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LP-L? boundedness of pseudo-differential
operators on graded Lie groups

Duvan Cardona, Vishvesh Kumar
and Michael Ruzhansky

ABSTRACT. In this paper we establish the L?-L? estimates for global pseudo-
differential operators on graded Lie groups. We provide both necessary and
sufficient conditions for the LP-L? boundedness of pseudo-differential oper-
ators associated with the global Hormander symbol classes on graded Lie
groups, within the range 1 < p < 2 < g < oo. Additionally, we present a
sufficient condition for the LP-L? estimates of pseudo-differential operators
within therange 1 < p < g < 2o0r2 < p < g < . The proofs rely on
estimates of the Riesz and Bessel potentials associated with Rockland oper-
ators, along with previously established results on LP-boundedness of global
pseudo-differential operators on graded Lie groups. Notably, as a byproduct,
we also establish the sharpness of the Sobolev embedding theorem for the
inhomogeneous Sobolev spaces on graded Lie groups.
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1. Introduction

1.1. Outline. The boundedness of pseudo-differential operatorsis a fundamen-
tal problem in harmonic analysis that arises due to their diverse applications in
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harmonic analysis and partial differential equations [25, 44]. Several contribu-
tions have been made in the Euclidean space setting towards establishing the
LP-boundedness of pseudo-differential operators associated with the Hérman-
der symbol class S;"‘E(R” x R™) [6, 18, 44]. For non-commutative groups, re-

cent papers [9, 13] have investigated the LP-boundedness of pseudo-differential
calculus associated with global Hérmander classes on compact Lie groups and
graded Lie groups. Furthermore, Hérmander [26] established the LP-L9 bound-
edness of pseudo-differential operators associated with the symbol class
Sza(R” X R™) for the range 1 < p < g < oo (see also [5]). It is worth noting
that Hérmander provided a sufficient condition for the LP-L9 boundedness of
Fourier multipliers in his seminal paper [27] for therange 1 < p <2 < g < 0,
and this result has recently been extended to various settings such as compact
homogeneous manifolds [1, 3], graded Lie groups [35], general locally com-
pact unimodular groups [4, 36], quantum groups [2], and for the generalised
Fourier transform on R" and hypergroups [29, 30], as well as for eigenfunction
expansions of certain operators [12, 11]. However, to the best of the authors’
knowledge, no attempts have been made to establish the LP-L9 boundedness
of pseudo-differential operators on noncommutative Lie groups. The primary
objective of this article is to fill this gap and make progress towards the LP-L4
boundedness of pseudo-differential operators for the range 1 < p,q < oo as-
sociated with the global Hérmander symbol classes S;’,“S(G x G) on graded Lie

groups G with its unitary dual G, introduced by V. Fischer and the third author
in the monograph [16].

Graded Lie groups, which include significant examples like the Heisenberg
group, Heisenberg-type groups, and stratified Lie groups, are a notable class
within the realm of homogeneous nilpotent Lie groups [21, 16]. What sets
them apart from other nilpotent Lie groups is the existence of hypoelliptic left-
invariant homogeneous partial differential operators known as Rockland oper-
ators [32, 45]. The Helffer and Nourrigat solution to the Rockland conjecture
sheds light on this distinguishing characteristic [22]. These groups have sig-
nificant applications in analysis, representation theory, and geometry [23]. A
visionary program for studying analysis and PDEs on graded Lie groups was
presented by Stein in his 1970 lecture at the ICM in Nice [42]. In the influential
paper by Rothschild and Stein [33], it was demonstrated how one can learn a
great deal about certain differential operators on manifolds, by approximation
using operators on certain homogeneous nilpotent groups [20, 34]. Inspired by
the setup of global pseudo-differential operators on the Heisenberg group H"
suggested by M. Taylor [43], V. Fischer and the third author [16] developed
a Kohn-Nirenberg type calculus on general graded Lie groups for a suitably
defined operator-valued global Hormander symbols classes S;'fa(G x G) on a

graded Lie group G. Recently, this calculus was extended by Federico, Rotten-
steiner, and the third author [14] using the so-called r-quantisation on graded
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Lie groups, which, in particular, gives rise to Weyl-type pseudo-differential cal-
culus on graded Lie groups. This construction is based on the general setup
of pseudo-differential operators on unimodular type-I locally compact groups
[31]. The LP-boundedness of pseudo-differential operators associated with
operator-valued Hérmander symbol class S 22‘5(G x G) was established in [9] and

its validity for t-quantisations was discussed in [14]. We also refer to [10] for
further developments and applications to PDEs.

1.2. Mainresults. To state our main results, some notation, and basic knowl-
edge should be in order. We refer to Section 2 for a detailed exposition. Let G
be a graded Lie group of homogeneous dimension Q. We denote the positive
Rockland operator on G by R, that is, a positive left-invariant hypoelliptic dif-
ferential operator which is homogeneous. The existence of such an operator on
G is assured by the resolution of the Rockland conjecture by Helffer and Nour-
rigat [22]. Some examples of the Rockland operators in particular situations are
as follows:

« For the Heisenberg group H" : the positive sub-Laplacian (—Ay.) and
its powers.

« For a stratified Lie group G : let X;,X,,...,X,, be a basis of the first
stratum g, of the stratified Lie algebra g of G, then the operator

m
R .= (—1)kZCl‘Xi2k, c > 0
i=1
is an example of a Rockland operator for any k € N. Note that the case
k = 1 corresponds to Hérmander type sub-Laplacians.

« In a more general setup, that is, on a graded Lie group G with a ba-
sis X1, X5, ..., X,, of the Lie algebra g of G satisfying D, X; = r"iX;, i =
1,...,n, r > 0, with the dilation weights v, v,, ..., v, denoting by v, any
common multiple of v;, v,, ..., v, the operator

" N %
R = Z(—l)vl Cl'X Vi, C; >0
i=1
is a Rockland operator of homogeneous degree 2y, on the graded Lie
group G.

There have been several studies dealing with function spaces such as homoge-
neous and inhomogeneous Sobolev spaces on graded Lie groups associated with
Rockland operators. We refer to [17, 16, 8] and references therein for more de-
tail. In particular, a sufficient condition for the LP-L9 boundedness of the Riesz

operator I, := R » with 0 < a < Q is given in [16].

The following theorem presents the result that establishes a sufficient con-
dition and in some cases a necessary condition, for the LP-L9 boundedness of
pseudo-differential operators on graded Lie groups associated with the global
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Hormander symbol classes S;na(G x G). We denote the class of operators asso-
ciated with Op(SZ?{S(G x ) by WZS(G x G).
Theorem 1.1. Let1 < p,q < 0. Let G be a graded Lie group of homogeneous

dimension Q and let 0 < 6 < p < 1,5 # 1. Then, the following statements hold.
e Let1 < p <2 < q < o0. Every pseudo-differential operator A € SZ%(G X

G) admits a bounded extension from LP(G) into LY(G), that is

Vf € CrG), lAfllLae) < Cllflle) (1.1)
holds, if and only if,
1 1 )
——=. (1.2)
b q
 Every pseudo-differential operator A € 52"5(G x G) admits a bounded

extension from LP(G) into L4(G), that is (1.1) holds, in the following cases:
(i) ifl<p<qg<22and

ms—Q(

mS—Q(%—%+(1—p)<%—%)>. (1.3)
(ii) if2<p <gqg< o and
vl ol

Remark 1.2. The order conditions in (1.2), (1.3) and (1.4) can be written in a
simplified way for 1 < p, g < oo as follows:

ms—Q(l—1+(1—p)max{1—1,1—l 0}) (1.5)
p q
where Q is the homogeneous dimension of the group G.

Remark 1.3. If G = R", the order condition in (1.5) is sharp for Fourier multi-
pliers, see Hormander [26, Page 163].

Remark 1.4. For the proof of the necessary and sufficient condition in (1.2), an
essential tool is the sharpness of the Sobolev embedding theorem on graded Lie
groups. More precisely, in Lemma 3.2 we prove that for 1 < p,q < o0, and for
a Rockland operator R of homogeneous degree v > 0 on a graded Lie group G,
the Bessel operator

B, = (1 + R)_; >
admits a bounded extension from LP(G) into L4(G), that is, the estimate

IBafllze < ClIfllL» (1.6)
holds, if and only if, 1 < p < g < o0 and

aZQ(%—%). 1.7)
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That (1.7) is a sufficient condition for the boundedness of B, was proved in [16].
Our contribution in Lemma 3.2 is then the proof of the reverse statement.

2. Preliminaries

We begin by reviewing some basic definitions and results from the theory of
pseudo-differential operators on graded Lie groups as developed in [16] used in
our analysis of LP-L9-bounds in the setting of graded Lie groups. We introduce
the necessary tools on the subject in the next subsections.

2.1. Hormander classes on graded Lie groups. For the facts below we fol-
low [16].

Let G be a connected, simply connected nilpotent Lie group with Lie algebra
g. We always assume that g is a real vector space of finite dimension. In this
case, the exponential map

exp:g—>G

is a global diffeomorphism that allows us to make the identification G ~ R".
The corresponding mapping (x,y) — x -y is a polynomial mapping and the
Haar measure on G is induced by the exponential mapping from the Lebesgue
measure on R", where n = dim(G) is the topological dimension of G.

A family of dilations on the Lie algebra g is a family of endomorphisms D, €
End(g), r > 0, satisfying the following properties:

« Vr > 0, D, is an algebra automorphism, i.e. if [-,-] denotes the Lie
bracket on g, then, for any r > 0, we have that

D,(X+Y)=D,X+ D,(Y),
and
D,[X,Y]=[D,X,D,Y],

forall X,Y € g.
» There exists a diagonalisable linear operator A : ¢ — g such that

D,X = e"MWAX, VX € g.

Such A is called the dilation matrix of the group.
A homogeneous group is a connected, simply connected nilpotent Lie group G
such that the Lie algebra g is endowed with a family of dilations {D, },. In this
case the mappings
expoD,oexp™! : G - G
are group automorphisms on G that we also denote by D,. Moreover, if
Spectrum(A) = {vq,---v,.}

is the set of eigenvalues of the dilation matrix A, (where the eigenvalues are
counted with multiplicities) the number

Q=Tr(A) :=v, + -+,

is called the homogeneous dimension of G.
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Let 7 be a continuous, unitary and irreducible representation of G on a sep-
arable Hilbert space H,, this means that,

1. 7 € Hom(G,U(H,)), i.e. m(gg') = n(g)n(g’) and for the adjoint of

7(g), m(g)* = m(g™!), for every g, g’ € G.
2. The function (g, v) — 7(g)v, from G X H, into H,, is a continuous map-

ping.
3. For every g € G, and for a vector subspace W, C H,,if n(g)W, Cc W,
then W, = H, or W, = {0}.

Let Rep(G) be the family of unitary, continuous and irreducible representations
of G. The relation,

m ~ 7y < 3B e B(H, ,H,,) : Vg €G, Bri(g)B™! =m,(g)

is an equivalence relation and the unitary dual of G, denoted by G is defined via
G := Rep(G)/~. We always identify any representation with its equivalence
class 7 ~ [7]. One reason to do this is that in the setting of nilpotent Lie groups
the unitary dual is a continuous set.

We are going to denote by d7r the Plancherel measure on G.The group Fourier
transform .Z(f) := f of f € #(G) = #(R"), at 7 € G, is defined by

fm) = ff(g)ﬂ(g)*dg ! Hy = Hy, and 7 : .7(G) — 7(0) 1= Fo(S(G)).
G

!/

Under the identification, 7 ~ 7] = {#’ : @ ~ 7'}, the Kirillov trace character

0, defined by
f € 7G)m (O f) := Tr (f(n)),

is a tempered distribution on G. In particular, the identity

fleg) = f Tr (Fr)ds,
G

implies the Fourier inversion formula f = 7 1(f), where

(9’510)(g) :=f Tr [7(g)o(m)]|dn, g € G, ﬁG_l . (6 » S6),
G
is the inverse Fourier transform. We recall that the Plancherel theorem takes
the form
1/ 26y = 17126,
where we have denoted by

L26) : = f H, ® H:dn,
e
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the Hilbert space endowed with the norm:

1

2
ol 2 = (_/A ||O'(7T)||§1sd”) :
G

An important class of operators that interact with the dilations on the group
G are homogeneous operators. We recall that a linear operator T : C*(G) —
2'(G) is homogeneous of degree v € C if for every r > 0 the identity

T(foDr) = Vv(Tf)ODr

holds for every f € 2(G).

For every unitary representation # € G, actingas7 : G - U(H,),on a
representation space H,, we denote by H;® the set of smooth vectors on H,,
that consists of all elements v € H,. such that the function x — 7(x)v, 7 € G,
is smooth.

A Rockland operator is a positive left-invariant differential operator R which
is homogeneous of positive degree v = v5 and such that, for every unitary
irreducible non-trivial representation 7 € G, m(R) is an injective operator on
the space of smooth vectors HX. Here, o5(7) = 7w(XR) is the symbol associated
to R. It coincides with the infinitesimal representation of R as an element of
the universal enveloping algebra.

It can be shown that a Lie group G is graded if and only if there exists a
differential Rockland operator on G.

Remark 2.1. If the Rockland operator
R = Z a X«
[a]=v
is formally self-adjoint, then R and

(R = Y, agm(X%)

[a]=v

admit self-adjoint extensions on L2(G) and on H,, respectively, for a.e. 7 € G.
Now if we use the same notation for their (unbounded) self-adjoint extensions
and we denote by E and E,, their respective spectral measures, we will denote

by
$(R) = f ¢(M)dE(A), and m($(R)) = ¢(n(R)) = f P(D)AE,(2),

the measurable functions defined by the spectral functional calculus associ-
ated with R and 7(R), respectively. In general, we will reserve the notation
E4(A)g< ;<o for the spectral measure associated with a positive and self-adjoint
operator A on a Hilbert space H.
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For any multi-index a € N, and for an arbitrary family {X;, ---, X}, of left-
invariant vector-fields compatible with respect to the graded structure of the
Lie algebra we will use the notation

[a] := D vja, (2.1)
=1

for the homogeneous degree of the operator X% := X f Lo X

In order to present a consistent definition of pseudo-differential operators,
namely, a quantisation formula, as developed in [16] (see (2.5)), we need to
define a suitable class of Sobolev spaces on the unitary dual G acting on the set
of smooth vectors H;®, for every representation space H . To record this notion,
let R be a positive Rockland operator on G of homogeneous degree v > 0.

Definition 2.2 (Sobolev spaces on H;°). Let 7; € Rep(G), and let a € R. We
denote by H7 , the Hilbert space obtained by the completion of H7® with respect
to the norm

||U||H;1rl = || (1 + R);U”Hﬂl-

In order to introduce the general notion of a symbol, that in our contexts are
operators acting on Hilbert spaces (the corresponding representation spaces),
as the one developed in [16], we require the following definition.

Definition 2.3. A G-field of operators
o={o(n) : = € G}

defined on the class of smooth vectors is defined on some Sobolev space Hy
when for each unitary representation 7; € Rep(G), such that 7; € 7 € G, the
operator o(7;) is bounded from H7 to H in the sense that

sup |lo(@)v||p, < oo,
lvllmg =1

holds, and satisfying for every two elements o(7;) and o(7,) in o(7) the prop-
erty
If 7, ~ m, then o(m;) ~ o(7,).

We recall that the inhomogenous Sobolev space LE(G) is defined by the com-
pletion of 2(G) with respect to the norm (see [16, Chapter 4])

Ifllzey = 1A+ R)> fllLe), (2.2)

for a € R, and for any 0 < p < o0. On the other hand, the homogenous Sobolev

space LE(G) is defined by the completion of Z(G) N Dom(R>), with respect to
the norm (see [16, Chapter 4])

1/ llz2) = IR fllLeo)s (2:3)
fora € R, and for any 0 < p < oo.
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Definition 2.4. A G-field of operators defined on smooth vectors with range
in the Sobolev space H is a family of classes of operators 0 = {o(7) : 7 € @}
where

o(n) :=1{o(m) : HY — HE, m € 7},

forevery w € G viewed as a subset of Rep(G), satisfying for every two elements
o(my) and o(7,) in o(7x) :

If 7, ~ , then o(m;) ~ o(m,).

The following notion will be useful in order to use the general theory of non-
commutative integration.

Definition 2.5. A G-field of operators defined on smooth vectors with range in
the Sobolev space HZ is measurable when for some (and hence for any) 7; € 7
and any vector v, € Hp,as7 € G, the resulting field {o(7)v, : 7™ € G}, is
dm-measurable and

f||vn||2adﬂ = f ||lr(1 +R)50n||f{”d7r < .
G G

Remark 2.6. We always assume that a G-field of operators defined on smooth
vectors with range in the Sobolev space Hy is dr-measurable.

The G-fields of operators associated to Rockland operators can be defined as
follows.

Definition 2.7. Let Lﬁ(@) denote the space of measurable fields of operators o
with range in Hy, that s,

o = {o(x) : H® — H%, with {z(1 + R)+o(x) : 7 € G} € I2(0),

for one (and hence for any) Rockland operator of homogeneous degree v. We
also denote

loll26 = Q1 + R 0@l

By using the notation above, we will introduce a family of function spaces
required to define G-fields of operators (that will be used to define the symbol
of a pseudo-differential operator, see Definition 2.9).

Definition 2.8 (The spaces -1 (L3(G), L*(G)), X,,(G) and Lgi’b(é\)).

« The space .%;(L3(G), L;(G)) consists of all left-invariant linear opera-
tors T such that T : L3(G) — Li(G) extends to a bounded operator.

+ The space X, ;(G) is the family of all right convolution kernels of el-
ements in 23 (Lz(G),L}(G)), ie. k = TS € K,,(G) if and only if
T € £(L3(G), Ly(G)).
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+ We also define the space L;"b(@) of symbols by the following condition:
oe LZ"’b(G) if
b a b a
|7(A+R)» o (M)TA+R) ||y 2= sup IT(1+R)» o (m)m(1+R) 7 || () < 0.
eG

In this case T, : L;(G) — L}(G) extends to a bounded operator with
HGHLZZ,(@) = ITsll 22001260
and note that o € LZ"b(é\) ifand only ifk := 9’510 € Ko p(G).

With the previous definitions, we will introduce the type of symbols used
when quantising on nilpotent Lie groups.

Definition 2.9 (Symbols and right-convolution kernels). A symbol is a field of
operators {o(x, ) : HY — H;°, m € G}, depending on x € G, such that
o(x,”) ={o(x,m) : H® - HY, m € G} € L=,(G)

for some a, b € R. The right-convolution kernel k € C*®(G, .’(G)) associated
with o is defined, via the inverse Fourier transform on the group by

x = k(x) =k, 1= F;'(0(x,") : G - .7(G).
Definition 2.9 in this section allows us to establish the following theorem,

which gives sense to the quantization of pseudo-differential operators in the
setting of graded Lie groups (see Theorem 5.1.39 of [16]).

Theorem 2.10. Let us consider a symbol o and its associated right-convolution
kernel k. For every f € .7(G), let us define the operator A acting on .7 (G), via

Af(x)=(f *k,)(x), xeG. (2.4)
Then Af € C*, and
Af(x) = f Tr (r(x)o(x, ) f ())d7. (2.5)
G

Theorem 2.10 motivates the following definition.

Definition 2.11. A continuous linear operator A : C®(G) — 2'(G) with
Schwartz kernel K, € C°°(G)®ﬂ.@’ (G), is a pseudo-differential operator, if
there exists a symbol, which is a field of operators {o(x,7) : HY® — HY, m €
@}, depending on x € G, such that

o(x,") ={o(x,m) : H® - HY, 7 € G} e L, (G)
for some a, b € R, such that, the Schwartz kernel of A is given by

Ka(x,y) = f Tr (7(y~'x)o(x, m)dr = k (y™'x).

G
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In this case, we use the notation
A = 0p(o),
to indicate that A is the pseudo-differential operator associated with symbol o.

On the other hand, it is also known that one can write a global symbol in
terms of its corresponding pseudo-differential operator (see [9, Theorem 3.2]).
Indeed, let A : C*°(G) — C*(G) be a continuous linear operator with symbol

o:={o(x,m): HX - HY, reG, xeG}
such that
Af(x) = / Tr (r(x)o(x, ) f ())d 7

~

G
forevery f € .(G) and a.e. (x,7) € G X G. Then, we have

o(x, ) = w(x)*Am(x)

foreveryx € Ganda.e. 7 € G provided that the operator Az(x) is a densely
defined operator on H°.

The main tool in the construction of the global Hormander classes is the
notion of difference operators. Indeed, for every smooth function g € C*(G)
ando € LZ‘,’b(G), where a, b € R, the difference operator Ajactsono according
to the formula (see Definition 5.2.1 of [16]),

Ayo(m) = [A0](n) 1= Fe(gf) (), m € G, where f 1= F; 0.
We will reserve the notation A* for the difference operators defined by the func-
tions
qo(x) 1= x%, a € N{,

while we denote by A% the difference operators associated with the functions
4,(x) = (x~1)%. In particular, we have the Leibniz rule,

AN o) = D) Coa, A (@)A%(T), 0,7 €L, (G). (2.6)
at+a,=a '
In terms of these difference operators, the global Hormander classes intro-
duced in [16] can be defined as follows. Let:
+ 0<4,0<1,and
« let R be a positive Rockland operator of homogeneous degree v > 0,
if m € R, we say that the symbol o € Lfb(@), where a,b € R, belongs to the

(p, 6)-Hormander class of order m, S;”a(G X @), if for all y € R, the following

conditions
plal-d[Bl-m—y 3 b4
Pagy,m(0) = ess sup [|[r(1 + R) v [X3 A% (x, m)](1 + R)» |op < o0,
(x,m)eGXG
(2.7)
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hold true for all « and 8 in Njj. The resulting class S;"5(G x G), does not depend

on the choice of the Rockland operator R. In particular (see Theorem 5.5.20 of
[16]), the following facts are equivalent:

(A) Va,B € NG, Vy €R, pygym(0) < oo;
(B) VOC,B € Ng’ pa,ﬁ,o,m(a) < 005
(C) Va, B € NG, Papm+sipl—plalm(9) < o0
(D) o € S?S(G X G);
and in view of the additional Theorem 13.16 of [7], the conditions (A), (B), (C)
and (D) are equivalent to the following one:
(E) Va, B € NG,y €R, pa gy, m(0) < co.
We will denote,

1= : 2.8
o5y, == Fax_ {Papom(@)} (2.8)

Remark 2.12. In the abelian case G = R", endowed with its natural structure
of the abelian group, and with

R=-A, xeR",

with A, = 2?21 dii being the usual Laplace operator on R”, the classes de-

fined via (2.7), agree with the well known Hormander classes on R" (see e.g.
Hormander [25, Vol. 3]). In this case the difference operators are the partial
derivatives on R", (see Remark 5.2.13 and Example 5.2.6 of [16]).

For an arbitrary graded Lie group, the Hormander classes S;’,‘é(GxG), meR,

provide a symbolic calculus closed under compositions, adjoints, and existence
of parametrices. The following theorem summarises the composition and the
adjoint rules for global operators as well as the Calderén-Vaillancourth theo-
rem.

Theorem 2.13. Let 0 < § < p < 1, and let us denote W;”5 = ‘PZ%(G xG) 1=
Op(Sg”a(G X @)),for every m € R. Then,
(i) The mapping A — A* : ‘I’;’fa — ‘I’;’fa is a continuous linear mapping be-

tween Fréchet spaces and the symbol of A*, 0 4-(x, ) = A*(x, ) satisfies
the asymptotic expansion,

A, ) ~ Y AYXH(A(x, )").
|x|=0

This means that, for every N € N, and all ¢ € N,

A% XB| A, ) — > ATXE(A(x, 7)*) esj(;(”“”(N“)‘P"’*‘SW(Gxé),

lar|<N

where [a,] = €.
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(i) The mapping (A1, A,) = A;0A, : ‘PZ“S X lP:% - lP;”g is a continuous
bilinear mapping between Fréchet spaces, and the symbol of A = A,0A,,
satisfies the asymptotic expansion,

oAl ) ~ Y (A%A (x, )XEA,(x, 7)),
|x|=0

this means that, for every N € N, and all ¢ € N,

A% xB o e m) = D) (A%A, G, )(XEAy(x, 7))

le|<N

c S;r,lgmz—(p—5)(N+1)—pf+5[ﬁ’](G x @)’

Jor every ap € Nj with [a,] = ¢.

(iii) For0 < 6 < p < 1,6 # 1, let us consider a continuous linear operator
A C®(G) - 2'(G) with symbol o € Sg 5(G X G). Then A extends to a
bounded operator from L*(G) to L*(G).

As for the LP-boundedness theorem on graded Lie groups, we have the fol-
lowing statement (see [9]).

Theorem 2.14. Let G be a graded Lie group of homogeneous dimension Q. Let
A : C*®(G) — 2'(G) be a pseudo-differential operator with symbol o € Sg’g’(Gx

G),0<6<p<1,6#11If1< p< oo, then A = Op(0) extends to a bounded
operator from LP(G) to LP(G) provided that

1 1
m>m, :=Q(1—p)’5—§'.

3. LP-L1-boundedness on graded Lie groups

3.1. LP-L9-boundedness of Riesz and Bessel potentials. Here we discuss
the LP-L9-boundedness of Riesz and Bessel potentials. We start with the case
of Riesz potentials which already have been established in [16].

Lemma 3.1. Let R be a positive Rockland operator of homogeneous degree v > 0

on a graded Lie group G. Then, the Riesz operator I, = R »,with0 < a < Q,
admits a bounded extension from LP(G) into L1(G), that is, the estimate

Mo fllza < ClIfllLe (3.1
holds, if and only if, p < q and
1 1

a=Q<;—a>. (32)

Proof. First, assume that I, : LP(G) — L(G) admits a bounded extension.
Since I, is homogeneous of order —a, Proposition 3.2.8 in [16, Page 138] implies
that the pair (p, q) satisfies the conditions p,q € (1, o) together with (3.2).
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That (3.2) and the condition 1 < p < g < oo are sufficient conditions for the
existence of a bounded extension of I, : LP(G) — L4(G) was proved in [16,
Page 229]. O

Lemma 3.2. Let1 < p,q < oo. Let R be a positive Rockland operator of ho-
mogeneous degree v > 0 on a graded Lie group G. Then, the Bessel operator

B, = (1 + R) v, admits a bounded extension from LP(G) into L1(G), that is,
the estimate

1Bafllza < ClIfllze (33)
holds, ifand only if, 1 < p < q < o and
1 1
aZQ(———). (3.4)
b q

Proof. Before beginning the proof, let us first recall the following properties
that will be used later in this proof:

Fo(foD)(m) =r 2 F(f)r™" - m) (3.5)
for any suitable functions f,r > 0and 7 € G.

 Let R be a positive Rockland operator of homogeneous degree v > 0
then we have

(- T)(R)) = ra(R)s forr >0, 7 €C. (3.6)

The first property is easy to verify using the definition of the group Fourier
transform. For the proof of the second property, see [15, Lemma 4.3].

Now we begin the proof of Lemma 3.2. First, let us prove that under the
continuity property in (3.3) we have that p < g and that (3.4) holds. Assume
that (3.3) holds with 1 < p,q < oo. That the inequality p < g holds is a conse-
quence of the general statement of Proposition 3.2.4 in [16, Page 134]. Now, we
are going to prove (3.4). Let us consider the space of functions

C(‘)’,"A(G) 1= E(4,0)C(G), (3.7)
where {dE,},-( denotes the spectral measure associated with the spectral pro-
jections E(0,4), 4 > 0, of R and where E; := E(4, ) = I — E(0, ). Note that
C;5(G) is invariant under the action of the projection E;, in the sense that

E(4, oo)C(‘)’,"/l(G) = C(‘)’f’/l(G). (3.8)
Take f € Cg"/l(G) such that f # 0. In view of (3.8) we have that f = E(4, o)f,

and for some f € CP(G), f = E(4,)f. Note that we have the point-wise
identity

Vx € G, f(x) = (E(4, 00)f)(x). (3.9)
By the duality of (L9, L9 ) we have that

I+ R) 7 flla = sup [((+R) > f.g)al.

lgll,q =1
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Since g = f/||f||.¢ has norm less than or equal to one in L9 we have that

1

R F Pl
IR

I+ R flls = (A +R) 5 fog)a] =

Indeed, if || f||;# < oo we have that g = f/||f]||,« is a unit vector in LY(G). In
the case where ||f||;y = oo, then g is the trivial function. In both cases, the

positivity of B, = (1 + R) » implies that

A+ R) S, Pl =@+ R f, )z > 0.

In what follows we assume that A = 2V > 0 where N is an integer. We are going
to prove now that || f||;# < co. This can be deduced from the Littlewood-Paley
theorem in [8]. Indeed, if {¢;};cz is a dyadic partition of unity, in such a way
that Z}. ¢;(t) = 1, with ¢;(t) = $o(277t), and ¢, € .#(R) being positive, one
has that for 1 < g < oo (and then 1 < ¢’ < ),

1

2

If 1oy = IEQA, ) flle ) < ||| D5 18,(RYE@, 00)f|?
JjEZ
L7 (G)
1

= [ 25 16;(RY)E@, 00) f1?
J=N
L7 (G)

[ SR

= [ 22 16, RMf P

Jj=N
L'(G)
1
2
<\ D 1g;RV)f1?
jez
L4(G)

< C|Iflle < oo, since f € CX(G).
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By the commutativity of the functional calculus of R with the spectral projec-
tions E(A, o) we have that

I+ R fllse = —— (1 + R) 5 £, iz

= ||f||Lq
S+ R () ()dx

||f||Lq

L7+ @) dE,EQ, o) f(x)f(0)dx
=l 60

1 ff(1+w) VdE, f(x)f (x)dx
~ Wl 62

L r+wd 1 EufGOf
||f||Lq

od 2.
”fHL‘I [+ @) d(Euf . f)

In our further analysis note that there is a constant C; > 0 such that

Vo>, (1+w) »>Clw ». (3.10)

Since C; satisfies the inequality

a

C,<(Q+w) vcuv —(1—%) =s(w), Vo > 4,

and the function s(w) is increasing when w > A, we can take

a

Cy 1= s() = (1 - ﬁ) (3.11)

In consequence, for all f € C A(G) such that f # 0, we have the inequality

1A+ )7 flla = [+ ) dE,f, s

- ||f||Lq

||f||Lq Jo d(wa P

||f||Lq f @ d (waf(x)f(x)dx)

od d
||f||Lq f w v dE, f(x)f (x)dx

1
=C,
f Lo
Now, assume that (1 + R) » admits a bounded extension from LP(G) to L4(G).

Then, there exists C > 0, such that, in particular, for all f € C° (G) such that
f # 0, we have the inequality

(R f. e
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CllSf ooy = 1L+ R) > [l (3.12)

Combining the previous inequality and the analysis above we have that

Cllf llre) > q@(aﬁﬂ P (3.13)

Now we will use a scaling argument. Let r = 27 where M is an integer, and
let us analyse the action of the projection E(4, o0) on the function foD,. Note
that

[E(4, c0)(foD,)](x) = [E(4, o) (Z ¢j(5€1/”)] (foD)](x)

j€ez

= [Z ¢j(931/”)(f°Dr)] )

>N
We observe that, for any z € G, using (3.5) and (3.6), we have

$;(R*)(foD)(2) = é Tr[7(2)¢;(m(R)'/") F gl f oD, (7)) d

= S Tr[7(2); (AR Fr~' - m)lrdn

rl((r - 7 ) @) ((r - T YRV f (") d’

[7' (D, (227 ((r - 'Y RNV") f(=")]dr!

r
T
Te[7/ (D (2)$;(r - 7' YRNV) f (") d’
Tr
Tr

[7'(D,(2) o2~ ((r’ ' (R)V?) f(m")]d 7’

Tr[ 7' (D,(2)))po (2 ra’ (R)/*) f (') ]dr’
r

S
G
S
G
S
G
S
G
S
G
S
G
=T [7(D.(2)))po (2~ Mz (R)Y*) f ()] dr!

= () (RV)f)oD,(2).
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In consequence

[E(4, 0)(foD)I(x) =| > ¢;(RY?)(foD,) | (x)

JjzN

= | 3 jeu (@) )oD, | )

=N

=| 3 @@Hen, |0

j>N+M
= (f — E(0,2N*M) f)oD,(x)
= (E@N*M 00)f)oD,.

We have proved that
Vf ey (G), Vr = 27M E(1, 0)(foD,) = (E@N*M, 0)f)oD,.  (3.14)
Let us consider the set of dilations
Dy :=1{D, : r=2"M M € 7}.

In what follows let us consider R € Dy, and let us consider the function foDy €
Cy5(G). By applying (3.13) with E(2N, c0)(foDg), we have the inequality

C|IE2Y, 00)(f oDr)|Lr(c)
1

|E2N, 00)(foDg)l| s

gt (R™2E@2N, 00)(foDg), EQV, 00)(foDg))ye.

Using that

o [(E@N™™, 00)f)oDg|lLo() = R™V/PIEQN™™, 00) f||Lo(G)s
« IEEQN*™, 00))llre gy = R™Q/T| EQN+M, 00) fllLe 6)»

that the change of variables y = Dg(x) gives the volume element dx = R~dy,
and the identities below

(R (EQM, c0)f)oDg, (EQ@VM, 00) f)oDp)2

= L R (EQVM, 00)f)oDg(x)(E@NM, 00) f)oDr(x)dx
G

=/ R™(R™ 5 E@2V*M, 00) f)o D(x))E@N M, 00) f o Dg(x)dx

=R/ (R E@V*M, 00) f)(Y)EQ@N ™M, 00) f (1)dy

= R4 QR™YEQV*M, 00) f, EQN*M, 00)f)2,
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we have that for any R € D,, and with h = EQN*M, o) f, we get the following
lower-bound estimate

1
[1llLe

Let us observe that the previous inequality is equivalent to the following one

CR™/P||h| o) > C,RQ/Y R™ QR vh, h);..

CR™/P+a+Q=Q/T | || o )|l o €' 2 (R h b > 0.

Using (3.11) we have the inequality

a

/ 1 \ > _a
~Q/p+a+Q-Q (- : — M
CR-Q/p+a /4 1Rl Loyl 2l e (1 1 +2N> >(R vh,h)2>0,R=2"",
(3.15)
Ifx := -Q/p+a+Q—-Q/q <0,wetake M < O, N = —M.Then h :=

EQN*M 0)f = E(1,00)f is independent of the pair (N, M) = (—M, M) and
consequently (3.15) takes the form

a

- 1 v _¢
M il (1- 5m7) 2@ R >0 G16)
Since M < 0,2~M > 1, we have
1\ me g M PR
1- —2v (1+27M)y <25 (2x27M)y =25,
( 1+2—M> ( 2l )

In consequence, letting —M — oo, 27* — 0% implying that the inequality in
(3.16) is only possible if

x=-Q/p+a+Q-Q/¢d =a-Q/p+Q/q >0, (3.17)

as desired. Now, in order to prove the converse, that is if (3.4) holds, then B, is
bounded from LP(G) into LY(G), let us proceed as follows. If

a=Q1/p-Q/q,

the boundedness of B, from LP(G) into L4(G) is a consequence of the Sobolev
embedding theorem proved in [16, page 246]. Indeed, from [16, Theorem 4.4.28]
it follows that the continuous embedding Lf (G) c Lﬁ(G) holds forv —u =
Q(1/p — Q/q). Certainly, this means that

Vf € 7(G), IB-ufllra) < ClIB-vfllrrc)- (3.18)

With a = —u and v = 0, that is when a = Q(1/p — Q/q), we have the bound-
edness operator inequality

Vf € S(G), IIBafllrae) = Clifllzeo)- (3.19)
Now, ifa > Q(1/p—Q/q),wetakee = a—Q(1/p—Q/q) > 0, and we factorise

B,=(1+R) > =1+ ﬂ)—Q(l/p—l/q)/v—E/v =1+ R)—Q(l/p—Q/q)BE_ (3.20)
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Is it clear that (1 + R)~1/P=Q/D/¥ : [P(G) — LI(G) is bounded. On the other
hand B; : LP(G) — LP(G) is bounded on LP(G) for all 1 < p < o0. Indeed,

B, € ¥5(G x G) c B(LP(G)).

In consequence B, is bounded from LP(G) into L9(G). The proof is complete.
O

Remark 3.3. Observe that the necessary and sufficient conditions of Lemma
3.1 have been obtained in [16]. While in Lemma 3.2that1 < p< g < xisa
necessary condition for the LP-L9-boundedness of B,, this fact follows from a
more general statement, see Proposition 3.2.4 in [16, Page 134]:

if T : LP(G) — L4(G) is left-invariant and bounded, with 1 < p,q < oo, and
p>q,thenT =0.

On the other hand, that (3.4) is a necessary condition for the LP-L9-bounded-
ness of B, is the contribution to the statement in Lemma 3.2 in this paper.

3.2. LP-L1-boundedness of pseudo-differential operatorsI. The aim of this
subsection is to extend the results in the previous subsection to the pseudo-
differential setting. The following result presents the necessary and sufficient
criteria for a pseudo-differential operator to be bounded from LP(G) into L(G)
fortherangel1 < p<2<g < .

Theorem 3.4. Let1 < p <2 < g < owand m € R. Let G be a graded Lie
group of homogeneous dimension Q. Then, every pseudo-differential operator A €
lI’Z"S(G X G)with0 < 8§ < p < 1and 8 # 1, admits a bounded extension from

LP(G) into LY(G), that is

Vf € Cr(G), [|Aflla < Cllflle (3.21)
holds, if and only if,
1 1
ms - (-——)- 3.22
lp g (3:22)

Proof. Assume that m > —Q (l — l) . We are going to show that there exists
P g
A€ 11,;1 5(G x G) which is not bounded from LP(G) into L4(G). We consider

A=B_,=1+R) € PV (GXE) C¥(GxD).

-_-m< Q (l — l) ,
P q
from Lemma 3.2, we have that A = B_,,, is not bounded from LP(G) into L1(G).
So, we have proved the necessity of the order condition (3.22). Now, in order
to prove the reverse statement, we consider m satisfying (3.22) and m; and m,
satisfying the conditions

m=my +my, m < —=Q(1/p—-1/2), my < -Q(1/2-1/q). (3.23)

Since
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IfA e \P;” 5(G X G), we factorise A as follows,
A=B_p, AB ., Ay =By AB,, .

Note that A, € ‘Pg 5(G X G). The Calderén-Vaillancourt theorem (Theorem
2.13(iii)) implies that A, is bounded from L?(G) into L?(G). On the other hand,
from Lemma 3.2 we have that B,,,, : L*(G) — LY(G), and B, : LP(G) —
L%(G), are bounded operators. In consequence, we have proved that A admits
a bounded extension from LP(G) into LY(G). The proof is complete. O

3.3. LP-L1-boundedness of pseudo-differential operators II. In this sub-
section, we consider the L? — L9 boundedness of pseudo-differential operators
on graded Lie groups for a wider range of indices p and q. Our main result of
this section is the following theorem.

Theorem 3.5. Let1 < p < q < co,m € R, and let G be a graded Lie group of ho-
mogeneous dimension Q. Then, every pseudo-differential operator A € \I’I’f 5(G X

@) with0 <6 < p < 1and§ # 1, admits a bounded extension from LP(G) into
Li(G), that is
Vf € Cy(G), I|AfllLe < ClIfllze (3.24)
holds in the following cases:
(i) ifl<p<g<2and

1 1 1 1
ms< - <———+ 1- (———)>. 3.25
< P 4q (1=p) q 2 (3.25)

(i) if2< p < g < oo and

1 1 1 1
ms - <———+ 1- (———)); 3.26
A7 0-P377 (3.26)
Proof. (i) Let us consider p,q and m satisfying the conditions given in

(i). Choose m' = —Q (l — l) and this implies that the Bessel potential
P 4q

B_,,, is bounded from LP(G) to L4(G) as a consequence of Lemma 3.2.
For A € ‘P;” 5(G X G), we decompose it as follows:

A = (Aer)B_ml.
Now, we note that operator AB,,; € lP}’o"g’”/(G xG) with m—m'’ satisfying

m—m' <—-Q(1—p) (l — %) . Then, Theorem 2.14 shows that AB,, is
q

bounded operator from L4(G) into L4(G). Therefore, we conclude that
the operator A has a bounded extension from LP(G) into L4(G).

(ii) To prove this part we follow the same strategy as in Part (i). We factorise
the operator A € ‘P;'f 5(G x G) in the following manner:

A= B_m/(Bm/A),
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where m’ = —Q(l - l). Again, it follows from Lemma 3.2 that the op-
p q
erator B_,, is a bounded from LP(G) into L9(G). On the other hand,
the operator B,y A € ‘Pl'o"gml(G xG)withm—m’ < —Q(1— 0) % — l) ,
’ p

which, as a consequence of Theorem 2.14, yields that the operator
B_,A is bounded from LP(G) into LP(G). Hence, we conclude that the
operator A has a bounded extension from L?(G) into L4(G).

This completes the proof of this theorem. ]

Now, we illustrate with an example our main Theorem 1.1. We end this sec-
tion with the following example.

Example 3.6. Let L,,L, € C*(G) be complex-valued smooth functions with
bounded derivatives, i.e. such that for any o, X¢L; and X{ L, are bounded func-
tions and such that for some A > 0, there exists a constant ¢, > 0 such that
they satisty the following growth condition

Vx € G, VA > A, |Li(x) + Ly,(x)A| > cp(1 + ). (3.27)
Then the operator

A(x, R) 1= Ly(x) + Ly(x)R € ¥} (G x G)

is a non-invariant elliptic operator with a left-parametrix P(x, R) € W] (G X 6)
(see [16, Proposition 5.8.2] and [10]). According to the order condition in (1.5),
if
1 1
v2a(3-1). o)
P 4q

where Q is the homogeneous dimension of the group G,
P(x,R) : LP(G) - LY(G)

is bounded.
We note that the inequality in (3.28) is not sharp in the sense that the differ-

ence
1 1
o33
P q

could be strictly positive. However, if r,a € R are real parameters in such a

way that
1 1
r—azu—Q(———),
p q

we will use this fact in Theorem 4.1 in the next section to establish the subel-
liptic regularity of elliptic operators.
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4. Applications

4.1. Subellipticregularity on graded Lie groups. This subsection isdevoted
to applying the LP-L9-boundedness of pseudo-differential operators on graded
Lie groups to the validity of subelliptic estimates for elliptic operators. For the
main aspects of this subject in the Euclidean setting and on compact manifolds
we refer to Hormander [24, 25] and Kohn and Nirenberg [28], see also Taylor
[44].

Theorem 4.1. Let L,,L, € C*®(G) be complex functions satisfying the growth
property in (3.27). Let R be a positive Rockland operator of homogeneous degree
v > 0, and assume that u € .'(G) and f € C*®(G) are solutions of the equation

Ax,Ru = f, A(x,R) := L(x) + Ly,(x)R. 4.1)

If f € LP(G), for somer € R, with 1 < p < co, then for any s € R, there exists
C, > 0, such that the a-priori estimate

lullzg < Cs(llf ey + ullze () (4.2)

holds for a € R provided that 1 < p < q < o and that
1 1
vZa—r+Q<———>. 4.3
b g (4.3)

Proof. Let P := P(x,R) be a left-parametrix of A := A(x, R). Then, we have
thatS :=PA—-1 € lPl‘g"(G X G). Let a,r,s € R. From the identity Au = f, we
have that

PAu=u+ Su=Pf, (4.4)

and then

IB_qul|zac) = IBoPf — B_oSullrac) < |B-oPB,B_rullrae) + [1B_sSullLac)-
4.5)
Since the operator B_,S is smoothing, we have that, for any s € R, there exists
C, > 0 such that the following inequality holds

||B—asu||Lq(G) = “B—aSB—sBsu”L‘I(G) < Cs”BsuHLq(G) = Cs”uHLq_S(G)'

On the other hand, the operator B_,PB, has order a — v — r and it is bounded
from LP(G) into LY(G) (see (1.5) and Remark 1.2) if

1 1
—a+v+r2Q<———>.
p q

In this case we have that

lullzagy = lIB-atllLae) Ss 1B-rttllzee) + llullze o) = llullry + llulle 6)-

The proof is complete. O
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4.2. LP-L9-bounds for 7-quantisations on graded Lie groups. This subsec-
tion is devoted to discussing the implications of our results in the setting of
newly developed 7-quantisation on graded Lie groups by the third author with
S. Federico and D. Rottensteiner [14] (see also [31] for general locally compact
groups). We refer to [14] for more details on the 7-quantisation and several
other results including the global symbolic calculus for this general quantisa-
tion.

We will here briefly recall the relationship between the t-quatisation and the
global Kohn-Nirenberg quantisation on graded Lie groups.

We say that a measurable function 7 : G — G often referred as quantising
function satisfies the property (HP) if, by representing it via exponential coor-
dinates as 7(x) = (¢](X), ..., c(x)) € G, either the coordinates ¢;, i = 1,...,n,
of 7(x) vanish identically or are homogeneous polynomials given by

¢/ (x) 1= c; (X, s X)) = Cx; + ] (X, 0, X21)

for some nonzero C7 and some homogeneous polynomials d of degree v; de-
pending only on x; for k = 1, ...,i — 1. Having this quantisation function 7, one
defines the 7-quantisation on a graded Lie group G by

op' @)= [

G
In the following result of [14], the authors established the relationship between
the Kohn-Nirenberg quantisation and the r-quantisation on graded Lie groups.

Tr (f r(y 1 x)o(xt(y1x)"L, 1) f(y) dy) drm. (4.6)
G

Theorem 4.2. [14, Theorem 4.12] Let T be quantising function different from
the constant function T = eg on G which satisfies the property (HP) and let A be
a continuous operator from . (G) to .7 (G). Assume thatm € Rand 0 < § <

min{p, i} < 1 and there exist two symbols ¢ and o, such that A = Op'(c,) =
V'l
Op(o). Theno € Sg,la(G X G)ifandonlyifo, € S;’fa(G X G).

By combining Theorem 4.2, Theorem 3.4 and Theorem 3.5 we obtain the
following LP-L9 boundedness result for the 7-quantisation of operators on G.

Theorem 4.3. Letm € R,0 < § < min{p, l}» < 1, and let T be a quantising
Vn

function satisfying (HP). Then, for 1 < p < q < oo, the operator T = Op'(c) has
a bounded extension from LP(G) to L4(G) for o € S;’“a(G X G)if
1 1 1 11 1
m < —Q(—— -+Q1- )max{———,———,O}).
p P 2 pgq 2
Moreover, every operator Op' (¢) has a bounded extension from LP(G) to L(G)
11

fortherange1<p§2§q<ooifandonlyifmg—Q( -).
P q

Proof. It follows from Theorem 4.2 that the operator A = Op’ (o) can be writ-
ten as A = Op(¢’) for some o’ € S;"é(G xG)ina unique way. Hence, the asser-
tion of theorem immediately follows from Theorem 3.4 and Theorem 3.5. [
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