary. Note that when assuming (X+), we have that 𝑙 ≥ 0 and 𝑠 ≤ 0
by (R1). If (Y+) holds then 𝑔−10 𝑤0 =𝐺 𝑥2(𝑑+𝑐). Since 𝑤 =𝐺 𝑔, this implies that
𝑔0𝑥2(𝑙+𝑑+𝑐) =𝐺 𝑔0𝑥2𝑠. Since 𝑠 ≤ 0 and 𝑙, 𝑑, 𝑐 ≥ 0, we must have that 𝑠 = 𝑙 = 𝑑 =
𝑐 = 0. Hence, 𝑤 = 𝑤0 = 𝑔0 = 𝑔 and 𝑤 is geodesic.
If (Y–) holds, then 𝑔−10 𝑤0 =𝐺 𝑥2(𝑑−𝑐) and similar to before we have that 𝑙 +

𝑑 − 𝑐 = 𝑠. If 𝑑 = 𝑐 = 0, then 𝑤0 = 𝑔0 and 𝑠 = 𝑙 = 0, therefore 𝑤 = 𝑔 and 𝑤 is
geodesic. If 𝑐 ≠ 0, then 𝑙 = 0 = 𝑠. Indeed, otherwise if 𝑙 > 0, then we can apply
(R3c) to𝑤, and similarly if 𝑠 < 0, then we can apply (R3c) to 𝑔. As no reduction
on 𝑤 and 𝑔 is possible, then 𝑙 = 𝑠 = 0. Moreover, 𝑑 = 𝑐 since 𝑙 + 𝑑 − 𝑐 = 𝑠. As
𝑑 > 0, then𝑤0must contain a positive 𝑥-term, and then by (R3c) all the 𝛽𝑖 ≠ 𝛾𝑖
must be equal to −𝑘. But this means that all 𝛾𝑖 ≠ 𝛽𝑖 must be equal to 𝑘 + 1 and
therefore 𝓁(𝑤) = 𝓁(𝑤0) = 𝓁(𝑔0) − 𝑐 < 𝓁(𝑔), which is a contradiction. Hence,
𝑐 = 0. If 𝑑 ≠ 0, since 0 ≤ 𝑠 = 𝑙 + 𝑑 − 𝑐, then 𝑐 > 0. However this can’t hold
by the previous case, and so 𝑑 = 0. This completes the proof for odd dihedral
Artin groups.
For even cases, recall 𝐺 = ⟨𝑥, 𝑦 | 𝑦−1𝑥𝑝𝑦 = 𝑥𝑝⟩. We give details of the proof

when 𝑝 = 2𝑘, and the case for 𝑝 = 2𝑘 + 1 follows similarly. Again we define
our series of reductions, all of which have bounded fellow traveler constant.
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(R0) If 𝑤 ∈ 𝑋∗ is not freely reduced then it 2-fellow travels with a shorter
word that is obtained by performing a single free reduction to 𝑤.

(R1) If𝑤 ∈ 𝑋∗ has the form𝑤 = 𝑤1𝑥2𝑘𝜀𝑤2𝑥−𝜀𝑙𝑤3 (resp. 𝑤 = 𝑤1𝑥−𝜀𝑙𝑤2𝑥2𝑘𝜀𝑤3),
with 𝜀 ∈ {±1} and 1 ≤ 𝑙 ≤ 2𝑘 − 1, then it (4𝑘)-fellow travels with
𝑤1𝑤2𝑥𝜀(2𝑘−𝑙)𝑤3 (resp. 𝑤1𝑥𝜀(2𝑘−𝑙)𝑤2𝑤3).

(R2) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑦𝜀𝑥2𝑘𝑙𝑦−𝜀𝑤3, with 𝑙 ≠ 0 and 𝜀 ∈ {±1},
then it 2-fellow travels with 𝑤1𝑥2𝑘𝑙𝑤3.

(R3) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑥𝜎𝑤2𝑥𝛿𝑤3 (resp. 𝑤 = 𝑤1𝑥𝛿𝑤2𝑥𝜎𝑤3),
where 𝜎 > 0 > 𝛿 and 𝜎 + |𝛿| > 2𝑘, then it 8𝑘-fellow travels with
𝑤1𝑥𝜎−2𝑘𝑤2𝑥𝛿+2𝑘𝑤3 (resp. 𝑤 = 𝑤1𝑥𝛿+2𝑘𝑤2𝑥𝜎−2𝑘𝑤3).

(R4) If 𝑤 ∈ 𝑋∗ has the form 𝑤 = 𝑤1𝑦𝑎𝑥2𝑘𝑙𝑦𝑏𝑤2 with 𝑙 ≠ 0, 𝑎 ⋅ 𝑏 > 0, then it
2𝑎-fellow travels with 𝑤1𝑥2𝑘𝑙𝑦𝑎+𝑏𝑤2.

Let 𝑤 ∈ 𝑋∗ be a word for which we can not apply any reduction (R0)-(R4).
Since 𝑥2𝑘 is central, we can move all 𝑥2𝑘 terms to the right to obtain a word
𝑤′ of the same length as 𝑤, representing the same element as 𝑤. Note that 𝑤
is geodesic if and only if 𝑤′ is geodesic, and we cannot apply a reduction from
(R0)-(R4) to 𝑤 if and only if we cannot apply a reduction from (R0)-(R4) to 𝑤′.
Thus, without loss of generality we can assume 𝑤 has the form

𝑤 = 𝑤0𝑥2𝑘𝑙, 𝑤0 = 𝑥𝛼0𝑦𝛽1𝑥𝛼1 ⋯𝑦𝛽𝑛𝑤𝑥𝛼𝑛𝑤 ,
with 𝛼0, 𝛼𝑛𝑤 ∈ [−(2𝑘 − 1), 2𝑘 − 1] ∩ℤ, 𝛼𝑖 ∈ [−(2𝑘 − 1), 2𝑘 − 1] ∩ℤ≠0 (1 ≤ 𝑖 ≤
𝑛𝑤 − 1), 𝛽𝑗 ∈ ℤ≠0 (1 ≤ 𝑗 ≤ 𝑛𝑤), and 𝓁(𝑤) = |2𝑘𝑙| + 𝓁(𝑤0). Let 𝑔 ∈ 𝑋∗ be a
geodesic word representing the same element as 𝑤. Similarly we can assume 𝑔
has the form

𝑔 = 𝑔0𝑥2𝑘𝑠, 𝑔0 = 𝑥𝜎0𝑦𝛾1𝑥𝜎1 ⋯𝑦𝛾𝑛𝑔𝑥𝜎𝑛𝑔 ,
with 𝜎0, 𝜎𝑛𝑔 ∈ [−(2𝑘 − 1), 2𝑘 − 1] ∩ ℤ, 𝜎𝑖 ∈ [−(2𝑘 − 1), 2𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑖 ≤
𝑛𝑔 − 1), 𝛾𝑗 ∈ ℤ≠0 (1 ≤ 𝑗 ≤ 𝑛𝑔), and 𝓁(𝑔) = |2𝑘𝑠| + 𝓁(𝑔0).
Since 𝑔 and 𝑤 represent the same element of 𝐺, when viewed as elements of

𝐺 ≅ 𝐶2𝑘 ∗ ℤ = ⟨𝑥, 𝑦 ∣ 𝑥2𝑘 = 1⟩, they represent the same element. Therefore,
𝑤0 and 𝑔0 label paths with the same endpoints in Γ = Γ(𝐺, 𝑋), and so 𝑛𝑤 = 𝑛𝑔.
Also, 𝛼0 = 0 if and only if 𝜎0 = 0 and similarly 𝛼𝑛𝑔 = 0 if and only if 𝜎𝑛𝑔 = 0.
Finally, note that 𝛽𝑖 = 𝛾𝑖 for all 1 ≤ 𝑖 ≤ 𝑚, and so we consider the vectors
𝛼𝛼𝛼 = (𝛼0, … , 𝛼𝑛𝑔) and 𝜎𝜎𝜎 = (𝜎0, … , 𝜎𝑛𝑔) of 𝑥 exponents of 𝑤0 and 𝑔0.
Let 𝑑 ≥ 0 be the number of different coordinates of 𝛼𝛼𝛼 and 𝜎𝜎𝜎. Let 𝑖1 < ⋯ <

𝑖𝑑 ∈ {1, … , 𝑛𝑔} such that 𝛼𝑖𝑗 ≠ 𝜎𝑖𝑗 , and suppose there exists ℎ, 𝑗 such that 𝛼𝑖ℎ ⋅
𝛼𝑖𝑗 < 0. For simplicity, let us denote 𝛼𝑖ℎ by 𝛼ℎ and 𝛼𝑖𝑗 by 𝛼𝑗. Similarly denote
by 𝜎ℎ and 𝜎𝑗 the corresponding coordinates of 𝜎𝜎𝜎. Without loss of generality let
𝛼ℎ > 0 > 𝛼𝑗 and 𝜎ℎ < 0 < 𝜎𝑗, and note that 𝛼ℎ = 2𝑘 + 𝜎ℎ and 𝛼𝑗 = −2𝑘 + 𝜎𝑗.
Since 𝑔0 is geodesic, 𝜎𝑗 + |𝜎ℎ| = 𝜎𝑗 − 𝜎ℎ ≤ 2𝑘, since otherwise we could apply
(R3). We then have

𝛼ℎ+|𝛼𝑗| = 2𝑘+𝜎ℎ+|−2𝑘+𝜎𝑗| = 2𝑘+𝜎ℎ+2𝑘−𝜎𝑗 = 4𝑘−𝜎𝑗+𝜎ℎ ≥ 4𝑘−2𝑘 = 2𝑘.
Since we cannot apply (R3) to 𝑤0, we require 𝛼ℎ + |𝛼𝑗| ≤ 2𝑘, and so 𝛼ℎ +
|𝛼𝑗| = 2𝑘 = 𝜎𝑗 + |𝜎ℎ|. This implies that 𝛼𝑗 = 𝜎ℎ and 𝛼ℎ = 𝜎𝑗. Then 𝑤0 =
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𝑤1𝑥𝛼ℎ𝑤2𝑥𝛼𝑗𝑤3 (4𝑘 − 2)-fellow travel with 𝑤′
0 = 𝑤1𝑥𝛼𝑗𝑤2𝑥𝛼ℎ𝑤3. Notice that

𝓁(𝑤′
0) = 𝓁(𝑤0) and 𝑤0 =𝐺 𝑤′

0, so 𝑤 = 𝑤0𝑥2𝑙 is geodesic if and only if 𝑤′ =
𝑤′
0𝑥

2𝑙 is geodesic. Let 𝛼𝛼𝛼′ be the vector of 𝑥 exponents of 𝑤′. Then the number
of disagreements between 𝛼𝛼𝛼′ and 𝜎𝜎𝜎 is 𝑑 − 2. Note also that since we cannot
apply (R0)-(R4) to 𝑤, we cannot apply (R0)-(R4) to 𝑤′. Hence, by the previous
argument, we can assume that one of the following holds:

(X–) For all 𝛼𝑖 ≠ 𝜎𝑖, 𝛼𝑖 < 0 < 𝜎𝑖. (X+) For all 𝛼𝑖 ≠ 𝜎𝑖, 𝛼𝑖 > 0 > 𝜎𝑖.

Note that when assuming (X–), we have that 𝑙 ≤ 0 and 𝑠 ≥ 0 by (R1). Simi-
larly when assuming (X+), we have that 𝑙 ≥ 0 and 𝑠 ≤ 0.
If (X+) holds then 𝑔−10 𝑤0 =𝐺 𝑥2𝑘𝑑. As𝑤 =𝐺 𝑔, this implies that 𝑔0𝑥2𝑘(𝑙+𝑑) =𝐺

𝑔0𝑥2𝑘𝑠. Since 𝑠 ≤ 0 and 𝑙, 𝑑 ≥ 0, we must have that 𝑠 = 𝑙 = 𝑑 = 0. If (X–) holds,
then 𝑔−10 𝑤0 =𝐺 𝑥−2𝑘𝑑 and so 𝑙 − 𝑑 = 𝑠. If 𝑑 ≠ 0, then 𝑙 − 𝑠 = 𝑑 > 0. However
𝑙 − 𝑠 ≤ 0, since 𝑙 ≤ 0 and 𝑠 ≥ 0, and so 𝑠 = 𝑙 = 𝑑 = 0. In both cases,
𝑤 = 𝑤0 = 𝑔0 = 𝑔 and 𝑤 is geodesic. This completed the proof for 𝑝 = 2𝑘, and
the case for 𝑝 = 2𝑘 + 1 follows a similar method. □

The proof of Theorem 6.1 follows from Proposition 6.2, Proposition 6.3 and
Theorem 6.5.

Appendix Appendix A Geodesic normal forms
Here we provide details on results from Section 3 and Section 4 about geo-

desic normal forms.

A.1 Odd dihedral Artin groups.

LemmaA.1. [12, Prop. 3.5] Let𝑤 ∈ (3) be geodesic in𝐺(𝑚) ≅ ⟨𝑥, 𝑦 | 𝑥2 = 𝑦𝑚⟩,
𝑚 = 2𝑘 + 1. Then the following conditions must all be satisfied:

(1) Pos𝑥(𝑤) + Neg𝑥(𝑤) ≤ 2
(2) Pos𝑦(𝑤) + Neg𝑦(𝑤) ≤ 2𝑘 + 1

(3) Pos𝑥(𝑤) + Neg𝑦(𝑤) ≤ 𝑘 + 1
(4) Pos𝑦(𝑤) + Neg𝑥(𝑤) ≤ 𝑘 + 1

Suppose𝑤 ∈ (30) is geodesic. If𝑤 contains an 𝑥 term, then𝑤 cannot contain
a 𝑦−(𝑘+1) term by Lemma A.1, since otherwise

Pos𝑥(𝑤) + Neg𝑦(𝑤) = 1 + 𝑘 + 1 > 𝑘 + 1.

Similarly, if𝑤 contains an 𝑥−1 term, then𝑤 cannot contain a 𝑦𝑘+1 term. More-
over, no element of Type

(
30
)
is also of Type (1) or (2), since the conditions

in Proposition 3.1 are mutually exclusive. Therefore, we can split geodesics of
Type

(
30
)
into disjoint cases as in Proposition 3.2.
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A.2 Even dihedral Artin groups.

Proof of Proposition 4.1. Observe that each word listed in Proposition 4.1 is
reduced in the sense ofHNN-extensions (see [19, Page 181]). To show each type
is mutually exclusive, we have six cases to check: (𝑖) 𝑔, ℎ ∈ (1), (𝑖𝑖) 𝑔, ℎ ∈ (2),
(𝑖𝑖𝑖) 𝑔, ℎ ∈ (3), (𝑖𝑣) 𝑔 ∈ (1), ℎ ∈ (2), (𝑣) 𝑔 ∈ (1), ℎ ∈ (3), and (𝑣𝑖) 𝑔 ∈ (2), ℎ ∈
(3). Since the proof method is similar for each case, we give details for Cases (𝑖)
and (𝑖𝑣) only.
Suppose 𝑔, ℎ ∈ (1) and 𝑔 = 𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐 =𝐺 𝑥𝛼1𝑦𝛽1 …𝑥𝛼𝑚𝑦𝛽𝑚∆𝑑 = ℎ.

Without loss of generality, 𝑐, 𝑑 ≥ 1. Then 𝑔ℎ−1 must HNN-reduce to the trivial
word, and so 𝛼1 − 𝜇1 = 0 (mod 2𝑘). Since 𝛼1, 𝜇1 ∈ {0, 1, … 2𝑘 − 1}, this forces
𝛼1 = 𝜇1 = 0, and 𝜖1 = 𝛽1. Continued reduction must occur, and so we have
𝑛 = 𝑚, 𝛼𝑖 = 𝜇𝑖 and 𝜖𝑖 = 𝛽𝑖 for all 1 ≤ 𝑖 ≤ 𝑛. Therefore, 𝑔ℎ−1 reduces to
∆𝑑−𝑐 = 𝑥2𝑘(𝑑−𝑐). Since 𝐺(𝑚) is torsion-free, 𝑐 = 𝑑, which proves (𝑖).
Now suppose 𝑔 ∈ (1), ℎ ∈ (2) and

𝑔 = 𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐 =𝐺 (𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦
𝜖𝑛𝑗𝑗 )𝑥𝑗(𝑦𝛿1𝑗𝑥𝛾1𝑗 …𝑥𝛾𝑚𝑗𝑗 ) = ℎ.

Without loss of generality, 𝑐 ≥ 1. For notation consider 𝑔−1ℎ = 1. This forces
𝜇1𝑗 − 𝜇1 = 0 (mod 2𝑘). If 𝜇1𝑗 ≥ 0, then 𝜇1𝑗 = 𝜇1. Otherwise, we have 𝜇1𝑗 −
𝜇1 = −2𝑘, which gives 𝑥−2𝑘 = ∆−1. Also 𝜖1 = 𝜖1𝑗. This pattern of either free
cancellation or 𝑥−2𝑘 powers occurs for all pairs, and after continued reduction
we are left with 𝑥−2𝑘(𝑐+𝑑) = 1, where 𝑑 is the number of 𝑥−2𝑘 terms which
occur from 𝑔−1ℎ. Since 𝐺(𝑚) is torsion-free and 𝑘 ≥ 2, then 𝑐 = −𝑑. This is a
contradiction since 𝑐 ≥ 1, and so 𝑔 ≠ ℎ. □

Remark A.2. Since we use different notation to [8], we clarify which of their
geodesic forms is equivalent to each Type from Proposition 4.1. Case (2) from
[8] is equivalent to Type 1, and Case (5) from [8] is equivalent to Type 3. Due
to a small error, Case (4) is reduced to Case (3) in [8] (see Remark A.3), which
is then equivalent to Type 2. Finally, we have absorbed all words from Case (1)
of [8] within each of the three types from Proposition 4.1.

Proof of Proposition 4.3. The relation of 𝐺(𝑚) implies that RR3 is the only
rewrite rule that we can apply to transform a geodesic into another geodesic.
We check whether RR3 applies to each set of geodesics.
𝒞1: consider (𝑥𝜇1𝑦𝜖1 …𝑥𝜇𝑛𝑦𝜖𝑛∆𝑐)±1 ∈ 𝒞1. For all 𝑥𝜇𝑖 , either 𝜇𝑖 ≥ 0 or 𝜇𝑖 ≤ 0

for all 1 ≤ 𝑖 ≤ 𝑛. In either case, RR3 never holds, and so these are unique
geodesics.
𝒞2: The case where 𝑤 = 𝑥𝑗 is clear, so suppose 𝑤 = 𝑥𝜇1𝑗𝑦𝜖1𝑗 …𝑦𝜖𝑛𝑗𝑗𝑥𝑗. Then

𝜇𝑖𝑘 ∈ [−(2𝑘−𝑗−1), 𝑗]∩ℤ≠0 for all 1 ≤ 𝑖 ≤ 𝑛𝑗 . For RR3 to hold, wewould need
some 𝜎 > 0 > 𝛿 where 𝜎, 𝛿 ∈ [−(2𝑘 − 𝑗 − 1), 𝑗] ∩ ℤ≠0 such that 𝜎 + |𝛿| = 2𝑘.
However if that was the case, then

𝜎 + |𝛿| ≤ 𝑗 + 2𝑘 − 𝑗 − 1 = 2𝑘 − 1 < 2𝑘.

Hence, RR3 never holds, and so geodesics are unique.
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𝒞3: consider 𝑥𝛼𝑦𝜖1𝑥𝜈1 …𝑥𝜈𝑛 ∈ 𝒞3. We have 𝛼, 𝜈𝑖 ∈ [−(𝑘 − 1), 𝑘 − 1] ∩ ℤ for
all 1 ≤ 𝑖 ≤ 𝑛. Hence, if RR3 holds for some 𝜎 > 0 > 𝛿, then

𝜎 + |𝛿| ≤ 2(𝑘 − 1) = 2𝑘 − 2 < 2𝑘.
Hence, RR3 can never be applied, and so geodesics are unique. This completes
the set 𝒞 of unique geodesics.
For the set 𝒟, assume 𝑤 is of the form in Eq. (6). If RR3 holds for some

𝜎 > 0 > 𝛿 such that 𝜎 ≠ 𝑗 or 𝛿 ≠ −(2𝑘 − 𝑗), then since 𝜎, 𝛿 ∈ [−(2𝑘 − 𝑗 −
1), 𝑗 − 1] ∩ ℤ≠0, we have

𝜎 + |𝛿| ≤ 𝑗 − 1 + 2𝑘 − 𝑗 − 1 = 2𝑘 − 2 < 2𝑘,
which is a contradiction. The only other possibility to apply RR3 is using any
𝑥𝑗 and 𝑥−(2𝑘−𝑗) terms. Since 𝑗 + |− (2𝑘−𝑗)| = 2𝑘, we can apply RR3 to rewrite
our word in the form

𝑢𝑥𝑗𝑣𝑥−(2𝑘−𝑗)𝑤 =𝐺 𝑢𝑥−(2𝑘−𝑗)𝑣𝑥𝑗𝑤,

for all pairs of 𝑥𝑗, 𝑥−(2𝑘−𝑗) terms. Hence, 𝒟 consists of non-unique geodesics.
□

Remark A.3. In the original classification of geodesics in [8], there is a fourth
type of geodesic defined as follows when 𝑝 = 2𝑘:
Type 4. (𝑥𝜇1𝑘𝑦𝜖1 …𝑥𝜇𝑛𝑘𝑦𝜖𝑛) 𝑥𝑘

(
𝑦𝜖𝑥𝜈1𝑦𝛿1 …𝑥𝜈𝑚𝑦𝛿𝑚

)
𝑥−𝑘

(
𝑦𝛾1𝑥𝜆1 …𝑦𝛾𝑙𝑥𝜆𝑙

)
where:

∙ 𝑛,𝑚, 𝑙 ≥ 0,
∙ 𝜖𝑠, 𝜖, 𝛿𝑡, 𝛾𝑢 ∈ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛, 1 ≤ 𝑡 ≤ 𝑚, 1 ≤ 𝑢 ≤ 𝑙),
∙ 𝜇𝑠𝑘 ∈ [−(𝑘 − 1), 𝑘] ∩ ℤ≠0 (1 ≤ 𝑠 ≤ 𝑛),
∙ 𝜈𝑡 ∈ [−(𝑘 − 1), 𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑡 ≤ 𝑚),
∙ 𝜆𝑢 ∈ [−𝑘, 𝑘 − 1] ∩ ℤ≠0 (1 ≤ 𝑢 ≤ 𝑙).

Due to an error in the original paper, specifically 𝜇𝑠𝑘 ≠ −𝑘, Type 4 is in fact
equivalent to our Type 2 geodesics as defined in Proposition 4.1, when 𝑗 = 𝑘.
This can be seen by the fact that 𝜈𝑡, 𝜆𝑢 ∈ [−𝑘, 𝑘−1]∩ℤ≠0 ⊂ [−𝑘, 𝑘]∩ℤ≠0 (1 ≤
𝑡 ≤ 𝑚, 1 ≤ 𝑢 ≤ 𝑙).
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