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A converse to Littlewood’s theorem on
random analytic functions

Yin Cai, Guozheng Cheng, Xiang Fang* and Chao Liu

ABSTRACT. We reformulate the Littlewood theorem on random analytic
functions in the Hardy spaces as a problem of determining the random sym-
bol spaces, and we show that, under a general randomization scheme, the
symbol space is always a subspace of H>(D) (Corollary 2.6). We then charac-
terize completely when the symbol space is precisely H?>(D) (Theorem 1.1).
This result extends Littlewood’s theorem and can also be considered a con-
verse of the theorem, since previous literature has focused solely on the suf-
ficiency part of the results. We establish an analog of the Fernique theorem
by determining the optimal integrability exponent within the LP-scale (The-
orem 1.2), and we propose a conjecture concerning general Young functions.
The issue of determining which vector spaces can emerge as symbol spaces
is exemplified through examples.
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1. Introduction

Let f(z) = Z:ozo a,z" € H(D) be an analytic function over the unit disk in the
complex plane, and let X, be a random variable defined on a probability space
(Q, F,P). In this note, by a random analytic function (RAF) we mean the series

(RF)(2) = D) anX,2",

n=0
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where {X,},>0 is a sequence of i.i.d. random variables.

The convergence radius of R f is almost surely a constant, and to ensure that R f
is an analytic function over D for any f € H(D), it is necessary and sufficient
1

to have limsup |X,,|» < 1 a.s. This amounts to requiring

n—oo

o0

D P(1X] > ¢") < 00

n=0
for some, hence for all, ¢ € (1, o0). Itissatisfied, in particular, if X, € LP(Q, F,P)
for some p > 0.

The study of such series goes back to Emile Borel as early as 1896 ([2], [9, p.
37]). Many facets of R f have been thoroughly investigated over its long and rich
history, placing significant emphasis on comprehending the distribution of its
zero sets. Moreover, a substantial portion of the literature revolves around three
canonical randomization methods; that is, when X, is Gaussian, Rademacher,
or Steinhaus, as manifested in the preface of Kahane’s monograph [9], where
they are shorthanded as (G), (R), and (S), respectively.

A question occuring repeatedly to us, from colleagues and students alike, is that
what happens to other randomization methods? This question, extensively ex-
amined in the context of random polynomials when the goal is to understand
their zero sets, remains comparatively less explored for random analytic func-
tions. In this vein, a significant contribution is the investigation of the so-called
“pits property,” a study carried out by Offord in a series of papers [17, 18] for
rather general X, following the celebrated joint work of Littlewood and Offord
on the Rademacher case [16]. This topic has been continued until recent years
with more general conditions in the form of a stationary Gaussian process, in-
troduced and studied in [3].

Extensions beyond the three canonical randomization methods in the literature
often take one of the following three forms (or a combination of them):

« Symmetric distributions: That is, X, and —X,, have the same distribu-
tion, which allows Kahane to introduce a trick, now called the reduc-
tion principle [9, p. 9], to reduce the study of Rf to the Rademacher
case in many scenarios. More information can be found in [9, Chapter
5]. Another benefit in this instance is the presence of the Lévy inequal-
ity [12, Theorem IIIL.2, p. 129], which extends the Kolmogorov inequal-
ity.

« Subgaussian and subexponential distributions: A random variable X is

called subgaussian if there exists T > 0 such that for every t € R we have
1202
-T°t

Eexp(tX) <ez2  [9,p. 82]. A random variable Y is subexponential if
there exists A > 0 such that Eexp(1|Y|) < oo [24, p. 31]. In these
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cases, the rapid decay of probability tails and various strong integrability

results, such as the Fernique theorem, often yield robust estimates.
4

« Under (technical) moment-type conditions such as sup,,., ([[EEXX—Z")Z < o
in [9, Theorem 1, p. 54], the hypotheses I and II in [17], (1.14)nin [18],
or (2.2.1)in [3].

It is perhaps fair to say that all these three approaches are designed to offer
technical convenience, and the nature of the impact of the distribution of X,
on the behaviors of R f has received relatively limited attention in the past. In
other words, what conditions are necessary instead of merely being sufficient?
As far as our knowledge extends, there have been essentially no known results
in this particular direction.

The purpose of this note is to explore the effect of the distribution of X, on
the properties of random analytic functions, subject to as little constraint on
X, as possible. We choose to study this problem in the setting of Littlewood’s
theorem, which is one of the first major results on random analytic functions,
and is reformulated as follows. In 1930, Littlewood [15] proved that if f &
H?(D), then

(Rf)(z) = D) +a,z" € HP(D)
n=0

for any p € (0, ) a.s., and if f ¢ H?(D), then almost surely, Rf has a radial
limit almost nowhere. In particular, Littlewood’s theorem implies that Rf is
a.s. in HP(D) if and only if f is in H?(D). A convenient way to reformulate this
fact is to introduce the random symbol spaces. Let X' be a Banach or p-Banach
space, with 0 < p < 1, of analytic functions over D. Define

X))y ={f €HD) : P(Rf € X) =1}.
Then we reformulate Littlewood’s theorem as
(HP(D))4 = H*(D) €Y

if X, is Rademacher. The same conclusion holds if X, is Steinhaus [14, 21] or
Gaussian [9, p. 54] (or, see [19]).

In this note, our goal is to study the following:

Problem: Let p € (0, o0). How to characterize those X|’s such that (1) holds?
There are three reasons why we choose to work with this problem.

(i) Since there is no research done in the literature which is of the nature of a

converse problem, it stands to reason to start with one of the earliest and most
fundamental results in this area.
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(ii) The Littlewood theorem reformulated as (1) captures somehow the essence
of randomization, at least in the framework of mixed norm spaces H?%%(D) (0 <
D, q,a < 00), in view of [4, Theorem 6], which states that

(HP4%(D)), = H>3%(D) )

under the three classical randomization methods. Here, a function f € H(D)
belongs to the mixed norm space HP%*(D) if

1

1 q
f ey = (/ a- r)q“_lMp(f,r)qdr> < oo,
0

. 1
where M(f,r) = (2i fom | f(rei®)|Pdo) /p. In other words, (2) suggests that
T

the effect of randomization on an analytic function is to orthogonalize the cir-
cular p-norm to a 2-norm, but keep intact the two radial parameters q and « in
the measurement of R f. In this sense, Littlewood’s theorem pinpoints a char-
acteristic feature of randomization, at least in the setting of mixed norm spaces.
This feature is also distinctly illustrated for entire functions in [6].

(iii) We shall introduce and study a so-called “range problem” for (HP(D)), in
Section 4; that is, given p, what vector space E can be realized as (H?(D)),, for
some choice of X;? Our preliminary investigation of this problem suggests that
the case

E = H*(D) (3)
is both generic and extremal. In particular, we shall show that if only X is
non-zero, then (HP(D)), C H?(D); see Theorem 1.5 or Corollary 2.6.

Our first main result solves completely the above problem, hence extending
Littlewood’s theorem in particular.

Theorem 1.1. Let{X,},>o be a sequence of non-constant i.i.d. random variables
and 0 < p < oco.
(i) If0 < p < 2, then (HP(D)), = H%(D) ifand only if X, € L*(Q);
(ii) If2 < p < oo, then (HP(D)), = H?(D) if and only if X, € L*(Q) and
EX, = 0.

When EX # 0 in (ii) above, we shall see that (H?(D)), = HP(D).

Next, the investigation shifts towards examining the integrability of || f || ().
which is now assumed to be a well-defined random variable. In particular,
given f € (HP(D)),, a fundamental issue is whether [|R f|gp@p) < oo a.s. im-
plies that

ENRF Ny < o0 )

which, in turn, allows one to introduce a (p-)Banach space structure on (H(D)),.
This is an important feature for the three canonical randomization methods,

and one actually has the integrability of || R f ||§Jp ) for any ¢t > 0, by Fernique’s
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theorem [12, Theorem V.26, p. 255] for the Gaussian sequence, and by Kahane’s
inequality [12, Theorem V.2, p. 139] for the Rademacher and Steinhaus cases.

For a general X, the integrability of || R f || z»(p), under the assumption that f €
(HP(D)),, is no longer automatic. In particular, if X, & L'(Q), then (4) fails for
t = 1 always. Our second main result is to identify the optimal integrability
exponent for Littlewood-type phenomena. The following might be regarded as
an LP-version of the Fernique theorem which is for Gaussian vectors.

Theorem 1.2. Let {X,},> be a sequence of i.i.d. random variablesand 0 < p <
Q.

(i) If0 < g < o0, {a,},>o is a non-zero sequence and

(o]
[EH zloaanz"”in(D) < 00, (5)
n=

then X, € L1(Q).
(i) If2 < g < 00, X, € LY(Q) and EX,, = 0, then, for all {a,},>o € ¢ (5)
holds.

1
Moreover, (HP(D)),. is a (p-)Banach space under the norm (E|| - ||;JP(D)) /t ifl1<
t<q,2<qg<ocandX, € Li(Q).

Recall that a functional || - || : E — [0, ) is called a p-norm with p € (0,1) if
E is a complex vector space and x,y € E, then

@) ||x|| > 0if x # 0, and ||Ax|| = |1]|||x||, 4 € C; and

@GD) [lx + Yl < [Ix]1P + [Iy[1P-
If (E,d), with d(x,y) = ||x — y||P, is a complete metric space, then it is called a
p-Banach space.

As complements to Theorem 1.2, we include two additional types of consider-
ations:

« exponential integrability, and

« almost surely integrability.
For the former, i.e., when we take a closer look at the integrability problem
associated with the Young functions ¢,(x) = e’ —1(0 < g < o), we observe
that an application of Talagrand’s result [23, Theorem 4] (or see [11, Theorem
6.21, p. 172]) yields a neat generalization, for H?(D)-valued random vectors, of
the Fernique theorem, which corresponds to g = 2 below.

Theorem 1.3. Let {X,,},>o be a sequence of i.i.d. random variables in L¥1(),
pqa(x) = e —1(1 < q <2),1<p < o,andEX, = 0. Then for each
{Qn}ns0 € €2, there exists some A > 0 such that

E exp (/1“ i a,X,z" ! < 0. (6)
n=0

HP(ID))
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The necessity of the Banach space H?(D) is clearly not essential, and to what
extent it can be generalized is a worthy problem. On the other hand, even the
case g = 2 is broader than Fernique’s theorem and appears to be new. Recall
that, for a Young function ¢, X € L¥(Q) [22] means that

IXlzs(0) = inf{a >0 : [E(go(%l)) <1} <.

A conjecture to extend the Fernique theorem to general Young functions is in-
cluded after the proof of Theorem 1.3.

A dichotomy for almost sure behaviours. Lastly, if instead, we consider
almost sure behaviors of Rf, then a strong dichotomy emerges, according to
the coefficients are square-summable or not. This leads to our third type of
integrability results.

Let {a,},50 € €2 and {X,,},,50 be a sequence of i.i.d. random variables. If X, €
L?(Q) and symmetric, then, by [9, Theorem 1, p. 54],

2 Y]
f exp (/1| Z a,X,em
0 n=0

for some 4 > 0. This may be viewed as an extension of the classical Paley-
Zygmund exponential estimates.

2)dt < oo as. (7)

In contrast, if {a,},>o & €2, then (7) fails dramatically. The following theorems
illustrate this phenomenon and they are inspired by [9, Proposition 2, p. 122].

Theorem 1.4. Let {X,},>0 be a sequence of i.i.d. non-zero symmetric random
variables, and ¢(x) a non-negative function over (0, o0) with lim ¢(x) = oo. If
X—>00

{autso & €% and ) a,X,z" € H(D) a.s., then

n=0
27 o
lim sup/ go(' Z a,X,r"e"’ )d@ — 0o as. (8)
r—1- 0 n=0

Theorem 1.5. Let{X,},-, be a sequence of i.i.d. non-zero randomvariables, and
@ an increasing function over (0, o) such that lim ¢(x) = oo and p(x +y) S
X—=>00
e(x) + (), x,¥y > 0. If{a,}ps0 & €% and Y, a,X,z" € H(D) a.s., then (8)
n=0
holds.

We shall prove only Theorem 1.4 in Section 3, since Theorem 1.5 follows from
Theorem 1.4 and the device of symmetrization. In detail, let {X,},>, be an in-
dependent copy of {X, },,>0, and letY,, = X, —X,,. By the Kolmogorov zero-one
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law,

)de < oo) € {0,1}.

P(lim sup fZ” go(| i a,X,r"e"®
0 n=0

r—1-

If one has P( lim sup fOM qo(‘ Y o A X e )d@ < oo) = 1, then, by the fact

r—1-

that
[ee]
qo(‘ Z a,Y,r"e"®
n=0

one has

) < gp(' éanfnr”ems ) + go(' gaanr"ei”s

)

)d6< oo) =1

P(lim sup f2” qo(‘ i a,Y,r"e"’
0 n=0

r—1-

Together with Theorem 1.4 for {a,,},>¢ & ¢?, this leads to a contradiction.

The rest of this note is organized as follows. The proof of Theorem 1.1 is pre-
sented in Section 2. Then Section 3 treats three types of integrability results,
including the proofs of Theorems 1.2, 1.3, and 1.4 in particular. In Section
4, various examples are presented to illustrate what vector spaces can arise as
(HP (D)), for some choice of X,.

2. Proof of Theorem 1.1
We shall use the term “a standard X sequence”, where
X € {Rademacher, Steinhaus, N(0, 1)}.

By this we mean a sequence of i.i.d. X random variables.

Proof of Theorem 1.1. We first consider the symmetric case. For convenience,
we shall write HP for HP(D) later on.

Claim A: If X, € L*(Q) and is symmetric, then (HP), = H>.

To prove this claim, we shall use an exponential integrability result of Kahane
[9, Theorem 1, p. 54] to ensure the needed LP-integrability here. Kahane’s
arguments require a fouth-moment assumption, and a truncation trick allows
one to get around this assumption. To achieve this, we prove the following first.

Lemma 2.1. Let {a,},>o be a sequence of complex numbers, and {X,},>, be a
sequence of i.i.d. non-zero random variables with X, € L*(Q). Then the following
are equivalent:

D Xg lanl? < 003
(i) Y,_, E (min{1, |a,X,|*}) < co;
(i) X, 1a,X,]? converges a.s.
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Proof. The equivalence between (ii) and (iii) follows immediately from an ap-
plication of [9, Theorem 6, p. 33]. We next show that (i) < (ii).

(i) = (ii). If ZZOZO la,|? < oo, then

(o] (o] (o]

: 2 _ 2
EO[E(mm{1,|anxn| = ,;E"[IXAZ%MV,E)E('“”X”' H{'anﬂa—i.})
< 2EXo) D] lanl*

n=0

Hence (ii) holds.

(ii) = (i). We proceed by contradiction and assume that Z,‘f;o la,|? = 0. If
lim a, = 0, then there exists Q; C {lXol < L} such that P(Q;) > 0 and
a

n—oo | nl

E (1Xo|*lg,) > 0for all n > N when N is large enough. Then

Z E (min{1, |a,X,|*}) > Z la, |*E (1Xo1%1g,) = oo.
n=0 n=N+1

Otherwise, we may assume that |a,, | > M for some M > 0 and a subsequence
{nk}kZI- Then

(o) 0

I;)IE (min{l, |aan|2}) Z M2 kgl [E(mln{%, |X0|2}> = o0,

a contradiction. The proof of Lemma 2.1 is complete now. O

e}

We continue with the proof of Claim A. If f(z) = } _ a,z" € H 2, then by
Lemma 2.1 and [9, Theorem 1, p. 54], we deduce that Z:;O a,X,e"™ is expo-
nentially integrable, hence Z:;O a,X,e" € LP(T) a.s. That is, H> C (HP),.

oo

Co;wersely, if f(z) = Y a.z" € (HP), \ H? then, by Lemma 2.1 again,
Yoo |anXy|? diverges a.s. Let

A= {(co, @, EeQxQ xT: lim ( Z anen(w’)Xn(co)rngn) does not exist},
r—1- n=0

where {€,},>o is a standard Rademacher sequence on a probability space
(Y, F’,P") and independent to {X,},5o. According to [9, Theorem 4, p. 31],
for almost surely w € Q, and for all §£ € T, one has

r—1-

[IJ”( lim (HZ::O anen(a)’)Xn(co)r”{”) does not exist) =1.
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Then, by the Fubinization principle [12, Proposition III.7, p. 26], for almost
every { € T,

IP’( rl_i)rg ( gaanr"%’ ”) does not exist) =1

It implies that Z:ozo a,X,z" &€ HP as., a contradiction. This completes the
proof of Claim A.

For the non-symmetric case, let {X,,},»o be an independent copy of {X,},,>, and
we proceed with two cases.

Case (i):0< p <2
We first show the sufficiency.

Claim B: Let {X,},,~( be a sequence of i.i.d. random variables. Then
(H 2)* = H?
ifand only if X, € L*(Q).

Claim B is a consequence of the following lemma, whose necessity follows from
Lemma 2.1.

Lemma 2.2. Let {X,},>, be a sequence of positive i.i.d. random variables, and
{a,}n>0 be a sequence of positive numbers. Then X, € L'(Q) if and only if the
following two statements are equivalent:

)
(1) Z a, < oo;
n=0

(e}
(ii)) Y. a,X, converges a.s.
n=0

Proof. For the sufficiency, we argue by contradiction. Let X, ¢ L'(Q), Q, =
{X, < n}and b, = E(X;lg, ). Then {b,},5( is increasing and lim b, = co. Next,

n—oo

observe that we can choose a positive sequence {a,},,>¢ such that

oo oo 1
Z a, < oo, Zanbn =o00,0y=1,anda,<—, n=12,-
n=0 n=0 n
Then
oo o0 o0
D E(anXulig x, <) = D) E(anX,lo,) = D) azb, = .
n=0 n=0 n=0

(e 0]

By the three series theorem [12, Theorem III.5, p. 25], ano a,X, diverges a.s.,
hence a contradiction. O
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By Claim B, if X, € L?(Q), then H?> = (H?), C (HP),. Conversely, if f(z) =
Z,o;o a,z" € (HP),, then fo;o a,(X, — X,)z" € HP a.s. Now Claim A im-
plies (HP), c H?.

For the necessity of Case (i) in Theorem 1.1, we assume (HP), = H%. If X, &

L?(Q), then there exists f(z) = >, axz¥ € H?\ (H?), since (H?), ¢ H?,
k=0
inferred from the proof of Lemma 2.2, which implies that

o0 (o]
Do lagl> < 0o and D) @ Xy |? = oo as. 9)
k=0 k=0

T4l 5 1. Theng € H2 C
Ny

(HP)4. S0 (Rg)(2) = X4y @ Xn 2" € HP as. By [8, Theorem 6.2.2, p. 114],
.~ la < o0 a.s., contradictin . Hence, S , as desired.
oo lakX, 12 dicting (9). H X, € L*(Q), as desired

Let g(z) = Z;:;O ayz", a lacunary series with infy

Case (ii): 2 < p < 0.

For the sufficiency, let X, € L?>(Q) and EX, = 0. The inclusion (H?), c H?
follows from arguments similar to those in the proof of Case (i). We now show
the converse. Let f(z) = Z:LOZO a,z" € H? and we need only to show that

H? C (HP), for p > 2. By Claim A, ZZOZO a,(X, — X,)z" € HP a.s. Moreover,

ZZILO a,(X, — X,)z" converges in HP a.s. as N — co. Then

2 \1/2 Lo N > 172
wr) S Taptimint (3 Ella, (%~ X2, ) < o

([E“ i a,(X, — X,)z"
n=0 n=1

for some constant 7, ,. This inequality follows from [7, Proposition 7.1.4, p.
57], since HP has type 2 [12, Theorem IV.9, p. 188]. Then, by [12, Proposition
I1.13, p. 128] and the hypothesis EX, = 0,

2

Hp) < lim ([E” i a,(X, — X, r"z" 213)1/2 < 0.
n=0

r—1- r—1-

o]

lim ([E” Z a,X,r'"z"
n=0

This implies that Z:ozo a,X,z" € HP a.s., as desired.

For the necessity in Case (ii), the conclusion X, € L?(Q) follows from argu-
ments similar to those in Case (i). If, by contradiction, EX, # 0, then we let
Y, = X,,—EX,. We just proved that Z:;o a,Y,z" € HP as. if Z:’zo a,z" € H.
On the other hand, pick any Z;T:o b,z" € H? \ HP when p > 2, and observe
that

Z b, X,z" = Z b, (Y, + EXy)z" € HP as.
n=0 n=0
This contradiction concludes the proof of Theorem 1.1.
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We end this section with a few corollaries.

Non-symmetric randomization. A motivating example, to us, is to under-
stand the curious case when X, is the uniform distribution on [0, 1], and when

P(X, = 0) = P(X, = 1) = %
Simple as they are, they are seldom considered in literature. If EX,, # 0, then
using

o0 [e¢]
Z a,X,z" = Z a,((X, — EX,) + EX,)z",
n=0 n=0

we obtain

Corollary 2.3. Let {X,,},>¢ be a sequence of i.i.d. random variables. If X, €
L*(Q) and EX,, # 0, then, forany 2 < p < oo, (HP), = HP.

Clearly, HP C H? here. It is indeed a general fact that the non-symmetric sym-
bol space is always smaller than or equal to the symmetrized symbol space. In
detail, let {X },,>¢ be a sequence of i.i.d. non-zero random variables, not neces-
sarily in L?(Q), {X,},50 an independent copy of {X,,},50, and Y,, = X, — X,. It
can be verified that

(HPYY c (HP)Y. (10)

Here (HP )if and (H? )}; are the random symbol spaces of HP under the random-
ization by {X},},>0 and {Y,},,>0, respectively.

Functional Hilbert spaces. By Lemma 2.2, Claim B admits the following
generalization.

Corollary 2.4. Let {X,},>0 be a sequence of i.i.d. random variables. Let } be a
Hilbert space of analytic functions over D with {z"},,>, being an orthogonal basis.
Then (9(), = 3 ifand only if X, € L*(Q).

Non-tangential boundary values. The original Littlewood theorem for non-
square-summable coefficients ([5, Theorem A.5, p. 228], [20]) actually states
that if {a,},>0 & €2, then almost surely ZZOZO a,€,z" has a radial limit almost
nowhere. The following follows from the proof of Theorem 1.1 and the device
of symmetrization, and improves Littlewood’s conclusion. It is perhaps satis-
factory to notice that there is essentially no restriction on the distribution of X,
at all.

Corollary 2.5. Let {X,},>0 be a sequence of i.i.d. non-zero random variables. If
{0 & €2 then

oo
P(rlir{l_ (nZ::Oaanr”g”) does not exist a.e. £ € T) =1
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It follows readily that

Corollary 2.6. Let {X,},>( be a sequence of i.i.d. non-zero random variables.
Then, forany 0 < p < oo, one has (HP), c H>.

3. Integrability

This section discusses three types of integrability results. We first prove Theo-
rem 1.2, which may be viewed as an LP version of the Fernique theorem ([11,
Corollary 3.2, p. 59] or [12, Theorem V.26, p. 255]). More precisely, let {X,,},,5¢
be a standard Gaussian sequence and ¢4(x) = e —1 (0 < g < ). Note that
Xy € L?2(Q), but X, ¢ L¥4(Q) if g > 2. The Fernique theorem, in our setting,
implies that, for all {a,},>o € £?and 1 < p < oo,

o]
|| Z a,X,z"
n=0

On the other hand, one can argue, say, by the contraction principle [7, Theorem
6.1.13, p. 9], that for any non-zero sequence {b,,},>o and q > 2, one has

o0
|| Z b, X,z"
n=0

By this perspective, Theorem 1.2 delves into the implication of

€ L2 (Q).
HP

& L%(Q).
HP

H Z aanz””Hp € L?(Q)
n=0
with p(x) = x4, viewed as another class of Young functions.

We need the following lemma for the proof of Theorem 1.2, whose proof follows
from the arguments similar to those of Proposition 2.5 in [10], hence skipped.

Lemma 3.1. Let{{,},>1 be a sequence of i.i.d. non-zero symmetric random vari-
ables and let E be a p-Banach space (0 < p < 1). If0 < g < o0, then
(i) for all sequence{e,};<,<ny C E,
N a\; N q é
(IE Zenen ) S(IE Zgnen ) >
n=1 E n=1 E
(ii) for all sequence{e,}1<,<ny C E and {1};<,<n C C,

N
([E” Z /lngnen
n=1

1

1

gy N
)" S sup 1a1(E]| X ¢aen
n=1

1
q ) p
1<n<N E
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Proof of Theorem 1.2. (i) Let {X,,},> be an independent copy of {X,, },,5¢, and
Y, = X, — X,,. Then [E” Z:ozo aanz”“f{p < oo implies [E” Z:’zo anYnz”“ZP <
00. By the contraction principle and Lemma 3.1, for a;, # 0,

< 0.

HP

(8]
q
Jal? - EIXy | = EllagXyz [} S E| 2 an¥yz”
n=0

So X, € L1(Q), as desired.

.. S to\1/t S 1/2
(ii) We shall show that ([E” Yo aanz””Hp) (X lan?) Tif1 <t <
q. We first consider the case when X, is symmetric. Since X, € L9(Q2) and
{0 € €2, by Theorem 1.1, we have Z:’zo a,X,z" € HP as. Then, the
Marcinkiewicz-Zygmund-Kahane theorem [13, Theorem I1.4, p. 240] implies

N .
that ano a,X,z" converges in HP a.s. Let

s

q
HP

N
M = sup ” Z a,X,z"
Nz20" =0

which is pointwisely finite now. If we prove that sup,. [EH 22]:0 a, X nz””jﬂ) <
o0, then by the Lévy maximal inequality [12, Theorem IIL.2, p. 129] and [4,
Theorem 27], one has EM < oo and

00 N
q . q
n — n
[E” Z a, X,z ||Hp = lim [E” Z a, X,z HHP.
n=0 n=0

N—-oo

- . . N q
So it is sufficient to consider [E” ano aanz"”Hp. Let {e,},>0 be a standard

Rademacher sequence independent of {X,, },,~. The proofis further divided into
two cases.

Casel: 0< p <2

For the lower bound, we need only consider ¢ = 1. Then

N N
[E“I;)aanzn HP 2 ([E|X0|)[E€ ’;)anenzn'Hp
N 2 \1/2
2 ([ElXol)([Ee nZ::Oanenzn HP)

v

([E|Xo|)(§_]: @),

where the first “>" holds by the comparison principle [7, Proposition 6.1.15, p.
10] for Banach spaces and by Lemma 3.1 for p-Banach spaces when 0 < p < 1;
the second one by the Kahane-Khintchine inequality [7, Theorem 6.2.4, p. 21]
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and [4, Proposition 32], and the last one by the fact that HP has cotype 2 [12,
Theorem IV.9, p. 188].

For the upper bound, it suffices to take t = g. By the Hélder inequality for p < 2
and the Minkowski inequality,

E| S ) = (3 Ealoimin™)”
n=0 n=0

HP
. . 1/ N 2 1/2 .
which is (E|X,|DY( Y _ la,l?) ", as desired.

Case2:2 < p < 0.

If t = 1, then by the comparison principle, the Kahane-Khintchine inequality
and the Holder inequality for p > 2,

N i N 2 \2
[EHHZ:;Jaanz ||Hp > [E|XO|([E€ ;:;)anenz HHZ) ,

1/2
which is equivalent to (Zf:o la,|?) 2

Ift = g, then
N N /2 N /2
E| Y axoz|| ~E(D 1anPX, ) < EXl( T lanl?)”
n=0 n=0 n=0

If X, is non-symmetric, then (12) in Section 4, the hypothesis EX, = 0, and [12,
Proposition II1.13, p. 128] allow one to reduce the problem to the symmetric
case by considering )} a,Y,z" with Y, = X, — X,,.

Lastly, the proof that (H?), admits a natural (p-)Banach space structure is rou-
tine, hence omitted here. O

Proof of Theorem 1.3. We consider only the case when X, is symmetric since
the device of symmetrization works here. Let S = || Z:;O a,X,z"||gr and

Sy = ZL\LO a,X,z"||z». The Marcinkiewicz-Zygmund-Kahane Theorem im-
plies that A}im Sy = S a.s. Next, we shall prove that C = sup ||Sx||#a(q) < 0.
-0 NZO

Then by Fatou’s lemma, one has [E(goq(%)) <1land

IS|z2a () < sup |[Sy||z#a() < o,
N>0
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which implies (6). By [11, Theorem 6.21, p. 172],

1

N J—
ISvllzroy S ISvlliee + (2 1anl? IXoll sy g )
n=0
1

o -
S 1SNz + IXollzsaay( 2 lanl?)’
n=0

which is finite. Here = + — = 1. The proof is complete now. ]
qg ¢

Remark. The remaining cases in Theorem 1.3are0 < g < 1and2 < g < o0.If
0 < g < land{a,},so € £%, by [23, Theorem 3] (or [11, Theorem 6.21, p. 172]),

IS1lzea) S ISllLre) +

sup |a,X,|
n>0

L#4(Q)’
where S = || ZZOZO aanz"”Hp. For q € (2, ), by [11, p. 174],

1S1lzea @) S ISllLr) + ||{||aan||L°°(Q)}n20||q,’oo (11)
with é + 5 = 1. Recall that for a sequence {4, },,50,

1/p
[An}busollpeo = (suptPeardin : (2,1 > 13) "
t>0

Note that (11) should be compared to the conjecture below.

For a general Young function, we offer the following:

Conjecture. Let ¢ be a Young function with lim % = oo. Let {X,,},50 be a

X—00

sequence of i.i.d. random variables with X, € LY(Q), and let 1 < p < 0. Then
for each {a,}, € €2, || P aanz””Hp e LP(Q).
P(x)

On the other hand, for any Young function ¢ such that lim —— = oo and
x—00 P(X

X, € L*(Q) \ L¥(Q), by considering a monomial, one sees easily that there
exists {b,},50 € €2 such that “ > annz”“Hp ¢ L¥(Q). So, in this sense, the
conjecture offers a much sharper form of the Fernique theorem in the setting
of HP, which is, desirably, to be generalized to other (p-)Banach spaces as well.

Recall that the following proof is motivated by [9, Proposition 2, p. 122].
Proof of Theorem 1.4. By Lemma 2.1, we have Zf;o la,|?|X,|*> = o a.s. Let

{r}n>0 be a non-decreasing sequence with lim r, = 1. Let

n—oo

., > . 1/2
pn = (2 la;Pral1x;2) .
j=0
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Then lim p, = o a.s. So there exists a non-decreasing sequence 7, such that

n—oo

9
Plop>27,: n=1,2,-)2 e

Let {¢,,},>0 be a standard Rademacher sequence independent with {X,,},,>¢. By
the Paley-Zygmund inequality [9, Theorem 3.3, p. 31], for 4 € (0,1) and n =

1 92v2
(- 22,

Pe(

Note that X; is symmetry, hence

o0 ) § © ‘ 12
Jj=0 j=0

s J ijo S 2,.2J 2 1/2
Zejajrane‘J ‘ >/1(Z laj|“ry 1X;] ) )>77.
Jj=0 Jj=0

Combine with P(p, > 7, : n=1,2,---) > 1%,we can take 1y € (0, 1) such that
[F"(’ Z ajrineiie‘ > ATyt n=1,2, ) > 20 5,
j=0

where 7, = %(1 — Ag)?. For each n, define
W, = {(co,@) : ‘Z ajrine"j6| > /101',1},
j=0

E® ={w: (0,0) € Wy}, E, ={6 : (0,6) € W,},and F, = { : |E,| > 7}
Since

27
ﬂnosf P(E®)do
0

n

— Wl = f |E, |dP + / |E,|dP < 27P(F,) + 1o(1 — P(F,)),
F, Q\F

where | - | denotes the Lebesgue measure. This implies that P(F,) > (;T_ﬂ
TT—T)o

Hence P(limsupF,,) > 7D Therefore, if w € F,,

(
n—oo 2m=1o

27 00
'é go(| >, ajrleje"jeDd@

J=0

v

[ A(S et

Jj=0

v

/ P(A0T)d6

E,
P(AoTy) - No-

v
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Itimplies that for all @ € lim sup F,, lim sup fom go(| Z;io ajrleje"”e |)d9 = .
n—oo n—-oo

Then by the Kolmogorov zero-one law,

lim sup fzn go(' i ajrixjeije‘)de =00 as.
0 j=0

n—oo

That is

r—1-

lim sup fZ” go(| i ajerjeij6|)d6 =00 as.
0 j=0

4. The range of (H?),

In this section various examples are presented to illustrate the possible realiza-
tions of (HP), ; that is, what vector spaces can arise as a version of (H?), for an
arbitrarily chosen X,,? Clearly, by Theorem 1.1, only the case when X, & L2(Q)
is meaningful. Recall that (HP), is always contained in H? if X,, is non-zero.
We start with two reductions which are of independent interests.

Lemma 4.1. Let E be a separable Banach space, and let {X, },~, be a sequence
of i.i.d. random variables with X, € L*(Q) and EX,, = 0. Then for all N > 1 and
all sequence {uy}1<x<ny C E, we have

N N N
o] 2, <] o <2 2 o

where Y}, = X; — X, and {X,,},>1 is an independent copy of {X,,}p1-

This lemma suggests that, when the symbol space carries a natural Banach
space structure, the symmetric and non-symmetric randomization methods are
equivalent. The proof of Lemma 4.1 follows from

N N
€] 3 iow, < 28] 2w,

and [12, Proposition I1.13, p. 128]. In particular, let E = HP with1 < p < o
and {a,},>o € €2, we have

n ~ n
[E”nZ::Oaanz Y [E”Z:OanYnz ”Hp 12)

Lemma 4.2. Let {X,} be a sequence of i.i.d. symmetric random variables. Then,
for0 < p < o, one has

(HP)y = (H?),.
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Proof. Let{c,},>o be astandard Rademacher sequence independent of {X,},,>0
over (Q/,F',P"). If Z:;o a,z" € (HP),, then, by symmetry, for almost surely
o' e,

[e¢]

Z a, X, (w)e, (' )z" € HP a.s.w € Q.

n=0

Equivalently, for almost surely w € Q,

oo

Z a,X,(w)e,(w)z" € HP as. o' € Q.

n=0
The Littlewood theorem implies that Z;ozo la, X, (0)]> < 0 as. w € Q. That
is, Z:ozo a,z" € (H?),, as desired. O

The above two lemmas suggest that, to understand the range problem, a good
starting place is to look at (H?), for a non-square integrable, symmetric X,,. Our
first example is:

Cauchy-type distributions. Let {X,,},-, be a sequence of i.i.d. random vari-
ables such that the density function of X is

Gy

X)= ——, 13

100 = 53y (a3

wherex € R, t € (l, o) and C; = a0 —. In particular, f;(x) is the density
2 \/;F(t—g)

of the classical Cauchy distribution, and X, & L*(Q) if t € (%, g].

The following follows from Lemma 4.2 and the three series theorem: Let {X},},>o
be a sequence of i.i.d. random variables with the density function (13),0 < p <

and é <t < oo.
() Ift € (%, g), then
(HP), = ¢*71;
(i) Ift = g then

) 0 1
(HP), = {Z a,z" €H>: Y |a,|*log" o < oo};
n=0 n=0

nl

(iii) Ift € (%, ), then
(HP), =H 2.
It is not a coincidence that all the above (HP), spaces take the form of an £P-

type sequence space. Indeed, a general description of (H?), for any symmetric
X, is as follows.
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For aright continuous, decreasing function k(x) defined on R* with lim k(x) =

X—>0

0, we introduce a sequence space, which resembles a generalized ¢ P space:

{{an}n>0 : Z k( ) < oo}.

There exists an associated k(x), given by

||

f(x) = é f (k) — k(x))udu,
0

for which we define

= {{an}nzo . nZ:OE( |al

nl

) < oo}

Note that lim k(x) = 0 and hm x2k(x) € (0, ]. Now we introduce a family

X—>00

of sequence spaces, ranging over all possible choices of k = k(x) as above:
@:{Ek . B, =Kn§}.

Then, we claim that the possible realizations of (H?), for any symmetric X,
is precisely the family €. Indeed, one has (H?), = E, if we choose k(x) =
P(]X;] > x). In details, one may verify by using the three series theorem that

1

(), = S 42" € H(D) S (1~ o

n=0 -—
\an|

and Z |an|2f x*dF(x) < oo}

lan|

dF(x))

Now a little calculus manipulation yields the above description.

Non-symmetric randomization. A general description of (H?), is elusive
to us, although that of (H?), is possible; it is just more awkward than the sym-
metric case, hence skipped. Instead, we present three examples:

(i) The uniform distribution over [0,1]. By Theorem 1.1 and Corollary 2.3, we
have

« (HP), =¢?for0 < p <2,and
« (HP), =HPfor2 < p < .

The same conclusion holds true if P(X, = 0) = P(X, =1) = -
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(ii) The non-symmetric Cauchy distribution. Let X, be a random variable with a
density function:

>0

2
f(z) = a(1+x2)’ -
0, x <O0.

Then, for 0 < p < o0, one has
(HP), = ¢

The proof is divided into three cases, with p = 2 treated first, since it is needed
for the other two cases.

Let p = 2. Then one can verify easily, with the help of the three series theorem,
that (H?), = ¢'.

Let 2 < p < co. Since (HP), C (H?), = ¢!, it suffices to show that £1 C
(HP),.. By the three series theorem again, Z:’:O la,X,|P" < oo a.s. if and only

if {a,}s0 € €', where % + ﬁ = 1. On the other hand, by the Hausdorft-

Young inequality [8, Theorem 6.B, p. 113], Z:o:() |a, X, P < o as. implies
that Y, a,X,z" € HP as. So €' C (HP),, as desired.

Let 0 < p < 2. Since ¢! = (H?), c (HP),, we shall prove that (HP), C el
Let {X,,},>0 be an independent copy of {X,,},>0 and Y,, = X,, — X,,. By Lemma
4.2, (HP)Y = (H?)Y. Then by the three series theorem, Z:;O la,Y,|?> < o
a.s. implies that {a,},5o € ¢'. So (HP)Y C ¢!. Together with (10), one has
(HP), C ¢, as desired.

(iii) The Lévy distribution. Let {X,,},>o be an i.i.d. sequence of Lévy random
variables; that is, the density function of X, [1, p. 36] is given by:

1

— x>0
g(x) = {orx2ex
0, x <0.
Then, for 0 < p < oo,
1
(HP), = €.

The proof is similar to that of the non-symmetric Cauchy distribution.
We end this paper with the following:
Problem: For any p > 0, how to characterize those X;’s such that

LED)), = HP7 (D),

where LF (D) is the Bergman space? Or, more generally, how to characterize X,
such that (HP%%(D)), = H>%%(D), where 0 < p,q,a < 00?
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